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OI'JIABJIEHUE

0.1 Bsenenue

B macrosmem mocobuu MbI MPEICTABUM MTOIXOIbI, KOTOPBIE
HCIIOJIB3YIOTCS B TEOPETUIECKOi (pu3uke [ursi pernenns 3a-
J1ad, KOTOPbIE CBOAATCS K PeIneHuio auddepeHuaabHbIX
ypaBHeHUH, BKJIIOYAd HEJUMHEHHble YDABHEHUs U yDaBHE-
HUSI B 9ACTHBIX TPOM3BOIHBIX, TO €CTh YPABHEHUI MTOJIEBHIX.
Mpbr 06Cy2KgaeM TakKe METOJbl, CBI3aHHBIE C WHTErPaJIb-
HBIMU YPABHEHUSIMU U TEOpHUeH rpym. 3HAYUMOCTH ITUX
CI0?KETOB OBbL7Ia YCTAHOBJIEHA B XO€ PA3BUTHS (DU3UKH.

Oco3nanme BaxkHOCTH perteHusi A depeHnaTbHbIX
YPaBHEHWI U CBA3AHHBIX C HUMHU 3389 BOCXOIUT K TOMY
2K€ BPEMEHU, KO3 ObLI JOCTUTHYT MEPBBIH IPaHIHO3HBII
yCIIeX COBPEMEHHOM TeOPEeTHIeCKO (PU3NKM — 00bICHEHNE
HyrorornoMm GpopMbl OpOUT IJIAHET HA OCHOBE 3aKOHOB MEXa-
HUKHU. XOTd caM HbIOTOH 3a9acTyio MPEINOYUTAT TTOIb30-
BATHCS TEOMETPUIECKUMY METOIAMU, OH XOPOIITO CO3HABA,
9T0 HaMDOJIEe ATEKBATHBIM sI3BIKOM CO3aHHON WM KOH-
CTPYKIINU SABJISIOTCS UMEHHO nuddepeHimaibHble ypaBHe-
HUS.

B Tedenue BOCEMHAAIATOrO BEKA MAapaLIEIbHO C OBICT-
PBIM POCTOM Ka4eCTBA ACTPOHOMUYIECKUX HADJIIOIEHUI TTPO-
HCXOIMJIO YTOYHEHWe 3aKOHOB JIBMIKEHHWs IJIaHeT u Oosee
MEJIKMX ACTPOHOMUYECKUX OOBEKTOB (KOMET, acTePOUIOB),
CB#A3AaHHOE C BO3/EUCTBUEM HA HUX JAPyrux mianer. Ha stom
MyTH POIUIACH, TIO COBPEMEHHOW TEPMUHOJIOTHH, TEOPUS
BO3MYIIEHU, KOTOPasi MMEET JIeJI0 C TOMPABKAMHU, CBI3aH-
HBIMHE CO CJIA0BIM JOTTOJITHUTEIbHBIM BO3/eiicTBreM Ha, (u-
3UYecKyo cucremy. B wgacTtHOCTH, OBLIO OCO3HAHO, UTO B
HEKOTOPBIX CIydadx Jgazke cjiaboe BO3MYIIEHHE CIIOCOOHO
3a DOJIBINIOE BPEMsI CHJIBHO MCKA3UTh OPOUTY MJIAHETHI WJIN
uHOTO Teja. Tak MOSBUIACH TEOPHUS TaK HA3BBIBAEMBIX Ce-
KYJISIPHBIX 9JIEHOB B YPABHEHUSX MEXAHUKU.

B Tom :xe BocemMHAAIIATOM BeKe BO3HUK HOBBIH IIPE/I-
MeT M3yYeHUs — THAPOIMHAMUKA. Ditsep u Jlarpamxk cdop-
MyJIMPOBAJIN OCHOBHBIE YPABHEHUS, KOTOPHIM TOIINHIETCS
JBUXKeHne Ji000it kunkoctu. U 3mu ypaBHeHUsT OKA3aJ/MCh
nuddepeHIuaTbHBIMU YPABHEHUSIMU B YACTHBIX TPOU3BO/I-
HbIX. BriocnencTBun 3ty ypaBHeHnus ObLIH yTOIHEHBI HaBbe
u CTOKCOM, KOTOPBIE BKJIIOYUIIN B PACCMOTPEHUE BA3KOCTD.
T'maponnuamMuka oKa3ajgach yAUBUTEIBHO OOraToil Ha pas-
JuaHble (PU3WIECKUE SIBJICHUS, 9TO CBA3aHO C CYIIECTBEH-
HOI POJIbIO HEJIMHEWHOCTHU B JUHAMUKE KUJIKOCTH.

