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L8K8G:CEX�_:M8Y*R>IEaEX�m
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k�J:MNYH\:M}^

ZD^eJ:M:mE�#JEI�C:F*PDK8R>KNJEX"UqW*CeMu_EF*CEIEZdUq�*CEFcJEx*IEI�odj>G:IEWcPEIdU�P��*CEFcJEx*I:I�ADJEKNL8CEFcS�L~Z:O�F8odLNF*JEKuZER>C:KNYHR8l�K8PdM8WcM>R8lNY[Z
α
k�_:MNYHR>I:aEF#L

K8j8GeM8Y*R>IwWcM~\EK8R8F*CEaEIeM}G:lNCEK8xcK�jVM>JElNF*J:M�\EF*J:FcYHR}M8F*R~j8X�R>lr�cPDY*\EK8C:F*CEaEIEG:l8CEKvO�M}GeK8Ss��JEI:Y8m��d�D�gm
�,FcW*KNC:M>C:Y*CEK8F�R>ADCECEF*G:IEJEKNLNM8CEIEF#LrO�M>x*C:IER>CEKVO�\:K>G:F#j8X�LVM>FcR�J:M8W*CEX"U�Y*K8JER8K8L:mE��\EJEI:O�FcJEA.�
� m�K8j8AVYgG:KNL>G:FcCEK8F�IEW6O�F*CEFcCEIEF6O)\dG:K8R8CEKNY*R>I�Y*KNYHR8KuZECEIESfL�O�M8x*CEI:R>CEKNO)\:K>G:FNmB��M8YcY*O�KNR>JEI:O)R>ADCEC:FHG:IEJ:K8LNM8CEIEFyO�FHt~^eA
^eL8AdO�F*J:CEX O�I��*G:F*P:R>JEK8C:CEX O�I�YgG:KuZ:O�IwLrO�M>xcCEIER>CEKVO{\:K>G:FNm:�fK8RNYHADR8YHR8L8IEI�O�M>xcCEIER>C:K8x*Kv\EK8GEZ��*CEFcJEx*IdZ&�

E = Ez +
p2

x

2m
+

p2
y

2m
,
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x[^eF
Ez

ADJEK8LNF*CEl~�*C:F*JExcIEI�L�Z:O�FNmE��YgGeK8L8IEZ�R>ADCECEF*G:IEJEKNLNM8CEIdZ&�

Ez1 = Ez2, px1 = px2, py1 = py2.
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�#JEI�LNPdG:h�_EF*CEI:I�O�M8x*CEI:R>CEK8xcKv\EK>GEZw�*CEFcJEx*IEZ&�

E = Ez +
p2

x

2m
+

(py − e/cH〈z〉)2
2m

,
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〈z〉 k�YHJ:Fg^eCEFcF"W*C:Mu_EFcCEIEF�PDK8K8JN^eI:C:M>R>XQ^:GEZ�_eM8YHR8IEaEX{L�Z:O�F8mD�sO�M>xcCEIER>CEX O|\EK8G:FcO�\EF*JEF6YHR}M>FcR�LNX�\EK>GeCdZER>lNY[Z�ANYgGeK8L8I:F
py1 = py2

m:�#JEIwCEA6G:F*LNKNO{O�M8x*CEI:R>CEKNO�\EK8G:F�C:M>j8G:h�^�M8F*R8Y[Z�\:IEP�L~\:JEK8LNK6^eI:O�KNY*R>I&m
�#JEIqADL8F*G:IE_EFcCEIEI�O�M8x*CEI:R>CEK8xcK�\EK8GEZqR>KN_EPdM�\EFcJEFcY*F*_EFcCEIdZ�\:M8J:M>jNK>Gq\EK6^�CEI:O�M>FcR8Y[Z&mD�Bj8G:IEWcI�ADJEK8LNCdZ���F*J:O�IwWcM�YH_EFcR
L8K8WcJEKNY*��FcSr\dG:K8R8CEKNY*R>IwY*KNY*R>KuZECEIESwYHCEKNLNM�CeM>j>Geh�^�M>FcR8Y[Z�ADL8F*G:IE_EFcCEIEF�\EJEK8LNK6^eI:O�KVYHR>I&mD��F*WcK8C:M8C:YHC:K8F�WcC:Mu_EFcCEIEF#O�M>xHk
CEIER>CEKNx*Kv\EK8GEZ

BR
KN\EJEFg^�FHGEZEFcR8Y[ZwI:W�AVYgG:KNL8IdZ&�

eBR∆z = 2pF .
���V�

  C:Mu_EFcCEIdZ&o:LNWHZER>X�F�IEW��cPdYH\EFcJEI:O�F*C:RuM:�
∆z=30

C:O"o
n=3 ∗ 1011 YcO −1 o BR=6

@	G�m&��KNWg^eFcS:YHR>LNIEF�O�M8x*CEIER8CEK8xcKq\EK>G:Z
C:M�Y*I:YHR>F6O�AqYHKVYHR>KNIER�L~R>KNO"oD_ER8K�J:MNYH\dGeX�LNM>FcR8Y[ZrL8K8G:CEK8LVM}Zq¡#ADCEPEaEIEZqI�\EJEIwK8\:JEFg^eF*G:F*C:CEKNOsWcC:Mu_EF*C:IEI�O�M8x*CEIER8CEK8xcK
\EK>GEZwC:M>j8G:h�^�M8F*R8Y[Z�\:IEP�L~\:JEK8LNK6^eI:O�KNY*R>I&m

�dm�JEF*WcK8C:M8C:Y�Lv\EJ:X"tvPDKNL8K8S�\EJEKNL8K6^eI:O�KVYHR>I�mV��FcW*K8CeM>C:Y�C:M8j>G:h�^�M8F*R8Y[Z�IEWHk¢WcM�J:M8YcYHF*ZECEIdZ�CeM�\:JEI:O�FcY[ZdU	mE£�F*W#�cR>K8xcK~JeM8Ygk
YHFHZEC:IdZw�*G:F*P:R>JEK8Cw^�L8IExHM>GeY[Z�jNX�LVYHF�L8J:FcO,Z�Lr\EK8R>FcCEaEI:M>G:F ∼ y2 ��IEW*k�W6MrO�M>xcCEIER>CEKNx*Kr\EK8GEZe�go:CEKq\EJEI�J:MNY*Y*FHZECEIEI�CeM\EJEI:O�F6Y[ZdU��*R8K8Rv\EK8R8F*CEaEIeM}G�YHjNJ:M8Y*X�LNM>FcR8Y[Z|��PDMu_:FcYHR8L8F*C:C:M}ZwK8aEFcCEPdMN¤#oELNX�_EI:YHG:F*CEIEZwY#I:Y*\EK>G:lNW*KNLNM>C:IEFcOQ^eI:M>xcJ:M8O�O,k
CEK8S�R>FHUdCEIEP:I:¥6�Hm�@&KsFcY*R>l|jNF*WwJ:M8YcYHF*ZECEIdZ{C:M|\EJEIeO�FcY[ZdU	o�L8F*J:KuZER>CEKNY*R>l�KNPdM>WcM8R>lNY[ZQLyR>K8_:PVFwC:M|J:M8YcYHR>KuZEC:IEI

R
KNR

C:Mu_:M}Gel8CEKNx*K~\EK>G:Kut~F*CEIEZ ∼ exp(− r2

4λ2 )
�
λ = c~/eH

k"O�M>xcCEIER>C:M>Z�^eG:IEC:MV�goeM�Y#AV_:F*R>KVO�C:F*JEFcW*K8CeM>C:Y*CEK8xcK~JeM8Y*Y*F*CEIEZ
C:M~\EJEI:O�F6Y[ZdUy��R8KqFcY*R>lrj8FcW�LNK8WcL8J:M8RuM��HGeF*PER>J:K8C:MvLrC:Mu_eM}G:lNCEADh�R>KN_EPEAE� ∼ exp(−r/b) o x[^�F b ∼ λR−1 o R = N−3 o Nk�PVKNCEaEFcCER>J:M8aEIdZ�\:JEI:O�FcY*F*S&m

�Em��*L8PEG:ID^eKNL�JEFcW*K8CeM>C:Y8opPDK8R8K8JEX�S�J:M8YcY*O�M>R8JEIELNM8F*R8Y[Z¦L�^�M8CECEK8S{J:M>jNK8R>FNm��)�cR>KNO�YgG:AD_:M8F�C:M8j>G:h�^.M>F*RNY[Z¦AVLNFHG:I:_EF*CEI:F
L8F*J:KuZER>CEKNY*R>IyL8X"UNK6^.M�_:MNYHR>I:aEX�I:WqYHL>ZEW6M>CEC:K8x*K�YHKVYHR>KuZEC:IdZ|LwZ:O�FrIEW*k�W6M�CeM}G:Kut~F*CEIdZyK6^eCEKNL8JEF6O�F*CECEK�O�M8x*CEIER8CEK8xcK
\EK>GEZwI�L8CEFc��CEFcx*K~\EK8R>FcCEaEI:M>GeMEm
��M8CECEFcF�£�m §vm §#L>G:FcL8X O�I¦��m §vm,¨�FHG:lNCEIEPDK8LNX O�©qj8X"G¦\:K6^eJEK8jNCEK�I:YcYgG:FH^eK8LVM>Cs�*LNPdG:ID^eKNL�JEF*WcK8C:M8C:YrL�\:F*JEF6O�F*CECEKVO
L8CEFc��CEF6O`\EK8G:F8m���L8FcJEKuZER>CEKVYHR>l�L8X"UVK6^�M�_:M8Y*R>K8R}M�\EFcJEFcO�FcCECEK8xcK�\EK>GEZsL>UVK6^eIERwL�PDKNO�j8I:C:M>aEI:I

