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Yacte 1

Normal systems



BBenenue

B curyamusax, Korjga 3/JeKTpUIecKuil TOK TeUET depe3 MPOBOSHUKN MAJJIbIX PA3MEpPOB, BO3-
HUKAeT MHOYKECTBO WHTEPECHBIX (DyHJIAMEHTAJIbHBIX SBJIEHUI, KOTOpbIe UMEIOT U OYEeHb
BayKHOE ITIPUKJIQJIHOE 3HA4YEeHUE, CBA3aHHOE ¢ MHUHUATIOpU3aldeil 3JeKTPOHHOI TeXHUKU.
dAByienns 3Tn, B pe3ysbTaTe KOTOPHIX TPAHCIIOPTHLIE CBOHCTBA MaKPOCKOTUYIECKIX CUCTEM
OKa3bIBAIOTCS YyBCTBUTEJILHbBI K IIPOIECCaM, CBA3aHHBIM € IIEPEHOCOM OT/IeIbHBIX 3JEKTPO-
HOB, OTHOCATCA K CPABHUTEJBLHO MOJIOJOI U aKTUBHO Pa3BUBAIOINIECA B HACTOSIIEE BPEMS
obJs1acTi (bU3NKH 10T HA3BAHUEM K6AHMOGAA ME30CKONUKA.

CorytacHO KBAHTOBOI MeEXaHHUKE, 3JIEKTPOHbBI IIPOSIBJISIIOT KaK CBOCTBA YACTHI], TaK U
cBoiicTBa BOJIH. KopmycKymspHas npupojia 3JeKTPOHOB MPUBOJINT K JUCKPETHOCTH IIepe-
HOCa 3apsja, U3-3a 4ero Ipu ONPEJIeJICHHBIX YCJIOBUAX B HAHOKOHTAKTAX BO3HUKAET I10-
JIaBJIEHNE JIEKTPOHHOIO TPaHCIoOpTa («KyJIOHOBCKasi OJ10Kaia» ). B 1o ke BpeMst BOJIHOBast
IIPUPO/Ia JIEKTPOHOB MPOSIBJISIETCS B IIEPEHOCE TOKA Yepe3 OYeHb Y3KHUe MPOBOJIHUKN, KOTO-
pbie paboTAIOT KaK BOJTHOBOJIBI JIJIsT 9JIEKTPOHOB (9TO MPOMCXONT TIPH IIIUPIHE TPOBOIHUKA,
CpaBHUMOI1 ¢ JJIMHOI BOJIHBI 3JIEKTPOHOB — OT HAHOMETPOB B MeTaJljIax JIO MUKPOHOB B I10-
JyIpoBoHIKax ). Oba 3Tu SIBJIeHNsT HHTEPECHBI He TOJBKO ¢ aKaIeMIIeCKOl TOUKHI 3peHus,
HO U C IIPUKJIaJIHOM, TaK KaK TPAHCIIOPTHbIE CBOICTBA HAHOIIPOBOJHUKOB 1 HAHOKOHTAKTOB
OYeHb YyBCTBUTEJbHbI K BHEIITHUM BO3JIeICTBUAM, HAIIPUMeED JEKTPUIYECKUM U MarHUTHBIM
HOJISIM. DJIEKTPOHHBIE YCTPONCTBA, OCHOBAHHbBIE HA YIIOMSIHYTBIX BBIIIE sIBJICHUSIX, HCIIOJIb-
3yI0TCs y2Ke cefidac B COBPEMEHHOI 3JIEKTPOHUKE KaK TPaH3UCTOPbI, CBEPXUYBCTBUTEIbHBIE
JIETEKTOPBI 3apsijia. Kpome Toro, sjieMeHTHas 0a3a aKTUBHO pa3padaTbIiBAEMOil CErojiHs
MUKPO3JIEKTPOHUKN HOBOTO TIOKOJIEHUS B 3HAYUTEJbHOI CTEIIEHN OCHOBaHA Ha TEXHOJIOTH-
YeCKOM UCIOJb30BAHUN KOPILYCKYJISIPHO-BOJIHOBBIX CBOICTB 3JIEKTPOHOB.

rak, MbI 0OCYIUM JIBa siBJIeHUsI, OOYCJIOBIEHHbBIE MaJIbIMI I'eOMETPUIECKUME pasMepa-
MU TTPOBOJTHUKOB. BO-TIEPBBIX, €Ccjin MepeHoc 3apsijia OCYIIEeCTBISIETCS depe3 IMPOMEKYTO -
HbIIl MeTaJJIMYeCKUil «OCTPOBOK» MAaJIbIX PA3MepPOB, CBA3aHHBIN ¢ OCTAJbHON MElbIO TYH-
HEJIbHBIMU KOHTAKTaMHU, TO HEOOXOIMMO yUNTBIBATH, UTO C yMEHbIIEHHEM Pa3MepOB IIPO-
BOJIHIKA, YMEHBIIAETCS ero 3JeKTpruiecKas €MKOCThL. B KoHIle KOHIIOB, TPU BIOJIHE JTOCTH-

ITepmun meszockonuka B 6YKBAILHOM IIEPEBOIE ¢ IPEUECKOr0 O3HAYAET Meorcdyckonura. KBAHTOBAsT ME30CKO-
IMKa U3yYaeT ABJIEHUs], KOTOPbIE MPOSBJIAIOTC Ha MacIiTabax, TPOMEXKYTOUHBIX MEXKIY MHUKPO- U MAaKPOCKOIIU-
JecKUMU. VIHBIME CJIOBaAMH, 9TO MACIITA0ObI OOJIbIIlE aTOMHBLIX, HO MEHBIIE XapaKTepHOro Maciuraba JIJIMHBI, Ha
KOTOPOM y2Ke€ MOXKHO IIpeHebOpedh KBAHTOBBIMU KOPPEIIUAMEA. JJIsi TOYeIHBIX KOHTAKTOB 9TOT BEPXHUIT MacIITad
— TMOPSAIKA JJINHBI ¢00s1 (pa3bl WM JJINHBI SHEPreTHIECKON pejlakcannu. B cucremMax ¢ KyJIOHOBCKOM OJI0Ka1oit
9TOT MacCHITad OIPEIEIsieTCsl €MKOCTBIO.



OI'JIABJIEHUE 6

JKUMBIX 9KCIEPUMEHTAJILHBIX TTapamMeTpax éMKOcTb C' MOXKeT CTaTh HACTOJBLKO MaJIoi, ITo
nazKe KyJloHOBCcKad sHeprus E, = e2/2C oaHoro monoiHITeIbHOT0 31eKTPOHA Ha, OCTPOB-
Ke MOYKeT OKa3aThCs CyllecTBeHHO. Torna HeoOXouMO YIUThIBATD BJINUsIHAE KYJIOHOBCKIX
3 deKTOB Ha TPAHCIOPT, IEePEHOC 3apsijia depe3 OCTPOBOK TpedyeT 3alraca SHEPIuu, U MO-
JKeT peaJin30BbIBATLCSI SIBJIEHNE, HA3BIBAEMOE KYA0HOBCKOT 040Ka00T, KOTJa K KOHTAKTY
IPUJIOYKEHO KOHEYHOEe Hallpsi?KeHUe, a TOK TeM He MeHee He TeUET.

Bo-BTOPBIX, MBI pACCMOTPUM CHTYAIIMIO, KOI'JIa KYJIOHOBCKIX 3(D@EKTOB HET, T. K. IIPO-
BOJIHUK HEIIPEPBIBHBIN, 0€3 OTIeIbHBIX OCTPOBKOB, HO €r0 IOIIepeIHbIe Pa3MepPhl HACTOJIbBKO
MaJIbl, 9TO HEOOXOJIMMO YUIUTHIBATH KBAHTOBAHUE JIBUZKEHUS B ITOIIEPETHOM HAIIPABJICHUN.
[Ipu onpeie/IEHHBIX YCJIOBUSIX 3JEKTPOHBI ¢ SHeprueii Boymsu sxeprun Pepmu Ep umeror
HEIPEPBIBHBII CIIEKTD, CBSI3aHHBII ¢ JIBIZKEHHEM BJI0JIb KOHTaKTa (M3 OJJHOTO pe3epByapa K
JPYTOMY ), HO MOTYT 3aHUMATDH JIHIIh HECKOJIBKO JUCKPETHBIX YPOBHEl, COOTBETCTBYIONIIX
IIOIIEPETHOMY JIBUKEHIIO0. KaK/Iplii [IMCKPETHBIN yPOBEHB IOIEPETHOTO IBUMKEHUSI COOT-
BETCTBYET OJIHOMEPHOMY <«KaHaJIy», 110 KOTOPOMY IepeHocuTcst TOK. C KarKbIM KaHaJIOM
CBsI3aH BIIOJIHE OIPE/IeJIEHHbIN KOHIAKTAHC (T.e. 0OpaTHOEe COMPOTUBJIEHHE, WK, YTO TO JKe
camoe, noJsiHast IpoBoauMocth) G, = € /7h = 2¢*/h, naspiBaeMblii KBAHTOBBIM KOHIaKTAH-
coM. [Ipu pacmmpeHnn MpoBOJHUKA JIUCKPETHBINA CIHEKTD MOIEPEUYHOIO JBUKEHUST «IIPOCE-
JAeT», 1 JEKTPOHAM C SHeprueil Fp CcTaHOBSITCSA JOCTYIIHBI HOBBIE YPOBHI. DTO O3HAYAET,
YTO OTKPBIBAIOTCSI JOMOJTHUTEIbHBIE KAHAJIBI [IEPEHOCA TOKA. [IpH OTKPBITHH KarKI0ro Ta-
KOI'O KaHaJla KOHJAKTaHC yBeInuuBaeTcd Ha Besnduny G, M03TOMY BO3HHKAeT sIBJICHUE
K6AHMOBAHUA KOHTAKTAHCA.

Boiiee mmpoxoe n3iiozkeHne 00Cy»K1aeMbIX HIXKE BOIIPOCOB MOYKHO HAATH B TAKUX yIe0-
HUKax, Kak |1, 2, 3].



I'maBa 1

Quantum point contacts (QPC).

1.1 Tok yepe3 KBaHTOBBIIA TOUYEUYHbIII KOHTAKT

B npoBojiHuKax OCHOBHOM BKJIaJ B TOK JIAIOT OOBITHO 3JIEKTPOHBI C SHEPIUSIMU, OJIU3KIMU
K sHeprun Pepmn Ep. PaccMoTpuM KOHTAKT IBYX MPOBOJIHUKOB. Eeym mmpnHa KOHTaKTa
W HacTo/IbKO MaJia, 9TO B Hell YKJIa IbIBaeTCsl JIIIb HECKOJILKO JIJTMH BOJIH 9JIEKTPOHOB AR,
TO OyJieM Ha3bIBaTh TAKOW KOHTAKT TOUYEYHBIM. B JlaHHOM pazjiesie Mbl yBUJINM, K KaKUM
0COOEHHOCTSIM TPAHCIIOPTA MPUBOJAUT HACTOJIHLKO MaJias IIMPUHA KOHTAKTA.

B sKcriepuMeHTe TUINYHBIN TOYEYHBIIT KOHTAKT PeaJin3yeTcs CASYIONIM 00pa30M: JIBa
MAaCCHUBHBIX 3JIEKTPOJIA COEJIMHSIIOT CJIOEM JBYMEPHOIO 3JIEKTPOHHOIO ra3a (dacTo UCIOJIb-
syercs abopesnarypa 2DEG = 2-dimensional electron gas), cchopmupoBanuoro B obactu
IOJIyIIPOBOJTHUKOBOTO TeTeporiepexojia (puc. 1.1). 3areM cBepxy K JBYMEPHOMY 9JIEKTPOH-
HOMY Ta3y MOJBOJAT IIaCTHHBI 3aTBopa (gate). [lojaBast Ha 3aTBOpP TOTEHIIHAJ, MOYKHO
«BBIJIABJINBAThL» JIEKTPOHBI U3 oOJjacTeil BOJIM3M 3aTBOPA, Jeas 9TH 00J1acTH HeJI0CTYII-
HBIMU JIJIsI 9JIEKTPOHOB U TeM caMbIM (POPMUDPYS CYyKeHHE B JBYMEPHOM 3JIEKTPOHHOM T'a-
3e (970 U ecThb TOYEUHbIH KOHTAKT). Uem GoJibllle MOJaHHOe Ha 3aTBOD HAIPSI?KEHHE, TeM
OoJIbIIIe 3allpellEéHHast s JIEKTPOHOB 00JIaCcTh M TeM Y2Ke cy»KeHue. Takum obpasom, ¢
IIOMOIIIBIO 3aTBOPA JIOCTATOUHO JIEMKO MOYKHO MEHSITh NeOMETPHUIO0 KOHTAKTA.

Jl1s1 rccieioBaHnsl 9JIEKTPOHHOIO TPAHCIIOPTa B ME30CKOIMYECKUX KOHTAKTaX IIHPO-
KO HCIIOJIb3YETCsT METO/ MATPHIL PACCEsSTHUS (TaKyKe ero Ha3bIBAIOT MOJIX00M JlaHmayspa).
BHasl MATPHILY paccestHus S (cocrapyierHy10 13 KO3(MQUIUEHTOB OTPaXKEHUs U [IPOXOK Ie-
HUST) 9JIEKTPOHOB Ha MOTEHIMAJBLHOM 110J1e, (DOPMUPYIOIIEM KOHTAKT, MOKHO HAfiTH TpaHC-
MIOPTHBIE CBONCTBA KOHTAKTA: CPETHUI TOK 1 KOPPEJISITOPBI TOKOB (1ryMm). Marpuity paccesi-
HUSI MOYKHO HaiiTu perrast ypasuenue IIpéamHrepa, onuchIBaoIee COCTOsIHIE 9JIEKTPOHOB B
noJie KoHTakTa. 11opobHoe n3/I0KeHIe 9TOr0 MeTO/Ia MOXKHO HalTH B KHUTE [3], a Takke B
o630pe [3]. Harre usjioykerne uemoib3yer HeKOTOPBIE 9JIEMEHTHI 9TOTrO MOJIX0J1a; B OCHOBHOM
MBI OyzieM cyiesioBaTh crarihe |J].

PaccmoTprm Me30CKOMITIEcKyIo CUCTEMY, coeanHAoNnTyIo pe3epyapbl N1 1 No, Kax 1mo-
Ka3aHo Ha puc. 1.2. PesepByapbl IMEIOT 9JIEKTPOXUMUYECKUE TOTEHIUAJIBI [ U [lo, DYHKIIIN
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N | GATE N2

2DEG

N1 2DEG N2
N\

GATE

&Vg

Puc. 1.1: Cxema 3KclepuMeHTaJbHON pean3alini TOYeIHOro KOHTaKTa. /IBa MacCHBHBIX
9JIEKTPOJIA COEIMHEHBI CJI0eM JBYMepHOro 3jektponHoro rasza (2DEG), Bosnukarorero B
HOJIyIIPOBOJIHNKOBO# TerepocTpykType. Cyrkenne hpOpMUPYETCsT ¢ MTOMOIIBIO HAIIPSI?KEHUST
V4, monasaemoro Ha 3arBop (gate). Taxoit cnocob dbopMUpOBaHUs CyzKEHHsS Ha3blBAETCSI
TeXHUKOI paciierniénsoro 3arsopa (split-gate technique [11]).
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Puc. 1.2: Toueunsrit konTakT, nmeronuit popmy cyxxenus. [HIupuna cyzkeHnusi onmucbiBaeTcst
dbyuximeit W(x) ¢ MmunnmaababiM 3Hadenem Wy. B HikHell gacTi pucyHKa Ha yBeJH-
YeHHOM (pparmMeHTe MMoKa3aHo, 9YTO BHYTPHU CYKEHHUsI B OOIIEM CJIydae MOXKET HaXOJIUTbCs
HEKOTOPBIiI paccenBaresib (HAIpUMeEp, IPUMECh WIH TYHHEIbHBINH Oapbep ), KOTOPBI Xapak-
TepU3yeTCsd BEPOSTHOCTAME OTpayKeHUs W MPOXOKAeHusd R, n 1,,, 13 KaHaJta m B KaHas
n.

pacipenesieHnd 3JICKTPOHOB B HUX NMECIOT BH/]

1
1lB) = GOl = a7 1

bByneMm cauTarh, 9TO cucTeMa JIByMEpHAasl, 9TO COOTBETCTBYET CTAHIAPTHOMN SKCIIepIMEH-
TaJbHOI cuTyaruu, rmokasaHHoit Ha puc. 1.1. BeibepeM HallpaBjieHIe ocell x, i Tak, KaK 9TO
nokaszaHo Ha puc. 1.2. Torma Tok Tedér BIOJbL ocu x. BoHoBbIe (DYHKIINN CTalllOHAPHBIX
COCTOSTHHI 3JIEKTPOHOB YI0OBJIETBOPAIOT ypasHenuio [Ipéaunrepa:

a=1,2 (1.1)

A~

H(z,y)¢(z,y) = EY(z,y). (1.2)
O IHOSJIEKTPOHHBIH TaMIJIbTOHNAH H (x,y) maéresa dpopmyioit
A h2 (92 (92
H =— 1.
w0 = =50 (53 + 53 ) *+ Vo0 13

rie U(x,y) — HoTeHnna, ONMuChIBAOIIN cCTeHKN KOHTAKTa. J[J1sT IpocTOThI Oy/1eM CIUTaTh,
YTO CTEHKU HEINPOHUIAEMbIe, IIPU 3TOM PACCTOAHUE MEXKJy HUMU MEHAETCA BIOJb I 110
rHekoTopoMy 3akony W (x). Torma BosiHoBast (byHKINS Ha cTeHKaxX, T.e. npu y = £W(z)/2,
JIOJIZKHA oOpallaThbcss B HOJb. [Ipejmosaras, 9To popMa KOHTAKTa JOCTATOYHO ILIaBHA
(1. e. W (x) Mel/IeHHO MEHsIeTCsT Ha PacCTOSHUAX MOPsiiKa (hepMUEBCKOTT JTMHBI BOJTHBL Ap ),
MBI MOZKEM 3alliCaTh pelienne ypasaerust (1.2) ¢ moMonbio ajnabaTuyeckoro pas/ie/eHusl
IIePEMEeHHDIX:

B, y) = dul) WQ(I) sin [mr (% + %)] , (1.4)
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U,(x)

> X

Puc. 1.3: Tlpumep sddexrusnoro norennnasa U, (), BOSHUKAOIIET0 B PE3yJIbTATE BJIH-
sIHAsI CTEHOK KOHTakKTa. [Ipnm KarkjioM n 0003HAYNM MaKCHMaJIbHOE 3HadYeHHUe MOTEHINA A
(ompejiesisieMoe caMbIM y3KHM MeCTOM CyzKeHust) Kak [,. Tok obecrieqauBaeTcst 3/1eKTpo-
HAMU, UMeIoIuME SHepruto BOu3n sueprun Pepymu Ep. M300park€éHHas CUTYAIMST COOT-
BETCTBYET JIBYM «OTKDBITBIM» KaHajaM (KaHaJbl 1 U 2, T. K. TOJBKO JIJIST HUX BBIITOJTHEHO
coornoterne Ep > E,,).

rie uHgeke n = 1,2, 3, ... (1eJble MOJ0KUTEIbHBIE TUCIA), a QYHKIUSA ¢y, (L) YIOBIETBO-
psier ojHOMepHOMY ypasreruio [pénunarepa ¢ addexruphbiM norenimagiom U, (x), omm-
CHLIBAIOIINM BJIMSHIE CTEHOK KOHTAKTA: '
h? 0? (nwh)?
—————F+ U,(2)]| ¢n(x) = Eop(x U,(x) = —————. 1.5
@)] @) = Bou(@). Uila) = 5 (15)
XapakTepHble pa3Mepbl Pe3epPBYapoB 3HAUNTE/ILHO OOJIBIIE JIJIMHBI BOJHBI 3JIeKTPoHA. [lo-
9TOMY MOYKHO cUuTarh, 9ro W(z) — o0 npn z — oo. Munnmasnbhoe suaderne W(x)
obozradnm Wy. Torna addexTuBHbIi TOTEHIIAT (3aBUCAIINN OT MOMEPETHOTO KBAHTOBOTO
qucsia n) B mojydnBiieMmcs ypasennn [Ipénnarepa nmeeT BUJ MOTEHIIHATIBHOTO Oapbepa
MaKCHMAJIbHO BBICOTHI )
z (nmh)
=
2mW§’
yObIBatoOIIero Jio HyJist ipu x — +oo (puc. 1.3).

MbI BuiM, 9TO BOJIHOBasi PYHKIIMSI XapaKTePU3yeTcs HOMEPOM IOIEePEeIHOI0 KBaHTO-
BaHUA n. VIHBIME c/loBaMH, IIOIIEpEYHOE JIBUYKEHUE 3JIeKTPOHA JOJIKHO OBITH YCTPOEHO TaK,

(1.6)

L Terko zamernTh, uTO B CTydae W = const nMeeT MeCTO TOUHOE pas/ie/ieHie MePEeMeHHBIX T 1 Y B YPABHEHUH
[Ipémunrepa, ¥ COOTBETCTBEHHO TOYHBIME OKasbIBatoTcs dhopmyisr (1.4) — (1.5). B cay4vae xe, korma W 3aBucur
OT X, TOYHOE pasJesieHne [IePEeMeHHBIX yxke He umeer Mecra. OJHako, ecsm mupuHa KoHTakra W(x) mana u
SIBJISIETCS MeJICHHON (byHKIueil (B COOTBETCTBUU C HAIIMMHE IPEJIHOJOKEHUSIME), NMEET MECTO ajnabaTuaecKoe
npubsmkenne [10]: Ha KaueCTBEHHOM si3bIKe, JBUYKEHUE BJIOJIb Y ropasjio 6ojiee ObICTPOE, YeM BJOJIb &, II09TOMY
B CBOEM JIBUZKECHUU II0 & YACTHUIIA TyBCTBYET HEKOTODBIE YCPETHEHHBIC XapAKTEPUCTUKH HOIEPEYHOrO JIBHKEHUS,
U 9TO IO3BOJISIET PA3JIEJIUTh HepeMeHHbIe. TeXHuYecKn aunadarntieckoe INPUOJINKEHIE CBOJUTCS K TOMY, UTO B
dopmyier (1.4) — (1.5) Bmecro nocrostanoro W terneps zazo noacrasuts W(x).
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9T00BI Ha MMUPHUHE KOHTAKTA YKJIAIbIBAJIOCH eJI0e YUCJI0 TTOJMYBOIH Ap/2. Tlosromy sek-
TPOHBI, IIPOJICTAIOIINE YePe3 KOHTAKT, MOI'YT HUMEeTh JIN0O OHY IOJIYBOJIHY, YKJIa blBAIOLLY-
I0Csl Ha IIMPUHE KOHTaKTa, Jubo aBe, 1ubo Tpu 1 T. 1. J1a 0603HaYeHns TAKNX COCTOSTHUI
HCIIOJIL3YeTCsT TePMUH KaHan. Hamnpumep, IpUHITO TOBOPUTD, YTO 3JIEKTPOH B COCTOSTHUN C
BOJIHOBO# (DyHKIIMEN 1), HAXOIUTCS B N-M KaHaJe.

Beuy meiennoctn usmenenust W(z) moxkuo pertursb (1.5), UCIO/IB3ysT KBA3UKJIACCH-
yeckoe npudszkenne. B riiaBHOM NpuOIMzKeHUN Yepes3 CyzKeHue IPOHUKAIOT TOJBKO 3JIeK-
TpoHbI ¢ 3Heprusimu > E,. Vnornga ObiBaeT HY?KHO yUUTBIBATH JOIOJIHUTEILHOE Pac-
CesiHIE 3JICKTPOHOB B CY’KCHUH, HAIIPUMED, Ha HOTEHIae IpUMeceil Wil Ha TYyHHEJIHLHOM
bapbepe. Takoil paccenBaTesb CXeMaTUIHO U300pasKEH IITPUXOBKOI Ha puc. 1.2.

Borauc/imm 91eKTpUYecKii TOK B CyzKeHUN CJIeBa OT PACCEUBAIOIIEro OTeHIa A, DJIeK-
TPOHLI ¢ 3Heprueil B, npuxozgime u3 jaesoro pesepsyapa Ny, Jal0T BKJIa/| B TOK, IPOIOPIH-
onasbublii e f1(E) Y., vy, tiie v, = \/2(E — E,)/m. U3-3a oTpazkenus 3//eKTPOHOB OT pac-
CEMBAIOIIEro MOTEHIAIa BOSHIKACT 0OPATHBII TOK, TIPONOPInoHaIbHbIH —e f1(F) me UnRom.-
31ech R,y — BEPOSITHOCTE TOI'O, YTO JICTAIINI Ha paccenbaTesib B Kanase m u3 Ni 3JIeKTpoH
OTPA3UTCA OT PACCEUBAIONIETO IOTEHIMAIA B KAHAJI 1. DJIEKTPOHLI, JIETSIINE U3 IPABOrO
pesepByapa, JIaJyT BKJaJ B TOK, MPOMOPIHOHAIBHBIN —e fo( F) me UnLom, tie T, —
BEPOATHOCTL TOTO, YTO JICTAIMIT Ha pacceuBare/b B Kapajae m nu3 No 3JIeKTPOH IPOiIéT
yepes paccenBaTelb B KaHa n.

B pesyibraTe TOK OKa3bIBaeTCsl PABHBIM

I =2 Z / Z;ZTEU”GUTL L1 (E)(Gpm — Ram) — f2(E) L] (1.7)

n,m

rJe Mbl y9JIM, 9TO IJIOTHOCTH COCTOSIHUI B KaHaje n pasHa 2/2mhv,(FE) (koaddurment
2 B umMC/INTe/Ie YUATBIBACT CIIMHOBOE BhIpozkienne).” JIjist IpOCTOTBI IPEJIoIAraeTes, 4To
BEPOSITHOCTH PACCESHIsT OT SHEPIUN He 3aBUCAT. AKKypaTHee MOXKHO CKa3aTh, 9TO 3aBUCH-
MOCTD Ty (E) 1 Ry, (F) MMeeTCst, HO MBI HHTEPECYEMCsT TAKUMI CJIYdasiMi, KOTJIa IePeHoC
TOK& OCYIIECTBIISIETCST 9JIEKTPOHAMHE B HEITOCPEICTBEHHOM OJIn30CTH K TToBepXHOCTH Depmir,
MO3TOMY MOYKHO TOJIOKUTh F = Ep.