I'uapoaunamuka Ha JOJITHE TOIBL CTAIA TEM IIOJUIOHOM,
HA KOTOPOM HCIBITHIBAJINCH DA3JIMIHBIE METOIBI MATEMa-
truueckoit pusuku. OCcoGEHHO TIOAOTBOPHBIM B 3TOM OTHO-
IIIEHUH OKA3AJICS MMEPUO/T, KOHIIA JI€BATHAIIATOTO — HAYAIA
JIBA/IIATOTO BEKA, KOTA ObLIN MOCTABJIEHBI U PEIIEHBI MHO-
rUe TUIPOMHAMUYECKUE 33a9l. DTa HAYKA HE UCIePIIaHa
JI0 CHX TIOp, HATIPUMED, He CYIIEeCTBYeT MOCJeI0BaTeIbHOMN
TEOpuu TypOYJIEHTHOCTH, TO €CTh XAOTUIECKOTO COCTOSTHIIS
KHUJIKOCTH, KOTOPOE BO3HUKAET TP OOJbImX ducaax Peii-
HOJIBJICA.

OJHAKO TIUAPOJMHAMMKA ChI'PAJa U €IIe OJIHYy OYEeHb
BAyKHYIO POJIb — OHA CTaJjIa MApaJAUTrMOIl, HA OCHOBE KOTO-
POil CTPOWJIOCH TTOHUMAHUE JAPYTUX (DUBUIECKUX SABJICHUI.
VmenHO rUAPOAMHAMIKA TIOCTY KA TIIAIIAPMOM, C KOTO-

POro HAaYAIACh OCO3HAHUE TAKUX SBJIEHUN, KAK TEPMOIMHA-
MuKa u dsnekrpomaraerusm. U xors nousrus dbaorucrona u
a¢upa ObLITH BIOCIEICTBUN OTOPOIIEHBI, KAK CJIUIITKOM IDY-
Oble MOJIEJIN SIBJICHWI, NCIIOJIB3YIONINE TPAMbIE AHAJIOTUU C
JKHUIKOCTBIO, CaM IOIXO/I, CBSI3AHHBIA ¢ anddepeHInaIb-
HBIMU YPABHEHUSIMU B YACTHBIX TPOU3BOIHBIX, BOCXOATIINIHA
K THAPOJUHAMUKE, OKA3AJICH IPE3BbIYailHO IIJI0OTBOPHBIM.
Mvenno HA 3TOM IIyTH B T€YEHUU JIE€BATHA/IATOIO BEKA B
dusrKe poaNIOCH COBPEMEHHOE TTOHSATHE TOJIS.

B neBaTHaaiaToOM BeKe MPOU3OIILIO TIEPBOE BETUKOE 00b-
€/[MHEHNE — IIOCTEIeHHO ObLIO OCO3HAHO, YTO TAKHUE SIB-
JIEHUsI, KAK 3JIEKTPUYECTBO, MArHETU3M M PACIPOCTPaHE-
HU€ CBETA, ABJISIOTCS MPOSBICHUSIMU €IUHONW CYITHOCTHA —
9JIEKTPOMATHATHOTO T0JIsI. BriocsreicTBum K cBeTy mobaBu-
JIACDH 3JIEKTPOMATHUTHBIE BOJHBI PA3INYHON [JIMHBI BOJHBI,
OT PaJMOBOJIH /10 PEHTTEHOBCKOro u3sydenus. Ul onucanue
BCEX 9TUX ABJEHUN B paMKaX €JIUHOI Teopuu 3JjeKTpomar-
HUTHOTO TTOJISE OCTAETCS OJHUM U3 CAMBIX 3HATMMBIX TOCTHU-
KeHuit puzuku. ITo onucanne bazupyercs Ha auddepen-
[IMAJIbHBIX YPABHEHUSX B YACTHBIX MTPOU3BOIHBIX.