exp(Ωτs)
o�x[^eF

τs
k

WcM>LNI:YHI:R�KNR�Y*L8K8SeYHR>L#\EKVYHR>KuZECEC:K8x*K�\EKNR>F*CEa:I:M}GeM:mNnBR>KNO�A�ZEL>G:FcCEIEhfO�KutrCEK�^�M>R8l�\:JEKNY*R>K8F"PdMu_EFcY*R>L8FcCECEKNFBKNj8ª	Z:Y*CEF*CEI:F
k�\EJEK8IeY[UNK6^eIER�PDK8CEPEADJEFcCEaEIdZ�O�FHt~^eAq^eL8AdO,Zw\EJEK8a:FcY*YcM8O�I�k�R>ADCECEF*G:IEJEKNLNM>C:IEFcO"oELNF*JEKuZER8CEKNY*R>l:oDPDK8R>KNJEK8xcK��cPdYH\EKNCEF*Cdk
aEI:M}Gel8CEK�O�M}GeM�j8FcW�LNCEF*��CEF*xcK�\:K>GEZ&o	Iy\EK8x«GeK8¬�FcCEIEF6OfPELNM8CER>KNL��*G:F*PER8JEKNO�M8x*CEIER8CEK8xcKw\:K>GEZ&o.j>G�M>x*K6^.M>JVZ�PDK8R>KNJEKNO�A
_:M8Y*R>IEa:M~\EJEFcK8jNJEF*R}M>FcR��cCEF*J:x*IEh�o:YHJ:M8L8CEIeO�AVhzY#LNX YHK8R8K8S�jVM>JElNF*J:M:m
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Вероятность туннелирования от энергии
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EF
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×�GEZ��*L8PEG:ID^eKNLNM"JEFcW*K8CeM>C:YcM"L�O�M>xcCEIER>C:KNO�\EK8G:F8ocRuM8PDK8F�KNj8ª	Z:Y*CEF*CEI:F�ZEL>G:FcCEIdZ&o6PVKNCEF*_:CEK:ocCEF�\EK6^:UVK6^eIERumc@�ADR�J:F*W*KNC:M>CeY
O�KutvC:K~KNj8ª	Z:Y*CEIER>l~\EK6^ejVM>JElNF*JEC:K8SqIEC:R>F*J:¡#FcJEF*C:aEIEF*S�a:IEPdG:KNR>JEK8C:CEX"U�K8J:j8IERum
��M>W*LVM>CEI:F �*LNPdG:ID^eKNL�\EJEKNI:Y[UNK6^�IER�K8R�R>K8xcK:oD_ER>K~JEFcW*K8CeM>C:Y�O�KutvC:K�\EK8G:AD_EIER>leoVIeYH\EK8G:l8WcA>ZrPELNM8W*IEPEGeM8YcYHIE_EF6YHPDK8F�\EJEIdk
j>G:Idt~F*CEI:F8mV×�F*SeYHR>LNIEF#L8KrO�CEI:O�KVO{LNJEFcO�FcCEI�C:M>WcX�LNM>FcR8Y[Z��cL8PdG:Id^eK8LNX O"m

  Mu^�Mu_eM|Y*RuM8L8IERNY[Z]LNKyLNR>K8J:KNO�J:M>WH^eFHG:FNm��ØR8JEF*R>lNFcOÙJ:M8Wg^eF*G:F�\EJEIELNFg^eFcCEKQPELVM>W*I:PdGeM8YcYHIE_:FcYHPDKNF�JEFc��FcCEIEF8o�LQPVKNR>K8J:KNO
L8Id^eCEK:o8_ER>K�\EJ:IrCEF*PDK8R8K8JEKVOyY*K8KNR>CEK8��F*CEI:I~\eM>J:MNO�F*R>JEKNL�WcM}^�Mu_EI~L8F*J:KuZER>CEKNY*R>l�R>ADCECEF*G:IEJEKNLNM8CEIEIvJ:M8Y*R>F*RuoV\EF*J:FcYHR}M8F*R�j8X�R8l
�*PdY*\EK8CEFcCEaEI:M>G:l8C:K�O�M}G:KNS&m.��_:F*R>LNF*JER>KVOfJ:M8Wg^eF*G:F�K8\:I:YHX�LVM>F*RNY[Z�O�FcR>K6^y_:I:YgG:FcCECEKNx*KqJEFc��FcCEIdZ�I�\:JEIEL8K6^eZER8Y[Z�KNY*CEK8LNCEX�F
JEFcW*A6G:l}R}M>R>X�oD\EK8G:AD_EF*C:CEX�F�Y�F*xcK�\:KNO�K8¬�l8h�mV�f\EZER>KNOQJeM>Wg^�FHG:F�\EJEFH^:GeM>xHM8h�R8Y[Z�L8K8W6O�KutrCEX�F��cPDY*\EF*J:I:O�F*CER}M>G:l8CEX�F�JEF6M}G:Idk
WcM8aEIEI�^:GEZ�IEW*AD_EFcCEIdZ�^�M>C:CEK8xcK��6¡�¡#F*PER}MEm
�,FcW*KNC:M>C:Y*CEK8F�R>ADCECEF*G:IEJEKNLNM8CEIEFr����@���O�Kut~F*RrYHR}M8R>lvK6^eCEI:O{IEW#\EJEI:O�Fc_:M>R>F*G:l8C:X"U�ZEL>GeF*CEIES�odC:M~KNYHC:K8L8F�PDK8R>KNJEX"U�J:M8j8K8k

R}M>h�R~\:JEIEj8KNJEX�m
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��MNY*YcO�M>R>JEI:LNM>FcR8Y[ZãYHG:Fg^�AVh�¬�M>ZµO�K6^eF*G:l8CeM}ZäW6Mu^�Mu_:M:m å�M8Y*R>IEa:M]C:M>UNK6^eIERNY[Z�LfYHL8ZEWcM>C:CEKNOæYHKNY*R>KuZECEIEIµLT\EKNR>F*CEa:I:M}G:F
U(x, y) = V (x) + u(y)

LrO�M>x*C:IER>CEKVO{\EK8G:F�Y#L8FcPER>K8JEk�\EKNR>F*C:aEI:M}GeKNO
A(−Hy, 0, 0)

oDx[^eF

V (x) = −~

√

2|E|
m

(δ(x) + δ(R− x)) ,
��çN�

u(y) = u0

(

y2

a2
+
y4

a4

)

.
��èN�

å�M8Y*R>IEa:M"^eL8Idt~F*R8Y[Z#L \dGeKNYHPDKVYHR>I
xy
mu@�M8PDK8S�\EKNR>F*CEa:I:M}G�YHKNK8R>LNF*R8Y*R>L8ANF*R�^eLNAdO�P:LNM>C:R>K8LNX O�\EJ:K8L8K8G:K8_:PDMNO"oHC:M8\EJ:M>L8G:F*C:CEX O

\:M8J:M}GEGeFHG:lNCEK�KNY*I
Oy
o�M|O�FHt~^eAsCEI:O�Iã��L}^�K>G:l�C:IdU:��\EKNR>F*C:aEI:M}GpopW6M>L8IeY[ZE¬�IESQKNR

y
mp��J:M>LNCEF*CEI:F�é�JEFg^eI:CEx*FcJ:M�L|�*R>KVO

U

Y

X

U(y)

v(x)

Потенциал, в котором находится частица

U

X

U

Y0 R

­&®V¯6°dÆ}²Vê�¸cÂu½[¿NÓV®dÀH¶�Ë>¹�Ê>¸6Â6¸6¼V¸c»�ÃD¹6®VÌ ½«Âu¯ëº�ÕdÀ*¯«Â6®NÓdÀ8²
V (x) + u(y)

YgGeAV_eM>F8�

− ~
2

2m

(

∂

∂x
− imωc

~
y

)2

ψ − ~
2

2m

∂2ψ

∂2y
+ (u(y) + V (x))ψ = Eψ,

��ì8�

YHKQYgG:FH^eADh�¬�I:O�Ifx*J:M8CEIE_EC:X O�I]AVYgG:KNL8IdZ:O�I]C:M
ψ
o�PDK8R>KNJEX�F�YgG:FH^eADh�RQIEW¦��ç8�~ITWcM8R>AVUVM>C:IdZ�LNK>G:CEKNL8KNS�¡#ADCEPEaEI:I]CeM

j8F6YHPDK8C:F*_ECEKVYHR>I��

∂ψ(x, y)

∂x
|x=0= −

√

2m|E|
~

ψ(0, y),
∂ψ(x, y)

∂x
|x=R=

√

2m|E|
~

ψ(0, y),

∂<ψ(x, y)

∂y
|y=0= 0,<ψ(x,∞) = 0,

=ψ(0, y) = =ψ(R, y) = 0,=ψ(x, 0) = 0,=ψ(x,∞) = 0.
��íN�
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(R, yexit)

KN\EJEFg^�FHGEZEFcR8Y[Z�PdM>P��

w =| ψ(R, yexit)

ψ(0, 0)
|2 . ��îN�

ï CeM}G:IER8IE_EFcY*PDK8x*K�JEF*��F*CEIdZ�ADJ&mV��ì>�	CEF�I:O�FcF*Rum6ð�L8PdGeID^eK8L�JEF*WcK8C:M8C:Y>oHRum F8m6JEF*WcK8C:M8C:YHC:K8F�PELVM>CER>KNL8KNF,R8AVC:CEFHG:I:JEK8LVM>CEIEFBO�KutvC:K
\EK8G:AD_EIER>leo&J:M8YcY*O�M8R>JEIELVM}Z|�cR>A�W6Mu^�Mu_:A�L�PELNM8W*IEPdG�M8Y*Y*IE_EF6YHPDKNOf\:JEIEj>GeIdt�FcCEIEI&m��#J:IyC:F*PDK8R>KNJEKNOäW*C:Mu_:F*CEIEIQO�M8x*CEIER8CEK8xcK
\EK8GEZ�LNF*JEKuZER>C:KNYHR8l~LNX"UNK6^�M�_:M8Y*R>IEaEXãIEW#Z:O�XãADL8FHGeIE_EIELVM>F*RNY[Z�C:MvO�CEK8xcKv\EK8JVZD^ePDK8Lem

0g0g0*1òñ~ÞVÝVàu?	ß:;	ÝD4u4c?.â.<84ußEÜD<�ó�<8ô�<>=.?.<

õ 13ö]<>5NÜ}á¦÷�=�?	÷�ø#ù�5Nó�ÝV<8ß�58Üdó�?.ú

�BK8G:CEKNLNM}Zw¡#AVC:PEaEIdZwIE¬�FcR8Y[ZwLvLNID^eF8�

ψ ∼ exp(
i

~
S(x))

� �cû �

x[^eF
S(x)

PdGeM8YcYHIE_:FcYHPDKNF ^eFcS:YHR8L8IEF�^:G:Zw_:MNYHR>I:aEXäLqO�M8x*CEIER8CEKNO�\EK>GeF�I�LNK�LNCEF*��CEFcO�\EK8R8F*CEaEIeM}G:FNm
�BFcJEKuZER>CEKVYHR>lvR>ADCEC:FHG:IEJ:K8LNM8CEIdZw_:M8Y*R>IEaEX��

W ∼ exp

(

−2

~
(S(R, yexit) − S(0, 0))

)

.
� �8� �

üdM8O�IdG:l}R8K8CEI:M8C�_eM8YHR8IEaEX��

H =
1

2m
(px −mωcy)

2 +
p2

y

2m
+ u(y) + V (x).