1.1.1 donmogHuTeabHbIEe KOMMEHTAPUNI

MoryT BOBHUKHYTH BOIIPOCHI:

1. TTowemy B HAIMUX hopMyIaxX I MOJACIETA TOKA TPU PACCMOTPEHNH TIEPEXOTOB IJIEK-
TPOHOB U3 OJIHOTO COCTOSIHWSI B JIPYTO€ He MOSBJISIOTCS Bbipaykerus sujga f(1 — f),

B ommomepHOM citydae 6e3 yuéTa CIIMHA UHC/IO COCTOAHU{ B MHTEPBaJe MMIY/ILCOB dp B PACcUéTe Ha e[MHUILY
obbema pasuo dp/(2mwh), aro MoxHO nepenucars kak dE/[2nh(OE/Jp)]. Tlocie sroro ocraércs 3aMeTHTb, 9TO

OE/0p = v.
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KOTOpbIE O3HAYa/IN Obl, YTO UCXOJIHOE COCTOAHNE 3aHITHO, 8 KOHEYHOE CBOOOJIHO?
Oteer: MBI canTaeM, 9TO 3aIlyeHbl BOJHBI, HAJETAIOINe Ha paccenBaresb (in). [To-
9TOMY 9TH COCTOSTHUST 3aHSATHI. A ysieTaronie KaHajbl (out) cBOOOIHBI — TaM B Pe3yJib-
TaTe MOI'YT OKA3aThCsl TOJBKO pacCesiHHble (IPOIIeIIme Wil OTPaskKeHHbIe) BOJIHBL.

2. IloueMy npu paccMOTPEHUHN YJIETAIOIMINX BOJH Mbl CJIOXKUJIN TOKH, & He BOJIHOBbLIE
dbyHKIME (T.€., He BEIKUHYJ/IN JI Mbl HHTePMEPEHIOHHBIE ciaraeMble)?
Orser: Ha camom jesie, nsHada/IbHO CKJIQJIBIBAIOTCSI BOJIHOBbIE (DYHKIIUU, W B OJI-
HOYACTUYHOIM KBAHTOBOI MeXaHHKe 5TO ObLI0 Obl Tak, u Touka. Ho npum Hagmdnn
MHOTUX 3JIEKTPOHOB HY?KHO yY€CTb CTATUCTUIECKHE CBOWCTBA CUCTEMBI 9JIEKTPOHOB.
Torpa Hy»KHO HCIIOJIB30BATH BTOPUYHOE KBAHTOBaHUE, I B HAIIUX (POPMYIaX KOI(D-
buIIenTE Hepe; 6a3UCHBIMEI BOJTHOBLIMI (byHKImaME etFem / V/UL(R) CTaHOBHATCH

ornepaTopamu ar, ag, bL, bR, KOTOPBIC CBsI3aHBbI Marpuleil paccesuus. Ilocie sToro
[IOJICUUTBIBAEM TOK CJIEBa OT PACcCEenBaTEJIsI, IMOJIydas JETIUI BIIPABO TOTOK (aTLaL>

1 JIETIIINNA BJIEBO ITOTOK bT b . HOCHG HUI C TOMOINBIO MaTPUIIBI PacCcesTHNd MOXKHO
VL

BLIPA3UTL Yepe3 dr, U AR, IOCJIE 4ero «uHTepdQepeHIMOHHbIe» BKIAILI ThIa, 7t aTLaR

oOpallalTcss B HOJIb B PE3yJIbTaTe CTATUCTUYECKOTO YCPEeJIHEHU, (dTLdR> = 0, TK.
JIEBBIE 1 IIPABBIE IN-COCTOSIHUSI MIPUXOIAT U3 Pa3HBbIX Pe3epByapoB, a IIOTOMY CTaTH-
CTUYIECKH HE3ABUCHMBI.

Hamre paccmorpenne B OCHOBHO# 9acTW TeKCTa OBLIO YIPOIIEHHBIM C 3TOH TOYKMN
3peHusi, HO IIPU IIPABIILHOM OOPAIeHNN JIaJI0 IPaBUILHDBIN OTBET.

Basuc cocrostnnii paccestnusi. Bee BoienpuseieHIbIe pacCy»kKeHus IPoJIeIanbl B Oa-
3uce in—out (Hajeraromux u yueraomux dactuil). Ho MoxHO paborarh B Gasuce Tak Ha-
3BIBAEMBIX COCTOSTHUI paccesinusi. JleBoe cocrositme paccestanst Wy () — 910 cobCTBeHHAs
byHKIMA raMIIbTOHIAHA, ONPEICICHHAS [IPU BCEX T U COAEprKAllas HAJICTAIONLYIO CIeBa
BOJIHY € €MHUYHON aMILUINTY/I0M, a TaKzKe OTParKeHHbIe U HPOIIe/IIIIe BOJIHbLL. AHAJIOIMYHO,
npaBoe coctosime paccesianst W p(x) — 910 cobcTBeHHAs (DYHKINS TAMIIBTOHUAHA, OIPeJIe-
JIEHHASE TIPU BCEX T ¥ COJeprKallias HAJETAIOLYIO ClIpaBa BOJIHY € eJIMHIUIHON aMILIUTYIOIM,
a TaKzKe OTParKeHHBIE U IIPOLIEININE BOJIHDL.

Otser na Bompoc 1 Torypa nosydaercss taxoit: Ilpu takom crocobe paccyzKieHusi Mbl
HE pacCMaTpUBAaEM B KayKJOH TOUYKEe BOJIHBI, JeTsIie Kak BJIEBO, TaK U BIpaso. Hainu
BKJIA/TBI, IPOIIOPIHOHATBHBIE 1 1 R, MOTYT IPOUCXOAUTH TOJbKO 0T Wy (), a BKJIaJI, mpo-
noproHa ibHbil 1" — Toibko 0T WR(x). OyHKINE 3a110/IHEHUST IPU TAKOM PACCYZKICHIN
BOZHUKAIOT KaK (PYHKIUK 3aIl0JHEHNs JIEBBIX U [PABLIX COCTOSIHUI paccestHusl.

OtBer Ha Bompoc 2: Bo BropmyHOM KBaHTOBaHUU B HAIIUX GopMysaax KodpUImeHTb
IIPU COCTOAHUAX PACCESHIS CTAHOBATCS OlEPATOPAMU YHUUTOKECHUS: (7, U dg. IloncraBisst
BTOpIYHO-KBaHTOBAHHBI oneparop W(z) = Wy (z)ay, + Wr(x)ir B dopMyty s Toka,
KPOMe YUTEHHBIX HAMU BKJIAJIOB THUIIA \r|2dTLdL [t |2€LECAL R MBI TaKzKe II0JIyIuM <uHTepde-
PEHIUOHHBIE» BKJIAJIbI TUIIA, 7t dTLd r. Ho Takue BKj1a bl 1a10T HOJIb [IOC/IE CTATUCTHIECKO-
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ro yepenenus, (G ar) = 0, T.K. 9acTHUIIbI, IPUJIETAIOIIE U3 JIEBOI'O U IIPABOTO 3JIEKTPO/Ia,
) L ) ) )

CTaTUCTNYCCKN HE3aBUCUMDbI

1.2 KBaHTOBaHUEe KOHJIAKTaHCA

Haiiném teneps smneitnbiit koujgakranc: G = dI/dV upn V' — 0. Byaem cuurars, aro
w1 = Ep, s = Er — eV. Torna B mpejiesie HyeBOil TeMItepaTypbl MOy daeM

2
e
G=— T 1.8
Whnzn; (18)
Bemunguna ) 02 |
Gy=— ="~ (1.9)

mh h 12.9 xOm
HA3BIBAETCA KBAHMOBIM KOHOAKMAHCOM. JTO €CTECTBEHHAs eJUHNIA NU3MEPEHNsT KOHIAK-
TaHCa B ME30CKOIMYECKUX CUCTEMAaX.

Uccnemyem BazkHbIit 1peiesibHblii caydaii dopmyist (1.8). [lyers Ty = 0pm O(Er—E,,),
rje 6 obozHauaeT MYHKINIO XeBucaiiga — Takas 3aBICIMOCTD O3HATAET, YTO PACCEsIHUS Ha,
MPUMECSX B CY?KEHUH HET, KaHaJIbl He [ePEeMEINBAIOTCSA, U OTKPBITHI (¢ MPO3pavIHOCThIO 1)
TOJTBKO KAHAJIBI, JIJIsT KOTOPBIX MAaKCUMyM 3h(MEeKTUBHOTO MoTeHIrana (eM. puc. 1.3) jJekuT
nmxke Ep. Torna

G=NG, N=) 0(Ep—E,), (1.10)

re N — 4ucio OTKPBITHIX KaHaJsoB. [locmorpum, Kak Oyjer MeHsiThbest GG, eciim Mbl Oy-
7eM MeHATh mmpuny W cyzKeHusi, IPUK/IajibiBas HaIpsizkenne K 3atsopy (puc. 1.3). Ecim
Wy — 0, To Ep < Eq, nosromy N = 0 1 371eKTPOHBI HE MOTYT IPOUTH Yepe3 CyrKeHue.
Ecm By < Ep < Ey, 1o oTkpbIT oqul Kanai u G = Gy. [Ipn Fy < Ep < E3 OTKPBITO
JBa KaHaJsa, 1103tomy G = 2G, u T. 1. Takum obpa3oM, KOHJAAKTAHC CyzKeHUsA KBaHTyeTcs
B eqununax G, (puc. 1.4).% (Ha skcnepumentaiabiom rpaduxe puc. 1.46 BbicoTa cTytie-
HEK TIOJUYUHSIETCS MPaBUIy KBAHTOBAHUsI C OYEHb XOPOIIeil TOYHOCTBIO, B TO BpeMsl Kak
X Kpas 3aMETHO PA3MBITBI. DTO MOXKET OBITH CBI3aHO C PA3JUYHBIMUA MPUIMHAMU, TAKH-
MU, KaK KOHEUHas TeMIlepaTypa, KOHedHasi BEPOATHOCTH 0JI0aPbepPHOrO IIPOXOXKICHUST 1
HaI0APbEPHOTO OTPAYKEHUST U JIP. )

Pazenenme kanajgoB Ha OTKPBLITHIE W 3aKPBIThle OYeHb HAIJIAJIHO BUJIHO Ha puc. 1.3.
Dddexrusnas sueprust U, (x) yauThiBaeT BIUSHIE CTEHOK CYYKEHMUsI, T.€. YIUTHIBACT 0~
nepevyHoe KBaHToOBaHUe. [[yisi OTKPBITHS KaKOro-1nbo KaHaja HeOOXOMMO, ITOOBI SHEp-

3B srTOM HIEANBLHOM Ciydae G4 MOXKHO Ha3BaTh KBAaHTOM KomjakTanca. OHako, B obImeM ciIydae, KOTJa
uMeeTcs OTpakeHHe OT IIpUMeceil B Cy’KeHHH, KOHJAKTaHC OJHOro Kanaja OyjeT menbie, dyeM (g, U 3Ta Bejn-
YMHA TepPsieT CMBIC KBaHTa KOHJaKTaHca. 11osToMy Bo m3bexkaHue HeJIOPa3syMEHHIl Mbl Ha3bIBAEM €€ KEaHMOGHIM
KOHOAKMAHCOM.
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1 1 T T T T T T T T T T

a) ol
9+ i
8+ i
7 i

G -

S 5f -
4 -
3L i
2L i
1L i
0 ] ] ] ] ] ] ] ] ]

o 1 2 3 4 5 6 7 8 9 10 11

@)
—~

Conductance (¢%/n h)

-2 -1.8 -1.6 -1.4 -1.2 -1
Gate voltage (V)

Puc. 1.4: KpanroBanne KOHJIAKTAHCA TOUCIHOIO KOHTAKTA IIPU U3MEHEHUN HINPUHDIL CYIKe-
Hust Wy Hampsizkennem Ha 3atBope, (cMm. puc. 1.1). (a) Kommakranc kak dyukmus Wy.
(6) DkcrepuMeHTAIbHBIE 3aBUCHMOCTH KOHJAKTAHCA CYKeHUsT KaK (DYHKINI HAPSIZKEHUs
na 3arsope V. C Xopollleil CTeneHbio TOUHOCTH MOXKHO CUUTATD, 410 W — jmHeitnas GyHk-
nus Vj. (IlepBbiMu 9KcHepuMeHTaJbHBIME paboTaMu Ha 9Ty TeMy Obuin crarbm |11, 12].
['pacduk (0) B3aT U3 padorsr |12]).



[VIABA 1. QUANTUM POINT CONTACTS (QPC). 15

st 3JIEKTPOHOB Fp mpeBbiciia 3PpGHEKTUBHYIO SHEPIHIO, COOTBETCTBYIONIYIO 3TOMY KaHa-
Jy (T.e. 9HEpPrusi 3JEKTPOHA JIOJXKHA TIPEBBIIATH SHEPTUIO MOMEPEIHOr0 KBAHTOBAHMS) —
TOTJIa SJIEKTPOHBI TPOXOJIAT. B TpOoTUBHOM Ke ciTydae 3JIeKTPOHBI OTParkKaloTcsd oT bapbepa
(y HEX «He XBaTaeT» SHEPIUE Ha MOMEePETHOe KBAHTOBAHUE, U yZK TeM 0Oojiee He OCTaéTCs
SHEPIUN JIJIsT JIBUYKEHUsI 10 X), U TaKoil KaHaa 3akpbIT. Ecyn npu dpukcnpoBanioM Fp Mbl
OyjeM yBeJImIuBaThL Mupuny cyzkenus Wy, To apdexkTnBHas sHeprusd OyJeT yMeHbIATbCS,
1 BCEé OoJIblllee IUCI0 KaHAJIOB Oy/IeT YIOBIeTBOPATH Kputepuio B, < Ep.

1.2.1 A rzae ke mguccumnarys?

MozkeT BO3SHUKHYTbH €CTECTBEHHBIN BOIIPOC: Mbl HAIILIM KOHJIAKTAHC, 3HAYUT U COIPOTHBIIC-
HIe. A CONPOTUBJIEHNE IOIpa3yMeBaeT Juccuaimio. ['1e ke oHa B HaIleil Me30CKOIIIMIeCKOi
KapTHUHe, TIOCTPOEHHO Ha OCHOBE KBAHTOBOI MeXaHUKI ¢ coxpaHnennem sueprun’ OTser Ha
STOT BOIIPOC HE BIIOJIHE OYE€BUJICH, OH CBOJUTCA K CJECIYIONIEMY: HCTOYHUKOM COIPOTUBJIE-
HUS SIBJIETCSA ME30CKOIMYECKNIT KOHTAKT, a JUCCUNAINS MPOUCXOJINUT 3a CUET HEYIPYTuX
IPOIECCOB B pe3epByapax (B KOTOPBIX 3aaHbl XUM.IIOTEHITUAIBI ).

1.2.2 DaeMeHTapHBII BHIBOJ KOHIAKTAHCA OJHOT'O OTKPBLITOTO
KaHaJia ipu 1' =0

Paccmarpusaem 1D npooj. duddepennmal ancia coCTOSHMIA:

dp  de
orh  2who’

dn = (1.11)

IIO9TOMY IIJIOTHOCTDb COCTOSHUIT Ha OJHY IIPpOCKIMIO CIIMHA

dn 1
de  hv
Tok 0bycjI0BJIEH 3JIEKTPOHAME B I10JI0Ce MUpuHOi eV Bozse sneprun Pepmu:

dn 2¢2
= 28 A— == — .
ev I eV . V

1.2.3 DaemenTtapHoe obobsacHeHue dpopmysanl IlapBuna

DJIEKTPOHBI, TTPOXOAIIIE Yepe3 JIbIPKY B OJIHOM WJIM JPYTOM HAIPABICHUN TTOJIYYAIOT W3-
MEHEHUEe UMITYJIhca £0p:

(pr+90p)*  PE __ PROP
2m 2m m

eV =
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9TO COOTBETCTBYET M3MeHeHnto ckopoctu dv = eV /pp. CoorBercTByoOMmnii TOK:
I=¢-0v-n-A.

YauThIBasg, YTO KOHIIEHTPAIUS 3JEKTPOHOB

/pF 4mp’dp
n=2[ ——

[HoJIiyaemM

G —

e’nA  e*A (pp)f’) €2Ak2
~ ~ —AkZ..

pr pr \h h
Nmenno Takoe paccyzkierne 66110 puBeieno B crathe [lapsuna (1965).

Bouiee cTporo dpopmyiia BLIBOAUTCS 13 KHHETHYECKOr0 ypaBHenus BosbnMana s pyHK-
UK PACIPEC/ICHI 3JICKTPOHOB ¢ TPAHNYHBIM YCJIOBUEM €€ PABHOBECHOCTH BJAJIM OT KOH-
takTa. B GajuincruueckoM rpejierie (T.e. 6e3 nprMeceil) ypaBHEHHe He COJepPyKUT HHTerpa-

JIOB CTOJIKHOBEHNUIT 9JIEKTPOHOB € TPUMeCIMU, (POHOHAMU U JIP.

1.2.4 IlosicHeHus K pa3MBbITUIO CTyIleHel

[nasman, Jlecopuk, Xmempuuiknii, [lextep (1988) 9]

KBaHTOBOCTH MpOXOXKIeHUsT depe3 3PPEeKTUBHBIN TOTEHIAT Olpeiessercs (hopMoit
ero Bepxymiku. Koropas, B ¢Bowo ouepejip, onpejensercs dhopmoit W(x) B okpecTHOCTH
cyxenus. [IycTb Kpast cyzkeHust umeroT KpuBusubl 1 u Ry. Obo3naunM «cpejiHeodpaTHoes
snadenne R. Torma B caMoMm y3KOM MecTe

AW 1 1 2

2 R R R

2h2 2 2 2
Ueﬁ — 7T n2 1 - x .
2mW WoR

3ajiada 0 paccesiHiN Ha MOTEHIIHAJE TepeBepHyTol napabosibl (3a1ada Kembiia) nmeer
TOYHOE pelleHue:

DTO 0O3HAYACT

mw?x? 1 E - U,
’ 2 (E) 1 + exp(—27my)’ 7 hw

Bes ydera KBAaHTOBOCTH TYyHHEJIMPOBAHUS OBLIO

G = Gq [k?FWO/TF],
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rjie KBaJipaTHble CKOOKN 0003HAYAIOT IEeJIYI0 YacTh YUC/Ia. ¥ 9eT KBAHTOBOCTU JIaeT

h2 k% 12h2n2

Y- om 2mWZ kpWy — m™n
B [2 2 Wy,
mmWgR R

B pesy/ibrare hopMa CTYIEHU JaeTcsl BbIpaskeHneM
Gq )
[2R

1+ exp {—77 i (krWo — ﬂn)]

Dta opmyiia oupegessier (GopMy CTYIEHU IPHU JOCTATOYHO HU3KIX TeMIleparypax, Ko-
ria pasMbITHE KBaHTOBOE. B mpoTnsonoso:kuom npejene, npu 1 > nh?/m(RW)Y? rem-
nepaTypHoOe pa3MbITHE OKa3bIBaeTCA Oojiee CHIbHBIM. PopMa CTYIIEHH JIAeTCA aHAJIOTNIHO
dopmyoit, B koTopoii aktop \/2R/Wy B 3KcronenTe HyKHo 3aMennthb Ha h*n/mWET.

0G =

1.3 Full counting statistics

1.3.1 Statistics of electron transfers

Characteristic function:

x(A) = (™) = ZPtO(N)ei)‘N. (1.12)
N
Property: x(0) = 1.
Moments:
(N™) = ()" x(N) =g (1.13)
have obvious meaning. Also useful are cumulants which are defined as follows:
((NT)) = (0in)" Inx (M) s—p - (1.14)

Several independent contributions: the total characteristic function is the product of partial
ones, the total cumulant is the sum of the partial ones. This is why characteristic func-
tions and cumulants are convenient. At the same time, central moments are an important
characteristic:

(N = (N))™). (1.15)
Direct calculations yields
() =(N), (V) =({(N=(N))P),  ((N°) = {(N — (N))*). (1.16)

So, at m = 2,3, the cumulant coincides with the central moment. This is, however, not a
general property, and at m > 4 this is not so.
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Levitov formula:
() =20 [ 323 {14 T(E) (¢ = 1) fuE)L - fa(E)
+T,(E) (e = 1) fr(E)[1 — fu(B)]}, (1.17)

where

1
exp(E — prwy)/T] + 17

Jor) = pr = Ep + ¢V, pr = Ep. (1.18)

It will be convenient for us to consider negative V', so that electrons move from left to right
(and the current I is also negative).

1.3.1.1 Low-temperature limit

In the limit 7" < eV, only the first of the two T)-terms is nonzero:

In y(\ 2t06V21 (14T, (*=1)}, (1.19)

and T}, here is taken at £ = E'p. Let us denote the pferactor here as

tOeV
wh
It has the physical meaning of the number of attempts that electrons in a single channel

perform during time ¢y trying to go through the scatterer. In order to see it, we consider
the average time At between electron passages in a single (open) channel:

1 I GV eV

At e e  wh

Nat -

(1.20)

(1.21)

So, electrons coming from a single open channel try to get through the scatterer with period
At. During time ¢, there will be ¢(/At attempts — this is exactly the expression in (1.20).
The characteristic function determined by (1.19) can be written as

N=TTo®,  w)=[1-T) + e ™. (1.22)

With the help of Newton’s binomial formula, we can rewrite the characteristic function for
a single channel as

Nat
=Y ON TN (1= T, NN (1.23)
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The inverse Fourier transform yields the binomial distribution for probability (probability
to win N times in N, attempts):

Py)(N) =Cy TN (1 —T,)"". (1.24)

At T, < 1, N < Ny, the binomial distribution turns into the Poisson distribution.
Defining (V) = Na1), in this limit we can find

Nat! N Nay—N Na]\t[ N ,(Nag—N) In(1-T}) —(NatTp)N —Nat Ty
Fy(N) = N!(Nat—N)'Tp (1-1),) ~ e e A
N N
~ <N>' e (1.25)

1.3.1.2 Energy-independent transmission eigenvalues

If the transmission eigenvalues do not depend on energy, the energy integral in the Levitov
formula can be explicitly taken at an arbitrary relation between eV and T'. The result is

4T ) eV eV eV'\”
Iny(\) = — p {arccosh {Tp cosh (2T + zA) + (1 —T),) cosh <2T>] (ZT) :

(1.26)
In the case of fully open channels, 7}, = 1, this formula yields
t()T . eV 2
1 = — — — :
nx(\) — (z)\ T A ) : (1.27)
p
which simplifies further in the limit 7" = 0 to
. toeV .
Inx(\) = ;M = ;MNM. (1.28)

In this transparent limit, we have N, = (IV), hence the result can be written as

X =[], (1.29)

which clearly corresponds to fully correlated transport in each channel with certain number
of passing electrons (N).
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1.3.2 Noise

“The noise is the signal”, Rolf Landauer.
Differentiating the Levitov formula (1.17), we find

Oln y
O(iN)

6150

— dEZT — fr(E)] (1.30)

A=0

(@) = (@) =e

(we can recognize here the expression that leads to the Landauer formula for conductance).
The second cumulant coincides with the second central moment:

(@- (@ = (@ = k|
_ ‘;20 dEZ {LU = f) + e = [l + T, = T,)(fr — fa)*} . (131)

Note that at equilibrium (without applied voltage bias, i.e., at V' = 0), while (@) obviously
vanish, the second cumulant (coinciding with (Q?) in this case) is finite. Only the first
term in the curly brackets survives, and if the transmission eigenvalues do not depend on
energy on the scale of the order of T" around energy £ = Ef, then calculating the integrals
of the form

| s - ey =1 [Cat R - )

> 1 1 T [ d
%T/ dx <1— ):—/ =T, (1.32)
o €71 e’ + 1 4 J_o cosh®(z/2)

we find

2€2t0T

{Q*))eq = > T, (Er) = 2GTt, (1.33)
This result can be interpreted if we consider the correlation function of current fluctu-
ations (usually called the current noise power):

A

S(w) = (LS)I(E) + 1) () = 2(IONI(E)))e- (1.34)

If the observation time ¢ is large enough, it can be shown that the second cumulant of the
transmitted charge is related to the zero-frequency noise as

S(0)ty

(@) = =5 (1.35)
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On the other hand, at equilibrium, correlators like the noise power obey the fluctuation-
dissipation theorem (fluctuations represented by the noise are related with dissipation rep-
resented by the resistance). For the noise, it states that

S(0) = 4TG. (1.36)

We see that combining (1.35) and (1.36), we reproduce (1.33). At the same time, the equi-
librium current fluctuations are known as the Johnson—Nyquist noise (or thermal noise),
so our result (1.33) (which is proportional to temperature) is a direct consequence of this
phenomenon.

In the opposite limit, when eV > T', we obtain the non-equilibrium noise, which is called
shot noise. In this limit, only the second term in the curly brackets in (1.31) survives, and
the result can be written in terms of the zero-frequency noise as

S(0) =2eG,V Y T,(1-T,). (1.37)

Completely closed channels obviously do not contribute to the noise. At the same time,
we see that completely open channels (7, = 1) do not contribute to the noise as well.
The reason is that in a completely open channel, the transport is fully correlated, as we
discussed above. Therefore, the noise (which measures irregularity of transport) is absent.
Physically, the shot noise is due to discreteness of the electron charge. Because of that, the
flow of charge is not continuous; instead, electron transfers happen one by one.

We see that the shot noise probes transmission properties of the system but in a dif-
ferent manner compared to the conductance. While measuring conductance, we effectively
measure Zp T, this information is not sufficient to predict the shot noise, which is deter-
mined by > T,(1 — T,). So, the shot noise contains some information which cannot be
deduced from the conductance.

