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Annotation

Superconductor—ferromagnet heterostructures hosting vortices and skyrmions are
a new area of an interplay between superconductivity and magnetism. We study
the interaction of a Néel-type skyrmion and a Pearl vortex in thin heterostruc-
tures due to stray fields. Surprisingly, we find that it can be energetically favorable
for the Pearl vortex to be situated at some nonzero distance from the center of the
Néel-type skyrmion. The presence of a vortex—antivortex pair is found to result
in an increase of the skyrmion radius. Our theory predicts that a spontaneous
generation of a vortex—antivortex pair is possible under some conditions in the

presence of a Néel-type skyrmion.
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Introduction

Topological objects have been remaining at the focus of theoretical and experimental research
for more than half a century. The existence of topologically stable configurations in ferromagnets
with Dzyaloshinskii-Moriya interaction (DMI) has been predicted by Bogdanov and Yablonskii
in 1989 [1].

Heisenberg spins (\S; settled at site ) in the presence of a DMI, magnetic anisotropy and an

external magnetic field are described by the model lattice Hamiltonian

——> JSiS;+ D;;-(S; x S)) ZK .— Y _BM,; (0.1)
(i5) i

where the first and the second terms represent the Heisenberg exchange and the Dzyaloshinskii-
Moriya interactions respectively. Last two terms stand for magnetic anisotropy (typically mag-
netocrystalline anisotropy) and Zeeman interaction energies respectively. Here the exact form
of the Dzyaloshinskii-Moriya vector D;; is determined by the type of relativistic spin-orbit
coupling present in the system |[2].

In the continuous limit and in the absence of the external field B the expression (0.1) becomes

3]

Eg, = Mf/dQT{A(Vm)Q + K(1—m?) +Dm - (V x m)}, (0.2)

where m(r) denotes the unit vector of magnetization direction. It is convenient to use the
so-called skyrmion-angle parameterization for the unit vector m (see for example [4]). Let us

introduce the function é(r), such that in cylindrical coordinates

m = (cos psiné(r),sin psin 0(r), cos6(r)) (0.3)

with the boundary conditions (0) = 7, §(c0) = 0. Here ¢ is the skyrmion’s helicity. Depending
on a type of DMI in the ferromagnetic film helicity can take different values. For example, cases
¢ = 0,7 correspond to Néel-type skyrmions, while ¢ = /2 describes the Bloch-type one. In
the first two cases we introduce 1 = cos ¢ = sign(D) = £1, which is referred to as «chirality»
of the ferromagnetic film.

Two-dimensional particle-like textures (skyrmions) are characterized by a topological wind-
ing number [3] (see Fig. 1)
Of—;m- (88—7: X %—Zl) =41,42,... (0.4)

Now these topological excitations are intensively explored in an emergent field of skyrmion-
ics [6].

Research on an interplay between magnetism and superconductivity in heterostructures has
long history |7, 8, 9, 10, 11]. Recently superconductor—ferromagnet bilayers hosting skyrmions

have attracted great theoretical interest. It was understood that skyrmions in proximity with a
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Figure 1: Adopted from work [5]. Zoo of (topological) spin textures with different winding
numbers. (a) Hedgehog, (b) Néel-type skyrmion, (c¢) Bloch-type skyrmion, (d) antiskyrmion,
(e) skyrmionium, (f ) biskyrmion, (g) example of an in-plane skyrmion, (h) skyrmion in helical
background, (i) chiral bobber, ( j) combed anti-hedgehog formed around the Bloch point in
panel (i). The winding number for (b)-(d), (g), and (h) is |n| = 1 and for (f) it is |n| = 2 and
(e) is topologically trivial.

superconductor can not only induce Yu-Shiba-Rusinov-type bound states [12, 13| but can also
host Majorana modes [14, 15, 16, 17, 18, 19, 20]. It was found [21] that the presence of skyrmions
affects strongly Josephson current via superconductor—ferromagnet—superconductor junction. It
has been also shown [22] that skyrmion configurations can be stabilized by a superconducting
dot or antidot situated at the top of a ferromagnetic film. In ferromagnet—superconductor
heterostructures superconducting vortices and skyrmions can form bound pairs either due to
interplay of proximity effect and spin-orbit coupling [4, 23] or due to their interaction via stray
fields |24, 25, 26, 27].

Figure 2: Sketch of a ferromagnet (green) — superconductor (blue) heterostructure. There is also
a thin insulating layer (black) which suppresses the proximity effect. The ferromagnetic layer
hosts a Néel-type skyrmion. The magnetic profile of the skyrmion with the positive chirality
is schematically shown. The superconducting layer hosts a vortex at some distance from the
skyrmion’s center. The vortex is shown schematically by blue lines, the yellow arrow points
towards the direction of its magnetic flux. dr and dg denote the width of the ferromagnet and
superconductor film, respectively (see text).



In this project we study the interaction between a Néel-type skyrmion and a superconducting
vortex in a chiral ferromagnet-—superconductor heterostructure, see Fig. 2. We assume that the
proximity effect is suppressed by the presence of a thin insulating layer between ferromagnet
and superconductor such that the interaction between a skyrmion and a vortex is due to stray
fields only. At first, by solving Maxwell-London equation we determine the Meissner current
induced by a Néel-type skyrmion in the superconductor. Contrary to the previous work [26],
we consider the case of ferromagnet and superconducting films of arbitrary widths. Analysis
of the general expression, cf. Eq. (1.6), in the case of thin ferromagnetic and superconducting
films yields that the supercurrent has a maximum at distance of the order of the skyrmion size
from the center of the skyrmion. Secondly, for thin ferromagnetic and superconducting films
we compute the interaction energy between a Néel-type skyrmion and a Pearl vortex due to
stray fields. Contrary to previous results, see Refs. [24, 25, 26|, we find that in the case of a
Néel-type skyrmion with the positive and negative chiralities it can be energetically favorable
for a vortex to settle at some distance from the skyrmion’s center. At third, we study the
effect of the presence of superconducting vortex—anti-vortex pair on the skyrmion size in thin
heterostructures. We find that a Pearl vortex leads to increase of a skyrmion radius. Under
some conditions, the spontaneous generation of a vortex—anti-vortex pair in a superconducting
film is possible in the presence of a skyrmion.

It is worth noting the recent experimental paper [27], in which the possibility of sponta-
neous production of a vortex-antivortex pair in a thin superconducting film in the presence of
a skyrmion was first proved. Authors prepared FIS (chiral magnet-insulator-superconductor)
heterostructure, composed of Nb layer and [Ir;Feg 5Cog 5Pt;|*° multi-layers, separated by 5 nm

insulating MgO (see Fig. 3).
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Figure 3: Adopted from work [27]. (a) Schematic of a Néel skyrmion creating an antivortex
with flux —¢g = —h/2e antiparallel to the external magnetic field H. Antivortex currents j,
flow at radii up to A. The superconducting order parameter |¥| is suppressed over a length &
in the vortex core. (b) Sample compositions: numbers (e.g., Irl, Pt2) indicate layer thicknesses
in nm and there are 10 stacked repeats of the [Ir;Feg 5Cog 5Pt1] unit.

In this work authors trace the dependence of the total superconductor’s magnetic moment
Mguper(H) on the magnetic field. Below some critical field Hp,. the magnetic skyrmions are
nucleated inside the F-film. This process also leads to sharp change in Mgyper(H) to the negative
values. Comparing the behavior of magnetization Mgyper(H) in an isolated S-sample and in a

FIS heterostructure, the authors come to the conclusion that a vortex-antivortex pair is created.
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1 Supercurrent generated by a Néel-type skyrmion

We start from calculation of the supercurrent in the chiral ferromagnet—supercondutor het-
erostructure which is generated by a Néel-type skyrmion (see Fig. 2). The width of the chiral
ferromagnet (superconductor) film is dg (dg). We assume the presence of a thin insulating layer
between the chiral ferromagnet and the superconductor that allows us to neglect the proximity
effect. The magnetization profile of a Néel-type skyrmion in the chiral ferromagnet film in the
cylindrical coordinate system with the origin at the center of the skyrmion is given as follows
28]

Mgy, = M, |e,nsinf(r) + e, cosO(r)|. (1.1)

Here n = +1 denotes the chirality of the skyrmion, 6(r) stands for the skyrmion angle, M,
is the saturation magnetization of the chiral ferromagnet film, and e, and e, are unit vectors
along the radial direction and the z-axis (perpendicular to the interface), respectively.