� � �8�
ý R8YHh�^�MvYHG:Fg^eADh�R~ADJ:M8L8CEFcCEIdZ�^eL8Idt~F*CEIEZ&�

m
∂2x

∂t2
= −mωc

∂y

∂t
− ∂U(x, y)

∂x

m
∂2y

∂t2
= mωc

∂x

∂t
− ∂U(x, y)

∂y

� � �V�

×�F*S:Y*R>L8IEF#Ac^eKNL>G:FcR>L8KNJNZEFcR�ADJ:M8L8CEFcCEIEh��

1

2m

(

∂S

∂x
−mωcy

)2

+
1

2m

(

∂S

∂y

)2

+ u(y) + V (x) = E.
� � �V�

ð�xcKr\EK>G:C:X�Sq^eIe¡�¡#F*JEFcCEaEI:M>G��

dS(x, y) =
∂S

∂x
dx+

∂S

∂y
dy,

� � ç8�
I�Y�AV_:F*R>KVO{R>KNx*Keod_ER>KrL}^�K>G:l~R>J:M8F*PER>KNJEIEIw^eLNIdt�FcCEIdZ

px =
∂S

∂x
= m

∂x

∂t
+mωcy, py =

∂S

∂y
= m

∂y

∂t
,

� � èV�
\EK8G:AD_:M>F6O"�

S[x(t), y(t)] − S(0, 0) =

∫ t

0

dt1

(

px
∂x

∂t1
+ py

∂y

∂t1

)

.
� � ì8�

�fPdG�M8Y*Y*IE_EF6YHPDK8S�O�FHUDM>CEIEPDFN�

px
∂x

∂t1
+ py

∂y

∂t1
= L+H,

� � íN�



ç

x[^eF
L
k�GeM8x*J:M8CdtrI:M>C&o

H
k¢xHM8O�IdG:l}R8K8CEI:M8C&md�äO�M8x*CEIER8CEKNO�\EK>GeF�G�M>x*JeM>CdtrI:M8CwY*L8K8jNK6^eCEKNSq_:M8Y*R>IEaEX��

L = −mc2
√

1 − v2

c2
+
e

c
Av − eφ.

� � îN�

�`AV_:F*R>KVOä� � îN��IEWr� � ì>�Ho�� � íN�Ho
H = E

�

S[x(t), y(t)] − S(0, 0) =

∫ t

0

dt1

[

m

2

(

∂x

∂t1

)2

+
m

2

(

∂y

∂t1

)2

+mωcy
∂x

∂t1
− U(x, y) +E

]

.
��� û �

�#K>GeC:M}Z��cCEF*J:x*IdZ��HG:FcPER>JEKNC:MEoV^�L8IdtrAD¬�Fcx*KNY[Zw\EKvPdGeMNY*YHI:_EFcY*PVKNS�R>JeM>F*P:R>K8JEI:I&�

E =
m

2

(

∂x

∂t

)2

+
m

2

(

∂y

∂t

)2

+ U(x, y).
��� � �

�#JEI�^eL8Idt~F*CEI:I�\EK6^�jNM8JEl8FcJEKNO
E<U(x, y)

o:R8K~F6YHR>lrP:IECEF*R8IE_EFcY*PdM}Z��*CEFcJEx*IdZ�YHR}M8CEK8LNIER8Y[Z�KNR>JEIEa:M8R>FHGel8CEKNS&mD×�GEZwIEW*jNFHk
t~M8CEIdZq�cR>K8Sq\:JEK8j8G:FcO�XfO�KutrCEK�Y·^�FHGeM8R>l�¡#K8JeO�M}G:lNCEADh`WcMNO�F*CEAv\EFcJEFcO�FcCECEK8S

t=iτ
md@&KNx[^�M�PEI:CEF*R>I:_EFcY*PDM>Zq�*CEFcJEx*IEZqj8Ac^eF*R

\EK8G:KutrIER>FHGel8CEKNS&mp@pM>PDK8S¦R8JEh�P{ZEL>GEZEFcR8Y[ZQKNYHC:K8L8KNSQO�F*R>K6^�M�R>J:M8F*PER>KNJEIES¦LNK�O�CEI:O�KVOzL8J:FcO�F*C:I&m,å#R8K8j8X)PDK8KNJN^eIEC:M8R>X)L
ADJ:M>LNCEF*C:IdZdUr^eLNIdt�FcCEIdZdU|� � �N�BjNX"G:Iq^�F*S:Y*R>L8IER8FHG:lNCEX O�I&oeY·^�FHGeM8FcO¦Fc¬�F#K6^eCEA�WcM8O�FcCEA.�

y(τ) = −iη(τ). ���N�8�
@&KNx[^�M~\EK>GeAV_eM>FcO{ADJ:M>LNCEF*CEIEZq^eLNIdt�FcCEIdZ�L~C:K8L8X"Uq\:F*JEF6O�F*CECEX"U	�

m
∂2x

∂τ2
= −mωc

∂η

∂τ
− ∂U(x,−iη)

∂x

m
∂2η

∂τ2
= mωc

∂x

∂τ
− ∂U(x,−iη)

∂η

���>�V�

I�\EK>GeCEADhã�cCEF*J:x*IEh��

E = −m
2

(

∂x

∂τ

)2

+
m

2

(

∂η

∂τ

)2

+ U(x,−iη). ���>�V�

�#K�W6M8O�FcCEFw���8�N� YHKNK8R>LNF*R8Y*R>L8ANF*R�CEF~¡#I:W*IE_EF6YHPDK8F�W*C:Mu_:F*CEIEF�L
S[x(t), y(t)]

m&�BX�JeM}t�FcCEIEFw��� û � jNAc^eF*R�I:O�F*R>l�¡#IEWcIE_EFcY*PEIES
Y*O�X YHG|R>K8G:l8PDKq\:JEI

y(τ)=0
m   C:Mu_EIERuoe^:GEZ�JeM8Y*YcO�K8R>J:F*CEIdZ�R8AVC:CEFHG:I:JEK8LVM>CEIdZ�^.M>CECEX OfO�FcR>K6^eKVOfCEF*KNjuUNK6^eIeO�KrL8WHZER8l�YgGeFHk

^eADh�¬�IEF�x*JeM>CEIE_:CEX�F#ANYgGeK8L8IEZ&�

x(0) = R, y(0) = 0, x(iτ0) = 0, y(iτ0) = 0.
���8ç8�

��F*JEKuZER8CEKNY*R>lvR>ADCECEFHGeIEJEK8LVM>CEIEZ&�

W ∼ exp(−A),

A =
2

~

∫ τ0

0

dτ

[

m

2

(

∂x

∂τ

)2

− m

2

(

∂η

∂τ

)2

+mωcy
∂x

∂τ
− U(x,−iη) −E

]

.
���>èV�

×�GEZ�ADJ:M8L8CEFcCEIES�^eL8Idt~F*CEIEZs���>�N��^eKNjNM8L>GEZEFcR8Y[Z�F*¬�F#ANYgGeK8L8I:F�C:M~CEA6G:FcL8ADhþYHPDKNJEKNY*R>l�LvR>KN_EPdM}U�\:K8L8KNJEK8R}M:�

∂η

∂τ
|0 =

∂η

∂τ
|τ0

= 0,
∂x

∂τ
|0 =

∂x

∂τ
|τ0

= 0.
���Nì>�

�BI:Y*R>FcO�MQADJ:M8L8CEFcCEIESµ���8�N�vI:O�FcF*Ry^eLVMyR>IE\:MQJ:F*��FcCEIES&�B_EF*R8CEX�F�IfCEFc_EF*R>C:X�F�\EK ∂x
∂τ

I
η
KNR>CEKVYHIER>F*G:l8C:K

τ − τ0/2
m�§#W

YHIeO�O�F*R>JEI:I{WcM}^�Mu_EIsCEAVtrCEK�LNX�j8J:M8R>l�_EF*R8CEK8FNm�nBR>K|K8\EJEFH^eFHGeIER�K6^eCEAyIEWq_EFcR>X�JEF*UsPDKNC:YHR}M>C:R6opK8R�PDK8R8K8JEX"UsWcM8L8I:Y*IER�JEFHk
��FcCEIEFNm��#K8G:AD_:M>FcR8Y[Z�JEF*��F*CEIEF�Y�_EFcR>X�JElNO,Z|x*J:M8CEIE_ECEX O�I�ANYgGeK8L8IEZ:O�I&o:W6M>L8IeY[ZE¬�I:O�I�KNRqR>JEF*U�PVKNC:YHR}M8CERum	nBR>KVO�A�O�KutvC:K
Ac^eK8L8G:F*R8L8K8J:IER>l:odR}M8P�PdM>PwFcY*R>l~^eKN\EK>G:C:IER>FHGel8C:M>Z�PDK8C:Y*R}M>CER}M

τ0
m
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�#JEI:O�F*C:I:OäO�FcR>K6^yPDKNO�\EG:F*PdYHC:X"U�R8J:M>�cPER>K8J:IES�P|J:M8YcY*O�M>R8JEIELNM8FcO�KNS�WcM}^�Mu_EF�Y�\EK8G:FcO
mω2

ca
2 ∼ U

m.@BADCEC:FHG:IEJ:K8LNM8CEIEF
\EJEI��cR>KNO�ANYHG:K8LNIEI�Y*AV¬�FcY*R>L8FcCECEKvK8R6G:IE_eM>F*RNY[Z�K8RvR>ADCEC:FHG:IEJ:K8LNM8CEIdZwLvY*IdG:lNCEKNO�O�M>x*C:IER>CEKVO{\EK8G:F8m
§#W�ADJ:M8L8CEFcCEIES�^eL8IEt�F*C:IdZy���>�N��^eGEZ�J:MNY*YcO�M>R>JEI:LNM>F6O�K8xcK�\EKNR>F*C:aEI:M}G�M

U
\EK8G:AD_:M>F6O"�

m
∂2x

∂τ2
= −mωc

∂η

∂τ

���>íV�

m
∂2η

∂τ2
= mωc

∂x

∂τ
− ∂u(−iη)

∂η

���>îV�
I�x*J:M8CEIE_EC:X�F�AVYgG:KNL8IdZ&�

x(0) = R, x(iτ0) = 0,
∂x

∂τ
|0 =

∂x

∂τ
|τ0

= −
√

2u0

m
,

��� û �
ANYHG:K8LNIdZ�C:M

η
CEF�IEWcO�FcCdZEh�RNY[Z&m

�,Fc��FcCEIEF�\EFcJEL8KNx*K~AVJeM>L8C:F*CEIdZs���8îN�g�

∂x

∂τ
= −(v + ωcη)

��� � �
I�\EK>GeC:M}Zw�*CEFcJEx*IdZ&�

E =
m

2

(

∂η

∂τ

)2

+ v(η),
���V�8�

Y#\EKNR>F*CEa:I:M}G:lNCEK8S��*CEFcJEx*I:F*S&�

v(η) = u(−iη) − m

2
(v + ωcη)