Considering the two simplest limiting cases, we find that

e for open channels, the zero-frequency noise is absent, S(0) = 0.

e for tunnel junction with 7, < 1, the noise can be written as S(0) = 2e(I) — this
Schottky formula also follows directly from the Poisson distribution. This Poisson
value is the maximum for the shot noise. Due to the factors (1 — 7)) in (1.37), the
shot noise can only be smaller than the Poisson value.

In order to quantify suppression of the noise in comparison to the maximal value, we can
define the Fano factor:

S(O) o Zp Tp(l o Tp)
2e(l) >,

F = 0< F<IL (1.38)
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In a QPC, all channels are either fully open or fully closed, so there is no shot noise, and
F' = 0. In tunnel junctions, the noise is maximized, and F' = 1.

The third important example of the scatterer is a diffusive wire. In this case, using the
Dorokhov distribution, we obtain

F_foldTPD(T)T(l—T) [pdIVI=T 2/3 1
~ [NdTPy(T)T [Yarj -T2 3

In the case of energy-independent transmission eigenvalues, from the general formula
(1.31) for the second cumulant, we find (calculating integrals over energy)

(1.39)

5(0)=E<< ) =2G, (ZT>/dE{2f(lf)+F(foR)2}

= 2G [eVF coth (%) +2T(1 — F)} . (1.40)

This result is valid at arbitrary relation between eV and T'. It is convenient to rewrite the
obtained result as*

S(0) eV
— =F hv—F+1 = —. 1.41
0T vcothw +1, V= on (1.41)
Limiting cases:
1 — 0
S0t o (1.42)
4GT Fo+(1-F), v— oo.

4One could naively write S(0) in the Lh.s. of (1.41) in terms of the Fano factor, obtaining F' = F cothv +
(1 — F)/v, which seems to be an equation determining F'. However, this is wrong since F' is defined for the shot
noise (this is the F' that enters the r.h.s.), while S(0) in the Lh.s. is defined for arbitrary case. The shot noise
corresponds to the v — oo limit. In this limit, our “quasi-equation” produces trivial result F' = F.
So, (1.41) actually expresses S(0) for arbitrary noise in terms of F' corresponding to the shot noise.
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Coulomb blockade.

2.1 Coulomb effects in a single-electron transistor
(SET)

2.1.1 Toy model: resistively-shunted capacitor

Hauném paccMoTpeHne BJIMSIHUSI OJHOJIEKTPOHHBIX KYJIOHOBCKUX 3(DPEKTOB Ha 9JIeKTPOH-
HBIIl TPAHCIOPT € IpocTeiilieil cucTeMbl: KOHAEHCATOP € yTe4uKoil, uMmeronuii éMkoctb C'
U IIYHTUPOBAHHBIN TYHHEJIbHBIM colpoTuBieHneM K. B naeanmbnoMm KonjaeHcaTrope R ObLIO
Obl OECKOHEUHBIM, 1 IIOCTOSTHHBII TOK Uepe3 Hero ObLI Obl HEBOBMOXKEH — 9TO COOTBETCTBYET
CJIy4at0 OYeHb TOJICTOI'O CJIOS JUIJICKTPHUKa MEXKIy OOKJ/IaJIKaMU KOHJCHCATOpa, TYHHEJIH-
poBaHUe Yepe3 KOTOPBIl HEeBO3MOXKHO. B HallleM ke cjiydae IOCTOSHHBIM TOK BO3MOKEH 34,
CUYET TYHHEJIMPOBAHUS Uepe3 JN3JIeKTpUuK. Tem He MeHee TOK (TOUHee roBOps, CPEeIHUIl M0
BpeMeHn TOK) B 9TOIl cucTeMe BOBCe He JaéTcs IPOCTOoil (hopMyJIoif

1= 1)
— Takag dopMmysa J0JKHA HAPYIIATHLCI IIPU MAJILIX HAIIPSKEHHAX, KOIJa TOK obecre-
YUBACTCS TYHHEIUPOBAHMEM €JIMHUYHBLIX 9JIEKTPOHOB U CTAHOBUTCS BAXKHA JINCKPETHOCTD
IIEPEHOCa 3apsijia.

DJIeKTpOCTaTHYIeCcKas SHEPTUs KOH IeHcaTopa ¢ éMkocTbio C' 1 3apsiiamu () (1ycTh 91a
BeJIMYMHA T10JI0KUTeNIbHA) 1 —@Q Ha obkIaakax pasHa Q2/2C, wm CV?/2, tne V = Q/C
— HalpszKeHue Mexkjy oOkjajgkamu. [locraBum cieyronuii BOIpoc: Kakoe HalpPsIzKeHue
HEOOXOAMMO HPUJIOKUATH K KOHJICHCATOPY, YTOOBLI TYHHEINPOBAHNE JICKTPOHA € OJIHOI 00-
KJIQJIKU Ha APYTYIO CTAJI0 BO3MOMKHBIM? EC/I1 9/IeKTPOH TYHHEIUPYET ¢ OTPUIATEILHO 3a-
PAXKEHHOIO 3JIEKTPOJIA Ha HOJIOKUTEILHO 3aPAXKeHHBIN 3JIEKTPO/L, TO 3aps)l KOHJIEHCATOPA,
CTAHOBUTCSI paBHBIM () — |e]), ToITOMY M3MeHeHne SHEPIHn PABHO

Qe @ ¢—2elQ
2C 2C 20
23

(2.2)
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Yrobb! TaKoil Mporiece ObLT BO3MOXKEH, U3MEHEHNEe SHEPTHH JIOJIZKHO ObITh OTPUIATETHLHDBIM,
4TO NPUBOAUT K yesaosuio V > |e|/2C.1 Takum o6paszoM, 3/eKTPOHHbII TPAHCIOPT HEBO3-
MOZKeH (B ciiydae HyseBoii Temmeparypbl 1 = 0) npu wanpstkennsx |V| < |e|/2C. Taxoe
COCTOSTHIE KOHTAKTa C HYJEBBIM TYHHEJIbHBIM TOKOM IIPH KOHEUHOM HAIPSIZKEHIH STBJISTETCS
IPOCTEMIINM TTPUMEPOM KYJIOHOBCKO OJIOKA/IHI.

Heobxo/iuMo yJI0BJIETBOPUTH JIBYM TPeOOBAHUSIM, UTOOBI KYJIOHOBCKasi OJIOKa/a MOTJIa
nabsonarhest: (1) E, no/skHo npesbimarh 1,7 9robbl 3¢ hekT «He 3aMblIcsa» TeMIepa-
TYpHBIME (DJIyKTyarusiMu, u (2) conporusieHne R J0JKHO TPEBOCXOUTH TaK Ha3bIBae-
MOe KBaHTOBOe conporusienne R, = wh/e? = h/2e? ~ 12.9xO0m, utobnl adekr «ie
3aMBLICsT» KBAHTOBBIME (PJIyKTyarusaMu. J[ejgo B TOM, 9TO MpU HAJUYUN HIyHTUPYIONIETO
COIIPOTUBJIEHUsT KOHIeHcaTOp OyieT pa3pszkarbes 3a Bpemst At ~ RC', 109TOMy B COOTBET-
CTBUY C IIPUHITUIIOM HEOIPEJIETEHHOCTH €0 SHEPT U OIPE/Ie/IeHa ¢ TOUHOCTDHIO JIO BEJTMIIHbI
AE ~ h/At ~ h/RC. Tlostomy Ky/oHOBCKas sHeprus e?/2C npuBejiéT K HabJIolaeMbIM
dexTaM TOJIBKO B cIydae, ecjin oHa OyeT npesbimarh Bejnunny AFE. Orcioa u nojyda-
eTcsi YCJIOBIE Ha COPOTUBIeHNE (110 MOPSIJKY BEJIMYNHbI, 38 KOIDMUIIMEHTAMI He CJIC/IIM ).

2.1.2 SET

J10BOJIBHO TPYIHO U3IOTOBUTH KOHTAKT, YAOBJIETBOPSIONINI 0OOMM 9THM TPeOOBAHUSIM, I10-
9TOMY KYJIOHOBCKasI 0JI0Ka/1a B OJUHOUYHBIX TYHHEIbHBIX KOHTAKTaX JazKe IIPU 0UeHb HUBKUX
TeMmIiepaTrypax oObIYHO He HabsrrogaeTcs. [losTomy, uToOBl HAOIIOAATH SPMEKTH KYJIOHOB-
CKOIt 0J10Ka 1bI, 0OBIYHO UCCJIEIYIOT HEe TYHHEJbHbIE KOHTAKTHI, 8 ME30CKOINICCKIEe MeTaJl-
JINUECKIe OCTPOBKU MJIM I'PaHYJIbl, y KOTOPBIX COOCTBEHHAsT EMKOCTh JIOBOJIbHO MaJIleHbKas
1 KOTOPBIE CBSI3aHbI C MACCUBHBIMU METAJLINIECKIME OeperaMn TYHHEJIbHBIMI KOHTAKTaMI
C CONIPOTUBJIEHNEM, MHOTO OOJIBIINM KBAHTOBOTO cOIpoTHB/eHus.” | — V XapakTepucri-
Ka 9TOH CHCTeMbI NMeeT CTyleHYaThie 0COOEHHOCTH Ha HAIPSIZKEHNSAX, COOTBETCTBYIOIIIX
N3MEHEHHUIO CPeJHero 4ncja 3JIEKTPOHOB Ha OCTPOBKE Ha eJMHUILY. Takue cTyleHdaTbie
0COOEHHOCTU HPUHATO HA3BIBATH KYJIOHOBCKOM JiecTHHIIEH. JacTo KOHTAKThl TAKOI'O THIIA
HA3BIBAIOT 00HOINCKMPOHHbLMU Mpar3ucmopamu. Huzke Mbl Oy1eM nCIIoIb30BaTh 3TOT TEP-
MUH JIj1sT 0003HaUeHUsT PACCMATPUBAEMOI0 KOHTAKTa Uepe3 OCTPOBOK.

[t Toro 9Todbl pazodbpaThbes B (pu3MUecKoil npupoje JaHHOro 3 deKkTa, paccMOTPUM
9KBUBAJIEHTHYIO CXeMy KOHTaKTa depe3 ocTpoBOK (puc. 2.1a). OcTpoBOK CBsI3aH C JIBYMsI
IIPOBOIHUKAMI, HAIIPsIzKEHIEe MeK 1y KOTOphIMU paBHO V' = Vo — V), TyHHE/IbHBIMI KOHTAK-
Tamu ¢ émkocTaMu C1 u Cy u conporusienuamu [ u Ry, a Taxzke depes émkocTb Cf — ¢

13ammceiBas aTo ycrosue uepes 3apsa, noayanm Q > |e|/2. Dto, Konedno, He o3HaUAET 6YKBAIBHO <ITOJOBIHY»
9JIEKTPOHA Ha 00KJIaJIKe KOHJIEHCATOPA, T. K. 3apsi/l 0OKJIaIKN BOSHIKAET B PE3yJIbTATE MHOIOYACTHIHOTO Y deKTa,
CBSIBAHHOI'O C [I€PEPACIIPEIeJICHIEeM 3apsijia B IEIIN.

2hdbl 6yﬂel\/l Be3J/ie IIO/I[pa3yMeBaTh, YTO TeMIIEpaTypa 3alliCaHa B 9HEPreTUYICCKUX €JINHUIAX, ITO9TOMY KOH-
cranTa BojbnMana Hurne B (popMysiax He BOSHHKAET.

3QaHUMET U3 TIEPBBIX TEOPETUHeCKNX PabOT Ha 9Ty TeMmy ObLIn paboThi [1].
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Vg
hd
a) C,
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I 1
1 1
o— —o
SR B — 1 "
R ¢ R,

0)
— —o
7 Vy

Puc. 2.1: (a) DxBuBajeHTHas cXeMa KOHTAKTa, COCTOSINErO M3 OCTPOBKA, IPAHUIAIIErO C
JIBYMsI MPOBOJIHUKAME Yepe3 TYHHEJIbHbIE KOHTAKThl U CBA3AHHOI'O EMKOCTHON CBA3BIO C
3aTBOpOM. (6) DKBUBaJICHTHAS CXeMa KOHTAKTA OCTPOBKA C HECKOJBKUMIU TPOBOHIKAMII.
B oboux ciyuassx R — 9TO TyHHEJILHOE COIPOTHUBJIEHNE.

3aTBOPOM, nMeronuM norentual V. ! TIpn 9ToM ¢BA3b ¢ 3aTBOPOM MBI OyJIEM CUUTATH YHCTO
EéMKOCTHOI1, TaK YTO TYHHEJIbHOE COIPOTHUBJIEHE 3TOI0 KOHTAKTa PaBHO OECKOHEYHOCTH U
HEIOCPEJICTBEHHBIN TIEPEHOC 3apsijia depe3 Hero HeBO3MOXKEH. THIINYHbIE SKCIIePIMEHTAJ b
Hble apaMeTpsl TakoBbl, 9To O] ~ Cy ~ 10710 @, B To Bpems Kax Cy < Cygy. Uz puc. 2.1a
CTAHOBUTCS SICHO IIPONCXOZKIEHIE TEPMITHA 00HOINCKMPOHHIT MPAH3UCTOP — TaK »Ke, KaK
1 B OOBIYHOM ITOJIYIIPOBOJHIKOBOM TPAH3UCTOPE, B 9TOM CUCTEME MOYKET T€Ub TOK MEXKJIy
JIBYMsI pe3epByapaMu, U 3TOT TOK YIIPaBJISETCS C IOMOIIbIO HAIIPsI>KEHUsT Ha 3aTBOPE.

JLJ1sT CHMMETPUYHOCTH U3JIOXKEHU yJI00HO HadaTh PAcCMOTPEHHe ¢ DoJiee o0Ieil cXeMbl
OJIHO3JIEKTPOHHOTO TpaH3ucTopa (puc. 2.16), rjie ocTpoBoK coeuHén éMrocTsmu C; U TYH-
HEeJIbHBIMU COIPOTUBJIEHUsIME R; ¢ HECKOJIbKUME ITPOBOJHUKAME, IMEIOIIUME [TOTE€HIIA/IbI
V;. Touka oTcuéra IMOTEHIINAJIOB ITPOBOJHIKOB MOKET OBITH BhIOpaHa JI00O0I; HUXKE MBI Oy-
JIeM BbIOMpaTh eé u3 coobpazkenuit ynoocrsa. The island serves as the internal plate of all
the capacitors, and denoting its electric potential as V, we can write the potential difference
on capacitor i as (V — V;). So, the charge on the island can be written as the sum of the
charges on the internal plates of all the capacitors: [insert Fig. with capacitor and signs of
the charges|

> Ci(V = V;) = ne, (2.3)

4Unnexc g — or amrmiickoro ciosa gate (3aTBop).
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which yields the potential of the island

Zi Cz‘/z + ne

V= O

(2.4)

Here n — 4mcsio u30BITOYHBIX 9JIEKTPOHOB HA OCTPOBKe (1pu 1. = () OCTPOBOK 3JIEKTPOHE]i-
TpaJieH; YNCI0 N MOYXKET OBITh KaK MOJIOKUTETbHBIM, TAK U OTPHUIATEIHHBIM, 9TO COOTBET-
CTBYeT JI00aBJIEHIIO 3JIEKTPOHOB Ha OCTPOBOK HJIM YJIAJICHHIO UX ¢ ocTpoBKa), 1 Oy = Y . C;.
(BakHO OMHUTD, 9TO OYKBa «€» YUUTHIBAET OTPUIATEIbHBII 3apsiji 9JIeKTPOHA. ) 3Hast T0-
TEHINAT OCTPOBKA, MBI MOXKEM JIETKO HAHTH 3JIEKTPOCTATHIECKYIO SHEPTUIO CUCTEMBI:

= %Z Ci(V; — V)2 (2.5)

[Toncrapisist B a1y dopmysny V us (2.4), Haiiném Boipaykerne jijist U depe3 yio6HbIe He3a-
BICHMbIE IIepeMeHHble V; u n:

1 2_; Vi +ne 2_1 2_; Ci(Vi = V) —ne ’
—52:01(%— Cy _5202 Cy,

_ %ZC (z C5(V; - v») ~2ne 30, = 3) + (nef

The middle term here disappears due to antisymmetry of z C;C;(V;—V;) under permutation
14> 7. So,

(ne)?

2Cy

1
U= pYe %,;CiCjCk(% — Vi) (Vi = Vi) +

Transforming the first term as

> CGOCVi = Vi) (Vi = Vi) = ) CiCiCh(Vi = V)V = Cs ) [ CiC(VE = ViV))
ijk ijk (4]
ZCC (V2 4+ V=21V = CEZOC Vi — V)2,

ij

we can finally write the electrostatic energy in the form

1 5 (ne)?

U:EZZCiCj(Vi_Vj) "‘E- (2.6)
R

Dopmyrna (2.6) maéT KyJIOHOBCKYIO SHEPTHIO JJisi TPOM3BOJIBHBIX n 1 V;. B 9710 BbI-

pazkeHne BXOJIUT pabOTa, BBIIOJHIEMAsT NCTOTHUKAMI HATPSAYKEHUsT (TT0/ePsKUBAOIITMI
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MOTEHIINAJIbI PE3ePBYAPOB), KOTJIAa 1 HA OCTPOBKE MEHsIeTCsl TIPU TYHHEJINPOBAHIN 3JIEKTPO-
HOB C OCTPOBKa IJIM Ha OCTPOBOK. Koria 97eKTpOH TYHHEIUPYET Ha OCTPOBOK, TOTEHITA
octpoBka, according to (2.4), mensiercst na 0V = e/Cy, u ipu 31oM 3HHEKTUBHBIN 3apsi/T
Ha émkoctsx, pasublit C;(V — V;), menstercst na C;0) = eC;/Cx. Pabora, npoussejiéntas
HNCTOYHNKOM HAIPSZKEHIS ¢ HOMEPOM k, MOCTABJISIIOIINM 3apsiji Ha OCTPOBOK, OyIeT paBHa,
(1 —Cy/Cyx)eVy, Bee ocranbhbie DJIC npousse iyt pabory —eV;C;/Cy. Paznocts Ky10HOB-
ckoit sHeprun U u pabor 9IC W mbl Ha30BEéM €cBOOOIHOI SHeprueit: F'= U — W. Cymma
npou3BeJIeHHbIX paboT D/IC paBHa

Wi = (1——)%—2‘”0 =& [ -cov-3 v
itk

& €
=& czvk—zijciw :C—Z;@(Vk—v@-). (2.7)

DTa paboTa He 3aBUCUT OT 1, TO €CTh padoTa 110 JT00ABJIEHUIO OJIHOTO IJIEKTPOHA Ha OCTPO-
BOK He 3aBHUCHUT OT TOTO, CKOJIBKO Y2Ke 3JIeKTPOHOB HaXOJUTCS Ha OCTPOBKe. B To ke Bpems
BaKHO OTMETUTH, YTO 9Ta pabOTa 3aBUCUT OT TOTO, UYepe3 KaKoil NMEHHO KOHTAKT MPOM30-
110 jrobaB/eHre 3apsija (1. e. or Homepa k). PaboTa HCTOUHUKOB [TPU HHYKEKTUPOBAHUE T,
9JIEKTPOHOB Yepe3 KOHTAKT ¢ HOMEPOM k, oueBUIHO, paBHa ngWi.

2.2 Single-electron transistor at thermodynamic
equilibrium

Bepuémcst Terniepb K U3y4eHUIO 9JIEKTPUUIECKOI 1el, moKa3aHHoii Ha puc. 2.1a. In this case,
the summation index takes three possible values: : = 1,2, g. /s Hagaia paccMOTpuM CJiy-
Jaii, Korjia cucTeMa HaxoanTest B paBHoBecni: Vi = Vo = 0 (JnccunaTuBHBIN TOK He TEUET).
B srom ciydae paboTa HCTOUHUKOB 110 JIOOABJICHIIO N 9JIEKTPOHOB Ha, OCTPOBOK OIIpe/Ie/ieHa
OJTHO3HAYHO W HE 3aBHUCUT OT TOTO, Yepe3 KaKhe KOHTAKTHI 9JIeKTPOHBI TYHHEINPOBAIN Ha
octpoBoK (k = 1 or k = 2). D1a pabora pasna W = —neV,C,/Cys. Ilocie Beranramnus
paboThl U3 KYJIOHOBCKOIT sHEeprun HailéM cBODOJIHYIO SHEPIHUIO:

(Cy + C'Q)C'ng2 + 2neC,V, + (ne)? (CyVy + ne)?

F=U-W= =
QCE 202

+ Fp, (2.8)

rae Fy = (1 — 2C,/Cx)C,V? /2. Bemmiauna Fy He 3aBHCHT OT 7, CIEIOBATEIBHO SBIISACTCH
KOHCTAHTOI U MOXKeT ObITh omyieHa u3 (2.8) 6e3 orpaHudeHuii OOIHOCTH, MOCKOJIbKY He
BJ/INSICT Ha TepeHoC 3apsijia. MuHUMU3Upyst ¢BOOOHYIO SHEPIUIO 10 OTHOMICHUIO K 7, MBI
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) ¢ P)
F/EC' 1) . R . ' ) ’ 1y

1 N 4 4 K

OQple =-C,V,/e

Puc. 2.2: BaBucsimasi ot n gactb cBoboaHoit sueprun (2.8) npu T = 0 kak QyHKIWs 3a-
pata Qo = —CyV,, naBejeéHHOro 3aTBOPOM Ha OCTPOBKE (koncranTa Fj, He 3aBHCSIIAS
ot n, oroporrena). [Ipu kaxgom n cBoboHAsT SHEprUs F umeer Bu mapabosibl. MunnMy M
cBODOOJTHOI 9HEPIUN JOCTUIAETCsI BHIOOPOM MOAXOIAIIEr0 YUC/Ia N N30bITOYHBIX 9JIEKTPOHOB
Ha OCTPOBKE, B pe3yJibTaTe peajn3yeTcss Kpubasi, n300paryKEHHas CILJIOMHON jmHueil. Mu-
HUMaJIbHasl CBOOOHAs YHEPIUsl OKA3bIBAETCSI Iepuoanieckoil pyHkmeit )y, 970 orpazka-
eT JUCKPETHOCTDb YMCJIa 3JeKTPOHOB Ha ocTpoBKe. ToukaMu 0003HaUeHbl TaK Ha3blBaeMble
TOUKH BBIPOXKJICHUSI, B KOTOPBIX OJMHAKOBOII CBODOIHOI 3HEprueii 00/1a/1al0T COCTOSIHUSI C
OTJIMYAIOINUMCA Ha €UHUILY KOJUYCCTBOM 3JIEKTPOHOB Ha OCTPOBKE.

dopmabHO TTOTyIIM n= —C,V,/e, aro coorsercTByet 3apsay Qo = —C,V,, naBeaéntnomy
3aTBOPOM Ha OCTPOBKe.”

O 1HaKO, TTOCKOJIBKY 1 — IEJI0€ YUC/I0, OHO B OOIIEM CJIydae He MOYKET OBbITh B TOUYHOCTH
paBHO QQo/e. Ha camom jesie MUHUMYM CBOOOJHOW HEPIUH JIOCTUTAETCS MPU TIEJIOM 7,
omkaiiiem K (Qp/e, T. e. JieXKaleM B JInarna3oHe

Qo 1 Qo
L L 2.9
e 2 e 2 ( )
Hpyrumu cioBamu, hopmyiia (2.8) mopozkgaeT ceMeiicTBo napabost, KaxK/ias 13 KOTOPBIX
OIMCBLIBACT 3aBUCHMOCTL CBOOOJIHOI SHEPIUM OT HABEJIEHHOIO 3apsia IPU 3aJIAHHOM 3HAa-

YeHUNU N, KaK MoKa3aHo Ha puc. 2.2. JIng jocTuzkeHns MUHUMYMa CBOOOTHON SHEPTUU TTPU

SHa npaxTHKe CJIyH9ailHO PACIOIOZKEHHbIE OKOJIO OCTPOBKA 3apsyKeHHbIE IPIMECH CBUTAIOT HABEIEHHBII 3apsiT
Ha cilydaiinyio eudauny (Qop, KOTOpas He 3aBHCHT OT Vi, HO MOXKeT M3MEHAThCA BO BpeMeHu. IToOb! ydecTh aTu
3ddeKThI, HAJI0 TepeoupeaeauTb (Qq:

Qo = Qoo — CyV,.
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n3MeHeHnun () cucrema cama OyJIET MoJCTpanBaTh n Tak, YTOObI BCErjia MMETh HAUMEHb-
MY BO3MOXKHYIO CBOOOJIHYIO SHEPIUIO [9Ta MOCTPOiiKa dnc/ia H3ObITOUHBIX 9JIEKTPOHOB 1
1 onuceiBaercst popmysoit (2.9)].