The spatial distribution of the vector potential Ag, is governed by the Maxwell-London

equation:
V X (V X ASk) + )\22@(—2)@(2’ + dS)ASk = 471'@(2)@(dp — Z)V X ]\4-31{7 (12)

where O(x) denotes the Heaviside step function (with ©(0) = 1) and\ stands for the London
penetration depth. The Maxwell-London equation should be supplemented by the boundary
conditions of continuity of the normal component of Bg, = V x Agy and tangential component
of Bgy — 4m M5 O(2)O(dr — z) [29].

Since the right hand side of Eq. (1.2) is proportional to the unit vector e, the vector potential
Agy has only the azimuthal component Agy , that depends on 7 and z. The component Ag .
is continuous at z = —dg, 0, dp; its derivative 0Agy /0% is continuous at z = —dg and has the
jumps at z = 0 and 2 = dp: 0Asy,,/0z|°=1) = —4w Mg, and 8Agk7<p/8z|zz§§f8 = 47 Mgy .

The solution for Agy (7, z) can be cast as the sum of two terms, Agk (7, 2) = Agl:lo(r, z) +

nA(s;)@ (r,z), where

sy eaz, z 2 dp,
) % G (g Lo 4 PO, POoaz g s 2 >0,
4G =) == [dg a2 ] 13)
] %1’(0)(2@3 + %2’(0)6_693, 0>z > —dg,
\%}/’(U)eqz, —dg > z.

Here J,,(2) stands for the Bessel function of the first kind. Also we introduced @ = /¢? + 1/)2

and the functions



GH(q) = —47rMs/dr rJi(qr)d'(r)sin6(r),
’ (1.4)
G () = —47rMs/d'r rqJi(qr)siné(r).

Here and afterwards, we use the following notation ¢'(r) = df/dr. Using the continuity of
the azimuthal component of the vector potential, Agy,, and the boundary conditions for its
derivative, 0Agk /0%, at z = —dg,0,dp, we obtain (o = %),

. inh(Qdg)X i
00 Sy QI iy
L

o _ 1o R _ 0 sinh(Qds)X
1 2 ) 2 2 q)\% I

S, (o s S, (o o _ »

57 = (Q+ @)X, 5 = (Q — q)e X,
q(1 — e9dr)

X =

. 1.5
(Q+ q)?e% — (Q — q)?e @ (15)

The current density in the superconducting film, i.e. at —dg < z < 0, can be calculated
by means of the London equation, j = —Agy/(47)\2). It is more convenient to trace the total
supercurrent flowing in the superconducting film, J,(r) = fi) ds dzj,(r, z). Then, we retrieve
Jp = JQ(DJF) + nJg(f), where

J(i) _ ]odq J1 (qT) G(i)<Q>(1 _ €_qu)<1 _ e_QdS) (16)

) AL Qi Q- (Q - ger ]
We mention that this expression is similar to the expression for the current induced by a domain
wall [30]. In the limit of a thick superconductor, dg > A\, R, Eq. (1.6) transforms into the result
of Ref. [26]. Here R stands for the characteristic spatial scale (radius) of a skyrmion.

Below we shall focus on the case of a thin chiral ferromagnet, dr < R, and a thin supercon-
ducting film, dg < Ar, R. As we shall demonstrate in the next section, the asymptotic behavior
of the supercurrent can be found for an arbitrary smooth skyrmion profile with 6(0) = =
and 6(r — oo0) — 0. Commonly used variational examples with such kind behavior are the
exponential ansatz 0(r) = 6(r/R) where 0(x) = mexp(—z) and the 360-degree domain wall
ansatz 0(z) = 2arctan(sinh(R/d)/sinh(Rxz/§)). Also we shall consider the linear ansatz with

6(r) = m(1 —r/R) for r < R and zero overwise.



Exponential ansatz

DW ansatz, R/6 =5
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Figure 4: The dependence of Jé,i) and the total supercurrent J, on the distance from the
skyrmion center for the cases of positive (upper row) and negative (lower raw) chiralities. The
parameters are dg/\;, = 0.01, dp/A;, = 0.005, and R/A;, = 3. The supercurrent is calculated
for the exponential, domain wall (DW) and linear ansatz.

1.1 The case of a smooth skyrmion profile

The behavior of the supercurrent with the distance from the center of the skyrmion is

controlled by the functions G*)(q), see Eq. (1.4). It is convenient to introduce the dimensionless

functions ¢g*), such that G*)(q) = 47 M,R ¢ (qR), where
gD (y) = —/dx xJ1 (yz)d (z) sin 0(x),
* (1.7)
g (y) = —y/da: xJy(yz) sin 0(x).
0

Then in the case of a thin superconducting film, dg < Ar, R, and a thin chiral ferromagnet,
dr < R, Eq. (1.6) can be drastically simplified,

/
R
0

Here A = A% /dg denotes the Pearl penetration length [31]. The asymptotic behavior of the

DIl /R)

J(i)
1 —i— 2y\/R

(1.8)

function g(*)(y) is given as (see Appendix A),

2023/7 Yy < 17
Py =9 " \ (1.9)
—=90'(0)0"(0)/(2y%),  y>1,
where we introduced the numerical constants
1 k! n
~1 drx"0'(z)sinf(x), k=-1,0,1,... (1.10)
0

10



For example, in the case of the exponential ansatz one finds ¢, = 0.51. The asymptotics of the

function ¢(=)(y) can be written as (see Appendix A),

_ —boy? /2, y <1,
¢ (y) = (1.11)

=30"(0)/(24%),  y> 1L

Here we introduced the numerical constants,

o0

by = /dxxksiné(a:), k=-1,0,1,... (1.12)

0

We note that by, ~ 5.94 in the case of the exponential ansatz.
Let us first consider the case of the skyrmion size much smaller than the size of the vortex,
R < \. Evaluating the integral over ¢ in Eq. (1.8), we obtain asymptotic behavior of the two

components of the supercurrent (see Appendix A),

c_1r/R, r < R,
JH) — Msdr 2 /(9,2
Y aR*/(2r*), R<Kr<A (1.13)
1202 R%/rt) A<,
and
0'(0)r/(2R), r<R,
| My

JS) = boR3/(8\r2), R <1 <A, (1.14)
3,AR3/(2r%), A<

We note that for f(x) = 7exp(—x) one finds ¢_; ~ 1.17. The asymptotic expressions (1.13)
and (1.14) suggest nonmonotonous spatial dependence of the both contributions Jg(pi) to the
supercurrent with the extremum at the distance of order of the skyrmion radius R. As it is
shown in Fig. 4, the value of JS(DH (Jéf)) at the extremum is positive (negative) in the case of
exponential and domain wall ansatz. Thus the total supercurrent seems to be sensitive to the
skyrmion chirality. In the case of the exponential ansatz the sign of the extremal value of the
supercurrent is opposite to the chirality. In the case of the domain wall ansatz the sign of the
supercurrent at the extremum depends also on the ratio R/J.

In the case of large skyrmion and small Pearl length, R > A, the part of the supercurrent,
Jé+), which is related with the z-component of the skyrmion magnetization, can be found to
the lowest order in A/R as (see Appendix A),

Jg“) = —MSC%FH'(T/R) sinf(r/R). (1.15)

We note that Jff) coincides with the current (V x Mgy),, integrated over the width of the chiral

11



ferromagnet.

If the function §(x) decays at  — oo faster than 1/x%, the expression (1.15) determines Ji,“
at r < ry only. Then at distances r > r) > R the asymptotic behavior of the supercurrent is

given as (cf. Eq. (1.13)),
dpAR?

r4

JH =126, M, . T T (1.16)

The length scale 7, can be estimated from the condition |#(ry/R)|*> ~ AR3/r}. In the case of
the exponential ansatz one finds ry ~ RIn(R/\) > R.