2.
���8�V�

å#R>KNj8Xyj8X"G:K Y*\EJ:M>LNFg^:GeIEL8X O�x*J:M8CEIE_ECEKNF�ANYHG:K8LNIEF
η(τ0)=0

o ^eLNIdt�FcCEIEF�L \EKNR>F*CEa:I:M}G:F ���8�V�e^eK>G:tvC:K�j8X�R>l�\EFcJEIEK6^eI:_EFcY*PEI:O"o
R>KrF6YHR>lv\EKNR>F*CEa:I:M}G¦���N�N��^eK8GEt�FcC�I:O�FcR>lq¡#K8JeO�ArZ:O�X�m
�BId^eI:O"o>_ER8K�^:GEZv_EI:YHR8K8x*K�xHM8J:O�K8C:IE_EFcY*PDK8x*K�\EKNR>F*CEa:I:M}GeM��cR>K�ANYHG:K8LNIEFBC:F�L8X�\EK8G:CdZdG:KVYHl�j8X�o CEF"A*^.M}G:KVYHl#j8X�L8X�_EI:YHG:IER>l

CEI�Fg^�IECEK8SwR>KN_EPEI�\EJEI�R}M>P�L8LNFg^eFcCECEKVO{O�F*R8K6^eF#PVKVO�\dG:FcPDY*CEX"U�R>JeM>F*P:R>K8JEI:S&m
�#F*JEIEK6^w^eLNIdt�FcCEIdZ�Lv\EKNR>F*C:aEI:M}GeFq���8�V�

∆τ =
√

2m

∫ ∆η

0

dη
√

E − v(η)
.

���>�D�

  M~\EFcJEIEK6^�_:M8Y*R>IEa:MvY·^eIExHM8F*R8Y[Zw\EK
x
C:M

∆x =
√

2m

∫ ∆η

0

dη
v + ωcη

√

E − v(η)
.

���NçN�

×�F*SeYHR>LNIEF�^:GEZ�\EK8R>FcCEaEI:M>GeM����N�N�BIEWq���8èN��Y#AD_EF*R8KNOã���N�N���

A = AWKB − 2m

~

∫ τ0

0

dτ

(

∂η

∂τ

)2

, AWKB =
2
√

2|E|m
~

R.
���8èV�

AWKB
k�^eF*SeYHR>LNIEF#L~PEGeM8YcYHIE_EF6YHPDKNO�YgG:AD_:M8F#j8F*W#LNCEF*��CEF*xcK~\:K8R>FcCEaEI:M>GeMEoV^:G:Z�^eLNIdt�FcCEIdZ�YHL8KNj8K6^eC:K8Sq_:MNYHR>I:aEX�m

��M>PqxcK8L8KNJEIdG:KVYHl�JeM>CECEFcF8oDO�F*R>K6^�R>J:M8F*PER>KNJEIESw\EJEI:O�FcCEI:O¦G:IE��l�^:GEZ�R>K8_EFcP�Y
η=0

m   C:Mu_EIERuoN^:GEZ�PDKNCEF*_EC:K�R>KN_EPEI
x=R^eK8GEtrCEK¦L8X�\:K>G:CdZER8lNY[Zz��_ER>KNj{O�KutrCEK¦jNX"G:KQ_ER>K8k�R>K{\EKNY*_EIER}M>R>lQ^�M>CEC:X OÙO�FcR>K6^eKVO��

R=N∆x
oBx[^�F

N
k�C:M8R>ADJ:M}G:lNCEK8F

_EI:YHG:K:mV×�FcS:YHR8L8IEF�\EJ:I�YcO�F*¬�F*CEIEIwC:M
∆x

��jNF*W#AD_EF*R}M
AWKB

�H�

∆A = −4
√
m

~

∫ ∆η

0

dη
√

E − v(η).
���Dì>�

��K>G:C:K8LNM>Z�¡#ADCEPEaEIEZ�\EJEI
x=n∆x

�

|ψ(n∆x, 0)|2 ∼ exp

[

−
(

2
√

2mu0

~
− ∆A

∆x

)

n∆x

]

.
���8íV�



ì

@&KrF6YHR>lrW6MvYH_EFcRvYHGeM>xHM8FcO�KNx*K ∆A
∆x

\EJEKNI:Y[UNK6^eI:R�CEF#AdO�F*C:l8��FcCEIEF�LNK>G:CEKNL8KNS�¡#ADCEPEaEIEI�o:M~AVLNFHG:I:_EF*CEI:F8m
�#K>G:AD_EIdGeI&oB_:R>K�\:JEIäCEFcPDK8R>KNJEKNO)WcC:Mu_EF*C:IEI`\EK8GEZT^eF*SeYHR>LNIEF

A → 0
\:K{WcM8PDK8CEA

A ∼ (HR − H)R
o�I

exp(−A ∼
(HR −H)R) ∼ 1

m
�#JEI:O�F*C:I:O�KNY*R>l�O�F*R>K6^�M�R>J:M8F*PER8K8JEIES�m ý j8X�_ECEK�O�F*R8K6^y\EJEIeO�F*CdZEFcR8Y[Z&o&PDK8x[^�M

exp(−A) << 1
m	�#JEI|ADLNFHG:IE_:F*CEIEI|�*R>KNS

L8F*G:IE_EI:CEX�C:ANtrCEKvAD_EIER8X�LNM>R8l~C:F�K6^eCEAqR>JeM>F*P:R>K8JEI:h�o:MvO�CEKNx*K:m
��^eFHGeM8FcOã_EI:YHG:F*C:CEX�F�KNaEF*CEP:Is^:GEZQL8FcJEKuZER>CEKVYHR>IQR8AVC:CEFHG:I:JEK8LVM>CEIdZ¦Y*K8x«GeMNYHCEK�LNX�L8Fg^�F*CECEX OµY*K8K8R8CEK8��F*CEIdZ:O"m,��L8Fg^�FcO

j8FcW*J:M8WcO�FcJECEX�Sw\:M>J:MNO�F*R>J
p =

mω2

c
a2

2u0

mE@�K8x[^�M�^�F*S:Y*R>L8IEFq���8èV��\:F*JEFc\EI:YHX�LVM>FcR8Y[Z�LrL8Id^eF8�

A =

(

1 − f1(p)

f2(p)

)

AWKB ,
���8îV�

YHKrYHG:Fg^eADh�¬�I:O�I�¡#ADCEPEaEIEZ:O�I
f1(p), f2(p)

�

f1(p) = 2

∫ z0

0

dz
√

z2 − z4 + 2z
√
p+ pz2, f2(p) = 2

∫ z0

0

dz
1 + z

√
p

√

z2 − z4 + 2z
√
p+ pz2

.
��� û �

§#W#_EI:YHG:F*CEC:K8S�K8aEFcCEPEI
f1(p) = f2(p) ∼ 6.52

\EJ:I
p = pR ∼ 1.76

mN×�GEZ�^eF*SeYHR>LNIdZw\:K>G:AD_:M8FcO"�

A ∼ 0.31(pR − p)AWKB
��� � �

I�^:GEZ�L8FcJEKuZER>CEKVYHR>IwR>ADCECEF*G:IEJEKNLNM>C:IdZ&�

W (H) ∼ exp

(

HR −H

HR
AWKB

)

.
���V�N�

HR
Y#AD_EFcR>KNO

p =
mω2

c
a2

2u0

�

HR =
pRe

√
2m

c

√
u0

a
.

���N�V�
§�Y[UNK6^eZ¦IEW�_EI:YgGeF*CECEX"U�W*C:Mu_EFcCEIES&o�j8G:IEWcPEIdU¦P]C:M>j8G:h�^�M>F6O�X Oþ�cPDY*\EF*J:I:O�F*CER}M>G:l8CEK�^:GEZ]\EK6^eKNj8CEX"U¦YHIeYHR>F6O"o�\EJEKNL8Fg^�FcO
K8a:F*CEPEI�munBCEFcJEx*FcR>IE_EF6YHPEIES�AVJ:K8L8FcCEl�L PELVM>CER8K8L8KNS�Z:O�F

E = −10−3eV
o*\:M8J:M8O�FcR>J�\EKNR>F*C:aEI:M}G�M�L}^eK8G:l�\EJEKNL8K8G:K8P

a = 140
�
A
m

nBR>I�\:M8J:M8O�FcR>JEXä^�M>h�R
HR ∼ 10

@pY>o
∆A ∼ 29.6

o
∆x ∼ 913

�
A
o
AWKB ∼ 0.032R(

�
A)
mE��FcJEKuZER>CEKVYHR>l~R>ADCECEF*G:IEJEKNLNM>C:IdZwL

O�M>xcCEIER>C:KNO�\EK>G:F#C:MvJeM8Y*Y*R>KuZECEIEF
∆x

j8FcW#\EK8R>FcCEaEI:M>GeM~L}^eK8G:l~\EJEK8LNK>G:KNP�O�M>GeM
10−13 m

0��q1���?	4c;	<>=.=.ÜV<�óe<Nôq<>=.?.<

��K8R8FHG:KVYHl�j8Xs\EK8G:AD_EIER>l�_EI:YgGeF*CECEKNF�JEFc��F*C:IEF�ADJ&mN�¢ì>�Hoc_ER8K8j8XyW*CeM>R>l LNF*JEKuZER8CEKNY*R>l�R>ADCECEF*G:IEJEKNLNM>C:IdZ�L8K�LNY*F*S�\dGeKNYHPDKVYHR>I&o
M~CEF�R>K8G:l8PDK~LrK8\EJEFH^eFHGeF*CECEX"U�R>K8_EPdM>U.od_:R>KrL8KNWcO�KutrCEK�Y#\:KNO�K8¬�l8hµPELVM>W*I:PdGeM8YcYHIE_:FcYHPDKNx*K�\:JEIEj>GeIdt�FcCEIdZ&m

õ 1	��á&<
�|ó�<8ô�<>=.?��

�#JEIEL8FH^eFcO{ADJ:M>LNCEF*CEI:F#é�JEFH^eIECExcF*J:M��¢ì>�BP�j8F*WcJ:M>W6O�F*JEC:KNO�AqLNID^eA.�

−
(

B
∂

∂x
+ iqy

)2

ψ − ∂2ψ

∂y2
+ y2(1 +

y2

B2
)ψ = −λB2ψ,

���8�D�

x[^eF�Y·^eF*GeM>C:M�G:I:CEF*SECeM}Z�W6M8O�FcC:M~\EF*JEF6O�F*CEC:X"U.�

x′ = βx, y′ = −αy ���Dç8�
I�L8LNFg^eFcCEX`\:M8J:M8O�FcR>JEX�o:Y*L>ZEWcM8CECEX�F�Y#¡#IEW*I:_EFcY*PEI:O�I�L8F*G:IE_EIECeM8O�I&�

α4 =
2mu0

~2a2
, q =

mωc

~α2
, B = aα, λ =

2m|E|
~2

, β = aα2.
���NèV�

×�GEZwAV\:JEK8¬�F*CEIdZ�Y·^eFHG�M>FcO�F*¬�F#K6^eCEArG:I:CEF*SEC:AVhzW6M8O�FcCEA
z = y(1 + q2)1/4 �

−B2 ∂
2ψ

∂x2
− 2iqBz

(1 + q2)1/4

∂ψ

∂x
+

z4

B2(1 + q2)
ψ +

√

1 + q2
(

−∂
2ψ

∂z2
+ z2ψ

)

= −λB2ψ
���Dì8�



í

ý j8FcW*J:M8WcO�FcJEF*CEC:K8F�AVJeM>L8C:F*CEIEFr���Dì>�HodJ:M>W*G:KutrI:O¦\:K~\:K>G:IEC:KNO�M8OTnBJ:O�IER}M
Hn(z)

K8R>CEKVYHIER8FHG:lNCEKvPVKNK8JN^eIECeM>R>X
z
�

ψ(x, z) =
∞
∑

m=0

[Pm(x)φ2m(z) + iQm(x)φ2m+1(z)] ,
���NíN�

φn(z) =
1

√

2nn!
√

(π)
Hn(z) exp

(

−z
2

2

)

,
���NîV�

M~\EK
x
k�LvJVZD^|��ADJElNF8�

Pn(x) =

∞
∑

k=0

ank cos
2πkx

R
,Qn(x) =

∞
∑

k=1

bnk sin
2πkx

R
.

��ç û �

�#JEIdUVK6^eI:O{PwY*I:YHR>F6O�F�ADJ:M>LNCEF*C:IES&�

ank

[

(

2πk

R
B

)2

+ (1 + 4n)
√

1 + q2 + λB2

]

+
1

(1 + q2)B2

∞
∑

m=0

amkα
2m
2n

+
4πkBq

R(1 + q2)
1

4

∞
∑

m=0

bmkβ
2m+1
2n =

2B2

R
(2 − δk,0)

∞
∑

l=0

anl, k = 0, 1, 2, ...

bnk

[

(

2πk

R
B

)2

+ (3 + 4n)
√

1 + q2 + λB2

]

+
1

(1 + q2)B2

∞
∑

m=0

bmkα
2m+1
2n+1

+
4πkBq

R(1 + q2)
1

4

∞
∑

m=0

amkβ
2m
2n+1 = 0, k = 1, 2, 3, ...

��ç � �

×�GEZrR>KNx*K:oN_ER>KNj8XTAc^eK8L8G:F*R>LNK8JEI:R>l�x*JeM>CEIE_:CEX OyANYgGeK8L8IEZ:O|\:K
x
L�\:J:M>LNAVhä_:M8Y*R>l�\EFcJEL8KNx*K�C:M8j8K8JeM#AVJeM>L8C:F*CEIES�^eKNjNM8L>G:FcCEK

YgG�M>xHM>F6O�K8FNoNYHKNK8R>LNF*R8Y*R>L8ADh�¬�F*F�j8FcY*PDK8CEFc_ECEKNO�A~C:M8j8K8J:A�^eF*G:l}R}M}k ¡#ADCEPEaEIES���L8KNW*CEIEPdM8F*R�\EJ:I�J:M8WHG:Kut~F*CEIEIrPDKN�c¡�¡#IEaEI:F*CER>KNL
LvJVZD^|��ADJElNF6�gmE�#KN�c¡�¡#IEa:IEF*CER8X

αm
n

o
βn

m

�

αm
n =

∫

∞

−∞

dzφm(z)φn(z)z4, βm
n =

∫

∞

−∞

dzφm(z)φn(z)z.
��ç8�8�

§�YH\:K>G:lNW*A>Z]JEF*WcA6G:l}R}M>RsWcM}^�Mu_EI]K¦O�M>R>JEI:_ECEX"Uf�HG:F6O�F*CER}M>U]YHR8F*\EFcCEF*SfPDK8KNJN^eIEC:M8R>X$^:G:ZTKVYHaEIEGEGEZER>KNJ:MEo�LNX�\EI:Y*X�LNM>h�R8Y[Z
CEFcCEA6G:F*LNX�F�PDKN�c¡�¡#IEaEI:F*CER>X��

βn−1
n =

√

n

2
, .βn+1

n =

√

n+ 1

2
, αn

n =
3(2n2 + 2n+ 1)

4
,

��ç>�V�

αn+4
n = αn

n+4 =

√

(n+ 1)(n+ 2)(n+ 3)(n+ 4)

4
,

��ç}�D�

αn+2
n = αn

n+2 =
(2n− 1)

√

(n+ 1)(n+ 2)

2
.

��ç8çN�

��F*�~M}GeMNYHl~PVKNCEF*_:C:M}ZwCEF*K6^eC:K8JEK6^eCeM}Z�YHIeYHR>F6O�M~G:IECEFcSECEX"U�ADJ:M8L8CEFcCEIESs���
���#�g�

ank

[

(

2πk

R
B

)2

+ (1 + 4n)
√

1 + q2 + λB2

]

+
1

(1 + q2)B2

p
∑

m=0

amkα
2m
2n

+
4πkBq

R(1 + q2)
1

4

p
∑

m=0

bmkβ
2m+1
2n − 2B2

R
(2 − δk,0)

p
∑

l=0

anl = cnk, k = 0, 1, 2, .., p

bnk

[

(

2πk

R
B

)2

+ (3 + 4n)
√

1 + q2 + λB2

]

+
1

(1 + q2)B2

p
∑

m=0

bmkα
2m+1
2n+1

+
4πkBq

R(1 + q2)
1

4

p
∑

m=0

amkβ
2m
2n+1 = dnk, k = 1, 2, 3, ..p

��ç8èN�



î

ý aEF*CEPdM"CEFcK6^eCEKNJEK6^eCEKNS�_eM8YHR8I�j8X"GeM�\:JEK8IEWcL8FH^eF*C:M�YHG:Fg^�AVh�¬�I:O�KNj8J:M8W*KVO"m*§#W ��ç8èN�.LNID^eCEKeo*_ER>K ^:GEZ�PDK8CEFc_ECEKNx*K�JEFc��F*C:IdZ
YHIeYHR>F6O�XãPDKN�c¡�¡#IEaEI:F*CER>Xä^eK8GEtrCEXµI:O�F*R>l�YgG:FH^eADh�¬�I:S�\EK8JVZD^eKNPwADjNX�LNM>C:IdZ&�

ank ∼ 1
n2k2

o
bnk ∼ 1

n2k2

m ý Y*CEK8LNX�LNM}Z:Y*l�CeM
�*R8KNO�\EJEFg^�\EK>G:Kut~F*CEI:I&odCEF*K6^�CEK8JEK6^�CEKNY*R>l:�

cnk = k4

∞
∑

l=p+1

anl =
1

(p+ 1)n2
, n < p− 1,

cnk = k4

∞
∑

l=p+1

anl + k2α
2(p+1)
2(p−1)ap+1,k =

1

(p+ 1)n2
+ k2α

2(p+1)
2(p−1)

1

(p+ 1)2k2
, n = p− 1

cnk = k4

∞
∑

l=p+1

anl + k2

(

α
2(p+1)
2p ap+1,k + α

2(p+2)
2p ap+2,k

)

=

=
1

(p+ 1)n2
+ k2

(

α
2(p+1)
2p

1

(p+ 1)2k2
+ α

2(p+2)
2p (p+ 2)2k2

)

, n = p
��çNì>�

dnk = 0, n < p− 1

dnk = k2bp+1,kα
2(p+1)
2(p−1) = k2

1

(p+ 1)2k2
α

2(p+1)
2(p−1), n = p− 1

dnk = k2(bp+1,kα
2(p+1)
2p + bp+2,kα

2(p+2)
2p ) + k3ap+1,kβ

2(p+1)
2p+1 =

= k2

(

1

(p+ 1)2k2
α

2(p+1)
2p +

1

(p+ 2)2k2
α

2(p+2)
2p

)

+ k3
1

(p+ 1)2k2
β

2(p+1)
2p+1 , n = p

��ç>íN�

£BX"GeK�\EJEKNL8Fg^�F*CEK�I:YcYgG:FH^eK8LVM>CEI:FqANY*R>K8SE_:IEL8KVYHR>IQJEFc��FcCEIdZsG:IECEFcSECEKNS{YHI:Y*R>FcO�X$\:K�K8R8CEK8��F*CEIEh P¦IEWcO�FcCEF*C:IEh \:M8J:M}k
O�F*R8J:M~K8j8J:F*W*P:I

p
��¡�M8PER>IE_:FcYHP:I�JEFc��M>GeM8Y*l�YHIeYHR>F6O�M~G:IECEFcSECEX"U�ADJ:M8L8CEFcCEIES�JeM>WcO�FcJ:M

n0 ∗ n0, n0 = (p+ 1)2 + p(p+ 1)
�Hm

��M>Sd^eF*CEKyx*JeM>CEIE_:CEK8F�W*CeMu_EF*CEI:F
p
o�\EJEITPDK8R>KNJEKNOþJEF*��F*CEIEF�Y*I:YHR8FcO�X-I:O�F*FcRs¡#I:W*IE_EF6YHPEI:S]YcO�X YgGþ��CEF�CeM>PdM>\dGeIELNM8h�R8Y[Z

L8X�_:I:YgG:I:R>FHG:lNCEX�F�\EKNx*JEFc��CEKVYHR>I��g�
p = 38

m:�ä^�M}Gel8CEFcSE��F6O�IeYH\EK8G:l8WcK8LNM>G:KNY*l
p = 35

oE_ER>KNj8Xµj8X"G�W6M>\:MNY#\EKqKNR>CEK8��F*CEI:h
P�IEWcO�FcCEF*C:IEhz_EI:YHG:F*CEC:X"U�\:M8J:M8O�FcR>JEK8LvW6Mu^�Mu_EI�m
�#JEK8LNFg^eFcCEK�I:Y*YHG:Fg^�K8LNM8CEIEF~^:G:ZsJeM>WHGeIE_ECEX"UQ\EJEI:j>G:Idt~F*CEIEZsPDKN�c¡�¡#IEaEI:F*CER>KNL

ank, nk
\EJEI¦jNK>G:lN��IdU

n, k
m	×�FcS:YHR8L8Idk

R>F*G:l8CEKvLNX�j8J:M8CECEK8F�\EJEI:j>G:Idt~F*CEI:F�C:M>IEjNK>G:FcF�¡#I:W*IE_EC:K~J:I:Y>m��¢�d�D�gm

ÿ�1���<>ù:=.?.â.<84ußEÝ���â�ÝD465��

×�GEZ�JEFc��FcCEIdZ��
���ã\:JEI:O�F*CEZdGeY[Zw_:I:YgG:FcCECEX�S�M}Gex*K8J:IER8O"oEKVYHCEKNLNM>C:CEX�S�C:M
LU

k�J:M8WHG:Kut~F*CEI:I�O�M>R8JEIEaEX�m

Ax = b,

A = LU,

LUx = b.