[TosTomy Oymer peagn3oBbIBaTbHCA 3aBuCHMOCTb F(Q), oKa3aHHast Ha puC. 2.2 CILIOI-
Hoit inHKeit. Taxkum obpazom, cBODOIHAsT SHEPIUsl OKA3BIBACTCs TEPUOINIECKOil (byHKITHET
(o, ITO OTpazKaeT JIMCKPETHOCTh YUC/Ia 9JEKTPOHOB Ha OCTPOBKE. BasKHO OTMETUTH, UTO
apaboJibl JJist 1 1 N + 1 1epecekaloTcs B TOUKe

1

— TaKne TOYKU HA3bIBAIOT TOYKAME BBIDOXK/IeHHsI ([IOKa3aHbl Ha puc. 2.2), cBOOOHAsI IHEP-
rust B Hux pasha e2/8Cx = E./4, tne E. = ¢?/2Cx — ecrecTbeHHast euHUIA 3aps10BOi
SHEPI'UM JAHHOI cCTEeMBI. B 9THX TOUKaX COCTOSHUE CHCTEMbI BBIPOXKICHO, T. K. JIBA PA3HBIX
coCTOsiHUsT (€ M3OBITOUHBIM YHCIOM JIEKTPOHOB 1 U 1 + 1) UMEIOT OJ[MHAKOBYIO SHEPTHUIO.
[Ipn usmenenun V;; B KazKJ10it TOUKe BBIPOZKICHUS OJIUH 3JIEKTPOH TYHHEJUPYET ¢ OKPYyzKa-
FOIIIX TPOBOJIHIKOB HA OCTPOBOK (WM HAOOOPOT), ¥ UHUCI0 U3OBITOUYHBIX JEKTPOHOB Ha
ocTpoBkKe MeHstercst ¢ m Ha 1+ 1 (mm wa n — 1). [Ipu KoHeuHbIX TeMIepaTypax mnepexo
n — n + 1 OyaeT, KOHEUHO, Pa3MbIT TeMIIepATYPHBIMU (DJIYKTYAIUIMU [I€PEMEHHO 7.
Ba:knasi poJib BBIPOXKJIEHUS COCTOMHUII CUCTEMbl B TOUKaX IiepecedeHuii mapabdoJi, co-
OTBETCTBYIOIIUX PA3HBIM 1, IPOABJIACTCA TaKzKe IPU IPUIOYKEHIH OECKOHETHO MaJIoro Ha-
npsixerns Vo — Vi, Korna V,, npoxoauT depes Toukn BeIpOXK/ieHns (1osytessie (), S/1eK-
TpoHAM He TpedyeTcs MPOXOJINTh KaKOi-11ub0 sHepreTudyeckuil 6apbep 1mpu JBUXKEHUH OT
pesepByapa 1 K pesepsyapy 2 depe3 ocTpoBok (jazke ripu T = 0), u 4epe3 KOHTAKT B 3TOM
cllydae HauMHaeT Te4b IOCTOAHHBIN 3/1eKTpudeckuit Tox. I — Vi, XapaKTepucTHKa CUCTeMbl

—] .
MMeeT, TAaKUM 00pa30M, MUKH B TOUKAX BBIPOZKICHUS. [HAPUCOBATDH T =g VS- Vil

2.3 Single-electron transistor at finite voltage bias

2.3.1 Zero temperature

PaccMoTpuM, NIpH KakKuX YCJIOBHUAX depe3 OJHOIJIEKTPOHHBIN TPaH3UCTOP MOXKET IpOoTe-
KaTb 9JIEKTPUIECKUil TOK MPU KOHEUHBIX Hamnpsxkenngax. Hauném co ciaydag T = 0. Yro-
ObI KyJI0HOBCKHUE 3(PPEKTHI He OJIOKIPOBAJIN 3JICKTPOHHBIN TPaHCIOPT, HEOOXOIMMO, YTOObI
TYHHEJINPOBaHUE 3JIEKTPOHA, Yepe3 cUcTeMy OblJIO SHepreTudecKn BhITOAHBIM. B TepMuHax
cBODOOJTHOI SHeprun F' 9TO 03HAYaEeT, 9YTO TOK Yepe3 CUCTEMY IOTEYET, ecjiu u3MeHenus F,
COOTBETCTBYIOIINE TIEPEHOCY 3apsijia, Oy/yT oTpurare/ bubl. PaceMorpuM 910 1mojipodiee.
Ucnonbsys (2.7), Haitném paboTy, BBITOJHEHHYIO 9JIEKTPUIECKIM MOJIEM [IPU TIePEeHOCe
OJIHOT'O 3JIEKTPOHA C 3J1eKTposa 1 um 2 Ha octpoBok (1pu dukcuposannbix Vi, Vo u Vy):
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e[(Cy+ Cy)Vi — CoVa + Q]

Wy = , (2.11a)
Cx,

w, = clCt Cg)‘g_ CiVi+ Qo] (2.11h)
b))

In both the cases, the change of the electrostatic energy U due to the change of electron
number on the island n — n £ 1 is only due to the last term in (2.6) and equals

AUize—z[( :|:1)2—n2]:6—2 Lin). (2.12)
QCE CE 2

Orcrosa 1o popmystam
AFT = AUTF Wy,  AF =AU W, (2.13)

Haiigém AF 1i (n) — m3meHenne F' npu TYHHEJIMPOBAHIN OJHOTO 3JIEKTPOHA C IIEPBOTO 3JIEK-
TPOJIa HA OCTPOBOK (3HAK ~+) UJIN C OCTPOBKA Ha MEPBbIil 971eKTPO/L (3HAK — ), U aHAJIOTHYHO
AFQjE — m3MeHenne F' npyu TYHHEJIMPOBAHUHM OJIHOIO SJIEKTPOHA CO BTOPOIO 3JEKTPOIa Ha
OCTPOBOK MJIM C OCTPOBKa Ha BTOPOI 3JIeKTpoj. B pesyibrare

) i
1 —
AF(n) = é_z GENT (G + Cg)vle CaVe + (o , (2.14a)
9 - Z
1 _
AFy(n) = é_z SEnTF (C1 + Cg)v?e Giit Gof (2.14b)

31ech HaM OyJ1eT ya00HO BOCIIOJIb30BaThCs CBOOO 01 BRIOOPA Hada/ia OTCIETa IOTEHIINAIOB,
BBIOPAB MOTEHINATBI De3epBYapoB 1 1 2 aHTUCUMMETPUTHBIM 00pa3oM, Tak uto Vj = —V/2,
Vo = V/2.% B pesynprare dopmyint (2.14) nepenunryres B 60J1ee IPOCTOM BUJIe, KOTOPDIIt
BMECTO TOTEHITHAJIOB JIBYX PE3ePBYapOB COJEPKUT JIUITH PA3HOCTH MOTEHIINAOB MEXKTLY

| AF{(n) = 2E, {% + (n - %) L (G SQ/Q)V} , (2.15a)
AFy(n) = 2E, {% - <n - %) T (1 + SQ/Q)V} . (2.15b)

6Komeuno, ot BbIbOpa 06We20 Havama OTCUETA BeeX TPEX TOTEHIMATOB Beamauabl AF 3aBHCeTh He JTOJKHEL.
VIMeHHO 109TOMY, eC/li COXPaHUThb CPeJIHee 3HAUeHUe MOTEHIMAaJoB Vi u Vo HEHyJeBbIM, TO STa BeJU4YuHA Vp =
(Vi 4+ V2)/2 Boitnér B dopmyisr B kombunaruu (Vo — V).
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a) AF[ (n) AF; (n+1)

1 /_\§> 2 1 (5,.?

0) AFy () AFY (n=1)

Puc. 2.3: /Ia Tuna nepenoca 3apgia npun V. > 0, B KayKJIOM cJiydae MpOIECC COCTOUT U3
JIBYX IIIaroB (ﬂeBblﬁ PUCYHOK — IIEPBBIil IIar, IIpaBblil — BTopoﬁ). HavanpHnoe ancio srek-
TPOHOB Ha& OCTPOBKE 7, TPOMEXKYTOUHOE paBHO (n+ 1) B ciyuae (a), u (n—1) B cirydae (6),
OKOHYATEILHOE YUCJIO JIeKTPOHOB CHOBA paBHO n. [o3ToMy mporece MoxKeT HOBTOPSTHCA
cHOBa 1 CcHOBa. [Iporecchl, moKazaHHble Ha pHCYHKaX (&) 1 (6), IMEIOT pas3JInIHbIe TOPOTO-
BbIE 3HAUEHNsS HAIPsKEHHs (KOTOPBIE COOTBETCTBYIOT BhinoaHenuto yeaosus AF (n) < 0
B epsoMm ciaydae 1 AF, (n) < 0 — Bo BTopom), n KyJoHoBcKas 6/10kaya mpn 1 = 0 nmeer

MEeCTO JIO TeX I0p, MOKa HallpszKeHue V' He JJOCTUTHET MEHBIEro U3 JBYX ITOPOTOBBIX 3Ha-
YeHUA.

Yrobbl Takne Mporecchl TYHHEJIUPOBAHUST CTaJd BO3MOXKHBI 1pu 1 = (0, HEOOXO MO,
q100BI cooTBeTcTBYOMMe AF ObLIN OTpUIATETLHBIME. K/ 3JIEKTPOH ITPOXOIUT, HAIIPHU-
Mep, ¢ TIePBOTO 3JIEKTPO/ia Ha BTOPOil Yepe3 ocTpoBOK (cM. puc. 2.3a), TO CyMMa COOTBET-
crBytomux AF pasna eV. [eificTBUTEIbHO, B 9TOM IIPOIIECCe

AF(n) + AFy (n+1) =€V, (2.16)

Kak cjenyer u3 (2.15), moIToMy BO BCSKOM CJIydae JIOJIZKHO ObITh BBITOJHEHO OYEBHIHOE
yeaosue Vo> 0. Ilpu 3rom, 4ToObl ObLI BOZMOXKEH KayK/blii U3 JBYX HIAIOB IPOIECCa I1e-
peHoca 3JIeKTpoHa (puc. 2.3a), JOCTATOYHO MOTPEOOBATH TOIO, YTO BO3MOXKEH HepBbIil miar:
MOZKHO TIpoBepuThb, uto ecau AF[ (n) < 0 (TyHuemmposanue 31eKTpOHa HA OCTPOBOK C
11EPBOTO 3JIEKTPOJIA SHEPIeTHUECKH BBITOHO), To AFy (n + 1) < 0 «aBToMaTHyecKu».’

7 JleficTBUTEILHO, MyCTh MBI CTAPTYeM C DAaBHOBECHOII cHTyanuu, Torja npu V = ( 9HCI0 31eKTPOHOB Ha
OCTPOBKE yJI0BJIeTBOpsieT ycyosuio (2.9), ciaemosaresnbro Beimduaa (n + 1/2 — Qp/e) nomoxurensua. Ecan mbr
Terepb MPUKJIAIBIBACM HAIIPSIKEHHe, TO, KaK BHJIHO u3 dbopmyast (2.15a), yenosue AF;H(n) < 0 BuomosmuTes mpu
oupeieIéHHOM nosiokuTesbHoM Vo (HamomunM, 4to e < 0). Orcioa cpasy sICHO, U4TO BeJMYMHA

AF2<H+1>:_C€;{<H;_%)+W1+’ZM2]V}

B 9TUX YCJIOBUAX ABJIACTCA OTpI/IHa.Te.HbHOf/'I.
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Similarly, for the second mechanism
AFy (n) + AF (n —1) = eV, (2.17)

and if the first step of the process is allowed, the second one is allowed automatically.
Note that changes of the free energies for the reversed processes are opposite to each
other:

AFF(n) = —AF (n+ 1), (2.18)
AFS(n) = —AF; (n +1). (2.19)

I3 (2.15) caeayer, 9T0 OCHOBHBIE [TAPAMETPBI, OIPEJIeJISIOIINe TPAHCIIOPTHBIE CBOMCTBA
CHCTEMBI IIPU 3aJ[AHHBIX EMKOCTSX, — 9T0 (o (T. €. moTeHuan 3aTBopa Vy, BbIpaXKeHHbIT B
eJIMHUIIAX HABEJEHHOrO 3apsijia) U Pa3sHOCTb MOTeHIua o V' Mexy pesepByapamu 1 u 2.
Brmumiem moporosble HanpszKeHnus V', Mpu KOTOPBIX AFﬂE2 3aHYJIAIOTCA:

+ e 1 Qo |
_ Z 4 —— 2.2
Vi T e,z |2 (" c ) ! (2.20a)
3 0
vE 4 2= 2.20b
th,2 Cl + 09/2 -2 (n e )- ( )

OueBuHO, 9TO IpU (PUKCUPOBAHHLIX 7 11 () CIIPABEIINBLI COOTHOIEHST Vt;rl(n) = Vtﬁ’l(nqt
1) n th(n) = Vipa(n+1).

B repmomnamuaeckom paBaoBecun, T.e. mpu V. = 0 (3T0 COOTBETCTBYET IMITPUXOBOIL
JIMHUK HA puc. 2.4), 9UC/I0 9JIEKTPOHOB N IPUHUMAET TIeJI0e 3HAUeHNne, onpeesieMoe (hop-
myJioit (2.9), Tak Kak me crapaercs IPHUHSTH 3HadeHue, Hanbojee OJU3KOe K MHIYIUPO-
BaHHOMY 3apsiay (Qo. Ecim Qg = 0, o n = 0. Ecim ke Tenephb Ha OTHOIIEKTPOHHBIIM
TPaH3UCTOP I10/IaBaTh HalIpsizKeHre V', TO 3JIEKTPUIECKUIT TOK IIPH 3TOM (Jy MOTEUET, KOT/Ia
V' nocturaer ojiHoro m3 3HavMeHni V;ﬁl = q:m N 1/;11&2 = iﬁ. C npyroii cTopo-
HBI, TIPU TTOJIyTIe/IoM (o rostydaem Vi = 0, o3ToMy KyJIOHOBCKOI Os10Ka bl HeT mpu V' = 0
B ITOJTHOM COOTBETCTBHUH C HAIINMHI BBIBOJAME IIPO KYJIOHOBCKYIO OJIOKAIy B PABHOBECHOM
caydae, IPUBEJIEHHBIMU B pazjese 2.2. IIpumep Takoit cuTyalun mokasaH 4EpPHBIM KpPY K-
KOM Ha puc. 2.4 (aHAJOIUYIHO U Jijisi PYTUX TOUYEK [epecevdeHtsi TPAHUIHBIX KPUBBIX Vi, U
mTpuxoBoit juHEM V' = () — 970 COOTBETCTBYET HAXOXKICHNIO KOHTAKTa B OJHON U3 TOYEK
BBIPOZK/ICHHUsI, YTO O3HAYAET BO3MOXKHOCTH M3MEHEHUsI 3apsijia OCTPOBKA, JazKe B OTCYTCTBHE
[PUJIOYKEHHOT'O HAITPSIKEHI.

B obmiem ciiydae, 3JIeKTPOHHBIN TpaHCIOPT OJIOKUPOBaH IPU JIaHHOM (g, TTOKa, HAIIPsi-
Kerne V' He JOCTUTHET OJIHOTO M3 MOPOTOBBIX HampsizkeHuilt Vi (Qp), Kak 9TO MPOMJLIIO-
CTPUPOBAHO Ha puc. 2.4, rjie cepast 00J1aCTh COOTBETCTBYET KYJIOHOBCKOiT Oyiokajie (HeT o/1-
HO3JIEKTPOHHOI'O TYHHE/TUPOBAHNUS ), & HAKJIOHHBIE JIMHIN — [TOPOTOBBIM HATIPSZKEHUSIM Vi,

8Unmexc th — or amrmiickoro ciosa threshold (mopor).
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I/ﬂ:’z(n :0) (Cl-C2)/2C2 Vd—l{jl(n :O)

Qe
Puc. 2.4: Kynonosckas 6ji0kajia B Koopjunarax V, — V. B gannom ciyyae 3HaueHue Ha-
NpszKeHns Ha 3aTBope Vj BbIpakeno B equnnnax Qg = —CyV, — 3apsana, KOTOpbIil 3aTBOP

HABOJIUT Ha ocTpoBKe. OIHO3IEKTPOHHBI TPAHCIOPT OJIOKUPOBaH HPpH JaHHOM (g, IIOKa
HarpsizkeHre V' He JOCTUTHET OJIHOTO U3 TOpOoroBbix Hampskeruit Vip(Qg). Cepast obractsb
COOTBETCTBYET KYJIOHOBCKOI OJI0Kaje, & HAKJIOHHBIC JITHUKM — IIOPOTOBBIM HAIIPSIZKEHUSIM
Vin, IIPH KOTOPBIX IIEPEHOC 3apsijia CTAHOBUTCSI BO3MOXKHBIM. BBhIOpaHbI cjiejytolue napa-
merpel: C7 = 0.3Cx, Cy = 0.2Cx u C, = 0.5C%. M3-3a nexoroporo cxojucrsa uryp,
OrpaHMYEHHBIX JIMHUSIMU Vi, ¢ KPUCTALIAMEI aJIMa3a 110100Hble IpadUKi IPUHITO Ha3bI-
BaTh KyAono6ckumu asmazamu (Coulomb diamonds). BHyTpu Kaxkioro «ammasza» yKa3aHo
pPaBHOBECHOE 3HAYEHNE UNC/Ia N30BITOUHBIX 9JIEKTPOHOB 7.

IIPU KOTOPBIX TIEPEHOC 3apsijia MEXKTy pe3epByapamu 1 1 2 cTaHOBUTCS BO3MOYKHBIM. Harrpu-
Mep, ecJiu HallpszkeHue V' MoJoKUTeTbHO U BHAYAJE NMEETCS COCTOSHIE C M JIEKTPOHAMUI
Ha OCTPOBKE, MEPEHOC 3apsajia MexKLy pesepByapamn 1 u 2 BosmoxkeH, ecim AF (n) < 0
win AFy (n) < 0. B nepsom caryuae (puc. 2.3a) 9/eKTpoH OyJIeT TYHHEINPOBATH U3 [EPBO-
I'0 3JIEKTPO/Ia Ha OCTPOBOK, MEHsIsI ero 3apsJi ¢ 1 Ha .+ 1, a 3aTeM TYHHEJUPOBATh JaJiblile
BO BTOPOIT 3JIEKTPOJ, BO3Bpalllas 3apsi/i OCTPOBKA K MCXOJHOMY 3HAYEeHWIO n. Bo BToOpoM
ciydae (puc. 2.30) TPAHCIOPT MPOUCKOUT HEMHOTO MO-JIPYTOMY: CHA4AAG SJEKTPOH OyIeT
TYHHEJINPOBATDH C OCTPOBKA BO BTOPOIT 3JIEKTPOJI, B PE3YyJIbTaTe Uero 3apsi] OCTPOBKA CTAHET
paBHBIM 1 — 1, a yKe 3aTeM Ha MECTO 9TOr0 3JEKTPOHA MPUJET JPYTroil U3 MepBOTO JIEK-
Tpoja. B obonx cirydasx omuCcaHHbIi IUKJI BO3BPAIAET CUCTEMY B MCXOJIHOE COCTOSHUE C 11
9JIEKTPOHAMUI Ha OCTPOBKE, IIOITOMY ITUKJI MOYKET MOBTOPATHCA JaJIbIIIe I JTaJIbIlle, IePeHOCsHd
9JIEKTPOHBI OJTMH 38 OJIHUM. JIBa ONMCANHBIX IUKJIAa UMEIOT pa3JndHble MTOPOTOBbIE 3HATE-
HUST HAITPS2KEHUs, U KyJOHOBCKas OJI0Ka/a MMeeT MeCTO JI0 TeX TOop, MoKa Halpskenue V.
He JJOCTUTHET MEHBIIEro M3 JABYX MOPOTOBBIX 3HAUEHMIT.
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e B curyaruu, m3o6paxk€énnoit Ha puc. 2.4, ¢ yseqmdenueM V' mepeHoc 3apsja, OTBeda-
oIl mepBoMy THIy (puc. 2.3a), BosHUKHeT, Hampumep, ecian 0.05 < Qp/e < 0.5,
a MEepEeHoC 3apsijia Mo BTOPOMY MexaHusMmy (puc. 2.30) — ecsm, Hanpumep, —0.5 <
Qo/e < 0.05. Buavenue (y/e, pasrpaHNIUBAIONIEe STU JIBE CUTYAIMN, B O0IIEM CJTy-
qae pasro (C7—C5) /2Cy, 1y1st ieHTpasIbHOTO «asiMasay (ato n gaét 0.05 s puc. 2.4).
Nnmenno necosnajienneM Cp u Cy 00bSICHSIETCST «[IEPEKOC» KYJOHOBCKIX AJIMA30B (Ha
puc. 2.4 OHU cjlerka HaKJIOHEHbBI BIIPABO).

e Takke B ciayuae C # Cy Bosbr-amiephas xapakrepuctuka [ (V) Gyzer, odeBu-
HO, aCHMMETPUUIHOi [B ToM cmbicie, aTo, [(—V) # —I(V)| — 310 scno yxke xoTs
OBl 13 TOTO, YTO MOPOrOBBIC HAIPSYKEHHsI, IPH KOTOPHIX BO3HUKACT HEHYJIEBOH TOK,
JUISE CJTyHaeB MOJIOZKHTEIBHOIO U OTPUIATEIBHOr0 V' OTVIMYAIOTCS 10 MOJYJIIO (CM.
puc. 2.4).

2.3.2 Finite temperatures

B nannom pasnesie Mbl paCCMOTPHUM CIydail KOHEUHBIX TEMIIEPATYp U HalJIEM 3JIeKTpute-
cKuit TOK B cucteme. OOpaTnTe BHUMAHNE, 9TO JIO CUX [1OP PEYU O BBIUYNCJCHUN HEIOCPE/I-
CTBEHHO 3JIEKTPUIECKOIO TOKA HE OBLIO — MbI JINIIL 00CYKIaJM, €CTh OH MJIN HET, a TaKyKe
KaKIMH [TPOIeCCaMi TIEPEHOCa 3apsi/ia 00eCIIeTnBAeTCsI, HO HE BBIUNCISIIN €0 BeJININHY.

[Ipu KOHEUHBIX TeMIlepaTypax CUTyalus cjioxkuee, dem 1pu T' = 0, T. K. IOMUMO BbIIIIe-
OIMCAHHBIX IIPOIECCOB IIEPEHOCA 3apsiia BOSHUKAIOT ITOIOJHUTEIbHBIE BO3MOXKHOCTH. Jlesro
B TOM, 9TO Teleph CUCTeMa He 00s3aHa HAXOMUThCS B OCHOBHOM COCTOSIHUE (B UaCTHOCTH,
Teleph YUC/I0 9JEKTPOHOB HA OCTPOBKE MOYKET OBITH HE pABHO TOMY, KOTOPOE MOy YaeTCsT U3
VCJIOBUSI MEHUMYMa CBOOOJIHOM 9HEprun, Kak Ha puc. 2.2 u B popmyiie (2.9)) u HeoOX0 MO
VUIUTBIBATH TOT (DAKT, 4TO JIHOOOE COCTOSIHUE MOYKET OBbITh 3aHATO C HEKOTOPOIl BEPOATHO-
CTBIO, U MO3TOMY €CTh BEPOSITHOCTH MEepPeX0Jia MEKIy PA3IUIHBIME [apaMu COCTOSHUiT (u
HE TOJIBKO B TOYKAX BBIPOXKIEHUsI). DJIEKTPUUECKHUN TOK, TEKYIHH Iepe3 OJ[HOIIEKTPOH-
HBIIT TPAH3UCTOP, MOYKET ObITH HAlIeH C MOMOIIBIO MOIX0a, UCIOJIb3YIOMIEro AMCKPETHDII
BaApUAHT KMHETHIECKOTO ypaBHeHHs (master equation), ONMCHIBAIONINI BEPOSITHOCTH Ha-
XOZKJIEHUST CUCTEMbBI B COCTOSTHUSIX C PA3JIUIHBIME 1 Ha OCTPOBKE.

BeposiTHOCTH TYHHEINPOBAHUS JIEKTPOHA U3 IIEPBOTO Pe3epByapa Ha OCTPOBOK B €1l
HUIY BPEMEHHU MOXKHO HANTH ¢ MOMOIIBIO 30J10TOro tpasuia Pepmu [, 0]

Fv(zllm—kl =2 %\MF / dey / deo p1(er)poleo) fi(er) [1 — foleo)] 6 (AFT (n) 4+ €g —€1) |

(2.21)
rjae M — MaTpuYHbLIA 3JeMEHT raMUJILTOHHAHA B3aUMOJIEICTBUS IIEPBOrO pe3epByapa 1
OCTPOBKa, SHEPIUH €] U €y MbI GyjeM oTcuuThiBaTh oT sxeprun Pepmu,” pi(e) u po(e) —

9Bo0b11ie-TO PN TAKOM OIIPEJIeJIeHIN SHEPTUN HUZKHIE IIPeJIesbl HHTEIPHPOBAHNS B (hOPMyIIe (2.21) noszkHBL
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IJIOTHOCTH OJITHOJIEKTPOHHBIX COCTOsIHUIT B IEPBOM pe3epByape U Ha OCTPOBKE COOTBET-
crBerno, fi(e) u fo(€) — byHKIUS pacipeiesieHns 3JeKTPOHOB B MEPBOM pe3epByape u
Ha OCTPOBKE COOTBETCTBEHHO. MHOXKUTeIb 2, BbIJIEJICHHBI B HPaBOil 9acTH, yINTHIBAET
JIBe BO3MOKHBIe mpoekinn crmHa. Muoxkuresns fi(e1)[1 — fo(eg)] onpesernsier BeposiTHOCTD
TOTO, YTO 3JIEKTPOH C SHEprueil €; nMeercd B 3JEKTPOJIE, a COCTOAHNE C dHEprueil €, me
3aHSITO Ha OCTPOBKE (TakK yYUTHIBAETCsI (DEPMU-CTATHCTUKA JIEKTPOHOB, T. €. MPUHIUI 3a-
npera [laysin). 3akoH coxpaHeHus SHEPTUE IPU TYHHETMPOBAHUN 0beciednBaeT d-DyHKIHsT
B (2.21).