The asymptotic expressions for component Jéf) of the supercurrent read (see Appendix A),

SO 3M dpr 0"(0)In(r/R), r < R,
v AR? 5 /.5
200 R /1, r> R.

(1.17)

We mention that in the case of R > A the dependence of the supercurrent on the distance is
qualitatively similar to the case of a skyrmion of a small radius R < A. We emphasize that there
is a change of the sign of the supercurrent at some distance from the center of the Néel-type
skyrmion in some cases, see Fig. 4. Such change of sign can also occurs in the case of a thick

superconductor—ferromagnet-superconductor structure [26].

1.2 The case of the linear ansatz

In the case of the linear ansatz the expression (1.7) for the function ¢*)(y) should be modified

in order to have continuous solution for A, at r = R,

1

1) = 07 ) =y [ dewitye) [ (nz) +

4
] = g™ 459, (1.18)

T2

Here the function ¢ (y) is given by Eq. (1.7) and dg*)(y) = —4cyJ1(y), where in the case of

the linear ansatz, c; = 1/4 — 1 /7%, Therefore, the function g(L+)(y) has the following asymptotic

behavior,
% —6
oy ) B A
g W) =\ 2 — 4+/2cos(y + 7 /4) (1.19)

y > 1.

2 JTY ’
We observe that the abrupt change of (r) at r = R results in oscillating behavior of ¢(*)(y) at
y > 1.
With the help of Eqgs. (1.8) and (1.19), we obtain the following results for the asymptotic
behavior of the supercurrent in the case of R < A (see Appendix A),

(rSi(m) —1+4/7*)r/R, r <R,
M,
J{{()H _ F 3(6 — 7r2)R4/(7T47”4), R<r <\, (1.20)
180(6 — w2)RN?/(71r®), A< 1.

12



Here Si(z) stands for the sine integral. We note that in the case of the linear ansatz the Jiﬁ)

component of the supercurrent decays faster at » > R than in the case of smooth skyrmion
profile. This occurs due to the fact that the contribution to the current from d¢*) (y) cancels
the leading contributions from ¢+ (y).

As in the case of a smooth skyrmion profile, Eq. (1.20) suggests nonmonotonous behavior
of Jfﬁ with 7. There should be the maximum and the minimum in the supercurrent at the
distances of the order of the skyrmion size R. Contrary to the case of a smooth skyrmion
profile, Eq. (1.20) describes asymptotic behavior of the smooth part of J&) only. On the top
of the monotononic dependence there is also weak oscillating contribution to Jéﬁ with the
typical length scale of the order of R as shown in Fig. 4. This oscillating contribution is the
consequence of the abrupt boundary of the skyrmion configuration.

The asymptotic behavior of Jéf) can be read from Eq. (1.14). It suggests the existence of the
minimum and the maximum at the distance of the order of RR. Similarly to Jé,”, the contribution
JS(D_) has additional oscillations with the distance.

The dependence Js(f) (r) in the case of large skyrmion size, R > A, is more intricate. This
component of the supercurrent is given as the sum of the contribution discussed above for the
case of the smooth skyrmion profile, cf. Egs. (1.15) and (1.16), and the contribution due to
59 (y). At short distance, r < R, we find (see Appendix A),

20 2_4
e = T Medpr (1 — 3t i) . (1.21)

v R? ™ R
In the case of the long distance, » > R the contribution to the supercurrent is given as

7T2 —6 MSdF/\R4

J = —45=——

(1.22)

T 76

We note that in the case of the linear ansatz J}j) is stronger suppressed at r > R than in
the case of a smooth skyrmion profile. The asymptotic behavior of J;‘) is given by the general

expression (1.17).
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2 Interaction energy between skyrmion and Pearl vortex

As above we focus on the case of a thin (dg < Ap) superconducting film with a supercon-
ducting vortex situated at the distance a from the center of the Néel-type skyrmion (see Fig.
2). In order to compensate the magnetic flux carried by the vortex we assume that there exists
anti-vortex located far away from the skyrmion—vortex pair. The free energy of this system,

including the magnetic energy of the skyrmion can be written as
F =Fs + Fv +Fy+ Fseev + Fgev + Fy_v- (2.1)

Here Fg denotes the magnetic free energy of the isolated chiral ferromagnet that leads to the
appearance of the Néel-type skyrmion (see its explicit form in the next section). Fy and Fsr
are the free energies of the isolated superconducting vortex and anti-vortex, respectively. The
electromagnetic interaction between the skyrmion and the vortex is described by the following

free energy,

dzd*r 5
Fsk—v = / = |:BSkBV + )\L(V X Bsk>(v X Bv)@<—z>@(2 + ds)

—47TMSka@(Z>@(dF — Z) s (22)

where By = V X Ay and Bg, = V X Agi are the magnetic fields generated by the vortex
and the skyrmion, respectively. We note that the first two terms in the right hand side of the
expression for Fg,_y compensate each other in virtue of Eq. (1.2). Therefore, one can have an
impression that the distribution of the supercurrent does not influence the interaction energy
between the skyrmion and the vortex. In fact, Fg._v is intimately related with the supercurrent,
see below. In what follows, we shall neglect the free energies of the interaction of the anti-vortex
with the skyrmion, Fg,_v, and with the vortex, F_v.

The magnetic field of a Pearl vortex in a thin film, dg < Ap, can be written in a standard
form [32],

Pq c-d+iar-a)
By —
v = dosen(z V/ 2 q(1+2¢N)

(2.3)

Here ¢g = he/2e is the flux quantum, a is the coordinate vector of the vortex center with
respect to the skyrmion center. Since Fgi_v should depend on the distance a between the
skyrmion and the vortex only, we can average the magnetic field By over directions of the

vector a. This procedure implies that

21 1 + 2¢\
0

By — q§0 Jo(qa) |sgn(z)Ji(qr)e, + Jo(qr)ez]. (2.4)

We emphasize that the magnetic field By is directed along —e. at the vortex center. The

opposite case can be obtained by reversing the sign of the flux quantum ¢y — —¢q in expressions

14
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Figure 5: The dependence of the normalized interaction free energy, Fsi_v, on a/R for the
chirality n = +1 (left panel) and n = —1 (right panel). The ratio of the skyrmion radius and
the Pearl length is unity, \/R =1 (see text).

below.

The free energy of the Pearl vortex (as well as anti-vortex) in a thin superconducting film is
given by [31]

¢ A
In — 2.5

16721 & (25)
where the superconducting coherence length is assumed to be much shorter than the Pearl
length, & < A.

Using Egs. (1.1) and (2.4), we express the interaction part of the free energy (2.2) as

Fy=Fy=—2_

Fsx—v = Mpodp + M3¢0/ : +62 S /drr nJi(qr)sin@(r) + Jo(qr)(cos O(r) — 1)}
0 0

(2.6)

We note that the first term in the right hand side of Eq. (2.6) corresponds to the homogeneous
magnetization of the ferromagnetic film. Using the relation z.Jy(x) = d(zJi(z))/dx and the

definition (1.4), the above expression can be rewritten as

o0

o

1 — e
Fay = Mandr = 52 [ da 00 h(aa) [6900) + 16 ()] (27)
0

q(1+2qA)

We emphasize that in agreement with general expectations [32], the interaction part of the
free energy can be expressed in terms of the supercurrent as Fg_v = M¢podr — ¢g f d*r[J(r) x
e.] - (r —a)/(2r|r — al?). This implies that the derivative of the free energy with respect to
the vortex position yields the supercurrent (1.6), J,(a) = ¢y ' (0Fsk_v/0a), cf. Egs. (1.6) and
(2.7). We note that in the case of the linear ansatz the function G*) in Eq. (2.7) should be
modified in accordance with Eq. (1.18).