Ilo mepe pacmiupenus Kpyra 3a/a4d, C KOTOPbIMH HMEET
J1eJ10 (bu3MKa, BBISICHUIOCH, YTO JAJEKO HE BO BCEX CJIYUIAAX
JIJIS QHAJIN33 MOYKHO ODOUTHCH 3JIEMEHTAPHBIME (DYHKIIHS-
mu. ITosTomy B TedeHnn BOCEMHAIIATOrO-AEBATHAIIIATOTO
BeKa B 0DOPOT MaTeMaTHIecKo# (DU3UKKU OBLIN BBEIEHDI
OoJiee CTOKHBIE (DYHKIME, KOTOPbIE HA3BIBAIOTCS CIIEIH-
anbHBIMU. Pemepryap crenuaibHbIX (DYyHKIUH yCTAHOBUII-
cd K HaYaJIy JABAIATOrO Beka. IlomdepkHeM, 9TO MCIOIb-
30BaHME CIENHUAIBbHBIX (DYHKIUH TECHO CBI3aHO C TEOpHei
GYHKIIIE KOMIITEKCHOTO ITEPEMEHHOr0, TOCTPOEHHO! B OC-
HOBHOM B JIEBATHA/IIIATOM BEKE.

B redenum meBATHAAIATOrO BEKa OBLIO OCO3HAHO, UTO
TeopeTuvdeckas (PU3NKA HWMEeT IeJ0 C PaA3HOOOPA3HBIM
ACHMITOTHYECKUM OBeseHneM. B cBa3u ¢ 9TuMm B Marema-
TUYIECKOH (pu3nKe ObLIH Pa3pabOTAHBI METOIBI OIPEIesie-
HUST ACUMTITOTHYECKOTO TIOBEIEHNS PA3INIHBIX (DYHKIIWI 1
peIeHuit MmupoKoro crekTpa ypasaennii. C apyroii cTopo-
HBI, BBISBUJIACH 3HAUYUTEIbHAS POJIb 3aKOHOB COXPAHEHUS,
CUMMETPUIHOE TPOUCXOXKJIEHNE KOTOPBIX OBLIO BBISBIEHO
y2Ke B JIBAJIIATOM BEKe.

IIpu mocTpoeHuy B mEpBOil MOJOBUHE MBAINATOTO BEKA,
TEOPUHU OTHOCUTEIHHOCTHU (KAaK CIEIUAILHOM, TaK 1 001l )
¥ KBAHTOBOI MEXaHWKH UCIIOJb30BAJINCH B OCHOBHOM METO-
J1bI, Pa3pabOTaHHbIE B PAMKAX TEOPHUH KJIACCUYECKOIO OJIS.
STO O6'])HCHH€T yAuBUTEJIIBHO BBICOKHI TEeMII CO3JaHUA 3TUX
COBEPIIIEHHO HOBBIX pa3esios dhusuku. Hampumep, ypaste-
uue Ipénunrepa mpeacrasiisier coO0# TUITUIHOE TOJIEBOE
YPaBHEHWE B YACTHBIX TPOU3BOIHBIX.

B <xome gmanbHeiitiero pasBuTHS B IBAIIATOM Be-
K€ B TEOPETHYECKOW hu3nke BO3HUKIM PA3IETbI, HUC-
CJeOBAaHUS B PaMKaX KOTOPBIX MPUBOAAT K WHTErPO-
muddepeHnranbHbIM - ypaBHeHuAM. llpumMmepamu  MOryT
CIIyKUTh KUHETHKA (PU3MIECKMX CHUCTeM, KOTOpas HCCJIe-
JIyeTCs B PAMKAX KMHETUYECKOI'O YPABHEHUs, U KBAHTO-
Basi TEOPUS TOJIsi. DTU OOJIACTHU JIEXKAT BHE PAMOK HACTOSI-
1mero mocobus. B 1o ke Bpems 1ake B KBAHTOBOU TEOpUH
TOJIE BO3HWKAIOT 33/a9d, KOTOPbIE MO CBOEH MOCTAHOBKE



OI'JIABJIEHUE

SIBJISIIOTCS yPABHEHUSME KJIACCHYECKOro moJisi. B KadecTBe
[pUMepa MOXKHO IPUBECTH TAK HA3HIBAEMbIE WHCTAHTOHBI.

Jlaxke mpu peIeHun 33189, KOTOPbIE MCXOMIHO BOCXOIAT
K qudQepeHuanibHbIM yPABHEHUIM, 32a9aCTY 0 BO3HUKAIOT
HHTErpajbHble ypaBHeHUs. Takas CUTyalysi TUIIUIHA [IPU
HCIIONIb30BaHuu MeTo/1a byuknmit I'pura, KOTOpbIi moapod-
HO 00Cy’KIaercst B HacTosIeM mocobuu. Mbr obCykmaem
P4 337a4, KOTOPBIE CTABATCS B TEPMUHAX WHTErPAJIHHBIX
yPaBHEHU, KOTOPBIE BO3ZHUKAIOT B CAMBIX PA3HBIX (DU3U-
YECKUX KOHTEKCTAX.