Yupocrum Bbipazkenue (2.21), npeiiosiarast pactpe/ie/ieHre 3/IeKTPOHOB B pe3epByapax
1 Ha OCTPOBKe paBHOBeCHBIM (hepmueBckiM (the chemical potentials are not shifted because
the voltage bias V' is taken into account through AF' and energy conservation):

1

Jle) = exp(e/T)+ 1

(2.22)

[Tocsieree jomnyienne (Ipo OCTPOBOK) CIIPaBEINBO, €CJIN XapaKTepHble pa3sMepbl 0CTPOB-
Ka MHOro OOJIbIIe, YeM Heylpyras JUIMHA [pobera 3J1eKTpoHa. Jjis HpocToThl Mbl OyieM
CUNTATHL, YTO XapaKTepHOe paccrodHue 0F MexKJy YpOBHAMU SHEPIUHE OCTPOBKA MHOIO
MEHBIIIe, 9YeM TeMIIEPATYpPa — B 9TOM CJIydae CIEKTD YPOBHEl MOXKHO CYMTATL HEIHPEPbIB-
HbIM (0000IIeHNe Ha C/Iydail JUCKPETHOrO CIeKTpa MOXKHO HAfTH B CIENUATbHON JinTepa-
type |5]). Torma B dopmyse (2.21) MbI MOXKEM 3aMEHUTH ILJIOTHOCTH COCTOSIHUN B MEPBOM
pesepByape U Ha OCTPOBKE Ha KOHCTAHTBI (3TO Xopolliee Npub/IMzKeHne B MeTajiie BOJIN3NI
noBepxuocT Pepmit), 4T0 JaéT

o0 o0

i = 1Rl / de; / deo fer) [1 = f(e0)] 8 (AFF(n) + e — 1), (2.23)

)

—0o0
rjge Ry — conpoTuBiIeHHe KOHTAKTa MEKIy IIEPBBIM 3JIEKTPOJIOM M OCTPOBKOM, KOTOPOE
MBI HaILm OB, ecan 661 Bece EMKoCTH Ha puc. 2.1 ObuH GeCKOHETHBIME (T. €. He ObLIO Obl
KysIoHOBCKIX 3dexroB — we will check this below):

1 e’

= —4 M|?. 2.24
R 7 Wﬂoﬂl\ | ( )

Nenonbsys coornomenne [ de f(€)[1 — f(e — E)] = —E/[1 — exp(E/T)), naitnéum

o o _ 1 —AFf®n)
n—n+l €2R1 1 —exp (AFft(n)/T)

OBITH paBHBI — F, 9T0 cooTBETCTBYET JIHY «(bepMu-Mopsi». OIHAKO 3JIEKTPOHBI C TAKUMY SHEPTUSIMEU HE AT BKJIa-
Jla B TPAHCIOPT (TPAHCIOPT 06ECHeInBACTCS SJIEKTPOHAMI U3 OKpeCcTHOCTH SHeprun PepMu, 9To COOTBETCTBYET €]
u €y BOJIU3U HYJIsT), TIO9TOMY MOXKHO 3aMEHUTh HUKHUE IPEJIEJIbl HA —00.

I

(2.25a)




I'JIABA 2. COULOMB BLOCKADE. 36

— dopMyJia ¢ HIZKHIM 3HAKOM IOy JaeTCsI AaHAJOTUYHO BBINIEONICAHHOMY 1 COOTBETCTBY-
eT MEepPeHOCY 3JIEKTPOHA U3 OCTPOBKa B IepBbIil pesepByap. [Ipum T' = 0 310 BBIpaxkeHue
CBOJIUTCH K HYJIIO 1IpU AFli > 0 (uro coryacyercst ¢ pesysibraramu pasiena 2.3.1) n K
‘AFf—L} /e*Ry 1upn AFli < 0. Harsgubnii usndeckuilt ¢cMbICT BeJIMYUHBL 11 B TOCTICTHEM
ciydae TakoB: [' = 1/7, nje 7 — Bpemsi, B TedeHre KOTOPOTO OJIMH 9JIEKTPOH TTePEHOCHTCSI
13 pesepByapa Ha OCTPOBOK (3HaK —+) win o6paTHO (3HAK —).

AHAJIOTUYIHO TTOJTYyYa0TCsl BEPOATHOCTH TYHHEJIMPOBAHWS B €JMHUIY BPEMEHU U3 BTO-
pOTO pesepByapa Ha OCTPOBOK ¥ 0OpaTHO, HYKHO JIAIIb Be3jie B opmysie (2.25a) unjeke 1
3aMeHUTDb Ha 2:

(2) 1 —AF; (n)

r = ' '
n—n=+l €2R2 1 — exp (AFQi(n)/T)

(2.25D)

e We can now check the physical meaning of Ry and Rs. Consider, for example, R;. In
the absence of Coulomb effects, we have AF;"(n) = eV, then

1
m elV (2.26)

T — . :
ot 2R 1 —exp (—le|V/T)

The meaning of this result becomes obvious in the limit of "= 0, when at V' > 0 we

can write v 1 It
= S= (2.27)

n—n+l ‘6|R17 T |€‘

We see that our definition of Ry provides the correct Ohm’s law I = V/R;.

r

[Tocko/ibKy MBI OyjieM HHTEpPecoBaThCs CTAIMOHAPHO cuTyarnuneil (yecTaHOBUBIIUIICS pe-
JKIM ), CDEeJIHUI TOK U3 [IEPBOIO pe3epByapa Ha OCTPOBOK PaBEH CPEJHEMY TOKY ¢ OCTPOBKa,

BO BTOPOIl pe3epByap N MOYKET ObITh HAIlMCAH CJICLYIONIM 00pasoM: "

I(V) =€ Z p(”) {Flelm—l T Fo(zllm—i—l] =€ Z p(”) {Fv(”?lm—f—l o F7(121>n—1:| ) (228)

rjie p(n) — BEPOSITHOCTH HAXOXKJIEHHUsI 1 9JIEKTPOHOB Ha OCTPOBKE, JieKalllasi B MHTEPBAJIe
0 < p(n) < 1. Oupegenus

Lponi1 = Fv(allnnLl + F7(12ln+17 (229&)
Ty =TW 41 (2.20b)

— IIOJIHbIE BEPOSITHOCTU COOTBETCTBYIOIINX U3MEHEHUIl duc/ia 3JJeKTPOHOB Ha OCTPOBKE B
eJIMHUILY BDEMEHH (IIPU 9TOM HEBAYKHO, Yepe3 KaKoii U3 JBYX KOHTAKTOB IPUIIET WK YIIIET

103naku BrIGpanb TakuM 06pazoM, uTo hopmyta (2.28) ompejiesseT TOK, TeKYIIHi clipaBa HaJeBo (U3 pesep-
Byapa 2 B pesepByap 1). lImenno mosromy Tok y Hac Oyzaer mosoxkurebHbiM ipu V = Vo — V) > 0.
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9JIEKTPOH ), MBI MOYKEM 3AIICATH KHHETHIECKOe ypaBHeHIe, KOTOPOMY p(1) yJIOBIEeTBOPSIET
B 00IIeM ciIydae:

dp(n)
dt

= p(n + 1)Fn+1—>n + p(n - 1)Fn—1—>n - p(n) (Fn—m—i-l + Fn—m—l) . (230)

Tounee roBops, 3TO ypaBHEHHE HYXKHO 3alllCATh [PU KAXKJIOM 7, 9TO JAET CIEIICHHYIO
cucremy ypasuennii. [IpaBast gacth ypasaerust (2.30) COMEpyKHUT MPUXOHbIE UICHBI (13
COCETHUX COCTOSIHUIN) U yXOJHbIE YJIeHbI (COOTBETCTBYIOIIIE [IEPEX0aM B COCEHUE COCTO-
STHUSA ).

B crannonapnom pexkime (pekuMe yCTaHOBUBINEToCsi Toka) p(n) He 3aBUCHT OT Bpe-
MEeHHU, TOIJIa MPOM3BOjHAs B JieBoil dacTu (2.30) paBHa HYJIO, 1 MbI [OJIyYaeM PA3HOCTHOE
ypaBHEHIe, 13 KOTOPOro MOKHO HaiTi p(n):

p(n + 1)Fn—|—1—>n + p(n - 1)Fn—1—>n - p(n) (Fn—m—i—l + Fn—m—l) =0 (231)

¢ ycsoBueM HOpMHPOBKU » . p(n) = 1 u ¢ rpammdnbiMi yeuoBusmu p(n — £o0o) = 0
(the latter follows from the normalization condition, since the series must be convergent).
Equation (2.31) actually follows from a more general statement known as the detailed
balance condition:

p(n)lsnsr = pn+ D5, (2.32)

— 9TO COOTHOIIEHNUE TOBOPUT O TOM, UTO B CTAIIMOHAPHOM DEZKUME MEZK/TY JBYMsT COCETHUMN
COCTOSTHUSIMU B CPEJIHEM TIePEeX0JI0B HeT (T.K. MepPeXojibl TYja U 0OpPATHO IPOUCXOJSAT C
OJIMHAKOBOII 4acTOTOiH).

Jasiee, B npuHIIe, 3a/1a9y MOKHO PEIaTh YUCIEHHO:

1. Haxoaum m3menerust cBOOOIHON SHEPIHN AFli(Q)(n) o opmyam (2.15).

2. Haxomum ckopoctn niepexojios I' o dopmymam (2.29) u (2.25).

3. Haxojmm BepositHoCTH p(m) U3 ypaBHEHHil JgeTaabHOrO paBHOBecus (2.32) ¢ rpaHmd-
HBIMU YCJIOBUSIMU M YCJIOBUEM HOPMUPOBKHU.

4. Beraucssiem Tok (V) mo dopmyie (2.28).

3102KeHHBIIT METO/T BLIYUC/IEHIST TOKA B OJIHOIJIEKTPOHHOM TPAH3UCTOPE OOBIYHO Ha3bIBa~
10T opmodokcanvrvim memodom (orthodox theory). Tlogpobroe nsmoxenne sT0ro MeTo/IA
MOXKHO HaiiTu B 0630pax [7].

Bosmmsu Toukn Beipoxkienus, nupu V. — 0, MOXKHO HallTH aHAJTUTUYECKOE pellleHne pas-
HOCTHBIX ypaBHeHuit (2.32). s onpesenéurocT OyJgeM HCKATh pereHne BOJIM3U TOU-
ku (Qo/e = 1/2, V = 0), ormedeHHOll 96pHBIM KPY>KKOM Ha puc. 2.4. Bymem mpesro-
JaraTh, 4TO TEMIIEPATypa MaJja 110 CPABHEHWIO ¢ KYJIOHOBCKOil sueprueii: T < E,. (e
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n=-2 n=-1 n

B N N

Puc. 2.5: CocrosiHua cuCTeMBl ¢ Pa3/JMYHBIM 7. — YUCJIOM H30BITOUHBIX 3JIEKTPOHOB Ha
ocTpoBKe. CTpesKaMn ITOKa3aHbl I1epexo/ibl, KoTopble npn 1' < FE, He NMET 3KCIOHEH-
nmasibHolt MasocT B cuity exp(—2FE./T) < 1. OcraibHble Tepexo/bl SKCIOHEHIHATBHO
II0JIaBJICHBI.

E. = €2/2C5). BausocTb K TOYKe BBLIPOZKJIEHUs] O3HAYACT, YTO OTKJIOHEHHe HaBeJEHHOIO
3apsjia OT TOYKU BBIPOXKJICHU, OlIpeJlesIdeMoe KakK

00Qo = Qo — g, (2.33)
maiié: |0Qo/e| < 1. Torma dopmysst (2.15) mpu n # 0 nator
AF} (n) =~ AFS (n) ~ 2nkE,, n # 0, (2.34a)
a mpu n # 1 nosydaercs
AF; (n) = AF, (n) = 2(1 —n)E,, n#1 (2.34b)

— BCE 3THU BEJIMYMHBI 110 MOJLYJIIO BO BCIKOM CJlydae He MeHble 2K, ciejoBare/ibHO MHOIO
00JIbIIIE TEMIIEPATYPHI.

N3 dopmyn (2.25) u (2.29) torma cieayer, 910 [ ;11 SKCIIOHEHIIHATIBHO MO/IABICHDI
npu n > 0 B custy exp(—2FE,./T) < 1, a I'),_,,,_1 9KCIIOHEHIINAJIBHO TIO/IABJIEHbI TAKUM JKe
muOKuTeeM 1pu 1 < 1 (puc. 2.5). Torma u3 ypaBHeHHs [eTaabHOrO paBHOBecHs (2.32)
caestyet, ato Bee p(n), kpome p(0) u p(1), MaJIbI B CHITY TOTO YK€ CAMOTO 9KCIIOHEHITHAIBHOTO
MHOYKUTEJIS: IeHCTBUTEIbHO, €CJIN MEYK Iy KaKoi-/Inbo0 Iapoii coceIHNX YpOoBHE Ha puc. 2.5
UMeeTCsl JIMIIb OJIHa CTPeJIKa, 3TO 03Ha4daeT, 4To ' oOpaTHOro 1mepexoja SKCIIOHEHIIAaIbHO
MaJia, 1 TOTJIa B YCJIOBUU JIETAJIbHOIO paBHOBecHst (2.32) 9KCHOHEHIHATBHO Maiyto [T B oji-
HOIT CTOPOHE HEOOXOIMMO KOMIIEHCUPOBATH SKCIOHEHIINAIBLHO MaJIbIM P B JAPYToil CTOPOHE.

Takum obpazom, HyKHO yauTbiBaTh ToJabKO P(0) 1 p(1) (1. K. Mexkty yposusamu 0 u 1
Ha puC. 2.5 UMEIOTCsI CTPEJIKN B 000X HalpaBjieHusx). 3 (2.32) u ycaoBus HOpMIPOBKH
OJIy JaeM

p(0)lo—1 = p(1)T1-0, (2.35)
p(0) +p(1) = 1. (2.36)
TO, 4qTO 3aJa49a IIpU HUSKHNX TeMIIEpaTypaX CBOAUTCA TOJIBKO K IBYM COCTOAHUAM CUCTEMBI,

HAIJISIIHO BUJIHO M3 pHC. 2.2, T.K. B OKPECTHOCTH PaccMaTpuBaeMOil HaMU TOYKU BBIPOXK-
JIeHNs1 OJIM3KN SHEprun MMeHHO coctosgHuii ¢ n = 0 u n = 1, a Bce ocTajbHbIE COCTOSTHUA
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JIe’KaT BBINIE TI0 SHEPTUH, 1Mo Kpaiineit Mepe, Ha 2F,.. Pemenne 3Toil cucremMbl ypaBHEHUI
Jnaércest hopMyIamn

_ F0—>1
Tos1 +Tis0

_ I‘1—>0
Lo+ T’

p(0) p(1) (2.37)

Crofla Hy?KHO TOJICTaB/IsITh Besqmanubl [, onpenesnénnsie o dhopmynam (2.25) u (2.29) ¢
IOMOIIHIO BBIPAYKEHUIT JIJIsT m3MeHeHu ¢cBo6o 1HOM sHeprun (2.15):
. 0Qo — (02 + 09/2)‘/

AFF(0) = —~AF7(1) = —2E, : , (2.384)

0Qo + (C1+C,/2)V

e

00 — —(1) —
AF;(0) = —AFy (1) = —2E, (2.38D)
— VIMEHHO 9TH BeJIMYNHBI He BOILIN B (bopMysibl (2.34), T. K. MaJibl [0 CpaBHEHUIO ¢ F,, un
VMEHHO 9TH BEJIMIUHBI OIPEJIE/ISIOT Bhipazkenus B opmyax (2.37).

Tenepsb Jierko HAWTH JEKTPUUIECKUI TOK, BOCIOJIB30BABIIICEH hopMmysioit (2.28):

2 1 1 2
02,00, - 0,12,

I(V)=e
V) Lo+ 150

(2.39)

OTcrozia MOZKHO HOJTyYUTh IPOCTyio hopmMyity st Kongaktanca'l G = dI/dV npu V — 0.
Jljst 9TOr0 HaJI0 PasIoKUTh YnucanTe b (2.39) 10 mepBoro mopsijaka 1mo V| a 3HaAMeHaTelb
JIOCTATOYHO B3sTh B HYJIEBOM INpHOJIMKeHNU. B pesysbrare HaAXOAUM JIMHEHHBIH KOHIAK-

TaHCZ12

G- 1 1 e6Qy/CxT
2 Rl + RQ sinh(e 5@0/CET)
Jlerko moxkasatb, 4TO 3Ta (hopMyJia B JIefCTBUTEIbHOCTU CIIpaBeIInBa BOJIM3H JIF000I TOU-
KU BBIPOXKJIEHUsI, ecjiu 1101 d()y IMOHUMATh OTKJIOHEHHEe OT COOTBETCTBYIOIIErO II0JIYIIE/I0I0

3Ha4YeHUAg:

(2.40)

5Q0 = Qo — (2k + 1)%. (2.41)

MakcumasibHoe 3HadeHre KoHjgakTanca B hopmyiie (2.40) ompe/iesisercst TyHHEIbHBIMUI
corpotuBienusaMu [y n Ry. XapakTepHble BEJIMIMHBI 3TOTO MAKCUMAJIHLHOTO KOH/IAKTAHCA
BOJTM3M TOUYEK BLIPOK/IEHNS B PEATbHBIX SKCIIEPUMEHTAX MOTYT COCTABIATH JIECATHIE IO
KBaHTOBOI'O KoHJaKTaHca G, T.e. 10 HOPSIKY BeJMUNHBI IPIMEPHO 107° Om L.

U3ty pesmmrauny MOXKHO HA3ZBIBATH TTPOBOJMMOCTLIO (HJTH, TouHee, MuddepeHImATLHO TPOBOIIMOCTBIO), OTHA-
KO MBI OyJIeM HCIIOJIB30BATh TEPMUH KOHAGKMAHC, B TIOCTIEIHEE BPEMsI YCTOSBIIHUICSA B PYCCKOSI3bIYHOM JIuTEpaType.
12V 106HbIE TTEpeMeHHbIE [T STOTO BBIUNC/ICHMST:

6(5@0 6(01(2) + Cg/Z)V
q= ) v1(2) = .
CET CET

B pamkax HAIIUX [IPEJIIOIOKEHHsI ¢ MOXKET ObITh IIPOU3BOJIBHBIM (KaK GOJIBIINM, TaK U MAJEHbKUM), & v12) — 0.



I'JIABA 2. COULOMB BLOCKADE. 40

2.3.3 More general cases

ObcyauMm Terepb BKpariie OoJiee 00IIe CUTYaIlNL.

Ha puc. 2.6a mokazana 3aBUCHMOCTHL JIMHEHTHONO KOoHJaKkTaHca (G OT TOTEHIMAJIa 3a-
TBOpa (MHBIME CJIOBaMHU, OT (Jg) TPU pPA3HBIX TeMIepaTypax. YBeIMdeHne TeMIIePATypPhl
COOTBETCTBYET Iepexoly K 60jiee BHICOKOJIEXKAIUM KPUBbIM. [IUKI COOTBETCTBYIOT TOUKAM
BBIPOZKJICHNUST U TIPH HU3KHUX TeMIIEePaTypax OMIChIBAIOTCs hopMmyJtoii (2.40), oTKy1a BUIHO,
YTO MUPUHA ITUKA YMEHBIINAETCsI ¢ YMEHbIIIeHIEeM TeMIiepaTypbl. [lapaMeTpsl, Ipu KOTOPBIX
noctpoet rpaduk 2.6a, coorsercrByior . ~ 9 K, nosromy dopmyiia (2.40) npumenuma Jjist
TPEX HUZKHUX KPUBBIX (J7Ts1 KOTOPBIX BBIMOHEHO yeaoBue T < E,.) — B 9aCcTHOCTH, BBICO-
Ta IMKa B equHuIax rpacduka npuMepto pasna h/4e?(R; + Ry) ~ 0.05 B cooTBeTcTBUN C
npejckasannem dpopmyiibl (2.40). s camoit Bepxueit kpusoit (T = 4 K) pacxoxenue ¢
dopmyoit yxke 3ameTHOE, T. K. yeaoBue T’ < F, BBITIOJHAETCS XyKe.

Ha puc. 2.66 orrenkamu ceporo nmokaszan juddepenimaibibiii Konjgakrauc G = dI /dV
B 3aBUCUMOCTH OT IIOTeHIMaJsa 3aTBopa V, 1 HalpskeHus Mexkjy pesepsyapamu V. Ky-
JIOHOBCKas OJIOKaJa MMeeT MeCTO B IEHTPAJbHOM TOPU30HTAJILHOM Py <«aJMa3oBy. B
OCTaJIbHBIX PsIjIax «aJMa30B» OJIOKaJIbl yKe HET, OJHAKO BUJIHA CJOXKHAsl CTPYKTypa, CO-
CTOSAIIAS U3 «aJIMa30B» C HEHYJIEBBIM KOHJIAKTAHCOM. DTa CTPYKTYPa CBsA3aHa C OTKPbITHEM
1 3aKPLITHEM KaHAJIOB MEPEHOCa 3aps ia P Mepecevenn JIMHNN MTOPOTrOBLIX HAIPSKEHNI],
COOTBETCTBYIOIIUX PA3JIITIHBIM 7.

Biinsinue koHeuHOro paccTostHust 0 F MexK 1y YPOBHSIMU OCTPOBKA Ha KYJIOHOBCKYTO 0.J10-
Ka/Iy ITPOMJLIIOCTPUPOBaHO Ha puc. 2.7. Jlo cux 1mop Mbl 00Cy»K1a/ TaK HAa3bIBaeMbIil Me-
TaJJINIeCKuil 1Ipejient, korja 0 F < T, moaToMy ClieKTp YpOBHEl OCTPOBKA MOXKHO CYUTATD
HEIPEPBhIBHBIM, KaK B 0OBITHOM MeTajuie. IMeHHO 9TOT mpe/ies mokasan Ha puc. 2.7a (31ech,
B OTJINYHE OT IPEJIbIIYIIEro PUCyHKa, KYJOHOBCKON OJI0Ka e COOTBETCTBYIOT Oesible 00J1a~
CTHU, a KOHEYHOI MPOBOJUMOCTU — TEMHBIE, TaK 9TO MPUHIUIUAILHBIX PA3INInil MEXK Ty
puc. 2.7a u puc. 2.66 wer). Puc. 2.76 nokaspiBaeT MpOTHBOIOJIOKHBIN mpejent, 0F > T
B KOTOPOM 3JIEKTPOHBI B OCTPOBKE MOT'YT HAXOJUTHCs JIUIIL Ha HECKOJbKUX JUCKPETHBIX
ypoBHsix. HeobxomnmMo oTMETUTE, YTO «ajMa3bly», BHYTPU KOTOPBIX UMEET MECTO KYJIOHOB-
cKas OJIOKa/a, COXpAHIIOTCS, & BHYTPU IMPOBOJANINX 00J1aCTell KOHJAKTaHC YBETNINBACTCS
He HEIPEPBIBHO, a TOJILKO KOTJIa JIONOJHUTEILHBIN JUCKPETHBI yPOBEHb HAUNHAET yIACT-
BOBAaThb B TpaHcropTe. MIMEHHO ¢ 9TUM W CBA3aHbI OeJible YIacTKU BHYTPHU MPOBOJISIIIX
obJtacreil — B HUX TOK KOHEUEH, HO dudihepenuuanvruili KOHTAKTAHC (KOTOPBIH 1 MOKa3aH
Ha PUCYHKE) paBeH HyJIIO.

2.3.4 The case of Ry > Ry at T'=10
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Puc. 2.6: (a) Jluneitaoiit kongaxkranc (G = dI/dV nupn V. — 0) B 3aBHCHMOCTH OT IIO-
TEHIAJIa 3aTBOPA IIPU Pa3HBIX TeMIlepaTypax. ¥BeJndeHle TeMIIePaATyPbl COOTBETCTBYET
nepexojty K 0oJiee BbICOKOJIEKAITIM KpUBbIM. (6) OTTeHKkaMu ceporo nokasas janudadepen-
nuaybHel KonjgakTanc G = dI/dV B 3aBHCUMOCTH OT HOTEHI[HA/IA 3aTBOpa Vj U HAIps-
JKeHUsT MexKTy pesepByapamu V. HyseBoit KoHjgakTaHe 0603HAYEH 9€PHBIM (II€HTPAJIbHBII
POPU30HTAJBHBII Psiji «aJIMa30By ), GoJiee CBET/Ible TOHA 0DO3HAYAIOT KOHEUHBINH KOHJIAK-
taHc. Oba rpaduka MOCTPOEHBI IIPHU MTapaMeTpax, OJN3KNX K peabHbIM SKCIIePUMEHTaM:
R, = Ry = 60xkOm, C} = Cy = 50 - 10718 @, Cy = 2- 1018 . [I'pacdbuku B3sTH 13
mucceprain E. Pallecchi (Perencoypr, 2009)].



I'JTABA 2. COULOMB BLOCKADE. 42
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Puc. 2.7: Inddepennnanbueiit konpakranc G B koopaunarax V, — V. Besble obiactn
cooTBeTCcTBYIOT HysneBoMy (G, Témuble — KoHedHbIM (. Uem TeMHee OTTEHOK, TeM 00JIb-
e KoHjakTanc. (a) Meraymaeckuii mpejiesi, MpeHEOPEKUMO MAJIoe PACCTOSHIE MKy
VPOBHSIMHI 9HEPI'UN OCTPOBKa (HempepbiBHBI crieKTp): 0E < T B 10 ke Bpems T < E,.
(6) Ciyuail AUCKPETHOTO CIEKTPa OCTPoBKa, 0L >> T'. OcTalibHble MapaMeTphbl Te ¥Ke, 4TO
n s rpaduka (a). [[padukn B3arer nu3 aucceprarun M. Hotheinz (I'perno6ss, 2006)]
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Superconducting systems
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Andreev reflection

3.1 Josephson current carried by Andreev bound
states

By = A\/l — T sin?(¢/2)

Z \/1 _Ejf D) [np(=Ea) = np(Ea)]

Tisin E4 1
tanh =2 E) = 3.1
Z\/1—7'sm (p/2) T i (E) exp(E/T) +1 &)

The current—phase relation is generally non-sinusoidal. At the same time, the obtained

result may be used to illustrate the general statement: I(p) becomes sinusoidal in two
limitings cases:

e At 7, — 0 (low-transparency junction, tunneling limit), the square root in the
denominator is approximately 1, and we obtain

. eA A A A
I(p) = I.sinp, Ic—tanh—<z7;> =35 tanhﬁ Gy.

e At T — T, the order parameter becomes small (A — 0), and expanding the
hyperbolic tangent, we find

_ e\? 7TA2
I(SO) - ICSH1§07 I, 4hT ZT

Later we will again obtain the Josephson effect with only one harmonic from the

Ginzburg-Landau equations.
44
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Note that in both the cases, expression for the normal-state conductance Gy = G, >, T;
is the same, however, the values of Gy may strongly differ from each other (in particular,
in the case of T — T, transparencies can be arbitrary).

Higher harmonics are important at low temperatures and high transparencies (their
amplitudes are of higher order with respect to transparency).