Below we analyse the general expression (2.7) in the case of a thin ferromagnetic film,
dp < R, .
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2.1  The case of a smooth skyrmion profile

In the case of a smooth skyrmion profile, and for dp < R, A, we find from Eq. (2.7),

.7:Sk \ 70 Jo(ya/R) Vi _ -

=1+ [d dxx +6'( }J x)sinf(x). 2.8
y1+2yA/R 773/ ()| J1(yx) sin0(x) (2.8)

0 0

As in the case of the supercurrent, we start from the case of a skyrmion of size R < \.

Neglecting unity with respect to 2yA/R in the denominator of the integrand in the right hand

side of Eq. (2.8), we obtain the following asymptotic expression for the interaction free energy

at short distances, a < A, (see Appendix B)!

./T"Sk,\/ R a
STV 4 2 — 2.
M¢odp * 2)\f” (R) ’ (2.9)

where the function f,(2) has the following asymptotic behavior

nby — dey + (2c1 +00'(0))2%/2, z< 1,
fa(z) = ( ) (2.10)
—2cy/2 — ¢4/ (423), 2> 1.

At very long distances, a > A, the free energy of interaction between the skyrmion and the
vortex becomes (see Appendix B),
2
% =1- 462—};“. (2.11)
We emphasize that at long distances, a > R, Fs_v becomes insensitive to chirality of the Néel
skyrmion. The coefficient c_; is typically positive whereas #(0) is negative, therefore the inter-
action free energy may decrease with increase of a for n = +1. Since the ratio Fsx_v/(Mspodr)
tends to unity at a — oo irrespective of the chirality, one can expect the existence of the
minimum of Fg,_v at some non-zero value of the distance a. This situation is realized for the
exponential ansatz. In the case of 360-degree domain wall ansatz with n = +1 the nontrivial
minimum exists for /R 2 0.64 only.
Next we consider the opposite case of the skyrmion with the radius much larger than the

size of the Pearl vortex, R > A. The interaction free energy can be written as a series in powers
of A/R (see Appendix B),

T g () ¢ s () 19

The function h, o that determines the magnitude of the interaction free energy has the following

'We mention that Fgi_v/(Ms¢odr) at large distances, a > R, has a subleading term that depends on
chirality, —nby R?/(8a\?). This term does not affect the behavior of Fg_v with the distance a for the smooth
ansatz but becomes essential in the case of the linear ansatz, see Sec. 2.2.
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asymptotic behavior (see Appendix B),

3 _ _ 2
huo(z) = by =2+ | T06"(0) In 2 + 67(0) + g % (2.13)
at 2 < 1, and
nba
hn70<2) = —ﬁ, z> 1. (214)
Here the parameter [ is given by the following lengthy expression,
7 3(1420) 6 [d 2
=, ” + x( 9 T T )}
_° Lo 2 2K - = -
Bo 7(0) +07(0) [4 2T T / x3 (%) 2 8
N . X v . (2.15)
3 sinf(x) 3 sinf(z) 6'(0) 67(0)
—|—§/dx x3 +§/dx[ x3 +x2+2x]’
1 0

where G' &~ 0.916 denotes the Catalan’s constant and K (x) stands for the complete elliptic
integral of the first kind. The function h, ;(z) that determines the dependence on distance of

the subleading contribution to Fgi_v has the following asymptotic behavior (see Appendix B),

hya(z) = 4(2c_1 +16'(0)) + 300" (0)z — %0_/(0)9_”(0) Inz+ %n(@?’(O) —6"(0)) — 61} 2 2k,

(2.16)
and A
Byt (2) = —§= 2> 1 (2.17)
Here the parameter 3 is given as
9 7 (0)7" 1 [dx _, -
b = 27r( +2G)6'(0)0"( b ;81 (20'(x) sinf(z))
1
dac / I 72 2 | B aimar 3
- 5 x3a (20'(z) sin6(x) + 0*(0)z +§0 (0)8"(0)z") (2.18)
/ d 2 9
00\ L _l‘ Tz /2 Y ol
9 0" ( ac3 g +67(0) — 20(0)0 (0).

0

We mention two discrepancies with the case of a skyrmion of a small radius. At first, the
short distance behavior of the interaction free energy in the case of R > A is not parabolic
generically, see Eq. (2.13). Secondly, the asymptotic behavior of Fgx_v at a > R depends on
the skyrmion’s chirality.

Provided §”(0) > 0, the analytic results (2.13)-(2.14), suggest the existence of the global
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Figure 6: The dependence of the normalized interacting free energy, Fsi_v, on a/R for the
linear ansatz for the skyrmion’s profile. The plots are for two chiralities and for two values of
ratio of the skyrmion radius and the Pearl length: A/R = 0.1 (left panel) and A\/R = 10 (right
panel). Black dot near @ ~ 1.2R on the left panel marks the location of the global minimum of
the interaction energy. For A/R = 10 (right panel) the global minimum is resided at a ~ 2.8R
(see text).

minimum of Fg,_v at a certain non-zero distance a in the case of positive skyrmion’s chirality
n = +1. For negative chirality, n = —1, the minimum of the interaction free energy is situated
at a = 0. Interestingly, the 360-degree domain wall ansatz is special since 6”(0) = 0. Thus, for
the 360-degree domain wall ansatz the existence of the minimum in Fgi_v is controlled by the
sign and magnitude of fy, see Eq.(2.15). For 6 2 0.63R (6 < 0.36R) the interaction free energy,
Fsk_v, has the minimum at nonzero value of a for the case of positive (negative) chirality,
n=+1(n=-1).

In Figs. 5 we show the behavior of the interaction free energy as a function of a/R for both
chiralities, n = £1 and for the skyrmion radius equal to the Pearl length. As one can see, for
positive chirality, n = +1, the minimum of Fg,_v is reached at nonzero value of the distance a.

We mention that the sign of interacting free energy is determined by the sign of the magnetic
flux of the superconducting vortex. If the direction of the magnetic flux at the center of the
vortex is opposite to the direction of magnetization at the center of the skyrmion, i.e. magnetic
flux is parallel to the vector e, the interacting free energy above will reverse its sign. Then
instead of the minimum at @ = 0 (at a finite value of a) the minimum will occur at a = oo (at
a=0).

2.2 The case of the linear ansatz

As in the case of supercurrent, the interacting free energy for the linear ansatz for the
skyrmion profile needs a separate treatment. The interaction energy can be written in the form
similar to (2.7),

o

Fsk—v,, = Mpodp — MS%R/dq
0

1 —e 9

PIESAVRLLL) 9" (ak) + 779(_)(613)]- (2.19)
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Here the functions g~ and 91(:+) are defined in Eqs. (1.7) and (1.18), respectively. As it
was described in Sec. 1, the function g(;) (y) is given by a sum of two terms: one identical to
the case of the smooth profile §(r), g™, and the other one, 6¢'*), arising due to discontinuity
of ¢'(r) at = = R, see Eq. (1.18). Accordingly we can represent the free energy as a sum
Fskv.p = Fsk_v + 0Fsi_v. Here Fg_v is given by Eq. (2.8) with 0(z) = n(1 — z) for < 1

and zero overwise. The second term for a thin ferromagnetic film, dp < R, )\, is defined as

o

0Fsk—v = — s¢odF/dy( Jolya/ 1) 59" (). (2.20)

1+2yA\/R)

We have studied the behavior of Fgr_v in the previous subsection, thus we can focus on
examining solely the contribution from ¢ Fgy_v.
Similar to the previous sections we begin with the case of a small skyrmion radius, R < \.

At short distances, a < A, we present the free energy likewise Eq. (2.9),

5~FSk—V R a
— = — — 2.21
Mspodr  2X Ja (R) ’ (2:21)
where 0 f,, behaves as follows (see Appendix B)
1 —22/4, z K 1,
3 f(2) = 4ey / (2.22)

1/(22) +1/(1623), z> 1.