B aBanmaTrom Beke Upe3BBIYANHO PACIIMPUIACH 00JIACTh
MPUMEHUMOCTH METOO0B KJIACCHIECKOro Tosisi. Pednb uaer o
JUHAMUKE JTI000H Cpejibl, KOTOPYIO MOXKHO PACCMATPUBATH,
Kak HernpepbiBHyo. [IpuBeseM B kadecTse nmpuMepa mias-
My, KOTOpasi Ype3BBIYANHO OOraTa Ha Pa3IUIHbIE TUHAMU-
qeckue sBjeHus. [lomaepkueM Takke, 9TO MIA3Ma MOXKET
CyIIECTBOBATH HA PA3JIMIHBIX MACIITA0AX, OT KOCMAIECKUX
[0 siiepHbIX (D€ OCyLIeCTBUMa TAK Ha3blBaeMas KBaPK-
[JIIOOHHAS IJ1a3Ma), CLHOCOD ee OIUCAHUS OT HTOrO IPUHIIK-
MHATHHO HE MEHSIETCS.

B cBs3u ¢ OypHBIM pa3zBUTHEM JUHAMHUKN HEMPEPHIBHBIX
cpel BO BTOPOIl MOJIOBHHE IBAJIATOTO BeKa ObLtm cdop-
MyJIMPOBAHbL DA3UCHBIE HEJIMHEHHBbIE YPABHEHUs, KOTOPHIE
OMKCHIBAIOT KJIIOUEBBIE TWHAMUYECKUE SIBJIEHUS B CAMBIX
Pa3HBIX (DUBUIECKUX CUTYAIUSIX. ITO B OCHOBHOM ypaBHE-
HUS 17151 TIOJIeH, 3aBUCAIIIX OT BPEMEHU U OTHON KOOPINHA-
Tol. [lopa3uTenbHbIM 00Pa30M 0Ka3aJI0Ch, UTO 3HAYUTEb-
Hasgd 9acTb 3TUX OA3WCHBLIX YypPABHEHHUN HMEIT OeCKOHEeU-
HbIN HAOOp 3aKOHOB coxpaHeHus. C Ipyroil CTOPOHBI, 3TH
YPaBHEHUS JOMYCKAIOT aHAJUTHIECKOE TIOCTPOEHNE BECHMA
CJIO’KHBIX DEIEHU, KOTOPhIe OOBITHO HA3BIBAIOT COJIUTOH-
HBIMH.

B Tedenue aBaanaroro Beka ObLIa OCO3HAHA (DYHIAMEH-
TajbHAS POJIb CUMMETPUIHBIX COOOpaxKeHuit B 00bsCHE-
HUU PA3TUYIHBIX (PU3NIecKuX spieHuit. PakTuIecku, B OC-
HOBAaHUHU JTIOOOi COBpEMEHHOM (PU3MIECKOt TEOPHUH JIEIKUT
Ta WM MHAg CUMMETPHs, KOTOpas B 3HAYMTEJIbHON Me-
pe ompeenser 0COOEHHOCTH TTPUMEHSIEMOTO B 3TOMH T€OpUH
MaTEeMaTUIECKOr0 anmnapara. 1pe3Bbr4aiino BasKHBIM SBJIS-
eTCsl MOHITHE CIIOHTAHHOTO HAPYIIIEHUs] CHMMETPUH, KOTO-
pO€ JIeXKHUT B OCHOBE TAKUX $IBJIEHUI, KAK CBEPXTEKYYeCTh
U CBEPXIIPOBOJIUMOCTD, & TAK’KE BOBHUKHOBEHUS MACC 3Jie-
MEHTAPHBIX YACTHI[ 33 CUET MeXaHu3Ma Xwurrca. Awanms
BCEX ITUX SIBJICHWI TPEOYET MCITOIH30BAHUS alapaTa Teo-
pPHUU CPYTIIL.

Bo BTOpO#1 MOIOBMHE ABAANATOTO BEKA HAIIN ITHPO-
KO€ PA3BHUTHE METO/bI WCCJIEIOBAHWS CHCTEM, O00JIaIai0-
IIUX CTOXACTUYECKUM TIOBeaeHneM. Takue CUCTEMBI TOJIK-
HBbI OIKCHIBATHCS B PAMKAX BEJWYUH, YCPEIHEHHBIX I10
duryKkTyanusiM, TO €CTb CJIyYallHbIM HM3MEHEHUSM Xapak-
TEPU3YIOIINX CUCTEMY BEJIMYNH BO BPEMEHU W MPOCTPAH-
cTBe. 3a9acTyI0 TaKWe yCPEIHEHHbIE YPABHEHUS OMUCHIBA-
1orcs auddepeHnna bHbIMI UJIH WHTErPAJIbHBIMA YPaBHE-
HuaMu. B kagecTBe mpuMmepa MOXKHO mpuBecTH auddy-
3UOHHOE YpPAaBHEHUE, KOTOPOE ONPEENSIeT CTATUCTUIECKUE
cBOIiCTBa BPOYyHOBCKOIO /BUKEHMSI.