An interesting limiting case is that of zero temperature (7" = 0) and of ideal junction
(7; = 1). The general expression (3.1) then yields

: eA
I(gp)z[csmg-sgn <COS§), Zl——GN



I'1aBa 4

Stationary Josephson effect

4.1 Feynman’s derivation of the Josephson relations
Two condensates are described by two (macroscopic) wave functions:
YL = /nre'r, VR = /e’

At voltage bias V, the energy difference between the two superconductors is 2eV (since the
charge of Cooper pairs is 2e). The Schrodinger equation for the two-state system:

g ()~ (4 5 ()

ot npe'fr K —eV npe'fr

where K describes how the two condensates talk to each other |[here, K is real while complex
K would imply breaking of TRS and shift of the ¢ phase in expressions below].
Introducing the phase difference ¢ = pr — 1, we write the first equation as

\/hL + Z'\/TLL@L = —%(€V\/TlL + K nRei‘p).
The real and imaginary parts of this equation yield
: K '
vnp = E\/nR sin @,
, 1
JLgr = _ﬁ(ev\/ﬂ + K+/ngcos p),

and then
: 2K .
TLL:7 nrngrSsin e,
1 ngr
op=——(eV + K, [— .
pr= 5V + K\ [T cosp)
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Similarly, for the right superconductor, we find

: 2K :
nR:—? nrngsin g,

1
@R:ﬁ(eV—K Z—;coscp).

Let us assume that the two materials are equivalent, hence the junction is symmetric in this
sense, and the superfluid densities are nearly equal, n;, = nr = ng. At the same time, time
derivatives ny and nr demonstrate how the densities would like to change (if the superfluid
densities were not maintained by external reservoirs). The time derivative of the density is
proportional to current, so we obtain

1. The first Josephson relation: I(t) = I, sin p(t).
2. The second Josephson relation: ¢ = 2eV (t)/h.

The case of nonzero V is called the non-stationary Josephson effect. The case of V' = 0,
when ¢ does not vary in time, is the stationary Josephson effect, and below we will consider
this situation. Note that the first Josephson relation implies time-independent supercurrent
(determined by the phase difference) in this case.

4.2 BsBenenmne

Tepmun appexm Jlowcozedpcona B HacTosIee BpeMst OTHOCUTCS K COBOKYITHOCTH SIBJIEHUIA,
NMEIOIINX MECTO B KOHTaKTaX JIBYX CBEPXIIPOBOJIHMKOB depe3 cyiadbyio cBs3b. B 1962 romy
MOSIBIJIACH KOPOTKasi TeopeTudeckast pabora anryuiickoro dbusuka b. 1. lzxkozedcona [13],
TJIe MCCJIeIOBATICS TYHHEIbHBIN 1epexo/l (KOHTAKT CBEPXITPOBOHUKOB Y€pe3 MPOCIONKY JIH-
9JIEKTPUKA) 1 ObLIO MpejicKa3ato JBa dddexra: 1) uepe3 KOHTAKT B OTCYTCTBUE MPILIOXKEH-
HOI'O HAIPSKEHUsT MOXKET Tedb MOCTOSTHHBIN CBEPXIIPOBOJSIIIN TOK U 2) MPU KOHETHOM
HaIpszKeHnn V' depe3 KOHTaKT IOMHMO OOBITHOI'O IOCTOSHHOIO TOKa, Oy/IeT TaKyKe Tedb
[IEPEMEHHBIN CBEPXITPOBOJISIIIII TOK YacToThl w = 2eV /.

DTO npejcKazaHne ObLIO BeCbMa, HEOOBIYHBIM U BBI3BAJIO CEPHE3HBIE CIOPHI, B KOTOPHIX
HEKOTOpbIe yUYEHBIE, B TOM 4YHUCJIE€ BeCbMa MMEHUThIE, CTaBUJIN IIpeJicKa3aHHbie 3(DEEeKThI
110/1 comHenune. HesaBucumbie BEITUC/ICHUS JPYTHUX TEOPETHKOB, OJHAKO, TOKA3aJIU ITPABUJIb-
HOCTb pe3yJsibTaToB J:ko3edcoHa, a 3aTeM OHH ObLIN IOATBEP:KJIEHBI U SKCIIePUMeHTOM. B
1973 rony /xxo3edcon mosydni 3a ¢cBoé oTKpbiTHe HobesleBcKyo mpemuio.

JlaybHeiime nceeloBannsd mokasasan, 4ro 3 dexT J:xo3edcona BecbMa, 001Nt 1 IIPO-
SIBJISIETCSI HE TOJILKO B TYHHEJIBHBIX IIePexojiax, HO 1 IIPU COeJIMHEHIH JBYX CBEPXIIPOBOJIHI-
KOB uepe3 ¢jiabyro CBsI3b JII0OOro BUjia (HAIpUMED, HOpMaJIbHBIH MeTau1, heppoMarHeTuk,
PEOMETPUIECKOE CyZKEeHHe U JIp.).
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Ojnoit n3 MoruBanuii, npuseamux Jl»kozedcona K OTKPBITUIO, SIBJISIOCH YKeJaHNE BbI-
SICHITB, UMeeT JI KakKue-Jmbo HabJo1aeMble caeJcTBud ¢as3a mapaMerpa nopsiiaka. [leii-
CTBUTEJILHO, KAK M3BECTHO, CBEPXIIPOBOIHUK OINUCHIBACTCSA KOMILIEKCHBIM ITapaMEeTPOM I10-
pagka A = |Ale’?. Moyib napamerpa nopsjika |A| onpeessier Kak Gbl «CHITY» CBEPXIPO-
BOJINMOCTH, B YaCTHOCTU CBEPXITPOBOJISAIIYIO IIEJIb B OJJHOYACTUIHOM CIIeKTpe. A daza ¢?
Ha gro ona Biinsier? Yro Oy/eT, HapuMep, eCJiu IPUBECTH B KOHTAKT J[Ba CBEPXITPOBOJIHI-
Ka C OJIMHAKOBBIMI 110 MOJYJIIO, HO Pa3HbIMH 110 ¢rase mapamerpamn mopsijaka’ ViMenno us
9THUX BOIIPOCOB U BO3HUKJIA pabora :Kxo3edcoHa.

OKasza/I0ch, 4TO BEJMYNHA CBEPXIIPOBOJIAIIET0 TOKA Uepe3 KOHTAKT (J12K03e(DCOHOBCKO-
r0 TOKA) ONpPEeJIe/ISeTCss IMEHHO Pa3HOCTBIO (a3 mapaMeTpoB mopsijka ¢ JByX cTopoH. [la-
pameTp mnopsjika A MOXKHO paccMaTpUBaTh KaK BOJHOBYIO (DYHKIIHIO CBEPXITPOBOJISIIIIErO
KOHJIeHcaTa (KYIEePOBCKUX Map 3JeKTPOHOB), mosToMy shdekt [Ixkozedcona — KBAHTOBBII
apdekT. C apyroit cTOpOHBI, KOHJIEHCAT KYIEPOBCKUX I1aP COCTOUT U3 OIPOMHOI'O KOJIH-
YecTBa 9JIEKTPOHOB, U B JI2K03e(DCOHOBCKOM TOKE yYaCTBYET OI'POMHOE UHCJIO 3JIEKTPOHOB,
moaTomy sdekt [IKozedcoHa — ogHOBPEeMEeHHO 1 MaKpockoundeckuit ahdext. OH sBIII-
Cs1 OYeHb BayKHBIM IIArOM B MOHUMAHUN IIPUPOILI CBEPXIIPOBOIAIIEIO COCTOsIHUSI. Kpome
TOT'0, OH HAINE 3HAYUTEILHOE U PACTYINee YUC/I0 IPUMEHEHU JIJIsd CO3/aHnsl YHUKAJIbHBIX
N3MEPHUTEIbHBIX ITPHOOPOB.

Huzke MBI TIbITAEMCS Ha OCHOBE MPOCTBIX IPUMEPOB 00bsiCHUTH (husuky 3ddexta JIxKo-
3edpcoHa 1 OCHOBHBIE SIBJICHUST, CBA3AHHBIE ¢ HUM. Paz/imdaHbIe 10/1X0/IbI K OnrcaHuio 3 dek-
ta JIzk03edcora MOXKHO HANTH TaKKe B TAKHUX TOIYJISIPHBIX yueOHnKax, kax |14, 15, 1, 10].
Mper HaIeeMCst, 9TO IUTATe/b, YCBOUB IPUBEAEHHBII HUXKEe MaTepHasl, CMOXKET ITPOAO/IKATH
pasbuparbes B geTaisx adpdekra [IxkozedcoHa, UCIONB3Yd 9T YIeOHUKH, a Tak:Ke 0oJiee
CIeNaJIbHY IO JIuTepatypy, Hampumep |17, 18 19].

4.3 Teopus I'muzdypra—J/langay

Cy1ecTBeHHasT 4aCTh HAIIEN0 PACCMOTPEHUsI OyJIeT MOCTPOECHA Ha OIUCAHIH CBEPXITPOBO/IH-
MOCTH B pamkax Teopun ['mazbypra—/langay. [TogpodHnoe mziioxkenue 91oit Teopun MOXKHO
HaiiTh, HalpuMmep, B yueOnukax |14, 15, 1, 16]. 3mech Mbl HAIIOMHIM OCHOBHBIE IMOJIOZKE-
Hust Teopun ['mazOypra—J/langay, KoTopble MOHAI00ATCT HaM JJIst 00Cy»keHns 3ddexTa
JI>xo3edcona.

[Tosinast Teopusi, OIUCHIBAIOIIAST [TOBEJIEHNE CBEPXITPOBOJIHIKA, IOBOJIBHO C/10yKHA. CHUTY-
allisl, OIHAKO, CYIIECTBEHHO YIIPOIIAETCsS B 00JACTH TeMIeparyp BOJIN3U TOUKH CBEPXIIPO-
BOJIsITiero nepexojia 1. 31ech 0Ka3bIBAETCSI BO3MOYKHBIM IIOCTPOUTH CUCTEMY OTHOCHTE/IHHO
pocThiX ypaBHeHuit. B obmieit Teopun Jlangay ¢pas3oBbIX mepexojoB BTOPOIro pojia OTJIN-
qie «HEeCUMMEeTPUUIHOI» (asbl OT «CHUMMETPHIHOI» OIMCHIBAETCS MMapaMeTPOM IMOPSIIKA,
OOpaIaonMcs B TOUYKe Mepexojia B Hysb (cM., Harpumep, [20], § 142 u [11], § 45). s
CBEPXIIPOBOJIsAIeil (ha3bl €CTECTBEHHBIM TAKUM TAPAMETPOM SIBJISIETCsS KOHJICHCATHAST BOJI-
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HOBasi (DYHKIINs (€€ elé MHOI/IA HA3BIBAIOT BOJIHOBOI (DYHKIMEl KyNepoBCKUX map).

OtrnpasabiM iyHKTOM Teopun ['nusbypra—/lannay (I'JI) sBisiercst BbipazkeHue Jijist CBO-
OO/THOIT SHEPrUN CBEPXITPOBOIHUKA KaK (DYHKIMOHAJA OT ITapaMeTpa Mmopsjka. B coorBer-
CTBHUU C OOIINMHU IOJIOYKEHUSIMU Teopun JIaHiay, OHO IOJIy9aeTcs Pa3/IoKeHneM IIJIOTHOCTU
CBOOOJTHOIT SHEPIUN 10 CTEMeHsIM MAJIOro (BOJIM3M TOUKM Mepexojia) mapaMeTpa mopsjika u
ero MpoOU3BOJHBIX 110 KoopjauHartam. Bo uzbexkanne u3niHuxX (¢ IPUHIUITAIBHON TOYKHI
3peHNs1) YCIOKHEHNU T OyIeM CUUTATh, 9TO CBEPXIIPOBO/IAIIEE COCTOSTHIE — CIUH-CUHTJIETHOE
(mostHBIi criH KymepoBckoit mapbl S = 0) u s-BoJiHOBOE (HOJHBI OPOUTAJIBHBIN MOMEHT
KyTepoBCKoil mapel L = 0, T.e. cocTOsiHUE U30TPOIHOE). DTO HauboJee IacTO BCTPEUAIO-
asgcd B IPUJIOKEHUAX CUTYaIUA (06nmﬁ caydait mocrpoenus Teopun I'JI Moxkno naiiTu,
warnpumep, B [21]). [TapameTp mopsijika B 9TOM ciiydae CBOIUTCS K KOMILIEKCHOMY CKAJISIPY.

Torna pazsoxkenue cBOOOTHOI SHEPTUN JIJIT CBEPXITPOBOIHNKA B MATHUTHOM I0JI€ TMEET
BI/I

FIA(r)] = F +/drB2+ /dm* o p (v i2A) L0 A2 A, (41)
-0 s ¢ TGL ' th 2T, T

rie Fy — cBOOOJIHAS SHEPTHUS B HOPMAJIBLHOM COCTOSTHUN B OTCYTCTBHE MArHUTHOTO TIOJIS,
A — mnapamerp IopsijiKa, € — 3apsj 3JeKTpoHa, A — BEKTOPHBII MOTEHIAJ BHEITHE-
ro MarnuTHoro noss B u T, — KpuTndeckas TeMmIlepaTypa cBepxIposojinnka.' Obparure
BHUMAHNE HA JIOMOJHUTEIbHBIN (0 CDABHEHUIO ¢ OOBIYHBIM BBIDAYKEHNEM [[JIsT HMITYJIbCA,
B MarHUTHOM T10Jie) KO3(hUIIEHT 2 mepei BEKTOPHBIM MTOTEHIINAIOM — 9TO €CTh IIPSMOe
CJIeJICTBUE TOTO, UTO B CBEPXIIPOBOJIMMOCTH YIACTBYIOT napv, 3JIeKTPoHOB. IHTerpuposanme
BeJIETCA 110 00bEMY 0DpasIia.

Tenepnb o6cynm K0I(DDUIUEHTHI B pas/ioxKeHn#n cBoboHoi sneprun (4.1). Besmaunna
TGL UMeeT pa3MEepPHOCTH BPEMEHN U MEHSIET 3HAK B TOUKE CBEPXITPOBOJIAIIETO MTEPEX0/ia, TaK
9TO

h
—=a(T -T,), (4.2)

TGL
ryie T' — temmeparypa. YJ00HO HOPMUPOBATHL MapaMeTp MOPsJIKa Tak, 4TOObI €ro MOJLYJ/Ib
COBIIQJIAJ C IEJIbI0 B KBA3UIACTUYIHON IIJIOTHOCTH COCTOSHHUII 00bEMHOTO 0Opasma. Koad-
dunuentsr a, o, D u b cjiabo 3aBUCAT OT TeMIEPaTypPbl, U UX MOKHO HaiflTH U3 MOje/N
ceepxiipooumocti Bapinaa—Kynepa—Ipuddepa (BKI). Mbr 6y1em B 0CHOBHOM HHTe-
PECOBATHCST TAK HA3BIBAEMBIM TDSIZHBIM TIPEJIEJIOM (peasn3yoIuMcsi, HAIPIMED, B CBEPX-
IPOBOJISIIIUX CILJIABAX C PUMECSIMU ), KOTJIa JIJTMHA CBOOOIHOTO TIpobera 3J1eKTpoHa | MHOTO
Menblie, yeM & = +/hD /T, (xapakTepublii pasmep KymnepoBckoil maper npu 1T = 0), —
NMEHHO TaKas CUTYaIUs Jallle BCEro peajm3yeTcs B sKcrepuMenTe. B atom cirydae DD co-
najaer ¢ kKodddurmmenrom nuddysnu 3jekTpona Ha yposae Pepmu (1.e. D = vpl/3, vae

1hdbl 6yJ16M Be3J/ie IIo/I[pa3yMeBaTh, IYTO TeMIIEpaTypa 3alliCaHa B 9HEPreTUYICCKUX €JINHUIAX, ITIO9TOMY KOH-
CTaHTa BOJH:HM&H& HUrae B (bOpMyﬂaX HE€ BO3HUKaECT.
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vp — ckopocTh Depmi), a ocTaibHble KOIMMUIHEHTH NMEIOT CJIeIYIONIe 3HadeHust [22]:

e’ 8 7¢(3)
= — = — b pr—
8T.’ - 3

a : (4.3)

rie v = mpp/2n°h® — II0THOCTL coCTOsHUIL 3JeKTpoHa Ha yposHe PepMu B HOPMaJlb-
HOM cocTosiany, pp — uMiyiasc @epmn, ((3) ~ 1.2 — azera-ynkius Pumana [((n) =
S /R

YesoBre IPUMEHNMOCTH pasjiozkenus (4.1) — majiocTh mapamerpa mopsiaka A 1mo cpas-
weruio ¢ ero 3uadennem A(0) mpu T < T.. lnsa csepxnpoomanka A(0) ~ T, u A ~
VIT.)tqr, ~ /(1. —T)T,, orkyna cieayer yciaosue |T — T.| < T.. Kpome Toro, A
JIOJIZKHA MEHSATHLCA B IPOCTPAHCTBE He CJUIIKOM OLICTPO, & MMEHHO Ha PACCTOAHUSX MHOTO
oosbinux &y. VIMEeHHO 9TO MO3BOJIsIET OCTaBUTH B ypaBHeHHu (4.1) OCHOBHBIE BKJIAJIbI IO
HapaMeTpy IOpsJIKa U ero IPOU3BOJHLIM, B TO BpeMsd KaK OTOPOIICHHBLIC YJICHLI MMEIOT
0oJ1ee BBICOKUI MOPSIIOK MAJIOCTH (IIPU 9TOM YIEPXKUBATH WIEH YeTBEPTOrO Mopsijika 1mo A
PAJIOM € KBaAPATUIHBIM HEOOXOIUMO, T. K. KO3(DMUIMEHT IPU KBaAPATUIHOM UYJIeHE OUeHb
MaJI; BKJIaJbl HEYETHOTO IOPsiKa 110 A OTCYTCTBYIOT, T. K. IIapaMeTp IOPJIKa OLPeJIeIeH
¢ TOYHOCTBIO JI0 00I1Iero (aszsoBoro MHOMKHUTEA, B Pe3y/bTare 4ero SHeprud He JI0JIKHA
MEHSIThCsI TIPU U3MeHeHUn 3Haka A).

I3 yenoBust MUHEMYMa CBOOOJHOI SHEPIUMM MOXKHO HailTh ypaBHEHUs, KOTOPLIM YJIO-
BJIETBOpsIET TapamMeTp nopsiaka. IlpupasuuBas Bapuamumio F mo A* n A Hymo, HaligéM

"D (v.e—i¥aA 2+b|A|2 A=0 (4.4)
_ r — 11— e — N .
TGL hc 1.

4
rot B = —st, (4.5)
c
. 2e
js = 4eaD Im A* (Vr — ’Lh—A) A, (4.6)
c

rje js — IUIOTHOCTD CBEPXIIPOBOJIIEro Toka. ObparuTe BHUMAHKUE, 9TO €CJIH CJIEIaTh 3a-
meny D — h/4m u \/aA — 1 B (4.6), TO BblpaxkeHue Jiid TOKa IPUMET TaKoii yKe B,
KaK TOK B KBaHTOBOI MeXaHWKe OJHOI JaCTHIbI ¢ BOJHOBOI (DyHKIINEH zp(r)7 3apsaioM 2€
1 Maccoii 2m. Kajapar Mowy/ist BOJHOBON (DYHKIINU UMEET Pa3MEPHOCTD ILJIOTHOCTH BEPO-
SITHOCTH, KAK U JIOJKHO OBITh B KBAHTOBOI MeXaHMKe, U PaBeH ILJIOTHOCTH KYIEPOBCKUX
map (9TO M eCTh «9aCTHIBI» C 3apsifioM 2¢ 1 Maccoii 2m). IL1oTHOCTh CBEPXIIPOBOISIIIX
9JIEKTPOHOB Tg 110 OIIPEACICHUIO B JIBa Pa3a 00JIbIIe ILJIOTHOCTH KYIEPOBCKUX AP, II03TOMY
19(r) |2 = ng/2 (em. [14]). Bamerum raxske, uro (4.5) — oano u3 ypapnenuit Makcsesia.

2B To e BpeMs YHCTHIH CIydail OTAMYAeTcs ML 3HAYeHHAMHI Koddbdumnuentos B Burpaxkennn (4.1) ms
cBobommoit sueprun: a = 7¢(3)n/87%*12, a = 6721, /7¢(3)Er, D = h/4m, b = 3T./AEp, tne n = p%/37%h% —
IJIOTHOCTD 3J1eKTPOHOB, EF = p%/2m — sueprus ®epmu, m — Macca sjiekTpona 14, 22].
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B 0HOPOIHOM CBEPXIIPOBOJIHIKE B OTCYTCTBHUE MATHUTHOTO IOJIsI TPAIMEeHTHBIN WieH B
(4.4) pasen mys0. B 910M CiTydae HaxXOIUM

I ol (1. —T
Al =Ag=4/— :\/ ( ), (4.7)
TGLb b

[Ipn HAIMYUE TPAJMEHTHOTO YJIeHa U3 CAMOro BHJIA ypaBHeHusi (4.4) siCHO, YTO BO3HU-
KaeT XapakTepHad JJIMHA

§(T) = v/ Dlrar| =

(4.8)

OTy JUIMHY MOYKHO TPAaKTOBATh KaK pas3Mep KyIepOBCKOIl Iapel Ipu TeMIiepaTypax, OJIms-
KX K KPUTUYICCKOIA.

Ouenb BaxKHOit 0cobenHOCTHIO (hopMyJIb! (4.6) JJIs TOKa SIBJISIETC TO, 9TO B OTCYTCTBUE
BEKTOPHOI'O IOTEHIINAJIA CBEPXIIPOBOAAMINI TOK BO3HHKAET TOJBKO B CJIydae H3MEHEHUS
B IIPOCTPAHCTBE (ha3v, apaMeTpa nopsjka. Hampumep, eciim Mofy/b mapaMeTpa HOpsijiKa
nocrogmen, T.e. A(r) = Age'#) | Mp1 moTyUaem

js o< A3V 0. (4.9)

A Bo0OIIIE — KaInOPOBOTHO-MHBAPUAHTHON BEJITMINHON SIB/ISIETCS KOMOMHAIIS

2e
he

KOTOpag IIPpoIIopIMOHaJ/IbHadA CKOPOCTHU KOHAECHCATa Vg.

2mvy = Vo — —A,

B kBanToBOIl MexXaHUKe TOK

j:illmqp*(vr—z‘

m

e

oA o= Sl (Ve = )

he

CBepXTOoK:

. 2e
Js X \AO\Q <Vr<p - h_A> .
c

Cucrema ypasuenuit (4.4) — (4.6) craHeT 3aMKHYTOIi 1OC/IE TOTO, KaK OY/IyT ¢(hOPMYIIH-
pOBaHbI I'panngHble yeaosud i A. Ha rpanune, coBepiieHHO HENPOHUIAECMOI /IS 3JICK-
TPOHOB (TpaHUIla CBEPXIPOBOJHUKA ¢ BAKYYMOM WJIH, HAIPUMED, TOJICTBIH CJIOH OKUCIIA),
IpAHUYHbIE YCJIOBHS UMEIOT BIJL

2e
: P—i—A|A=0, 4.10
n (V i ) 0 (4.10)
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R

AA,

Puc. 4.1: I'panuna c conporusienuneM R MeK 1y JBYMsI CBEPXITPOBOIHIKAMHE C TTapaMeTpaMu
mopsijka Ay 1 Ao

e N — HOPMaJIb K ToBepXHOCTH. Y paBHenue (4.10) MOKHO BBIBECTH U3 YCJIOBUS PABEHCTBA,
HYJIIO MHTErPAJIOB 110 MOBEPXHOCTH B Bapualiui ¢cBobo Hoi sueprun (4.1). Orcioja ciemyer,
B YaCTHOCTHU, OTCYTCTBUE TOKA Yepe3 HEIPOHUIAEMYIO I'PaHUILY.

OO6111e TpAHUTHBIE YCJIOBUS HA IPAHUIIE MEK/TY JIBYMsT CBEPXITPOBOTHUKAMIE (CM. puc. 4.1)
JIOJIZKHBI HAXOUThCsI, BOOOIIE TOBOPSI, 13 MUKPOCKOIIMIECKUX COOOparKeHni, NCXo/1sl 13 10~
BeJIEHIs TTapaMeTpa TMopsijiKa Ha paccToduax < [ Bosm3u rpanuipl. OHAKO y2Ke Ha pac-
CTOSTHUN TIOpsifiKa &y BOJIM3N Ipanuiibl ypasHenus ['JI HenmpuMeHnMbl, TO3TOMY HEBO3MOYKHO
CIIIATH PEIIEHUSI TI0 PA3HYI0 CTOPOHY IPAHUIIBI, OIUPAsiCh TOJHKO Ha (DEHOMEHOJIOINIECKYIO
teopuio ['JI. JI7g BbIBOJIa TpaHUYHBIX YCJIOBHUIT HEOOXOIMMO 0OpaTUThCS K OoJiee OOITIM
ypasaerusiM [opbkoBa. 910 ObLIO criesiaHo B [23], a 3aremM 0000IIEHO € TOMOIIBIO TTOJIHO-
CTHIO MUKPOCKOIIUYECKHUX PACYETOB B [24].