�þJ:F*��FcCEIEh
x0 oE\:K>G:AD_EFcCECEKNO�A�RuM8PEI:O]YH\EKVYHKNj8KNOs\:JEI:O�F*CEZdG:KNY*lrIER>F*JeM>aEIEKNCECEKNF�A6G:AD_E��F*CEI:F8oERum F8mEJEFc��M>G:KNY*l�ADJ:M8L8CEFcCEIEF8�

Ax1 = b1,

b1 = b−Ax0.

�#K>GeAV_eM}G:KVYHl�KNR>PdG:KNCEF*CEI:F#O�M>G:K8FNo I:W�_EFcx*KrO�KutrCEKvY·^eFHGeM8R>l~L8X�L8K6^wK~PDKNJEJEF*P:R>CEKNY*R>IwJEF*��F*CEIdZ�WcMu^.Mu_EI�Y�I:Y*\EK>G:lNW*KNLNM>C:IEFcO
\EJEIeO�F*CEFcCECEK8xcKv_EI:YgGeF*CECEKNx*KrM}Gex*K8J:IER8O�MEm

� 1����.<>=	ßEÝ�58ÜDâ.=.ÜD465N?y?	469.ÜV;��Dàu7d<8÷�Ü��cÜ�÷�<>5NÜ}á&Ý

£BX"G�M�J:M8YcY*O�KNR>JEF*CeM�WcM}^�Mu_:M:o>I:O�F*h�¬�M>ZqR>K8_EC:K8F�J:F*��FcCEIEFN�NF6YHR>l�^eL8F P:LNM>C:R>K8LNX�F \EJEKNL8K>GeK8_EPEI�o>K8\EIeYHX�LNM8FcO�X�F \:K8R>FcCEaEIdk
M}GeKNOä��ç8��I�xHM>JeO�K8CEIE_:FcYHP:IES�\:K8R>FcCEaEI:M>GwL>^eK>G:l

y
�

u(y) = u0
y2

a2
.

��ç>îV�



�6û

£�F*WcJ:M>W6O�F*JECEKNF#AVJeM>L8C:F*CEIEF#é�JEFg^eI:CEx*FcJ:ME�

−B2 ∂
2ψ

∂x2
− ∂2ψ

∂y2
+ y2ψ + α(δ(x) + δ(x −R)) = −λB2ψ,

��è û �

α

B2
= 1,

∂ψ

∂x
|x=0 = −ψ(0),

∂ψ

∂x
|x=R = ψ(R).

��è � �
�BK8jVYHR>LNF*CEC:X�F�¡#ADCEPEa:IEI�KNYHC:K8L8C:K8x*K~YHKVYHR>KuZECEIEZ&�

ψ(x, y) = A cosh(x−R/2) exp(−y2/2)
��èN�8�

I�YHKNjNYHR8L8F*C:CEK8F�W*C:Mu_:F*CEIEFN�

λ = −1/2.
��èN�N�

�#K>G:AD_EFcCECEK8F�_EI:YHG:F*C:CEK8F�JEFc��FcCEIEF�YHJ:M8L8CEI:LNM}GeKNYHl~Y#R>K8_:CEX O"m
�ØYHFc_EF*CEI:I

x = 0
\EK>GeAV_eM>h�RNY[Z�YgG:FH^eADh�¬�IEF�WcM>LNI:YHIeO�KNYHR8I |ψ(y)|2 K8R y ^:GEZ]J:M>W*G:IE_ECEX"U λ J:I:Y>m����N�Hm��#KyY*JEX�L8A¦LJEFc��F*C:IEI�\EJEI

λ ∼ 0.4
LNX�^eFHGEZEFcR8Y[ZwY*K8jVYHR>LNF*CECEKNF�WcC:Mu_EFcCEIEF#\:M>JeM8O�F*R8J:M

λ
m

 1e-18

 1e-16

 1e-14

 1e-12

 1e-10

 1e-08

 1e-06

 0.0001

 0.01

 0  1  2  3  4  5  6  7

"0outy_050.txt"
"0outy_047.txt"
"0outy_048.txt"
"0outy_049.txt"
"0outy_054.txt"
"0outy_042.txt"
"0outy_044.txt"

 1e-16

 1e-14

 1e-12

 1e-10

 1e-08

 1e-06

 0.0001

 0  1  2  3  4  5  6  7

"nouty_050.txt"
"nouty_030.txt"
"nouty_040.txt"
"nouty_060.txt"
"nouty_070.txt"

­	®D¯6°��>²��,½[ÕD½·¿V®D½
x = 0

ÃD¶Vº#¼DÀ*¾[¶V®NÕV¿VÇ�È
λ
°���¯«¸cÑ6½[¿N¿D¸6¯[Â6Ö�¹ ¹6¸c¶V¿V¸c¹6¸cÄ~ÒB´>¿DÊNÓN®V®�ÎV¼N®�´8»&½[¿VÖ���½·¿V®V®�ÎDÀc¼VÀc»&½«Âu¼VÀ

λ
¸6Â�¯«¸6Ñc¯«Â6¹6½[¿V¿V¸cÁg¸

¾[¿DÀgÕV½[¿V®Vº
λ=0.5

° �p¶D½[¹uÀ#»&½[¶DÊ8®VÄ!��ÀHÁ ÎD¸
λ
Ë8¯[ÎV¼DÀ*¹uÀ�Í�Ñ6¸c¶NÖ"� ½

�`YHFc_EF*CEI:I
y = 0

K8R8PdG:K8C:F*CEIEF#KNR~R8K8_ECEKNx*KvJEFc��F*C:IdZ�jNK>G:lN��F�JEI:Y>mp���V�HoE_EF6O{LrYHFc_EF*C:IEI
x = 10

m
×�GEZ|AdO�F*C:l8��FcCEIdZyKNYHa:IdGEGEZEaEI:Sy\:JEK8LNFg^eFcC:M�YHG:Fg^�AVh�¬�M>Z|\EJEKNaEFg^�AVJeMEm&�#K>GeAV_:F*CECEX�F~IEWrJEFc��FcCEIdZyY*I:YHR8FcO�XÙ_EI:YgGeF*CECEK

PDK8�6¡�¡#IEaEIEFcCER>XäADJ:M8L8CEFcCEIdZw\EJEIEj8G:Idt~M>G:I:Y*l~YHG:Fg^eADh�¬�F*S�W6M>L8IeYHI:O�KVYHR>lNh��

aappr
0k =

1

a+ bk2
.

��è>�D�

�BId^��cR>K8SwWcM8L8I:Y*I:O�KNY*R>IwJ:M>WcADO�FcC&m:�#KN�c¡�¡#IEaEI:F*CER>XäJ:M>W*G:Kut�FcCEIdZ�LvJVZD^|��ADJElNF
cosh(x−R/2)

�

aex
0k = 2

∫ R/2

0

cosh(x −R/2) cos
2πkx

R
dx = 2

(−1)k − coshR/2

1 + (2πk/r)
k 6= 0.

��èNç8�

�#JEI J:MNY*YcO�K8R>JEFcCEIEI \EJEIEj8G:Idt�FcCEIdZ ¡#ADCEP:aEIEI
f(x) = cosh(x − R/2)

PDK8CEFc_ECEX OÛJVZD^eKVOò��ADJElNF
F [f(x)] =

∑kmax

k=0 aex
0k cos 2πkx

R

KNY*aEIdGEGEZEa:IEI�Lra:F*CER>J:F�I:YH_EFcWcM8h�Rv\EJEI�W*CeMu_EF*CEI:I�KNj8JEFcWcM>h�¬�Fcx*K�\eM>J:MNO�F*R>J:M
kmax ∼ 200

m
�#K8�c¡�¡#I:aEIEF*C:R

P0(x)
j8JeM}GeY[Z�LvLNID^eF8�

P0(x) =

p
∑

k=0

acomp
0k cos

2πkx

R
+

pmax
∑

k=p+1

aappr
0k cos

2πkx

R
,

��è8èV�

x[^eF
acomp
0k

k¢PDK8�c¡�¡#I:aEIEF*C:R>X�o>\EK8G:AD_EF*CEC:X�F IEW�_:I:YgG:FcCECEKNx*K�JEFc��FcCEIdZqYHI:Y*R>FcO�X�o
aappr
0k

k�\EK>G:AD_EFcCEXfM>\E\:JEK8PdYHIeO�M>aEIEFcSrL8ID^.M
��è8�V�,\EK�PDKN�c¡�¡#IEaEI:F*CER}M8O

acomp
0k

mN��M#JEI:Y>me���V��\EJEIELNFg^eFcC:M�WcM>LNI:YHIeO�KNYHR8l�LNID^�M#JEFc��FcCEIdZvK8R#\:M>JeM8O�F*R8J:M#K8jNJEF*WcPEI&m}��F*��F*CEIEF
YHAD¬�FcYHR8L8F*C:CEK{YHx«G�M}trIELNM8F*R8Y[Z&o�\:JEIEj>GeIdt~M8F*R8Y[ZfP`R>KN_ECEKVO�A�JEFc��FcCEIEh \:JEI`ADL8F*G:IE_EFcCEIEI`_dGeF*CEKNL¦M>\E\EJ:K8PdYHI:O�M8aEIEKNCECEK8xcK
JVZD^�MEodC:K~R8K8_ECEKrP�JEFc��FcCEIEhµCEF�Y[UNK6^�IER8Y[Z�IEW*k�W6M~R>K8xcK:od_ER>KrJ:F*��M>GeM8Y*l�LVYHF*k�R}M>P:I�PDK8C:F*_EC:M>Z�YHIeYHR>F6O�MvAVJeM>L8C:F*CEIES�m



�N�

 1e-14

 1e-13

 1e-12
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­	®D¯6°�#N²��,½[ÕD½·¿V®D½
y = 0