Collecting both contributions, Fgsi_v and d Fsi_v, together, we can determine the behavior of
the free energy Fex_v,, = 1+ (R/2)) f, (a/R). The function f, ; has the following asymptotic

behavior at short distances, z < 1,
far(z) =nbo — 4(c1 — o) + [c_1 — ca +100'(0)/2] 2, (2.23)

whereas at z > 1 it becomes

for(2) = (2 — 1)/ (427). (2.24)
Therefore, at R < r < A the interacting free energy in the case of the linear ansatz can be
written as r Rt bR
v g (G- )R bR (2.25)
M;spodr 8\a? 8a\2

Here, also, we add the term of the next order in R/A which depends on the skyrmion chirality
(see [?]). This term dominates the second term in the right hand side of Eq. (2.25) for vV RA <
r < . Since for the linear ansatz ¢y — ¢y = 2(7? — 6)/7*, the second term proportional to 1/a®
matches with the corresponding asymptotic of the current Jff), cf. Eq. (1.20).

Due to strict localization of the skyrmion and stronger suppression of the supercurrent at

distances, a > \, we expect the interaction energy to decay faster as compared to the case of

19



a smooth profile. Indeed, the expression (2.20) yields (see Appendix B)

(SJT"Sk_V - 402R2)\
MS¢OdF B a3 ’

A< a, (2.26)

that cancels out contribution (2.11). Therefore, the interacting free energy at large separations

a becomes sensitive to the chirality of skyrmion opposed to the case of smooth profile,

Fsi-v 1_ nby R®

o e 2.97
M.dodr 205 <a (2.27)

Different asymptotic expressions, Eqs. (2.23), (2.24), (2.25), and (2.27), suggest that the
vortex resides at a distance a ~ v/ R from the center of the skyrmion for n = +1 and at a = 0
for n = —1.

In the opposite case of a large skyrmion radius, R > A, the additional contribution dFgsi_v
to the interacting free energy can be expanded in a series in powers of A/ R, much the same as

Eq. (2.12),

% — 6hy 0 (%) n %5%1 (%) b (2.28)

Asymptotic behavior of functions 0k, o(2), dh,, 1(2) is investigated in Appendix B. Combining
them with contributions from h, o(2) and h,1(2) (see Egs. (2.13), (2.14), (2.16), and (2.17)),

we obtain
2

nb_y — 2+ 4cy + [7r2+7750] =, 2k,

hno,(2) = (2.29)
' —nba/(22%), 2> 1,
and )s 5
mn ™ 1
hpa,1(z) = (671 —Cy — 7) +6 ( 9 Co — E) 22 (2.30)
for z < 1, and
hn,l,L(z) = 9(02 — 64)/(225), z> 1. (231)

The above asymptotic expressions suggest that for the positive chirality, n = 41, the vortex
have to be settled at a distance of order R from the skyrmion’s center, whereas for n = —1 the
vortex is situated exactly at the center of the skyrmion, a = 0.

We illustrate the dependence of the interacting free energy on the distance a in the case
of the linear ansatz in Fig. 6. On the left panel of Fig. 6 one can see the minimum of Fg._v
(marked by the black dot) for the positive chirality and A/R = 0.1. For A\/R = 10 (right panel
of Fig. 6) and positive chirality the shallow global minimum of Fg,_v (also indicated by the
black dot) is located at a ~ 2.8 R, which is consistent with our prediction, see Eq. (2.25).

We note that in the case of the linear ansatz the existence of the minimum of the interaction

free energy on a finite distance from the skyrmion’s center has been noticed in Ref. [33].

20



3 The effect of the Pearl vortex on the skyrmion

The magnetic free energy of the chiral ferromagnetic film is given by [1]
Fnagn|m] = dp / d2r{A(Vm)2 +K(1=m2)+D[m.V-m— (m-V)m,] } (3.1)

Here m(r) denotes the unit vector of magnetization direction, A = J/2 > 0 stands for the
exchange constant, D is the Dzyaloshinskii-Moriya interaction, and K > 0 denotes the per-
pendicular anisotropy constant. The magnetic free energy is normalized in such a way that
Fmagn 1s zero for the ferromagnetic state, m, = 1. We note that we include the energy of the
magnetic field Bgy created by the skyrmion into the definition of the anisotropy constant K
(see Appendix C). Substituting m = mg, = Mgy /Mj, see Eq. (1.1), into Eq. (3.1), we find

JTSk = Fmagn[mSk] = 27TdF ]Odrr{A[Q/2<7,) T Smi#]
+D[0'(r) + —sin(zi(r))} + K sin? 9(7«)}. (3.2)

Assuming a scaling form of the skyrmion profile, #(r) = 6(r/R), we obtain
For = dp <aAA — apnDR + ax K R? /2), (3.3)

where

ag = 47r/d:n zsin® 0(x). (3.4)

0

We note that a4 p x are positive constants in the case of the linear and exponential ansatz and
are positive functions of the parameter R/J in the case of the 360-degree domain wall ansatz.

Minimizing Fgy with respect to R, one can find the optimal radius of the skyrmion
Ry = ap|D|/(akK) (3.5)

and the chirality n = sgn D. We note that the existence of a skyrmion in a chiral ferromagnetic

film is possible under the following condition,

asA < agKR2/2. (3.6)
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In order to simplify the presentation, we shall start our considerations from the cases of the
linear and exponential ansatz. In the presence of vortex anti-vortex pair the skyrmion radius is
obtained by minimization of Fgi + Fsx_v with respect to R and a. Let us start from the case of
a skyrmion of small radius, R, < \. For the negative chirality the optimal distance between the
skyrmion and the vortex is zero. Therefore, as it follows from Egs. (2.9) and (3.3), for n = —1

the interaction between skyrmion and vortex results in increase of the skyrmion radius,
R. = Ry + (2¢c; + by /2)03, ) \. (3.7)

Here (= \/Mpo/(axK) is the length scale associated with the anisotropy energy. In the
case of linear ansatz one needs to make the following substitution, ¢; — ¢; — ¢2 in Eq. (3.7),
see Eq. (2.23).

In the case of the positive chirality the optimal distance between the vortex and the skyrmion
for the exponential ansatz is proportional to the skyrmion radius, ay = (4R, see Eq. (2.9).
Interestingly, we find that in the case of n = +1 the skyrmion radius is also enlarged due to

interaction with the vortex,

R, = Ro — f41(Co)lx/(2N). (3.8)

We note that f,1({y) < 0.
In the case of the linear ansatz with n = +1, using Eq. (2.25), we can find the following

result for the skyrmion radius,

5/ 2 R
24(3(cs — ca))2 NO/2

R, =Ry + (3.9)
Although, the above equation predicts ehnancement of the skyrmion radius due to interaction
with the vortex, the numerical constant 5b§’/ ?/124(3(c2 — ¢4))/?] ~ 0.04 such that the enhance-
ment is extremely small. The results (3.7)—(3.9) are applicable for A > max{ Ry, {x }.

In Table 1 we present estimates of the change of the skyrmion radius due to interaction with
the vortex for several ferromagnet structures. As one can see from the Table 1, the increase
of the skyrmion radius 0R = R, — Ry is typically small (of the order of a few per cent). Also
we note that the estimate of §R depends on the form of the skyrmion profile. We mention
that the estimates of the bare skyrmion radius Ry given in Table 1 on the basis of values of
the parameters D and K can significantly deviate from the values actually measured in the
experiment. For example, for the [Ir;Feq5Cog5Pt]'°/MgO/Nb heterostructure the skyrmion
radius of the order of 50 nm has been reported [27]. This observation can indicate that in order
to estimate 0R in a realistic structure one needs to find the actual skyrmion profile in the
presence of the vortex—anti-vortex pair.