Ypasuenue ['JI (4.4) umeer Bropoil mopsijiok Mo rpajneHTaM, Kak u ypashenune [1Ipé-
nunrepa. [losTomy ecTecTBenno, 4To Ha IpaHWIE BO3HUKAIOT JBa I'PAHUYHDLIX YCIOBUS HA
3HAYEHNs MAapaMeTPOB MOPAIKA W UX HPOU3BOIHBIX C JBYX CTOPOH:

Ay — Ay

2e 2e
—A|Ai=n-(V,—i—
1=n 1 i

e vr_zhc he

A)A, = (4.11)

Buy npaBoit wactn MOXKHO ObLIO ObI yrajaTh, UCXO/sI U3 TpeboBaHUs JHMHEHHOCTH 110 Aq
1 Ay (Tak Kak mapaMeTp MOps/IKa Maji), a TakyKe U3 TOro, YTO MPU IePEeCTAHOBKE MeCTa-
MU TOJIyIPOCTPAHCTB 1 1 2 TOK JIOJI?KEH MEHsITh HallpaBJ/IeHHe — I103TOMY JIOJI2KHA BOWTH
pasHocTb Ay u Ao,

[Tapamerp A uMeeT pasMepHOCTb JJIMHBL U pageH A = o RA ~ [/T, rae o = 2¢*vD
— MPOBOJIMMOCTD CBEPXITPOBOIHIKA B HOPMAJIbHOM COCTOSIHUE (IIPH HAIpeBaHUN Bbiiie T,),
R n A — conporusienne u mioma/ b FpaHuiibl, | — JanHa cBOOOIHOrO mnpobera, a T < 1
— BEpPOATHOCTb TYHHEJUPOBAHUSI JIEKTPOHA € dHeprueil mopsijaka sHeprun Pepmu depes

3ﬂ;ﬂ5{ IOPOCTOTHI MBI IIpeAlloJaracM, 94TO MaTepHuaJIbHbIE ITapaMeETPbl BEIleCTB, HaXOAAINUXCA C IBYX CTOPOH
KOHTaKTa (IIPOBOAUMOCTH, KO3 dumument muddys3un u mIOTHOCTh COCTOsHUN Ha ypoBHe PepMu B HOPMATBHOM
COCTOSIHUM ), OJIMHAKOBBI. KOHCTAHTBHI 3JIEKTPOH-3JIEKTPOHHOIO B3aUMOJIEHCTBUSI MIPEOIATAIOTCs OJIM3KUME, HO
TeM He MeHee MOI'YT OTJIMYAThCs, TAaK 9TO B HEKOTOPOM JHMAalla30He TeMIIepaTyp OJHA U3 CTOPOH MOXKET ObITh B
CBEPXIIPOBOJISIIIIEM COCTOSIHUM, a JIpyrasi — B HOPMAJILHOM (Takue CHCTeMbl OyJIyT paccMoTpeHbl Huke). Kpowme
TOrO, €CTECTBEHHO, MOI'YT ObITh PA3IMIHBIMU ([IPOU3BOJILHBIME) (ha3bl MAPAMETPOB IIOPSIKA C JIBYX CTOPOH.
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IpaHuIly MexKj1y cBepxinpoBojguukamu rnpu 1' > T.. Obpature BHUMaHUE Ha CJIETYIONIYIO
cBs13b MeK 1y hopmysioit (4.6) jist TOKa B 00bEMe CBEPXIPOBOJIHIUKA U TPAHIUIHBIM YCJIO-
BreM (4.11): 06e (popMyJIbl TIOKA3BIBAIOT, YTO CBEPXITPOBOJISAIIUIT TOK CBSI3aH C H3MEHEHUEM
mapameTpa Mopsijika B MPOCTPAHCTBe (IpajiieHT B 00bEéMe 1 PA3HOCTD TapaMeTPOB MOPsIIKa,
C JIBYX CTOPOH I'DAHMUIIBI COOTBETCTBEHHO).

Ucnosb3yst (4.6), Mbl MOXKeM 3alicaTh rpaHudHbie yejosus (4.11) depes Tok Ha rpaHu-

1e:
T

e =G = — Tm (A*A). 412

Hodst = 1 Js2 4eTCRAm(12) (4.12)

Ypasuenue (4.12) — 0j1HO U3 caMbIX BayKHbIX JIJIsi 00bsiCHEHUsI B paMKax npubzkerns [J]
s¢ddexra nnrepdepenu BoJHOBLIX (PYHKIMI KOHJICHCATOB JABYX OJM3KUX CBEPXIIPOBOJI-
HukoB (3hbekr Ixko3edcona).

4.4 (O6moiue cBoiicTBa 12K03ePCOHOBCKOI'O TOKA

3 cuMMeTpuitHBIX COOOPazKeHn MOXKHO OIIPeIe/INTh MHOIHE CBOHCTBA J1:K03e(DCOHOBCKOI'O
ToKa. [1o700HO TOMY KaK BHYTPH CBEPXIIPOBOJIHUKOB TOK OIPEIE/ISeTCs TPaIueHTOM (a3bl
KOH/ICHCATHOM BOJIHOBOM (yHKImN (cM. (4.9)), Tak BeJIMIMHA TPOTEKAIONIEr0 9epe3 KOHTAKT
CBEPXITPOBOJIAIIETO TOKa [ CBsi3aHa ¢ pa3HOCTBIO 3HAUCHUI ¢ = 9 — (1 (a3 mapamerpa
HOpsIJIKa B ABYX Oeperax KOHTaKTa.

[Tockosibky 3HaueHus: ¢az, OTIMnYIaloNecs Ha 1e/10e KpaTHoe OT 27, (PU3MIeCKn TOXK-
JIECTBEHHBI, SICHO, 9TO TOK [; JOJIzKeH ObITh B ODIIEM ciydae IepuondecKoil (pyHKImei
pasHocTu a3 ¢ IepuogoM 2m:

I (p+2mn) = I;(p) (4.13)

(MBI IIpe/IIosiaraeM, 9To BJUSTHUEM HA TOK CO CTOPOHBI COOCTBEHHOTO MATHUTHOTO MOJIST TO-
KOB BHYTPU KOHTaKTa MOXKHO IpeHeOpedb — B MPOTUBHOM CJIydae BMECTO PA3HOCTU CBEPX-
POBOJIAIINX (a3 JIOJXKHO ObLIO OBl (DUTypHUPOBaAThH KAaJIMOPOBOYHO MHBAPUAHTHOE BbIparke-
HIe, BKJIIOYAOIIee B ¢e0si BEKTOPHBIN MTOTEHITHAT).

Omnepanust oOpallieHls BpeMEeHH MeHseT 3HaK ToKa [g 1 B TO K€ BpeMs MeHsieT 3HaK
a3 (MoCcKOJIbKY BOJTHOBbBIE (DYHKITN 3aMEHSIFOTCS CBOUMIE KOMILITEKCHO-COTPSIZKEHHBIMI ).
DTO 3HAYUT, ITO TOK [ JIOJIZKeH ObITh HEUETHON (BYHKIMEH pasHocTu a3 u odpaliarbes B
HYJIb TIPU Pa3HoCTH ha3, PABHON HYJTIO:

IS(—QD) = _18(90)7 Is(o) = 0. (414)

Kpowme Toro, mocKoJIbKy CBEPXITPOBOAAIINN TOK MOXKET TeUb JIUIIb B IPUCYTCTBUU I'Pa-
JenTa pasbl apaMeTpa MopsjiKa, TOK depe3 cjiabylo ¢BA3b OYJIeT OTCYTCTBOBATH HE TOJIHKO
npu ¢ = 0, HO U TIpU = 7 (ITOT CIydail COOTBETCTBYET U3MEHEHUIO 3HAKA 38 CUET MPO-
XOKJICHUST TTapaMeTpa TopsiJiKa 9epe3 HOJTh, a He 3a CUYET HelPEPbIBHOTO M3MeHEeHNUsT (hasbl).
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B pesynabrare Mbl MOXKEM YTBEPXKIaTh, UTO
I,(mn) = 0. (4.15)

Boobirie, 910 CBOMCTBO SIBJISIETCS MPSIMBIM CJIJICTBUEM JIBYX TIPEJIBIIYIINX, MOSICHEHUST TYT
Tpebyer TOJIbKO ciydaii HeuéTHbix n. U3 cBoitcrsa (4.13) cienyer Iy(—7) = I4(m), a u3
ceoiicta (4.14) creayer Iy(—m) = —I4(m), mosromy Ig(m) = —I(m) = 0.

Byyun, pasymeercs, orpanndennoii, dbyHkims I umMeer ¢BOU MAKCUMATbHOE U MUHIU-
MaJIbHOE 3HAUEHHsI, MeKJLy KOTOPBIMU OHA U MEHsIeTCs [IPU U3MEeHeHUn pasHocT das, a B
crty He9ETHOCTH (DYHKIUHI 3TH 3HAYEHsI OJIMHAKOBBI 110 aOCOTIOTHOI BT aHe; 0603HAUNM
ux qepes [.:

I, = max I;(p) = —min I;(¢p). (4.16)
@ @

Baxkuo He myTaTh KpUTHIECKHil TOK . 12K03e(DCOHOBCKOIO KOHTAKTa C TOKOM PaCIapu-
BaHUSsI, IPU KOTOPOM PBYTCsSI KYIIEPOBCKEE Maphl B 00BbEMHOM CBEPXITPOBOJIHUKE. [[0CKOIbKY
J2K03eCOHOBCKII KOHTAKT — 9TO C1abasi CBA3b, er0 KPUTUIECKUI TOK MOYKET OBITH MHOTIO
MeHbIIIe TOKa pacnapuBannus B Oeperax. Torga mpu Takumx TOKaxX paspyIlieHns CBEPXIIPOBO-
JuMocTu B Oeperax He rpoucxojut. IIpocto I, — 9T0 MakCuMaJbHbBII CBEPXTOK, KOTOPIi
MOYKET Tedb depe3 KOHTAKT. Ec/n »ke yepe3 KOHTAKT IIyCTUTh TOK [ > ., TO B JAOIOIHEHe
K CBEPXTOKY BO3HHKHET TaK:Ke M HOPMaJIbHBII TOK, & 3HAUNT — HAIIPSI?KEHUe 1 JIMCCUTIAIII
(ar0 pexkum Hecrarponapuoro adhdexra /xozedcona).

ObpaTuTe BHUMAaHUE, 9TO 9TH CBOWCTBA HE 3aBUCAT OT THUIIA CJ1a0O0il CBI3U U sIBJISIIOTCSI
OOIIMMHE JIJIsT BCEX BUJOB JI7KO3e(PCOHOBCKIX KOHTAKTOB.

4.5 Cramuonapsblii 3 ekt /IKko3edcona

4.5.1 3DddexkT /Ikx03edcona B TyHHEeJIbHOM SIS-KOHTaKTe

Paccmorpum mipocreiinuit (1 necTopuuecku mepBblit) THUIT J12KO3eCOHOBCKOIO KOHTAKTa —
JIBa. CBEPXITPOBOJIHIKA, (S), pa3/IeJéHHbIX TOHKIM ¢JI0eM jmajiekTpuka (1), — Takoit KoHTakT
HA3BIBAIOT TYHHEJBbHBIM, Wil SIS-kKonTtakToM. [ljIst 9/IEKTPOHOB CJIOH JIMAIEKTPUKA, IIPejl-
cTaBJ/IsieT coOOi IOTeHIMAIbHbBIN Oaphep, W ec/In CJIOH JIOCTATOYHO TOHOK, TO CYIIEeCTBYET
KOHEUYHAsl BEPOSITHOCTH MX IPOHNKHOBEHHUsI Yepe3 Hero IyTéM KBAHTOBOIO TYHHEJINPOBa-
nusi. Jarke eciin KoaPUIMEHT IPOIYCKAHUsI Oapbepa MaJl, ero OTJIUYNe OT HYJS HMEeeT
IPUHININAILHOE 3HAaUeHne: 00a CBEPXIIPOBOIHIKA CTAHOBITCS €INHON CHCTEMOM, OIMNCHI-
Baloleiics eJMHOIl KOHJIEHCATHON BOJIHOBOM (DyHKIINEH. DTO 00CTOSATEILCTBO U IPUBOJIUT K
apdexty JIxxko3edcona. EauncTBo KoHieHcaTHO BOJHOBOI (DYHKIIMU CUCTEMbI O3HAYACT,
YTO Yepe3 KOHTAKT MerKJy JIBYMSI CBEPXIIPOBOIHUKAMU MOYKET Tedb, Jake B OTCYTCTBUE
IPUJIOYKEHHON M3BHE PA3HOCTH MOTEHINAJIOB, CBEPXIIPOBOAIINI TOK (HAIIpUMED, B CUCTe-
Me, m300pakenHoit Ha puc. 4.2).
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Al® |Ale!®2

CBEPXIIPOBOAHHUK

Puc. 4.2: CepxIpoBo/isinee KOJbIO ¢ JIzK03epCOHOBCKUM KOHTAKTOM. PasznocTh dasz ¢ =
V9 — (p1 HA KOHTAKTE HABOJUTCS 3a CUET MArHUTHOTO 110Jis1 B, MPOHM3BIBAIOIIETO KOJIbIIO

Ecnu rpanuma maJsionpospadHa, TO MOJIYJIN MapaMeTpoB TMOpSIKa C JIBYyX CTOPOH OT
IPAHUIIBI COBIAJIAIOT CO CBOMME 3HadeHUAME (4.7) B 00bEéMe, U TTapaMeTpbl OPsIjiKa OTJIH-

JaroTea TOJMBKO (asaMu: Ay gy = Ape'?1@ . Hcnonbsys rpanudnble yeiaosus (4.12), jerko
[OJIy4aeM, YTO IIJIOTHOCTh TOKA Ha I'DaHUIle paBHA
2
. 7TA0 .
Js = ——=———sin(y2 — 7). 4.17
* 4eT,RA ( ) (4.17)

Yuvuoxkug (4.17) Ha mWIoMma b TOBEPXHOCTH KOHTAKTa A, MOy IrM MOJTHBINH TOK:

[ 7TA(2)
“ 4eT.R’

I, = I.sin(py — 1), (4.18)

C yuaérom (4.7) mosrydaem JTMHEHHYIO 3aBUCHMOCTb KPUTHYECKOTO TOKA OT TEMIIEPATYPhI:

T.—T 273 B
e = ~635—— (4.19)
Ry

L=C 7¢(3)e K

4.5.2 Ilpocreiimmii cKBuI

PaccmoTpum cBepXmpoBoAsIee KOIbIO, CAeJTaHHOE I3 TOJCTOIO CBEPXITPOBOIAIIETO TPOBO-
A, 3aMKHyTOe 1depes JizKo3eCOHOBCKUiT KOHTAKT (cM. puc. 4.2). Ilyers Tosmmaa mpoBo/ia
MHOT'O OOJTBINE MEFiCCHEPOBCKOM TUIyOUHBI IIPOHUKHOBEHUST MATHUTHOTO MOJIsA A (CM., HAITPH-
mep, [11]), Torga Tok BHYTpH TPOBOjiAa paBeH HYJIO (T. K. MATHUTHOE M0JIe 3a9KPAHIPOBAHO
TOBEPXHOCTHBIMU MEHCCHEPOBCKUMEI TOKAMMU ), U MOJLY/Ib [apaMeTpa MOpsiiKa MOCTOsSHEH,
B TO BpeMsi Kak haza MOXKeT 3aBHCeTh OT KoopjuHarhl. [Togcrasmiss A(r) = Age#t) 5
dopmyiy (4.6) st TOKA U UHTErPUPYsi OT CTOPOHBI KOHTAKTA | JI0 CTOPOHBI KOHTAKTA 2
110 KOHTYpY C, IPOXOIAIIEMY BHYTPH IIPOBOJIA, IIOJIyYaeM

. 2e 2e
0= /Js dl o / (Vrsp — %A) dl = (p2 — 1) — %‘1’7 (4.20)
C C
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a) R 0) 1 ‘
sInN )
n S
<
A A,
} X 0 ,\
0 0 X

Puc. 4.3: a) SIN-kouTaxT. 6) CxemMarndeckas 3aBUCHMOCTD MapaMeTpa MOPsiKa OT KOOp-
JIMHATDI

rae @ = [Adl~ ¢ Adl = [ BdS — maruuTHbiil HIOTOK BHyTpH KoJblia. B pesysbrare
C

P
P2 — 1 = QWaO, (4.21)

rJie BBEJIGH KBaHT MArHUTHOrO moToKa Py = mhe/e ~ 2 - 1077 I'c - eM?, 11 OKOHUATEIBHO

I, = I.sin 27r§ : (4.22)

0
Taxum obpazom, J1xK03eCOHOBCKIIT TOK BeCbMa UyBCTBUTEJIEH K BeJIUYMHE MAIHUTHOI'O
noJist (1. K. ®g Masd). Menonb3yst 910 cBoiicTtBo adderra [Ixko3edcoHa, MOKHO N3MEPSIThH
MAarHUTHOE T10JI€ C BBICOKON TOYHOCTHIO. KOJIBIIO ¢ J?KO3e(DCOHOBCKUM KOHTAKTOM, PACCMOT-
PEHHOE BBIIIIe, SIBJISIETCSI TIPOCTEHIINMM TPUMEPOM CKBHJIa (0T AHTIMHCKOTO COKpAIEHHsT
SQUID — superconducting quantum interference device, T.e. cBepXIpoBosiiiee KBAaHTOBOE
nHTepQEPEHIIMOHHOe YCTPOHCTBO) — NPUOOpA, U3MEPSIIOIIEro MarHUTHOE 10JIe ¢ BBICOKOI
TOYHOCTBIO.

4.5.3 DddexT 6am3octn B SIN-KOHTAKTE

Paccmorpum Terepb KOHTAKT CBEPXITPOBOIHIK—HIIEKTPUK—HOPMAJIbHBIN MeTal1 (COKpa-
ménno SIN). CepxpoBosiiuii mapaMeTp MOpsiiKa, BOOOINE TOBODsI, HE DABEH HYJIO B
HOPMAJILHOM MeTaJjijie BOJM3U TPAHUIBI CO CBEPXITPOBOTHUKOM. Takoe «WHIyIUpOBaHuEe»
CBEPXIIPOBOINMOCTI B HOPMAJIbHBII MeTa /I Ha3bIBalOT 3P (MeKToM OJIN30CTH.
KonumuecTBeHHO 3 PeKT OJMB0CTU B CHCTEME, TJIe CBEPXITPOBOTHUK 3aHIMAET MOJIYITPO-
crpancTBo T < 0, a HOpMAJBHBINH MeTa/lT — moJynpocTpancTso x > 0 (em. puc. 4.3a),
MOXKeT OBbITH olmcaH B paMKax Teopun ['muzdypra—/lanmay. [Tockoibky Teopus I'JI rpu-
MeHUMa IIpHU TeMIlepaTypax, OJU3KNX K KPUTUYECKOI, HeoOXOIMMO, YTOOBI HOPpMAaJILHBIM
MeTaJsI1 OblLI B JIECTBUTEIbHOCTI HOPMAaJIbHBIM COCTOSAHIEM CBEPXIIPOBOIHUKA, IMEIOIIEIr0o
bostee HU3KYIO Kputnaeckyto Temieparypy 1. Torga B narepsase temmneparyp 1. < T < T,
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(1 B caryuae Boinosiaenust yeiaosust T, — T < T,) cucrema Gyjer mpejcrapisth coboit SIN-
KOHTAKT, B KOTOpOM IpuMenmnMa Teopus ['JI.

Bynewm mpenonarars, ato MmarauTHoe moJie orcytetByeT (A = 0), Torma dasy mapamer-
pa nopsiika B SIN-KOHTaKTe MOYKHO BBIOpATh PaABHOI HYJIIO, IIO3TOMY IapaMeTp HOPsIKa
BEIeCTBeHEeH. 3a/ada Terepb CBOJUTCS K PeIleHnio ypaBHerust (4.4) ¢ TpaHIIHBIME YCJIO-
susiv (4.11). B ciiyuae HempospadHoil rpaHUIlbl HapaMerp MOpsiiKa CJeBa JaBajicsi Obl
BeIpazkeruem (4.7), a cripaBa ObLT ObI paBeH HYJTI0. B ciiydae ke caborpo3padHoii rpaHi-
bl TTapaMeTP MOopsiJiKa MOXKHO IIPEJICTAaBUTh B BUJIE

Ain(z), x>0, '
rie |Aq(x)] < Ag. Jluneapusys ypasuenns o Aqj(x), mosydaem
62
[—za(T ~T) - hD@] As =0, z<0, (4.24)
82
0 A
5-A(r = +0) = _TO’ Ay (z — F00) = 0. (4.26)
Perrrast 9T ypaBHeHns mostyanM, 1To
A
—=ret <0
Ay(z) =9 = 7 ’ 4.27
@ {AA_ e (427

rie sxs = \/2a(T. — T)/hD u 3y = \/a(T — T!)/hD. CxemaTnueckas 3aBUCHMOCTD Ia-
paMerpa HOpPsiKa OT KOOPAMHATLI IpUBeIeHa Ha puc. 4.30.

Jlerko yBugers, uto 1/3¢g(ny ~ §g(n)(T') IpuMepHO paBHO pasMepy KyIepOBCKOfl Iaphl
B CBEPXIPOBOJIHIKE (HOpMasibHOM MeTtajie). CremoBarebho, yeaosue Magoctn |Aq(x)| <
Ao, T.e. Asxgy) > 1, ozHavaer, 4T0 KylnepoBcKas Iapa JIoJIZKHa ObITh MHOIO MeHbIe A,
YTO MOXKET PeaIn30BATLCS [P MAJION PO3PAYHOCTH TPAHUILI MEXKJLY CBEPXIIPOBOIHUKOM
1 HOPMAJILHBIM METAJLIIOM.

Korga 3ro yciaoBue He BLIIOJIHSETCs, JuHeapu3alus ypasaenuii I'JI menpumenuma u
HeOOXOAMMO pellaTh obIiye HeJnHeifiHble ypaBHeHus. AHAJIUTUYECKOe PElIeHne B TaKOM
cIydae Toxe MOXKHO Haiftu (cm. [15) 10]).

4.5.4 DddekT /Ikxo03edcona B SINIS-koHTaKkTe

DddexT xx03edcona cBsI3aH ¢ TEM, YTO B CUCTEMe YCTaHABINBACTCSI €IMHbBIN ITapaMeTp I10-
psaaKa. B TyHHE/IbHOM KOHTaKTe mapaMeTp HOpsiIKa IIPOHUKAJ depe3 TyHHeIbHbII Oapbep.
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AGY)]

10) [
A, A€

S N S

X
-L/2 L/2

Puc. 4.4: SINIS-konTakT. B ryrybune gByxX CBepPXIIPOBOHUKOB UX ITapaMeTPb IOPsiJIKa OT/I1-
yarorcd dpazamu. [lokazana nmpocTpaHcTBeHHAs 3aBUCUMOCTD MOJIYJIsI ITapaMeTpa HOPsIKa
B KOHTaKTe

B npegprayinem pasiesie Mbl YOSIUINCH B TOM, 9TO IapaMeTp IOPsIKa MOYKET IPOHUKATH B
HOPMAaJIbHBIN MeTaJlJI. TOo 03HadaeT, 4To a3pdekT :xo3edcona Bozmozken B cucreme SINIS
(KOHTAKT JIByX CBEPXIIPOBOJHUKOB Uepe3 HOPMAJIBHBII METaI ¢ AUIJIEKTPUICCKUMIE MTPO-
cJIOfKAMU Ha I'PAHUIAX), [Jle OH BechMa HAIJISIHO MPOSIBJSETCS B BUje WHTePQEpPEeHInn
apaMeTpOB HOPSIIKA, IIPUXOISIIIX OT JIBYX OEPEros.

Kosmaecrsenno apdexr xozedeona B cucreme SINIS (em. puc. 4.4) MozkeT ObITH OITH-
caH B pamkax Teopun ['JI B Tex ke NpeIIo/IOXKEHNAX, YTO U B IpeJbLayIieM pasjeie. B
OTJINYNE OT MPEIbIIYINEro pasjesa HeoOX0INMO YIeCTh pasHble (a3bl B IVIYOHMHE CBEPXIIPO-
BOAHUKOB: A(x — Foo) = Age¥1@ . Mpl HaiiiéM pellleHne B HOPMaJILHON YacTH KOHTaKTa
1 3aTeM BBIYHC/IUM TOK.

B rpanudHbie ycj0BUs Telephb J00aBISIOTCs (pa3b:

0 Age'# 0 Ape's?
%Am\x:—uzw = — OA , %A1N|x=L/2—O = OA : (4.28)

Pemenue ypasuenust I'JI npu |z| < L/2 Oyjgem uckarb B Buje JuHeHONH KOMOMHAIMI
pelIeHnil, TPUXOJANINX OT JIBYX OePeros:

AlN(x) = CleixNx + CQG%Nx. (429)
I3 rpanuanbix yeaosuit (4.28) naxonnm

Age!#1+¢2)/2 cosh (—”NLQ_W) Agel#1722)/2 cogh (—%NL;W)

Asey sinh(sen L) 2T Ay sinh(sey L) ’

(4.30)

C1 =

LIe @ = @2 — $1.
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Puc. 4.5: Ciiabast ¢Bsi3b B BUJie CyKEHUsI MEXKJIy JBYMsI CBEPXIIPOBOJHUKAMU, L — Xapak-
TepHasl JJInHa cJ1aboil cBsi3n

[Toscrapisist mostydentoe perierne B hopmyiny (4.6) st Toka (mpu A = 0), Haiiém

. 4ea DA}
Je = AQ%N sinh(%NL)

Js = 8eaD ey Imcico] = j.sin p, (4.31)

— TOK HE 3aBUCHUT OT TOUKU, B KOTOPOIl MbI €I0 BBITHC/IsIEM, KaK 1 JIOJ?KHO ObITh. MHTEpde-
peHIIUsl IIapaMeTPOB HOPIKa, IIPUXOAAIINX OT JIBYX O€peros, IPUBOIUT K BOSHUKHOBEHUIO
koMOmHaImn J[cjcy]. ObpaTure BHUMAHWE, YTO B Ipejesie JJIMHHOIO KOHTAKTA, T.€. IpPH
»xn L > 1, kpuTndeckuii TOK 9KCIOHEHIATIBHO MAJT: j. X exp(—zyL).

4.5.5 Teopus AcnamazoBa n Jlapkmaa

o cux 1mop Mbl paccMaTpuBaJld TYHHEJIbHbIE KOHTAKTBI, KOHTAKTBHI depe3 HOPMaJIbHbIN
MeTaJlI, a Telepb PacCMOTPUM €lIE OJNH THI cJ1aboil CBA3U — TeOMeTpUYecKoe CyzKeHue
(puc. 4.5). Ilpoananmsupyem ciydail KODOTKOTO U TPSA3HOTO CYZKEHHSI:

| < L < &T),MT), (4.32)

rie A(T) — meiiccHepoBeKast 1IyOrHA TPOHUKHOBEHUST MATHUTHOTO TI0JIsS B CBEPXIIPOBO/THUK
(em., manpumep, [11]). OcroBa nonnmanust Toro, kak npoucxoaut shderr JIxozedcona B
TaKNX CJIa0bIX CBSA3X, ObLTa 3a/0zkeHa Teopueil Aciamaszosa n Jlapkuua [25].