Bce mepednciennbie BBINIE CIOXKETHI TaK WM WHAYE Ha-

I OTPaXkKeHWe B HAcToAmeM mocobnu. KonedHo, ero
HEJIb3s Ha3BaTh ucUYeprbBaomuM. OIHAKO Mbl HAJIEEMCs,
YTO TMPUBEIEHHBIH B HEM MATEPHUAJ TO3BOJIMT OCBOUBIIIE-
My er0 YUTATENI0 OPUEHTUPOBATHCS B 3HAYUTEIBHOM YUCJIE
pa3/e/IoB COBPEMEHHOI MaTeMaTHIeCKON (DU3nKH.

Mpbr mpeamosaraeM, 94TO YATATENb 3HAKOM C OCHOBAMU
nuHeiHOM anrebpbl, Teopun AU HEPEeHITNATHHBIX ypaBHEe-
Huil u Teopun PYHKIUH KOMILIEKCHOIO ITepeMeHHoro. B to
K€ BpeMsi MbI CTapaJiuCh CIeJaTh HAIlle MOCoOwe Mo BO3-
MOXKHOCTH CAMOOCTATOYHBIM, TO €CTh BKJIIOYUTH B HETO
BCIO MH(MOPMAITAIO, HEOOXOIUMYIO JIsT PEIIeHus 00CY KT~
eMbIX 337a4. P/l TeXHUIeCKUX METO0B, UCIOIb3YEeMbIX B
TOM WK WHOM IJIaBe, HO uMerorue 6osee mupokyo 061acTb
MTPUMEHEHUsI, BEIHECEHBI B pa3eibl “CrpaBOYHbIE MaTEpH-
aJIbl’, KOTOpPbIE TIOMEMIAIOTCA B KOHIIE COOTBETCTBYIOIIUX
TJIaB.

CoBpeMeHHbIE METO/bl UCCIIEIOBAHUS CJIOKHBIX (hU3nIe-
CKUX cucreM 00sg3aTesbHO BKJIIOYAIOT B cebd YHCIIEHHOE
MO/IEJTUPOBAHNE, KOTOPOE 3a4aCTYIO MO3BOJISIET TOJIYIUTh
KJTIOUEBY0 HHGMOPMAIWIO O MOBEIEHUN (DU3UIECKOI CUCTE-
Mbl. MbI B Haliem mOCOOMH HE KACAEMCS YHCIEHHBIX Me-
TOZIOB, KOTOPBIE MPEICTABISIOT COO0H OOMUPHYIO 001aCTh
3HAHUHN, KOTOpasg Tpedyer OTAEJbHOTO CHCTEMATHIECKOrO
U3JI0KeHusd. B TO »Ke BpeMs B HAIlEM ITOCOOMHU OXapaKTe-
PU30BAHBI OCHOBHBIE OOBEKTHI, KOTOPHIE MU3YUAITCS UUC-
JIEHHBIMU METO/IAMHU.

MpbI HEe CTPEMUIIUCH CO3JATH MOCIEIOBATENBHBIN KypC,
KOTOPbIH BKJIT0Yas Obl B ceOst BCe M3BECTHDBIE HA CETOIHSIIII-
HUP JeHb MeTo/bl Maremarudeckoit ¢usurm. Tem 6Gosee
MBI HE THAJUCh 33 MATEMATHYECKO# CTporocrhio. Harreii
[EIbI0 OBLIO0 MPUBECTH MATEPHUAJI, HEOOXOAUMBINA [IJisi pe-
IIEHNS KOHKPETHBIX 33/a4, MOTUBUPOBAHHBIX (DU3NIECKU-
MU MPUIOKEHUIMHU. VIMEHHO TI03TOMY B TEKCTE MIPUBEEHO
3HAYUTEHHOE KOJUIECTBO 3a/1a4, PEIIEHNe KOTOPBIX M03-
BOJIUT YWTATENI0 OCBOUTH OCHOBHBIE METOJBI MATEMATHYE-
cKoil (puzukm.
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Tnasa 1