In order a vortex—anti-vortex pair can be spontaneously generated in the presence of a

skyrmion the total free energy (2.1) should be less than the free energy of an isolated skyrmion
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(3.1). This implies the following inequality,
.FSk<R*) + fSk_v(a*, R*) + fSk_\’/(OO, R*) + Fv+ ./—"\7 — fSk(RO) < 0. (310)

Assuming that R, varies slightly from Ry we can accordingly rewrite (3.10),

G A
Sy e <O (3.11)

which implies A > Ry > ¢o/(472|f,(Co)|Msdp) In(A/€). We now shall examine whether the

vortex—anti-vortex pair can be generated spontaneously in the absence of the Dzyaloshinskii—

R
MS¢02—)\Ofn(C0) +

Moriya interaction, i.e. at D = 0. In this case Ry = 0 and we cannot neglect the change in
radius (3.7) or (3.8). The condition (3.10), in which we replace R, with R = —f,((o)l3% /2,

becomes

Uk b A
Lie n2 <0, 12
saz T Srzaa Mg <0 (3.12)

We note that R, = JR < X implies £ < A. The inequality (3.12) holds true if M, > M¢ =
VI (8ak /| f(Go) )/ [a(AN?/63) + (A/87%dp) In(A/€)]"
Now let us assume that the skyrmion radius is large, R > A. Then, Eqs. (2.12) and (3.3)

asA—agK|f,(Co)

result in the following equation for the skyrmion radius modified by the interaction with the

vortex,
R} R? A2
R R N K 3.13
Rg Rg r],l(CO) Rg, ( )
For negative chirality, n = —1, the optimal distance between the skyrmion and the vortex is

zero, (o = 0. We note that h_;1(0) = 4[2c_; — #'(0)] > 0, see Eq. (2.16). For positive chirality,
n = -+1, the interaction between skyrmion and vortex has the minimum at finite distance,
(o # 0. However, as one can check (see Eq. (B.8)), hy11(¢y) > 0. Therefore, for both chiralities

the skyrmion—vortex interaction leads to increase of the skyrmion radius,
R, = Ry(1+ X%+ X13) /3, (3.14)

where )
A3

— . q
1R} (3.19)

27
X =14 7“ +6vV3u+ 81u%,  u = hy1(Co)

We note that for Ry < (M%)'? and £ > X the skyrmion radius is parametrically enhanced,
R, ~ (M2)Y3 > Ry. For Ry > (M2)'/3] the radius of the skyrmion is only slightly increased,
R, ~ Ry. In this case Eq. (3.14) holds under assumption Ry > .

A spontaneous generation of the vortex—anti-vortex pair is governed by the condition (3.10).
In the first instance we assume that R < Ry and rewrite (3.10) like the following

A
M¢ohy0(Co) + &T—O In= <0. (3.16)
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This inequality can be fulfilled provided that My > M = ¢o/(872|hy0(Co)|Adr) In(A/E).
Concerning the question whether the vortex-anti-vortex pair can be created in the absence of
Dzyaloshinskii-Moriya interaction, we shall replace R, in (3.10) with §R = (h,1(Co)A%)Y3,

arriving at

2
A
%, A <0, (3.17)

A K
Xal+ax ity 8y €

+

2/3
(@) + 5 (ot

where we have assumed that 6 R > A. This limit also reads 5 > A, hence the condition (3.17)
is roughly similar to inequality (3.16) due to smallness of the second term in parentheses of
(3.17) in comparison with the first one. However, the condition (3.17) does increase the critical
value of the saturation magnetization M¢ = ¢g/(87%|hy0(Co)|Adr) In(A/€) derived from (3.16).

In the case of the 360-degree domain wall ansatz Eqgs. (3.7), (3.8), and (3.13) remain valid.
However, the value of {; depends on the ratio R,/d. The latter is determined from the mini-
mum of the total free energy with respect to §. The corresponding analysis can be performed
numerically. As one can check, the following inequalities hold f,({y) < 0 and h,1((p) > 0. These
inequalities imply that the skyrmion radius increases always in the presence of a vortex—anti-

vortex pair.

Table 1: The parameters M, (saturation magnetization), A (exchange constant), K, (anisotropy
constant), and D (DMI constant) for a number of thin chiral ferromagnet films. The estimates
for the bare radius in zero external field (Ry), change of skyrmion radius (JR = R, — Ry) and
an anisotropic scale (¢x) for the exponential ansatz are given. In order to obtain the estimate
for change of radius d R we choose A = 200 nm.

PtCoPt [34] | IrCoPt [35] | PtCoNiCo [36] | PdFelr [37] | [IrFeCoPt|™ |27]
M, (10° A/m) 530 956 600 1100 1450
A (1072 J/m) 15 10 20 2.0 13.9
K, (10° J/m®) 0.7 0.717 0.6 25 1.4
D (1072 J/m?) +3 +1.6 +3 +3.9 +2.1
Ro (1079 m) 11 2.1 18 15 1.4
OR (107 m) 0.06 0.09 0.07 0.03 0.07
T (109 m) 10 13 10 75 12
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Conclusion

To summarize, we have studied an interaction of a Néel-type skyrmion and a vortex—anti-
vortex pair due to stray fields in a chiral ferromagnet—superconductor heterostructure. We
computed the supercurrent in a superconducting film induced by a skyrmion. For thin ferro-
magnet and superconductor films we found that the supercurrent has the maximum at the
distance from the center of a skyrmion that is of the order of the skyrmion radius. It is worth-
while to mention that the supercurrent is sensitive to a profile of the skyrmion and its chirality.
For example, in the case of smooth profiles (exponential and domain wall ansatzes), the su-
percurrent decays monotonously at large distances from the skyrmion center. For the case of
a linear profile, there are decaying oscillations of the supercurrent at large distances due to
discontinuity in 6'(r) at r = R. Therefore, measurements of dependence of the supercurrent on
distance can allow one to extract information on the profile of a skyrmion. We mention that the
behavior of the supercurrent with a distance from the center of the skyrmion is qualitatively
similar to the behavior of the supercurrent induced in a thin superconducting film by a Bloch
domain wall in a ferromagnetic film [30]. The radius of the skyrmion plays the same role as the
width of a domain wall.

We have also computed the energy of interaction between a Néel-type skyrmion and a Pearl
vortex. We found that the interaction with a Pearl vortex is sensitive to the skyrmion chirality. In
the case of a skyrmion with negative chirality, typically, it is more energetically favourable for a
vortex to be attracted to the skyrmion center. This occurs in the cases of linear and exponential
skyrmion profiles and for a domain wall ansatz with § 2 0.36R. In the case of positive skyrmion
chirality a vortex is situated at a finite distance from the center of the skyrmion. This happens
for linear and exponential profiles and in the case of domain wall ansatz with 6 = 0.63R. For the
exponential and domain wall profiles the optimal distance becomes of the order of the skyrmion
radius whereas for a linear ansatz the vortex is located at max{R, v R\}.

It is worthwhile to mention that in the case of a Bloch—type skyrmion it is always energetically
favorable for a vortex to settle at the center of the skyrmion [24]. Such a behavior is related with
the absence of the radial component of magnetization in a Bloch—type skyrmion. Therefore, the
Bloch—type skyrmion interacts with the z-component of the magnetic field of a Pearl vortex
only. This leads to the absence of terms proportional to the chirality n in Egs. (2.10) and (2.13).
As a result, the function f,(z) and h,o(z) behave as increasing parabolas at z < 1. Such a
behavior implies the minimum of the interaction free energy at zero distance between the center
of the Bloch-type skyrmion and the Pearl vortex.

The fact that it is energetically favourable for a Pearl vortex to take place at a finite distance
from the center of a Néel-type skyrmion might have interesting implications for skyrmion lattices
[38, 39] and dynamics of skyrmions [25] in superconductor—ferromagnet heterostructures [40].

We have investigated how a Pearl vortex affects a Néel-type skyrmion due to their mutual
interaction. We found that a vortex—anti-vortex pair leads to an increase of the radius of the
Néel-type skyrmion. We note that this result can be contrasted with the case of a Bloch-type

skyrmion for which a vortex—anti-vortex pair can either increase or decrease the skyrmion radius
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[24]. Tt is also possible that a vortex—anti-vortex pair will be spontaneously generated in the
presence of a Néel-type skyrmion provided the skyrmion radius and Pearl penetration length
are large enough in comparison with the length associated with the anisotropy energy in a
chiral ferromagnet, \, Ry > fk. In the opposite case of small bare skyrmion radius, Ry < (,
spontaneous generation of a vortex—anti-vortex pair is not possible. Although, the relation,
A, Ry > (g, does not typically holds in chiral ferromagnets (see Table 1), recently, spontaneous
generation of vortex—anti-vortex pairs in the |Ir;Feg 5Cog 5Pt1]'°/MgO /Nb heterostructure with
Néel-type skyrmions of large radius (about 50 nm) and negative chirality has been observed
[27]. In agreement with our analysis a superconducting vortex (anti-vortex in the terminology
of Ref. [27]) was pinned to the center of a skyrmion.