¯#´>ÕD½«Â6¸6»¦¼DÀ*¾[¶V®NÕV¿D¸*Ág¸~Ê>¸*¶V®VÕV½«¯«Â6¹uÀ�ÕN¶D½[¿V¸c¹v¹qÀHÎVÎV¼V¸6Ê>¯[®V»�À*ÓV®V¸c¿N¿D¸6»¦¼>º}ÃD´}°%$d½[¶D½·¿D¸6½#Í�Âu¸*ÕV¿V¸6½�¼V½&��½·¿V®D½c°
³�¼DÀ*¯[¿D¸c½"Í�Ñ6½«¾"´>ÕD½[Â6À�À*ÎVÎV¼V¸cÊ8¯·®D»�À*ÓN®V®�Ë>¯·®V¿D½[½�Í'�)(�(�¯·¶dÀ*Á[Àc½[»&Ç�È�¹�À*ÎNÎD¼N¸6Ê>¯[®D»�ÀHÓV®D¸*¿V¿V¸6»�¼>º>ÃV´}°
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£BX"GeI�L8W*ZER>XzYgG:FH^eADh�¬�I:F�_EI:YHG:F*C:CEX�F�\:M8J:M8O�FcR>JEXã^:G:Z���é ��ì>�H�
a = 140

�
A,E = −10−4eV, u0 = |E|, HR = 10Tesla��PdM8P�I�\EJEI�_EIeYgG:FcCECEK8S�KNaEF*CEPDF�O�F*R8K6^eKNO{R>J:M>FcPER>KNJEIES�LqYHKNK8R>LNF*R8Y*R>L8ADh�¬�FcO{J:M>WH^eFHG:F��

×�GEZ���é Lvj8FcW*J:M8WcO�F*J:CEKNO{L8ID^eFr���Dì>�BPDK8�6¡�¡#IEaEIEFcCER>X�I:O�F*h�RqYgG:FH^eADh�¬�I:F�WcC:Mu_EFcCEIdZ&�
q = 1.31, B = 1.22

m
£BX"G�\EJEK8LNFg^eFcC�YgGeFg^eADh�¬�IES�M8C:M}G:I:W�C:M�KVYHCEKNLNM8CEIEIqM>CeM}G:KNx*IEIqY�JEF*WcAcGel}RuM8R}M8O�I&oV\EK>GeAV_eM>FcO�X O�Ir^:GEZqWcM}^�Mu_EIqY�R>K8_:CEX O

JEFc��F*C:IEFcO"m
� mp��M>SD^eFcCEK�\EJEIEj8G:Idt�FcCECEK�Y*K8jNY*R>L8FcCECEKNFBWcC:Mu_EF*C:IEF

λ ∼ 0.2−0.3
\EK�\EKuZEL>GeF*CEIEhTKVYHK8jNF*CEC:KNYHR8I�L�\EKNL8Fg^�F*CEIEI~L8K8G:CEKNL8K8S

¡#AVC:PEaEIEIw\EJEI�AdO�F*CElN��FcCEIEI�\:M>JeM8O�F*R8J:M
λ
��JEIeY>m���ç8�ë�Hm

�BF*_EFcCEIEF#L8K8G:CEK8LNK8Sw¡#AVC:PEaEIEIwI |psi|2 \EJEI λ = 0.2
\dGeKNYHPDKVYHR>lNh

y = 0
L8X�x«GEZD^�IER~YHG:Fg^�AVh�¬�I:O�K8jNJ:M>WcKNOQJ:I:Y>m���èN�Hm

�dm���R>KN_ECEF*C:K�W*C:Mu_EFcCEIEF
λ
\:KNYgGeFrL8L8FH^eF*C:IdZsM8\E\EJEKNPdYHI:O�M8aEIEK8C:CEK8xcK�JVZD^�Mwk�\:JEI

λ = 0.3
L8K8G:CEK8LVM}Z|¡#ADCEP:aEIdZ&o&PdM>PsI

\EJEI�AdO�F*CElN��F*C:IEI
λ
K8R

0.2
I:O�FcF*RrCEF�C:ANtrCEKNF#\EK8LNFg^eFcCEIEFr��JEIeY>m��¢ì>�ë�Hm

  M8O�FcR>I:O"o6_ER>K A#L8K8G:CEKNL8K8S#¡#ADCEPEaEI:I�C:M�JEIeY>mD��èN�	\EKuZEL>GEZEh�R8Y[Z�KNY*aEIdGEGEZEa:IEI�\EJEI�AVLNFHG:I:_EF*CEI:I
y
m}nBR>K�Y*L>ZEW6M>CEK Y�R8FcO"o

_ER>K�^:GEZ�\:KNYHR8JEK8FcCEIdZ�LNK>G:CEKNL8KNS�¡#ADCEPEaEIEI�I:YH\:K>G:lNW*K8LVM}GeMNYHl M8\E\EJEKNPDY*I:O�M>a:IdZ�R>K8G:l8PDK�^eGEZ�\EFcJEL8X"U�PDKN�c¡�¡#IEaEI:F*CER>KNL
Pn(x), Qn(x)

��j8J:M>G:I:YHl
n = 0, 1, 2, 3, 4

�gm��#KVYgG:FH^eADh�¬�IEF�PDK8�6¡�¡#IEaEIEFcCER>XiC:MQ^eLNM{\EK8JVZD^ePdM¦O�FcCEl8��F8o�CEK]\EJEI
j8K>Gel8��IEU

y
oEWcMvPDK8R8K8JEX�F�KNR>L8Fc_:M>h�R

φn(x)
Y�jNK>G:lN��I:O�I

n
o:Y*AD¬�FcY*R>L8FcCECEX�m:��IECER8F*JEF6YHADh�¬�F*S�C:MNY#K8j>G�M8YHR8IwO�M>G:X"U

y
\EK>GeAV_:F*CEC:M>Z�_EI:YHG:F*C:CEKrL8K8G:CEK8LVM}Z�¡#ADCEPEa:IdZ�Ac^eKNL8K>GeF*R>LNK8JVZEF*R~¡#IEW*IE_:FcYHP:I:O¦AVYgG:KNL8IdZ:OQ^eKNY*RuM8R>K8_:CEK8S�x«GeMu^ePDKVYHR>I&m

��1 2�ÜVà}÷�Ü�1�=.ø#<qó�<>Ý8;	?.àuÝ��.?.?s587e=�=.<};	?	ó�ÜDÞVÝV=.?���Þ�÷BÝ2�6=�?.5N=�Üd÷ã9.ÜV;.<

� m   Mu^�Mu_eM�K�R8AVC:CEFHG:I:JEK8LVM>CEIEIrO�F*t�^�A�PEJeM>F*LNX O�IqYHKVYHR>KuZECEIEZ:O�I~L�P:LNM>C:R>K8LNKNO|�c¡�¡#F*P:R>F3��K8GEGeMr��FcF WcM8CEI:O�M8F*R8Y[Z�×�K>GEk
x*K8\:K>G:KNLV�gm @�MNO{\:JEK8I:Y[UVK6^eIER~R>ADCECEF*G:JEK8LVM>CEI:F�O�FHt~^eAwJ:M>W*G:IE_ECEX O�I�ADJEKNL8CdZ:O�I4��M8CD^�MuA���IEWHk¢WcMvR>KNx*KeoE_ER>KqF6YHR>l�O�M>xHk
CEIER>CEKNF�\EK8G:F�\eM>J:M8j8K>GeXæ\EFcJEF*PDKN��F*C:X��gm"@BADR�CEIEPdM>PDK8xcKQJEF*WcK8C:M8C:Y*M¦�*PdYH\EFcJEI:O�FcCER}M}G:lNCEK¦CEF|C:M>j8G:h�^�M}GeKNYHleo�CEK�I
\EK8R>FcCEaEI:M>GeMEo8PDM8PvC:M>��F*SvWcM}^�Mu_EF"CEF*RumD�äR8KNO�A�t�F�C:M8JEAD��M>FcR8Y[ZvPVKNx*FcJEF*CER8CEKNY*R>l�\EJEIrR>ADCEC:FHG:IEJ:K8LNM8CEIEI&o8RuM8PrPdM>Pv_:M}k
YHR>IEaeM�^eK8GEtrC:MvYHjNJEKNY*IER>l�_eM8YHR8l~Y*L8K8Fcx*K�I:O�\EA6G:lNYcM�^:GEZ�I:WcO�F*C:F*CEIdZ�YHLNK8F*S�PVKNK8JN^eIECeM>R>X���IEWHk M>W#O�M>xcCEIER>C:K8x*K~\EK8GEZe�gm
ï �cR>K8RqY*j8JEKVY�IeO�\EA6G:lNYcMv\EJEK8IeY[UNK6^eIER�C:M~\EJEI:O�F6Y[ZdU�LrYHJ:Fg^eFNm

�dm ý ^eC:MQIEW�L8K8W6O�KutrCEX"U�JEF6M}G:I:WcM>a:IESfK8jNJ:M>Wca:M|^:GEZ`C:M8��FcSfWcMu^.Mu_EIfJEI:Y8m���¤��gm �BK8WH^�M>FcR8Y[Z]^eL8AdO�FcJECEX�Sf�HGeF*PER>J:K8Cdk
CEX�SwYHG:K8S�mV��MNY*Y*O�M8R>JEIELVM>FcR8Y[Z�O�FcY*R>KvC:M�PEJ:M>h�mE��X�JEF*W6M>F*RNY[Z�R>K8C:F*CElNPDM>Z�\EK8G:KNY*K8_EPdMEmD��M>\:X"GEZEF*R8Y[ZwO�F*R}M}GEGeIE_EFcY*PdM}Z
\dG:F*C:PDM~C:M~PEJeM}Z�\:K>G:KVYHPEIs����M>WcK8jNJ:M>R>lVY[Z�Y#ADJEK8LNCdZ:O�Iw�*CEFcJEx*IEI�LvR}M>PDK8SwYHI:Y*R>FcO�Fu�gm