MauJtocts L 1103BOJISIET CyIiecTBeHHO yipocTuTh ypasHuenusi ['JI. Bo-tiepBbix, cooTHOIIIE-
Hue L < \ JaéT BO3MOXKHOCTb B BEKTOPHOM IIOTeHInae A, KOTOPbIii JOJKEeH B IIPUHIINIIE
paccuUnThIBaThCsI U3 ypaBHeHuit Makcsesia coBmectHo ¢ (4.4), mpenebpedsb BKJIAIOM OT
TOKOB 4epe3 cyiabyio ¢Bsizb. OcTaBiytocsd dacTb Ag, 0TparKarollylo BKJIa/l yIAJEHHBIX HC-
TOYHUKOB I10JIsl, MOYKHO IIPEJICTaBUTh B BHUJE I'DaJUEHTa HEKOTOPOM CKaJsipHOil yHKIMN
(T K. st ypaaéHHbix nctoaHnkoB rot Ag = By = 0 B obsractn konTakTa). Ho mocko/bKy
Be/ImunHa A Bcerjia ompejiesieHa ¢ TOYHOCTBIO JIO TAKOTO I'PaJINEHTa, Mbl MOYKEM BbIOpATH
KaanopoBky A = Ay = 0, BK/IIOYast TeM CaMbIM BJIUsSIHHE BHeITHUX mojeil B dasy A.
Bo-Bropbix, npu L < £ MOXKHO mpeHeOpedb B ypaBHeHHN (4.4) BceMu dIeHAME, KPOMe
IPAJMEHTHOTO, TTOCKOJIBKY €ro BeJndnHa umeer mopsiiok hDAq/ L? (r. k. B cyxenun A
MeHsieTcs Ha JiinHe L Ha Besmanny nopsiika Ag), B TO BpeMst KaK OCTAJbHbIE WICHBI IO-
psiika oo T — T,|Ag. D10 03HATAET, ITO IO TOPSJIKY BEJIUIUHBI TPAMEHTHBIN 1IeH OOJIbIIe
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octabibX B (£/L)? pas. Takum o6pasom, ypashenne (4.4) cBOJUTCS IPOCTO K YPaBHEHHUIO
Jlammaca:

VA =0, (4.33)

YTO TO3BOJISIET PEIIUTH 3a/1a4dy JI0 KOHIA Jlayke IPU IMPOU3BOJILHON hopMme c1aboii CBSI3M.
YenoBue OOMBIIX TPAIUEHTOB (PUNUECKHU CJIEIYET U3 TOTO, YTO OOJBITHE KYIEePOBCKUE
napbl ¢ pazMepamMu MopsjiKa & JTOKHBI “TIOJACTPOUTHLCA  TOJ CBEPXIIPOBOIHUK C JIPYTHM
napaMeTpoM TOPSJIKa, MPOiiis JUITb O9eHb MaJjoe paccrogune L.

DTO ypaBHeHUe HYKHO PeriaTh ¢ TPAHUIHBIMUI YCJIOBUSIMU:

[ Ape'®, B ruybune Gepera 1,
A= { Age'??, B raybune Gepera 2, (4.34)
n- Vil =0, (4.35)

riae I' — rpannna ciaboii cBsa3n, n — HOpMash K 9Toil nmosepxuocTu. Ilocsennee ycnosne
ecThb JacTHbI cirydait (4.12). Kax 6b110 3aMedeno B pabore AciamasoBa—/lapKiuHa 1 MOXKHO
yOeIUThCsT IPSIMOTi TIOJICTAHOBKOI, perierne (eAnHCTBeHHOe) Kpaesoit 3agaan (4.33)—(4.35)
MMeeT BHJL

A(r) = N (1= f(r)) + Ao f(x), (4.36)

rie f(r) — gefictBuresibaast (byHKIMS KOOPUHAT, YIOBJIETBOPSIIOIIAsI CJIe/IyIOMIeil KpaeBoit
3ajiage:

Vif=0, n-V.f|p=0, (4.37)
fe { 0, B ruyoune Oepera 1,

1, B rybune 6epera 2. (4.38)

[Toncrasisist pemmenne (4.36) B (4.6), mosrydaem Jijist JIOTHOCTH CBEPXITPOBOISIIETO TOKA:
js(r) = 4eaDV . f(r) Al sin(py — 7). (4.39)

Taxum 0Opa3oM, IJIOTHOCTH TOKa B KazKJI0i TOUKe ¢j1aboii CBA3U U, CJIeI0BATE/IbHO, ITOJIHbII
TOK IPOTOPITHOHAIBHBI Sin(py — (01) — aHAJOIWIHO CJIyYal0 TYHHEJIHHOIO KOHTAKTA.
Boipazkenue (4.39) jyist IJIOTHOCTH CBEPXITPOBOJISAIIETO TOKa cojiepKuT (yHKIimo f(r),
KOTOPYIO TIPU MPOM3BOJILHON (hopMe TpaHUIbl HAlTH Heab3d. OHaKo, gayke He 3Has 9Ty
PYHKIIIO, MOXKHO BBIPA3UTh OJIHBII CBEPXITPOBOISIIII TOK Yepe3 COITPOTUBICHIE KOHTAK-
Ta B HOPMAJBHOM cocTosiHud. [jist 9T0T0 3aMeTnM, 4To depe3 GyHKImoo f(r) BhIpazKkaercs
TaKXKe TOK jy depe3 Ty Ke caMylo CJIa0yIo CBdA3b B HOPMaJbHOM cocTogHIE. O0o3HAUNM
CKaJISIpHBI moTeHImas 0ykBoit ¢. CoryiacHo ypaBHeHusIM MakcBesiia, OH yIOBJIETBOPSIET
ypasnenuto [Tyaccona V3¢ = —4mp, rjie p — IJIOTHOCTD 3apsi/ia B IPOBOJHUKE. B IpoBoiHu-
Kax ¢ OOJIBITIO TOTHOCTBIO BBITIOJIHSIETCST 3AKOH 3JIEKTPOHEHTPATBHOCTH (3apsiJT 3JIEKTPOHOB
KOMIIEHCHPYeTCs 3apsI0M MOHOB), 103ToMy p = 0 u V¢ = 0 B KazK 10/t TOYKe IPOBOIHIKA,
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Jazke Korjia Tedér Tok. OUeBWIHO, YTO pelleHne KpaeBoil 3aaun JIJisi CKaJsgpHOro MOTeH-
nuaJja ¢:

Vié =0, n- Vol =0, (4.40)
| ¢1, B raybune 6epera 1,
7= { ¢2, B IIyOHMHE Oepera 2, (4.41)

3aImichiBaeTest anagornano (4.36) ¢ Toit ke camoit dynkimeii f(r):
o(r) = ¢1(1— f(r)) + dof(r), (4.42)
I TIO9TOMY TOK B HOPMAJILHOM COCTOSTHIH:
jn(r) =0E(r) = —oV,¢(r) = V'V, f(r), (4.43)

riae V = ¢1 — ¢o. i BBIUMC/ICHUS TIOJTHOTO TOKa Uepe3 KOHTAKT MbI MOYKEM ITPOMHTErPH-
POBATh 9TO BbIparkKeHHe 110 JI0OOMY IOIepedHOMY cedeHno S:

Iy =0V / V. f(r)dS, (4.44)
S

9TO JIOJIZKHO COBIAIATh ¢ 00bIIHBIM 3ak0oHOM OMa: Iy = V/ Ry, clie1oBaTeIbHO, MBI MOJTY-
yaeM (pOopMyJIy JIJIsl COIPOTUBJIEHUSI KOHTAKTa B HOPMAJILHOM COCTOSTHUU:

= / V. f(r) dS. (4.45)

= 0
Ry
S

Tenepsp maTerpupys (4.39) mo Tomy ke camMomy cedeHmio S, MbI MOYKEM 3allicaTh pe-
3yabTaT B Buje Iy = I.sin(ps — ¢1) ¢ KPUTHIECKIM TOKOM, HMEIOIIIM TaKOIl 2Ke BUJI, Kak
1 B TyHHEJIbHOM KOHTaKTe (opmyta (4.18)):

2
TAj

I, =——. 4.46
4€TCRN ( )

SamernMm, uro Teopus Acmamaszoa—/lapkuna He TOIbKO omuckiBaer 3 derT [Ixxo3ed-
COHa, B CJIA0BIX CBA34X, HO U JIAET BO3MOYKHOCTb OYEHBb SICHO YCMOTPETH €ro (hu3myueckoe
npoucxoxkaenue. [eficrurenbho, hopmyna (4.36) mokasbiBaeT, 9To B 0b1acTu c1aboil cBsi-
su (tae 0 < f < 1) mapamerp mopsijika eCTh JIMHEeHHAs CYHIEePIO3UIUsT IBYX YJIEHOB, KayK-
JIBIIE 13 KOTOPBIX IIPOIOPIMOHAJIEH 3HAYEHUI0 A B OJHOM U3 0EperoB 1 KOOPINHATHOMY
MHOXKHUTEJIIO, IIJIABHO CIIaJIaloIeMy IIpK YIAJeHH OT JaHHOro Oepera BIIyOb cj1aboil CBsI-
3u. Takum obpaszom, BHYTpH cjiaboil CBSI3M HMPOMCXOAUT MHTEPQEPEHINs IBYX BOJHOBBIX
GYHKIHI, ICTOYHUKAMEI KOTOPBIX SBJISIIOTCA KOHIEHCATHI KYIIEPOBCKHUX IIap B CBEPXIIPO-
Bosistix Oeperax. Takasi mHTepdEpeHIysi HeMeJIEHHO JTaéT TOK js X sin(gs — 1), T.e.

apdexT [Iko3edcona.
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4.6 GL with exchange field
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4.7 7 junction
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Phase slips

Wcrounukm:

[1] A6pukocos, § 22.9.

|2] mur, §§ 54, 57, 58.3.
[3] Tinkham, § 11.6.

5.1 Ciritical current in thin superconducting wires
(whiskers)

Simple explanation is presented below.
Consider the condensate moving with some velocity v,. Taking the GL order parameter
to be ng (the density of superconducting electrons), we obtain the density of the free energy

as

va

b/
FS:Fn+a’(T—TC)nS+§n§—|—nS 28. (5.1)
The last term is the kinetic energy of superconducting electrons.

Minimizing this with respect to ng, we find

OF; muv? (T, —T) —muv?/2
. = (T—-T,) +bns+ 5 = 0 — Ne = 5 . (5.2)
The current density is

Js = engus. (5.3)

Plotting this versus v, (see Fig. 5.1), we see that js has a maximum. This means that there
is depairing (breaking of Cooper pairs) due to current, and the maximal supercurrent is
the optimal product of decreasing ng and increasing v,. Larger current density cannot be
maintained by superconducting electrons, therefore, also the normal current must arise. At
the same time, superconductivity in the wire is not completely destroyed at this moment
(ns is still finite).

64
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ns,js

Js

0 Us
Figure 5.1: Figure 18.2 from Schmidt’s book.

The critical current density j. characterizes the superconducting material and does not
depend on the radius R of the wire. However, the consideration here is not universal and is
actually valid for thin wires only. The point is that the current in the wire creates magnetic
field, which we have neglected. At fixed current density, the magnetic field at the surface

of the cylindrical wire is

2J  2my
H=—=—R. 5.4
cR c ( )

So, this can be neglected only when R is small enough (the magnetic field at the surface
must be much smaller than the critical field).

5.2 Experiment and basic idea of phase-slip centers

For a thin superconducting wire, there is a maximal superconducting current .J. that can
flow through the wire. Naively, one can expect that at .J > J., there is a phase transition
into the normal state. However, experiments demonstrate that this is not so (Figs. 22.19
and 22.20 from Abrikosov). Instead, the transition to the normal state occurs in a number
of consecutive voltage steps, and after each step the resistance of the wire is increased. So,
at J > J. superconductivity still persists in some form.

Thin wires in our case means that d < £(7),A\(T") — the superconductivity then is
effectively one-dimensional in the sense that the order parameter is constant in each cross
section, and only depends on z along the wire. At the same time, the critical current
corresponds to the physical mechanism described above. The model of resistive states in
such wires was proposed by Skocpol, Beasley, and Tinkham (1974) [the rigorous theory
was proposed by Ivlev and Kopnin (1984)]. The main idea is creation of phase-slip centers
inside the wire.

Let us assume that at some point within the wire, the critical current is slightly smaller
than everywhere else. Then, upon increasing current, this will be the first place where the
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AJIA AHKO3S(PCOHOBCKOI'O KOHTaK-
10Ka3blBaeT, 4TO CBEPXNPOBOAH- gz
B KaKOM-TO BHJE COXDPaHSETCS H
JMYHH 3JIEKTPHUECKOTO MOJIs.
NepBblii B3MIAA TaKoe 3akmo- S
KaKeTCs  napajOKCaJbHbIM.

A &
—/ )
Jz |
f/ 2
e
I,’ E
7 - 40

Puc. 22,19 Puc. 22.20

Figure 5.2: (From Abrikosov’s book).

critical value of the current is reached. Then, normal electrons must participate in the
transport, and electric field appears. Superconducting electrons are still there, they move
without resistance, hence they are constantly accelerated by the electric field. At some
moment, the depairing takes place, A turns to zero at this point, and the whole current
is carried only by the normal electrons, which are now slowed down due to resistance.
However, formation of Cooper pairs in the wire is still energetically favorable, hence A
appears again, a part of the current is again carried by the supercurrent, and the whole
process repeats itself.

At each such cycle, the phase difference across such a point is changed by 27, hence
such places are called phase-slip centers. Changing of phase by 27 is allowed when the
order parameter turns to zero. The characteristic size of a phase-slip center is 2£(7"). This
process is illustrated by Fig. 5.3.

When A = 0, the phase-slip center is in the normal state, there is electric field, and
this field penetrates the adjacent superconducting regions. The corresponding penetration
length is denoted by Ag and is also called the charge imbalance relaxation length. This is
because electrons coming from the normal region (with energies above the gap), cause im-
balance between population of electron and hole spectrum branches in the superconducting
regions. This imbalance relaxes at length Ag within the superconducting regions, and this
charge imbalance is just another side of penetrating electric field.

Relaxation of charge actually happens due to relaxation of energy (and charge can
relax because there is exchange of charge between quasiparticles and condensate). Energy
relaxation is due to electron-phonon collisions, and for the corresponding times we can write

1.

TQ ~ m%_ph. (5.5)

This means that actually 79 > 7.p,n — not all e-ph collisions are effective for the charge
relaxation. Note that 7g diverges at T" — T¢, because in the normal state charge cannot
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Figure 5.3: (Fig. 22.21 from Abrikosov) The supercurrent is basically given by the following
quantity: js o< |A|?0p/0x. Plotting Re A and Im A, we obtain a spiral in space. Due to
presence of electric field, the current grows, hence the spiral is squeezed (the number of
spiral turns grows). Then the current reaches j., and the spiral cannot squeeze any more.
It is now necessary to get rid of one spiral turn. This can be done due to collapse of spiral
at some point, which means that total phase rotation along the wire is decreased by 27.

relax.

So, due a phase-slip center, a resistance p-2Xq/S arises in the wire (here p is the resis-
tivity of the material and S is the cross-section area). The voltage drop at this resistance
is due to the normal component of the current,

To(t) = J — Jy(t). (5.6)

The external current J is fixed, while Jg oscillates between 0 and J.. We do not know
the form of these oscillations, but let us assume that the time average is J, = (J. with
p =~ 0.5. Then the average voltage bias (which is measured experimentally) is

V — 2/\Qp(<‘]5v_ BJe)

Despite the above simplifications, this formula provides reasonable description of experi-
mental data.

As the current is increased, additional phase-slip centers appear one by one. FEach
time, there is a jump of full voltage bias along the wire, and the slope of the voltage-
current dependence increases since new resistive sections of the wire are turned on. This
corresponds to experimental plots.

. (5.7)

5.3 TDGL

For further discussion, we will need the generalization of the GL theory to nonstationary and
nonequilibrium case. This is called time-dependent Ginzburg-Landau (TDGL) equation.
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During derivation of the GL equation, we required the equilibrium condition
oF

SA*

Out of equilibrium, this variation is nonzero. We can expect that when the system deviates
from equilibrium, it wants to return, and 0A/0t is proportional to —dF/dA*. This is

almost so, with one important addition.
The point is that we should take care about gauge invariance of our equations. The

fields

0. (5.8)

10A
H=rot A E=-V¢——— 5.9
ot A, 6 (5.9)
are invariant if we change the gauge as
10x
A—-A+YV = — ——=. 5.10
+ X? ¢ c 8t ( )
In our equations, A enters together with the gradient in the following combination:
2e
V-—i—A|A 5.11
(v-ia)a (5.11)
and the gauge transformation is compensated by the shift of the order parameter phase as
A > AelieX, (5.12)

The time derivative should therefore enter in the combination, which is also invariant under
the above gauge transformations:

0 2e
—+i—¢ | A. 1
<8t +1 h gb) (5.13)
Finally, the TDGL equation can be written as
0 e OF
(5 +i%0) A= -15x: (5.14)

with some constant ~.

5.4 Details of derivation

5.4.1 Boundary conditions

Let us assume that the ends of the wire are attached to bulk superconductors. For bulk
superconductors, the current through the wire is small, so they are in equilibrium. The
r.h.s. of (5.14) is then equal to zero. Writing A = |A|e’? we thus obtain in the Lh.s.:

JIA] [(Jp 2e B
W—l—l <E+E¢> |A] = 0. (5.15)
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Considering the real and imaginary part, we find

9|A]

a > =0, (5.16)
dp 2 _

o+ 0=0. (5.17)

These equations are the boundary conditions for the thin wire. The second one is the
general Josephson relation.

5.4.2 One phase-slip center

Equation (5.17) can be interpreted as equality of the chemical potentials for normal electrons
(i, = e¢) and Cooper pairs (us = —(h/2)0¢/0t). Let us denote

h oy
= Up — Mg = -, 1
N =y — e¢+28t (5.18)

then n = 0 in the bulk superconductor. At the same time, similarly to the magnetic field in
the Meissner effect, this quantity cannot vanish abruptly, and has some finite penetration
depth. We will be interested in the time-averaged quantity 77. Similarly to the London
equation which described the Meissner effect, we now have

°n 7
— — — =0. 5.19
Ox? )\22 (5.19)

Let the contacts between the wire and the bulk superconductors be at x = 0 and x = L.
Then n must turn to zero at these points. The left boundary condition yields

7(x) = Cysinh —, (5.20)
AQ
while the right one yields
— L
7i(z) = Cysinh ©— = (5.21)
AQ

In the absence of phase-slip centers, the only possible solution in the whole wire is 77(x) = 0.
This can be realized only at j < j..
If 7 > j., a phase-slip center appears. Let X denote its position, then

X
(X —0) = Cy sinh —, (5.22)
AQ

X—-L
Ao

(X 4+ 0) = Cysinh (5.23)
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At the phase-slip center, the derivative Oy /0t experiences a jump:!

Jdp  O0Ap 27
A—=—F=—, 5.24
ot ot to ( )
The characteristic time ¢ here is the period of the process (the phase jumps by 27 during
each period tj). According to 5.18,; the above jump should correspond to the jump of 7.

So,
X—L X h
— Oysinh— = 22, (5.25)
AQ Ao to
Experimentally measurable quantities are time averages. The average electric field at
0<x<Xis

(5 sinh

According to (5.18), we can rewrite it as

10n  h0(0p/0
19y h0(9p/0z) (5.27)
edr 2e Ot
Since we do not consider the point x = X, we have no problem with derivative of . Now
we note that dy/0x o v,, and the superfluid density v, is a bounded function (the overall
growth of ¢ in time disappears after differentiating wrt x). Hence, the second term in the

above expression vanishes, and we obtain

T
oG cosh — (5.28)

E
e 0x exQ AQ

at 0 <z < X.
Similarly, at X < x < L, we have

— C — L
FE=——2cosht = (5.29)
6)\@ )\Q
In the phase-slip center, the supercurrent oscillates between 0 and j., so that
Jso(X) = Bje,  B<L (5.30)

We assume that the total current 7 = j5 + 7, is fixed, so

Jo(X) = j = Gu(X) = j - 0B(X) = Bj. (5.31)

INote that at each point d¢ /0t is nonzero since ¢ is not a bounded function due to applied voltages (electric
potentials).
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Substituting here (5.28) and (5.29), we find

(] - Bjc)e)‘Q C _ (] - Bjc)e)\Q
o cosh[X/Ag]’ *7 geosh[(L — X)/Ag]’

C, =— (5.32)
The period ¢y is related to the average voltage difference V. Since n = 0 in the bulk
superconductors, we may write

5(0) - 6(1) = 2 [(2—*5) (%) ] (533

Averaging over time the time derivatives in the r.h.s., we find nonzero result only due to

the 27 /tg jump, so
- — — wh
V =¢(0)—o¢(L) = —. (5.34)
eto
Substituting this to the r.h.s. of (5.25), and C; and C5 from (5.32) — to the Lh.s. of (5.25),

we find

— A X L—X

V=_j-Bj)=2 (tanh— + tanh ) : (5.35)
o )\Q )\Q

In a homogeneous wire, due to symmetry, we expect the phase slip to be located in the

center, at X = L/2, then

_ L
V=23— ﬁjc))\Q tanh ——. (5.36)
200

Now, what is the range of currents, for which this formula is applicable? According to
(5.28) and (5.29), the average electric field E, and hence the normal current grow when we
move from the edges to the center of the wire. The supercurrent is then maximal at the
edges. At the same time, it cannot exceed j.. This leads to the condition

_ _ . — , — : J— BJe
0)=j(L)=j—0cFE0)=j—0cE(L)= < Je- 5.37
Js(0) = j(L) =j—oE(0) =j — oE(L) " cosh(L/20) j (5.37)
At the same time, we assume j > j. from the beginning. Then

_ 1 — 3/ cosh(L/2\

Jo < j < jor— Bl cosh(L/220) (5.38)
1 —1/cosh(L/2\g)
So, as we increase 7, at j = j., V jumps from zero to

AQ L
Vi=2j5.(1— tanh — 5.39
= 201 = )7 tanh 55 (5.39)

Then it grows linearly with j according to (5.36) until j reaches the upper limit for the
current, as given by (5.38). At this point the voltage is

Ao  tanh(L/2)\g)

Vi=2 = 8) 1= 1/ cosh(L/2Ag)’

(5.40)
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5.4.3 'Two phase-slip centers

If the current is even larger, two phase-slip centers occur. It is natural to expect that their
locations are such that j, is symmetric with respect to each of them. This is possible if
they are at X7 = L/4 and X5 = 3L/4. The solution is then

n=Cysinhlz/Ag], 0<z< Xy, (5.41)
n = Cysinh[(x — L/2)/\¢], X1 <x < X, (5.42)
n=Cysinh[(z — L)/\g], Xo<uz<L. (5.43)

The solution consists of two previous solutions, each of which is squeezed into one half of
the wire. The result for the coefficients is the same as before up to substitution L — L/2:

( | — ﬁjc)eAQ
o cosh[L/4)g]
In expressions for the voltage, there is one more modification: the coefficient arising from

the 27 phase jump, is now two times larger since the total jump becomes 47. The linear
part of the voltage dependence instead of (5.36) now becomes

Ci=0y=0C5= (5.44)

_ A L
V=40~ B2 9 tanh ——. (5.45)
AN

This is valid from the upper limit of (5.38) and until the maximal supercurrent (at = = 0,
L/2, and L) reaches j.. The corresponding interval is as follows:

1-3/ cosh(L/Q)\Q) 1 — 3/ cosh(L/4)q)

<7< Je 5.46
T 21 cosh(L/200) S ST T= 1/ cosh(L/Dh) (5.46)
At the lower limit of this interval, voltage jumps from V/ to
] )\Q tanh(L/4/\Q)
Vo =45.(1 — g)— : 5.47
2 =41 =0)7 1 — 1/ cosh(L/2)q) (5:47)
The upper limit of the linear dependence corresponds to
A tanh(L/4\
Vi = 4j,(1 - g2 nhlL o) (5.49

0 1—1/cosh(L/4\g)’

As 7 is increased further, more and more phase-slip centers appear.

5.4.4 Continuous limit

The number of phase-slip centers also grows if we increase L. The intervals of the current,
where the current-voltage characteristics is linear [(5.38), (5.46), and all subsequent inter-
vals], become narrow if L > Ag, and the whole V(j) dependence becomes continuous. Let
us find this dependence.
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In the case of k£ phase-slip centers, the linear part of the CVC is

— : W AQ
= 2k(j — Bj.)—= tanh : 4
Vie = 2k(j — Bje)— tan 2ing (5.49)
the upper limit for the current is
, .1 — 3/ cosh(L/2k\
i = jr— Bl cosh(L/2kAq) (5.50)
1 —1/cosh(L/2kXg)
and the value of the voltage bias at this limit is
, , A tanh(L/2k\
Vi = Vi(j) = 2kj.(1 — B)2Y (L/2k)q) (5.51)

o 1—1/cosh(L/2k)\g)’

At k — oo, we may consider this integer as a continuous variable. Introducing z =
L/2k)\g and recalling that V' /L = E, we can represent (5.50) and (5.51) as

j B jc 1
= 5.52
Jje(1—03) coshz—1’ (5:52)
oE _ sinhz 1 (5.53)

je(1—=pB) 2z coshz—1

These equations parametrically determine the £(j) dependence.

V2

sF=eE
) sk /& =0,08

/,’ _EL?
, B'E/J; ! 127 LJ; e
2 45 7 1A
Puc. 22,22 Puc. 22.23

Figure 5.4: (From Abrikosov’s book).

Large current j > j. must correspond to z < 1 (due to large number of phase-slip
centers k). Then sinh z/z &~ 1 in the r.h.s. of (5.53), it coincides with the r.h.s. of (5.52),
and we simply obtain

j=0FE + j.. (5.54)

This corresponds to excess current j..
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In the opposite limit of z > 1 (realized when the number of phase-slip centers k is not
large), we obtain

j_jc

A=) = 2e 7, (5.55)
ok 1
jo1=5) 2 50
hence o '
J ;cjc =2(1— ) exp [—‘%} : (5.57)

V(j) then has infinite derivative at j — j..
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