For Ry < (M%)Y? < [k, we predict that a vortex-anti-vortex pair existing in a super-
conducting film can substantially increase the skyrmion radius: it becomes equal to R, ~
(A2)Y3 > Ry. The typical values of Ry, /i, and R, are listed in Table 1. Abrupt increase
of the skyrmion radius can be used as indication of appearance of vortex—anti-vortex pairs in
superconducting films. It is an experimental challenge to detect enhancement of the skyrmion
radius in a thin ferromagnet—superconductor heterostructure due to generation of vortex—anti-
vortex pair in a superconducting film.

Our analysis of the skyrmion stability in the presence of a superconducting vortex was
restricted to study of change of the skyrmion radius under assumption that the vortex does
not affect the skyrmion profile. In fact, this is not necessary the case and one needs to find the
skyrmion profile in the presence of the superconducting vortex from minimization of the total
free energy Fgi + Fsk_v. In particular, we expect that the superconducting vortex can lead to
an elongated skyrmion profile [40].

Finally, we mention that it would be interesting to generalize our results to the case of
skyrmions confined to nanodots [41] as well as to more exotic magnetic excitations, e.g. anti-

skyrmions, bimerons, biskyrmions, skyrmioniums, etc. [42]
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Appendices

A Derivation of the asymptotic expressions for the supercurrent

In this Appendix we present some details of derivation of asymptotic expressions for the

supercurrent.

A.1 The case of a smooth skyrmion profile

We start from the case of the smooth skyrmion profile. According to Eq. (1.8) the supercur-
rent is determined by the functions ¢*)(y), see Eq. (1.7).
To find the asymptotic behavior of the functions ¢g*)(y) in the case of a small argument,

y < 1, we approximate the Bessel function J;(xy) by zy/2 and find,

o0

g (y) = —y/2/dwx29'($) sin 0(x) ~ 2cyy,
0 (A.1)

(e o]

g (y) = —y2/2/dac 2% sin 0(z) ~ —boy?/2.
0

Asymptotic expressions at large arguments, y > 1, can be found in the following way.
Changing the variable = to zy under the integral sign in the definitions of the functions ¢* (y),

see Eq. (1.7), one can then expand the function 6 in powers of 1/y. Then, we obtain

o0

. e | A 3z - 6'(0)x? .
(+) — Bz | pt oL A ~ 0 1" 4
g 611%120 drJi(x)e {9 (0) + 2y9 (0)] i 90'(0)6"(0)/(2y"),
° (A.2)
) _ dJy (z)e P g/(o)er x_Qgﬂ(O) Lo —36"(0)/(24%)
g7 = limy [ deJi(z)e T 2= y°).

0

Equations (A.1) and (A.2) are equivalent to Egs. (1.9), (1.11).

We will now present derivation of asymptotic expressions for the supercurrent in the case of
a small skyrmion, R < \. At the shortest distances from the center of the skyrmion, one can
neglect unity in the denominator of the expressions (1.8) and, then, expand the Bessel function

in series in r/R < 1. Then, we retrieve,

dpr T
J5 = M, 4§R / dy yg™® (y). (A.3)
0

The integral [ dy yg™® (y) can be simplified with the help of the following identity y.J;(zy) =
0
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—0(Jo(zy)). Then, we obtain

oo [e.9] o0

de_q, for © +' sign,
[ dvug=) = [arxosta) [y s =47 e (A4)
) , ) 26'(0), for * —'sign,

where xo(7) = [rsinf(x)] and y;(x) = [20'(x)sinf(z)]". This results in Eqs. (1.13)-(1.14).
For the case of long distances, » > R, we rewrite the expressions for the supercurrent
(+) . . - . .
components, J, '(r), in a more convenient way, raising the denominator into exponent by

means of an additional integration,

d o0 o0
7 =, / dy / dt AR ) () T (0 R). (A.5)
0 0

Let us first consider the integration with respect to the y variable. Since for /R > 1 the

integral over y is dominated by small values of y, for ¢(*) we obtain,

ji _ v [ _ r  3(2A\t/r) R?
dy ye N BT (xy) Ji (yr/R) ~ —/dy y2e VENB T (yr/R) = = —.
O/ ey) hlyr/R) = 3 J R TS WRETERE
(A.6)
and for g(~)
T ) r . 3r 1— 4(2\t/r)?
d 2 2yt)\/RJ J R) ~ £/d 3 y(2t/\/R)J R)= -2 -
0/ e LR ETE o/ B) = = T
(A.7)
Hence for the supercurrent we find
dr R 3(2\t/r)e
JE = 2c,M, /dt 7
re [1+ (2At/r)?]
(A.8)

by  dpR3 [ 1 — 4(20 /1)
g = B2y At /dt ¢! @X/r)”
2 r [1+ (2xt/r)2]"

In this integral forms for the supercurrent components, Jéi), one can clearly figure out the
behavior of Jéi)(r) for r < XA and r > A For r < X we can substitute e™* by unity and,
then, obtain the asymptotic behaviour at intermediate distances Egs. (1.13)-(1.14), R < r <
A. Otherwise, when r is much larger than A\, we neglect the term proportional to the small
parameter A/r in the denominator of (A.8). Then, one gets the last expressions in Egs. (1.13)—
(1.14).

Now we consider the case of large skyrmion R > A. We start from the limit of short distances

r < ry. In this regime we neglect the term proportional to A/R in the denominator in the right
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hand side of Eq. (1.8). For Jiﬁ) we can use the identity

| dvatan) e = ot = =)/ (A.9)
and find
JH = — MSdEF / dz0' () sin 0(x)d(x — r/R) = —MS%QI(T/R) sinf(r/R), r<ry. (A.10)

0

Equation (A.10) is equivalent to Eq. (1.15).

For the sensitive to chirality component of the supercurrent, Jé_), the easiest way to de-
rive the asymptotic expression at closest distances is done by employing the relation J,(a) =
¢y O(Fsk_v/Oa) and differentiating the expression (2.13) with respect to z, inserting z = r/R.
The derivation of (2.13) is presented in Appendix B.

The asymptotic expressions (1.16)—(1.17) for r > ry can be easily derived from Eq. (A.8).

A.2 The case of the linear ansatz

Let us start from the case of R < A and derive the asymptotic expression (1.20) for the
non-chiral term in supercurrent, J). At shortest distances, r < R, one can proceed similar to

the case of the smooth profile,

dr [

I =55 [ dy o) htwr/ R (A11)
0

Since g(LJr) (y) = ¢ (y) + 8¢ (y), for the first contribution to Jg) we can use the expression

(A.4). While for the second term, 6¢") (y) = —4cyJ1(y), we apply the identity

o0

/ dyJy(y) i (yr/R) = % [K(R?/r?) — E(R2/1®)] ~1/(2R) + O(*/R®),  r < R. (A.12)

Here K(z) and E(z) denotes the complete elliptic integrals of the first and second kinds. To-
gether, these two contributions give the final result, cf. Eq. (1.20),

4 dpr
Jg (7r Si(m) — 1+ _7T2) Ms—4)\ : (A.13)

To find the behaviour of the Jg(f) at large distances we use the method described near Eq.

(A.5) above. The only difference is that instead of the expression for the smooth profile function
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g (y) we need to use the expression (1.18) for gg) (y). Then, we retrieve,

o0

2 o0
/ dy y*e MR Iy (vy) Ji (yr/R) ~ —% / dy y'e MR I, (yr/R)
0 0
 2?ROI5(2M/r) (42Nt /r)? — 3)

A14
4rd [14 (2xt/r)?2])? (A14)
This leads to the following approximate expression,
g2 4(9 2 _
T = Ms—de 0 i / it -t 30N 2AL/T) . /5’ ), (A.15)
r 2m r 1+ (2At/r)?]