�Em�ð�¬�FwK6^eIEC�L8K8W6O�KutrCEX�S{YH\:KNYHKNj�\EKVYHR}M>C:K8L8P:I¦�*PdYH\:F*JEI:O�FcCER}M�^eGEZ{L8X"ZEL8G:F*C:IdZQ^�M8CECEK8xcK��6¡�¡#F*PER}MEm���M|\EK6^:G:KutrPDF
IEW*xcK8R>KNL>GEZEh�R8Y[Zs^eL8FwPELVM>CER>KNL8X�S¦\:JEK8LNK>G:KNPEI¦I{I:WcO�F*JVZEFcR8Y[Z]Y*K8\EJEKNR>IEL8G:F*CEI:F�JEI:Y8m ��¤��gm�ð�YHG:I�F6YHR>lyJEFcW*K8CeM>C:Y8opR>K
FcYHR8l�L8K>GeCEK8LVM}Z�¡#ADCEP:aEIdZ�J:M>W6O�X�R}MEoHR>K�j8Ac^eF*R�\EJEK8IeY[UNK6^eIER8l�JeM8Y*Y*FHZECEI:F�C:M�\EJEIeO�FcY[ZdU�O�FHt~^eA�^eL8AdO,Z�\EJEKNL8K>GeK8_EPdM8O�I�o
\EJEIy�*R>KVO`\EJEKNL8K6^eIeO�KNYHR8l�\EKNCEIEWcIER8Y[Z&m&@�M8P|PdM8P|KutrID^�M8F*R8Y[Z&o._ER8KwJ:F*W*KNC:M>CeY�jNA*^�F*R�C:M>j8G:h�^�M8R>lNY[Z�\EJ:I|J:M8WHG:I:_ECEX"U
W*C:Mu_EFcCEIdZdU�JeM8Y*Y*R>KuZECEIdZsO�FHt~^eAy\EJEKNL8K>GeK8_EPdM8O�I�o�R8K�WcM>LNI:YHIeO�KNYHR8lw\:JEK8LNK6^eI:O�KNY*R>IsK8R��*R8K8x*K�J:MNY*Y*R>KuZECEIdZ|^eK>G:tvCeM
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­	®D¯6°�5}²��,½·ÕD½[¿N®D½
x = 0

ÃD¶Vº�ÒB´>¿DÊ8ÓV®V®
|ψ|2

ÃV¶Dº�¼VÀc¾[¶N®VÕV¿NÇ�È
λ
°>ê�¸Hº8¹c¶D½[¿N®D½�¸6¯«¸cÑ6½[¿N¿D¸c¯«Â6®~¹�¹u¸*¶V¿V¸c¹u¸*ÄrÒB´>¿VÊNÓV®N®�ÎD¼8®�´8»&½[¿NÖ"� ½[¿V®N®

ÎdÀ*¼DÀ*»�½[Âu¼DÀ
λ 6 ¼DÀc¾·¿VÇ�»�ÊV¼N®N¹6Ç�»q¯«¸c¸6Â6¹6½«Âu¯«Â6¹c´8Ô�Â�¼VÀc¾[¿NÇ�½�¾[¿dÀ«ÕV½[¿V®Vº λ Å·°��p¶V½[¹}ÀBÍ:Ñc½«¾�´>ÕD½«ÂcÀ�ÀHÎVÎD¼N¸6Ê>¯[®V»pÀHÓV®V¸c¿V¿NÇ�È�Ê>¸6ÉgÒ�ÒB®VÓN®D½[¿VÂu¸c¹NË¯[ÎV¼DÀ*¹uÀ�Í�¯"´>ÕD½«Âu¸c»�À*ÎVÎV¼V¸cÊ8¯·®D»�À*ÓN®V®�¿dÀ

1000
¯[¶dÀHÁ«À*½«»	Ç�È:° �p¶D½[¹uÀ8²

λ 7 (8° ±8��ÍpÊN¼DÀ*¯[¿dÀ*º:Ë
λ 7 (8° ±95�Íp¾[½[¶D½[¿DÀcºEË
λ 7 (8° ±9:�Íp¯·®V¿Dº8ºEË
λ 7 (8° Æ;(�Íp¼N¸6¾«¸*¹}À*º:Ë
λ 7 (8° Æ;<�Í�Á«¸c¶V´8Ñ6ÀcºEÐ�pÎD¼VÀ*¹uÀ8²
λ 7 (8° ±8��ÍpÊN¼DÀ*¯[¿dÀ*º:Ë
λ 7 (8° ±95�Íp¾[½[¶D½[¿DÀcºEË
λ 7 (8° ±9:�Íp¯·®V¿Dº8ºEË
λ 7 (8° Æ;(�Í�Á«¸c¶V´8Ñ6ÀcºEË
λ 7 (8° ÆcÆ�Íp¼N¸6¾«¸*¹}À*º:°
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"noutx_020.txt"
"oldtx_020.txt" "../l_020/nout_020.txt"
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­	®D¯6°�<>²��,½[ÕD½·¿V®D½
y = 0

ÎV¼N®
λ = 0.2

¯BÀ*ÎNÎD¼N¸6Ê>¯[®D»�ÀHÓV®D½·Ä 6 ÊV¼DÀ*¯[¿dÀ*º�¶V®N¿V®VºDÅ�®�Ñ6½«¾�¿D½«½ 6 ¾«½[¶V½[¿dÀ*ºDÅ·°
=,¸c¶N¿D¸c¹uÀcº�ÒB´>¿DÊ8ÓV®Vº�ÎD¼8® λ = 0.2
6 ¯ À*ÎNÎD¼N¸6Ê>¯[®D»�ÀHÓV®D½·Ä~Ê>¸6É«Ò"ÒB®VÓN®D½[¿VÂu¸c¹}Å,¹#¶D¸*Á«À*¼N®dÒB»&®NÕD½«¯[Ê8¸c»|»�À*¯8� Â6À*Ñ6½�ÎD¸ z

j8X�R>lwKNY*aEIdGEG:I:JEADh�¬�FcS&o	_ER>K��cPdYH\EFcJEI:O�F*C:RuM8R>K8J:X�O�K8xcADR�KNj8C:M8JEAVtvI:R>l:m	�#Kw\EJEIsADL8FHGeIE_EF*C:IEI�J:MNY*Y*R>KuZECEIdZsO�FHt~^eA
\EJEK8LNK>G:KNPdM8O�I{C:ANtrCEK{AV_:IER>X�L8R8ls^eI:YcYHIE\:M8aEIEh�mB�#JEKNL8Fg^�FcOþPEGeM8YcYHIE_EF6YHPEADh KNaEF*C:PEA8m���MNY*Y*O�KNR>JEI:O)KVYHaEIEGEGEZER>KNJTY
R>JEF*C:IEFcO

mx′′ +mγx′
mN@�JEFcCEIEF CEF�IEx*J:M8F*R#W*CeMu_EIER>F*G:l8CEKNSvJEK>G:Iv\EJ:IrANYgGeK8L8I:I

γt < 1
o>x[^eF

t
kpLNJEFcO,ZvPdGeMNY*Y*IE_EFcY*PDK8x*K

^eL8Idt~F*CEIEZ�\EJEIwR>ADCECEF*G:IEJEKNLNM>C:IEIwO�F*t~^eArZ:O�M8O�Iym ý ^eCEKNL8JEF6O�F*CEC:K�J:M8WcO�X�R>I:F�ADJEKNL8CdZqLrY*I:YHR>F6O�F
δE ∼ ~γ

md@&KNx[^�M

δE

E
<

1

AWKB
.

��èVì8�

×�GEZäJEF6M}G:lNCEK8SäY*I:YHR8FcO�X
δE/E ∼ 0, 01.

§�YH\:K>G:lNW*A>Zf\:M8J:M8O�FcR>JEX�o"L8W*ZER>X�FyJ:M>CElN��Fy\EJEI�_EI:YgGeF*CECEKVOØJEFc��FcCEIEI
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"../l_020/n_utx_020.txt"
"../l_030/n_utx_030.txt"
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x

"../l_020/no10y_020.txt"
"../l_030/no110_030.txt"
"../l_030/no10y_030.txt"
"../l_020/no110_020.txt"

­	®D¯6°�:>²��,½[ÕV½[¿V®Vº
y = 0

Ë
x = 0

Ë
x = 10

ÎD¼8®
λ = 0.2

®
λ = 0.3

°,�p¶V½[¹}À�¯«½[ÕD½·¿V®D½
y = 0

Ë:¾«½[¶V½[¿dÀ*º�¶N®V¿V®VºvÍ
λ = 0.3

ËeÊV¼VÀc¯[¿DÀcºqÍ
λ = 0.2

°0�pÎV¼DÀH¹}À�Í�¯«½[ÕV½[¿V®Vº
x = 0

Ë�ÊN¼DÀc¯·¿dÀcºq¶V®N¿V®Vº�¯
λ = 0.2

Ë�¯[®V¿N®DºrÍ
λ = 0.3

Ë.¯«½·ÕD½[¿N®Dº
x = 10

Ë.¼V¸c¾«¸c¹uÀcºw¶N®V¿N®Dºr¯
λ = 0.2

Ë
¾«½[¶V½[¿dÀ*º�Í

λ = 0.3
°

п/п

п/п

двумерный
электронный

слой

металлическая
пленка

1d слой

­	®D¯c°�>>² ��Ñc¼DÀc¾[½[Ó~ÃD¶Vº�®D¾«»&½«¼N½[¿V®Vº�½[¹6ÊN¶N®NÃd¸*¹}À�¼N½«¾«¸*¿dÀ*¿V¯gÀ�¹�»�ÀHÁ«¿V®VÂ6¿D¸c»�ÎV¸c¶V½

AVJeM>L8C:F*CEIdZ�\EK>G:AD_:M8FcO
R ∼ 3000

�
A.

�:m�ð�YHR>l�LNK8WcO�KutrCEKVYHR>lwIEW6O�F*JVZER>l�L8K8G:CEK8LNADhÙ¡#ADCEPEa:IEhØY~\EKNO�KN¬�l8h)R>ADCEC:FHG:IEJ:K8LNM8CEIdZyIEW�^eL8AdO�F*J:CEK8Sy�HG:FcPER>JEKNCECEKNS
YHI:Y*R>FcO�XfC:M�\EJEK8LNK>G:KN_EPEA����*PdYH\:F*JEI:O�FcCER�M8CEx«G:IESeYHPDK8Svx*J:AV\:\EXf£BFcR>K8CeM�Iq§#L8F6Y*MN�Hmu×�GEZr�*R8K8x*K�L8PdG:h�_:M>FcR8Y[ZqO�M>xcCEIER}k
CEK8F�\EK8G:F�L}^�K>G:lr\EJ:K8L8K8G:K8_:PEI&mE¨�KutrCEKrLNL8FcY*R>I�L8R>KNJEADhþ\EJEKNL8K8G:K8_EP:AqI�\EF*J:\EF*CD^�IEPEA6GEZEJECEKNF�O�M>xcCEIER>C:K8F�\EK8G:F8me@�M>P
O�KutvC:Kw\:KNO�F*J:IER>l:o	jNAc^eF*RwG:IsC:M8�-J:F*W*KNC:M>CeY>m&�#K�L8KNW*CEIEPdM8F*R�LNK8\EJ:KNY~CEFvJ:M>WcJEAD��IERwG:Is\EK8G:FvL}^eK8G:lw\EJEK8LNK>G:KN_EPEI&o
PVKNR>K8J:K8F�CEF*KNjuUNK6^eI:O�K�^:GEZ�IEWcO�FcJEF*C:IdZwCeM>��Fcx*Kv�c¡�¡#FcPER}M�?

квантовые

проволочки

I

R

R

1/r
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