JINMHEMHBIE 9BOJIFOIIMOHHLIE YPABHEHU A

B paBmoBecun mapamerpbl (pU3UTIECKOI CHCTEMBI HE Me-
HSIOTCs CO BpeMmeHeM. Eciiu cucreMy OTKJIOHHTBH OT PaBHO-
Becusi, TO OHA OyJeT PeIaKCUpOBATH K paBHOBecwio. Boz-
MOXKHBI W KOJIEOQHUsI CUCTEMBI OKOJIO TIOJIOXKEHUSI PABHO-
Becusi. [lpw HaAMWYUM BHENTHETO BO3JAEHCTBUS COCTOSHIUE
CHUCTEMBI OTKJIOHUTCS OT paBHOBecHs. Bce sTm mpouec-
Cbl OIMCHIBAIOTCH JMHEHbIMU ypaBHenuamu (audddepen-
UMAJIbHBIMU UM UHTEIPAJILHBIME) HA 11ADAMETDbL CUCTEM bl
MpU YCJIOBUH, UTO €€ OTKJIOHEHWE OT PABHOBECHS HEBEJIU-
KO ¥ BHEITHee BO3eHCTBIE 10CTATOYHO c1abo. [Ipu Tex xe
YCIIOBUSIX YPABHEHUS SABJISAIOTCS OJHOPOIHBIMHU TIO BpEMeE-
HU.

1.1 DOBOJIOIMOHHBIE ypPaBHEHUHA C
MOCTOAHHBIMU KO3 duitmenra-
MU

Bo MHOrMX (pu3nUecKux MPUIOKEHUIX BO3ZHHKACT 3a7a4a,
0 peakmuu pU3NIECKONH CUCTEMBI Ha BHEITHEE BO3ICHCTBHE,
BBIBOJISAINEE €€ U3 paBHOBECHs. UTOOBI HANTH COCTOSHUE CH-
CTeMbl B JAHHBIII MOMEHT BPEMEHH, HAJ0 PEIUuTh IBOJIIO-
IMOHHYTO 33,129y, IIOCKOJBKY 9TO COCTOSHUE Oy1eT ompee-
JATHCSA TPEILICTOPHEi CuCTeMBI. ECIM OTKIOHEHWe CUCTe-
MBI OT PaBHOBECHSI HEBEJIMKO, TO €€ PEAKINIO Ha BHEITHEee
BO3ECTBAE MOKHO M3y9IaTh B PAMKAX JINHEHHBIX ypaBHE-
Huii. Mbl cuuTaem, 4T0 OCHOBHOE COCTOSTHUE CHCTEMBbI (OT-
KJIOHEHUE OT KOTOPOI'O Mbl M3y4YaeM) HEe MEHSIeTCs CO Bpe-
mereM. Torga OOBITHO HPUXOIUTCHA UMETH J1e/0 ¢ qudde-
PEHIMAILHBIME YPABHEHUSMHE C TIOCTOSHHBIME (HE 3aBUCS-
UME OT BpeMeHu) KodbdUImenTamu.

1.1.1 VYpaBHeHUe IIePBOro MOPIIKA

Paccmorpum  mpocreiimuii nmpumep ypaBHEHHsI, KOTOPOe
OIIACBIBAeT PeJIaKCAIUI0 CUCTEMbl K PABHOBECHUIO:

dx

rae x(t) — TepeMeHHas, ONHUCHIBAIONIAS OTKJIOHEHWE CH-
CTEMBI OT PABHOBECHS, 7 — KMHETUIECKHH KOI(DDUIUEHT
(HEKOTOPBII MOJIOKUTEIIbHBIN napamerp), a Beauduna @(t)
OPEJCTABAACT BHEIIHEE BO3JICHCTBHE, BBIBOJAIICE CHCTE-
My u3 paBHopecus. Ypasuenue rtuna (1.1) Bo3HUKaeT B
TOM CJIy4ae, KOTJIa WHEPHUOHHBIMU CBOWCTBAMW CHCTEMBI
MOXKHO npenebpedb. Hampumep, ypasuenue (1.1) Bo3uuka-
€T IPHU ONUCAHUK JBHKEHASA KOJITOMIHBIX JaCTHUII.
Pemenue ypasuenus (1.1) MOXKHO 3amnucarh B BUZE CJie-

JyIOIIero MHTerpasia

x(t) = /ds G(t — s)p(s). (1.2)