0

In the case of R < r < A, the exponent e™! in the right hand side of Eq. (A.15) can be
approximated by the unity. Then, we obtain, cf. Eq. (1.20),
3(m? —6)

(+) — _
J,o = o M

dpR*

= (A.16)

In the limit of longest distances, r > ), we neglect the terms (2A¢/r)? in the enumerator and

denominator under the integral sign in Eq. (A.15). Then, we find, cf. Eq. (1.20),

45(72 — 6)
4

dpAR!

M
r6

J = — (A.17)

T

Finally, we derive asymptotic expressions for Jéﬂ for the case of a large skyrmion radius,
R > . As it was explained in the main text, we have to combine the contributions from the
term ¢ (y), given by Eq. (1.7), and due to 67 (y) = —4cyJ1(y). Let us start from the limit
r < R. We can use Eq.(A.10) for the asymptotic expression, corresponding to the contribution
from g*)(y). In the case of the linear ansatz it reads (M,dr/R)7?(r/R). In order to find the
contribution due to the second term, dg*)(y), we replace the Bessel function .J(yr/R) by
yr/(2R) and expand denominator in powers of yA/R. Then, we find

I 2
9% —By _ A AN~ 1902
QCQRBEIE_IO dy e Py Jy(y) {1 7 T @) )= 1202R2. (A.18)
0
Bringing these two contributions together, we retrieve, cf. Eq. (1.21),
2 2
) _ T Mdpr (1 —4A
Jcp ) = T 1 3 o E s r < R. (A]_g)

For r > R > X one can repeat derivation following Eqs. (A.14) and (A.15). Then one arrives
eventually at the expression (A.17).
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B Derivation of the asymptotic expressions for the interaction en-
ergy

B.1 The case of a smooth skyrmion profile

In this appendix we present some details of derivation of the asymptotic expressions for
Fsk—v-

We start from the case of a small skyrmion and a large vortex, R < A. In the regime of short
distances, a < R, we can neglect the unity in comparison to the large parameter A\/R in the
denominator under the integral sign in the right hand side of Eq. (2.8). Expanding the Bessel
function Jy(ya/R) in series of ya/R, we obtain

Fse-v ro1- (a/R)*y? /4 T _ o
—Ms%dF ~ 1+ /dy 2N R J dxx[ny +0 (a:)] x Ji(yx)sinf(x). (B.1)

This expression can be easily simplified to the form of Eq. (2.9).
For the intermediate distances, R < a < A, one can simplify Eq. (2.8) by using the following

identities,
/dy Jo(yz)Ji(xy) = ©O(x — 2)/x, (B.2)
oody 2 2 2 2 2 -2
/? Jo(y) I (zy) = E[E (2?) — (1 - 2K (2 )} xO(1 =)+ ~E (¢7) O — 1).

After some simplifications, the expression for the interaction energy can be brought to the form
of Eq. (2.9).

The case of the longest distances, a > A, can be studied in the following way. One can
transform the expression in the denominator under the integral sign in the right hand side
of Eq. (2.8) into the exponent with the help of an additional integration, 1/(1 + 2y\/R) =
Jo7 dt e71F2A/ B Then expanding the Bessel function J;(zy) in its argument to the lowest
order, we derive Eq. (2.11).

Now let us consider the opposite case of large skyrmion radius, R > A. Making in Eq. (2.8)
expansion in powers of A\/R, we obtain Eq. (2.12) with the functions h, (z) and h,1(z) that

are given as
oo

hyo = /da:dy xJo(yz)J1(yx) [ny + é’(x)} sin 0(z) (B.3)
and 0
by, = —2 / dxdy xyJo(yz)Ji(yx) [ny + g'(x)} sin 0(z). (B.4)

0
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We shall start with the asymptotic behavior of the functions h, () and h,;(2) at z < 1.
Using the following identities d[z.J,(zy)]/dx = yxJo(xy), yJi(zy) = —dJo(xy)/dz, the identity
(A.9), and the relation

i 2 [ K@) 22w

[ vy hiwe) = 2 (B

2,2
) K(z*/z%)/x, z <z,

we can simplify Egs. (B.3) and (B.4) as follows

ho(2) = cos (=) — 1 + 27T—” Z d;XO(J;)K <Z—§> + QW—" 7‘1—%0(@1{ <;—z> (B.6)
and
has(2) = 229 [ o (%)-2 [ wx (%) ®

z ™
0

where xo(z) = [zsin ()]’ and x(z) = [20'(x)sin 0(z)]’. Next we rewrite the integrals over the
region = > z in the right hand side of Egs. (B.6) and (B.7) in the following form,

o0 [e.e] e}

2 [dx 22 dx 22 [ dx
;/?Xo,l(x)K (ﬁ) :/?XO,I(I')"‘Z/FXO,I(x)

z z z
o0

2 2
Aol @)-GoE)
Written in this way, each of the terms converges at z — 0 and the asymptotic behaviour of
hyo(2) and h,1(2) can be easily extracted. Then we reproduce Egs. (2.13) and (2.16).

For large values of the argument, z > 1, it is enough to consider the term in Egs. (B.6)
and (B.7) which is proportional to the integral over the region x < z. We can also expand the
complete elliptic function of the first kind as K (2?/2%) = n/2+7w2?/(822) + 9mzt/(12824) +. ...
Then one can derive Egs. (2.14) and (2.17).

B.2 The case of the linear ansatz

For linear ansatz we represent the free energy as a sum Fgr_v, 1 = Fsk—v + 0Fsk—v, see Eq.
(2.20). For the analysis of Fgx_v we refer to the previous subsection, while in this subsection
we are examining exclusively 0Fgk_v defined in Eq. (2.20). We begin with the case of large
vortex and small skyrmion, A > R. For small distances, a < A, we neglect the unity in the
denominator of the expression under the integral sign in Eq. (2.20) and employ the identity
(77).

Expanding the expression (?7) in powers of z and 1/z, we obtain Eq. (2.22). At longest
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distances one can repeat the derivation, following Eq. (77), eventually arriving at Eq. (2.26).

For large skyrmion radius, R > ), it is convenient to present ¢ Fg,_v as follows,

O0Fsk—v

_ = A ydo(ya/R) i (y)
Medodr —402/0 dy Jo(ya/R)J1(y) 802R/0 dy )

1+2y\/R

(B.9)

The first term can be easily simplified using the identity (B.2). The second term turns into
(A/R)dh, 1(a/R) after setting \/R — 0 in denominator of the integrand. Its asymptotic behav-
ior at small distances, a < R, can be extracted by expanding Jy(ya/R) in powers of a/R,

00 3(12
: —By, (1 _ 2.2 2 _
ﬁhjﬁo i dy e ?y(l —y“a®/(4R?))Ji(y) = 1 + R (B.10)

At large distances, a > R, the second term in (B.9) is dominated by very small y, thus one
can substitute J;(y) with (y/2 —4®/16 +...) and find

51230 OOO dy e Py Jo(ya/R)(y/2 — y*/16) = —R*/(2a*) — 9R® /(164%). (B.11)

The first term cancels out (2.17), thus, finding the next order in the expansion of the function
hy1(2) (see previous subsection) and summing it up with (B.11), we find (2.31).
We notice that the second term in (B.9) converges to a discontinuous function in ¢ = R with

A/R — 0. However, for all finite values of A/R, the function remains continuous.

C Magnetic self-energy of the isolated skyrmion

The magnetic self-energy of the single isolated skyrmion can be represented as (see e.g. [33])

dr
1
férll{agn = —§/d2/d2TMSkBSk. (Cl)
0

Inserting Bg, = V x Agi and using the exact solution for Agy, cf. Eq. (1.3), we derive the

asymptotic expression for Fg " in the case of a thin ferromagnetic film, dp < R,
Fy & = —27rdFMf/d2r(1 —m?). (C.2)
Consequently, contribution from demagnetization field to the total free energy of an isolated

skyrmion can be included as a rescaling of the perpendicular anisotropy constant: K — K —
2mM?2, see Eq. (3.1).
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