3necs G — Tak Ha3biBaemas ¢yHknus ['puHa ypaBHEHUS
(1.1). ®yurmus puna G(t — s) oupenensier PEAKIHIO CH-
cTeMbl B MOMEHT BpeMeHH ¢ Ha ‘ymapHoe’ BO3/eHCTBHE Ha
CHCTEMY, IPHUJIOKEHHOE B MOMEHT BpeMeHu S. Bbiparkenue
(1.2) obycmosneno juneiinocThio ypasuenus (1.1), Beaen-
CTBHE KOTOPOI'O MCKOMas BEJIMYMHA X IPEICTABJIACTCS B
BUJie CyMMbI (MHTErpaJia) BKJIJ0B, IIPOU3BOIUMbIX BHEIII-
HUM BO3JIEHCTBHEM ¢ B PA3HBIE MOMEHTHI BPEMEHH.

Ob6parum BHUMaHue Ha TO, 4T0 (ynknus ['puna G, Ko-
Topast dburypupyer B Bbipaxkenuu (1.2), 3aBUCUT TOJHKO
OT Pa3HOCTH ¢ — §, HO HE OT ITUX MEPEMEHHBIX MO OTIE/b-
HOCTH. DTO CBOMCTBO CBS3aHO C TE€M, YTO KHHETHUIECKWIt
ko3 dunuent v B ypasuenuu (1.1) He 3aBucur oT Bpeme-
uu. JIpyruMu cjaoBamu, 3TO CBOMCTBO CBA3AHO C OJHOPOI-
HOCTbIO ypasHenus (1.1) 1o Bpemenu: upu capure t — t+tg
BHJI 9TOTO YPABHEHWS He MeHsIeTCsA. B mambHeiimeM Mbl 9a-
cTo Oy/IeM CTAJIKMBATHCS C MOMOOHOM OTHOPOIHOCTHIO WJIH
€e HAPYIICHUSIMU.

VYpapuenue (1.1) MOKHO pemiarbh Ha Pa3IUYHBIX Bpe-
MeHHBIX uHTepBasax. OT BEeJMYUHBI STUX UHTEPBAJIOB Oy-
JIET 3aBUCETh OOJIACTH WHTETPUPOBAHUSA B BBIPAYKCHUW
(1.2). Beipaskenne (1.2) maer BBIHYXKIEHHOE DeIlIeHUe, CBsi-
3aHHOE C BHemHuM Bo3zeiicrBueM. K Hemy ciemyer mo-
6aBuTh perenue oxHoponHoro ypasuenus (1.1) (ro ecrb
ypaBHeHusi 6e3 1paBoil 4acTH), CBA3AHHOE C HAYAJIbHbI-
MW YCJIOBUSIMA HA TPAHUIIE PACCMATPABAEMOTO WHTEPBAJIA.
MpbI paccMoTpuM CHaYaJIa Ciiydaii GECKOHEYHOrO MHTEPBa-
Ja, —o0 < t < 400. B aToM ciyvuae HadaJIbHBIE yCIOBUS,
3aJaHHBIE TIPU T — —00, MOXKHO UTHOPHUPOBATH, ITOCKOJh-
Ky OHHU 3a0bIBAIOTCA HA KOHEYIHBIX BpemeHax. Ilo3zke mbl
0000IIUM HAIII IIOIX0/T HA CIyYail KOHEIHOIO HHTEPBAJIA, 10
BPEMEHN.

®yukiua 'puna ypasaenus (1.1) G yuosiersopsier ciie-
JIyTOIIEMY yPABHEHUTO

§+7G=6(t—s)7 (1.3)

dt
T0 ecrb ucxoiuomy ypasuenuto (1.1) ¢ mnpasoii udacrTbio
¢ = 0(t—s). Baech §(t — s) — nenvra-dbyuxms dnpaka, ee
OCHOBHbBIE CBOMCTBa TpUBeAeHBI B pa3ene 1.5.2. [lonp3ysach
STUMU CBOWCTBAMHU, JIEFKO MPOBEPUTH, 4T0 byHKIms T(t),
onpejeisemas BoipazkerueM (1.2), neficTBUTENbHO ABJIsIeT-
cs peutenuem ypasaenus (1.1). s aToro ciaemyer npume-
HUTH K ypasaenuio (1.2) onmeparop d/dt + v u Bocnosb30-
BaThCs 3areM coorHomerneM (1.3).

Onnako dyukius I'puna G(t) onpenenena ypaBHEHUEM
(1.3) HEOmHO3HAYHO, MOCKOJIBKY €ro PellleHue OMPEIeIeHO
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C TOYHOCTBIO JIO PEIIEHUs OJHOPOAHOrO (TO ecTb C HyJie-
BOil npapoil yacrbio) ypasuenusi (1.1). Jus roro, urobbl
OIHO3HAYTHO onpenenntsh dyukiuio ['puna G(t), Heobxoqu-
MO WCTOIH30BATH IPUHIAI MPUIAHHOCTH. W3 cCOOTHOTIEHIS
(1.2) caenyer, uro G(t) = 0 npu t < 0, MOCKOIBKY CHCTe-
Ma MOKET PEarupoBATH TOJBKO Ha BO3IEHCTBUE, UMEBIIEE
MECTO B IPOIILJIOM, HO He B Oyaymem. [Ipuanmn npuausao-
CTH yKe OfHO3HATIHO (pukcupyer pyukmuio ['puna. B cuny
roro, uro G(t) = 0 mpu t < 0, Bepaskenne (1.2) MOXKHO
Hepenucarb B CIEAYIOIEM BHIE

x(t) = / ds G(t — s)¢(s). (1.4)

—0o0
3/1ech MoIpa3zyMeBaeTcs, 9TO BHEIIHee BO3/IeiicTBre ¢ neii-
CTBYeTr Ha CHUCTEMY Ha IIOJIHOM BPEMEHHOM HHTEPBAJIE, OT
—00 JI0 +00.

Haitnem siBuOe BbIpakenue mis dynkuuu Ipuna G(t),
KoTopas onpesensiercsa ypasuenueM (1.3). ITockonbry 6(t)
pasua uyato upu t > 0, To B 2r0ii obsactu G(t) ss-
JIeTCsl PelIeHneM OLHOpoaHoro ypasuenus (1.1), ro ecrb
G(t) = Aexp(—nt), tme A — HEKOTOpas KOHCTAHTA. Y UU-
ThiBag, 9T0 G(t) = 0 mpu ¢t < 0, MbI 3aK/II09a€M, 9TO TIPU
t = 0 dyukuusa G(t) ucubirbiBaer ckadok A. B cusy ypas-
uerust (1.3) m coornomenusi (1.58) 9TOT CKAYOK JOTKEH
ObITb papeH eaunune. Takum obpasom, A = 1, u Mbl Haxo-
MM OKOHYATEJIHHO

G(t) = 0(t) exp(—1), (1.5)

rae 0(t) — dyukuusa Xspucaiiga, paBaas nywoo mnpu t < 0,
u pasHas exuaune npu ¢ > 0. Iloncrapnas 3To BeIpazkeHue
B coorHotrenue (1.4), Mbl HaXOUM

t
w0 = [ ds el 9l (L0
— 00

Orciozia ciie/Tyer, uTo cucTeMa MocTerneHHo (3a Bpems 1)
3a0bIBAET O BO3MEHCTBUM HA Hee, KOTOPOE MMEJO MEeCTO B
MPOIILIIOM.

IMepeiinem K caydaro, KOrga COCTOSSHUE CHCTEMBI 3a/IaHO
B Ha4Ya/JbHBbIA MOMEHT BPEMEHM, a JAjee OHA JBOJIIOIHO-
HUPYeT 1OJ, BHEIIHUM BO3/elicTBueM. Byaem orcunTbiBaTh
BpEMST OT MOMEHTA, KOTJa 33JaHO HAYaJIbHOE COCTOSTHHE.
Torma maganmbHbIE ycaoBuA 3aJadbl Tpu ¢ = 0. YpaBHEHHE
(1.1) siBaigteTcsl ypaBHEHUEM TIEPBOTO IOPSIKA, TO €CTh Har
YaJIbLHOE COCTOSTHUE CHCTEMbBI XAPAKTEPUIYETCS TOJBKO 3HA-
veHueM mepemennoit x upu t = 0, Koropoe Mbl 0003HAYAEM
x(0). Torma Bmecro (1.4) pemenne ypasHenusi (1.1) mpwm
t > ( mepemnuIneTcs B CIEAYIONEM BUIE

a:(t):x(O)G(t)+/O ds G(t— $)6(s).  (1.7)

HeiicrBuresbHo, Bbipaxkenue (1.7) yuosierBopser UCXoi-
HOMY YPaBHEHWIO W HAYAJIHHOMY YCJIOBHIO, TOCKOIBKY
G(+0) = 1.

3amada 1.1.1. Hadmu pewenue 3adavwu Kowu das ypaes-
nenua (1.1) npu HYAe6HT HAYAALHOLL YCAOBUSAT U
¢ = exp(—at), a > 0. Kax evleasdum pewenue npu
a—v?

1.1.2 VYpaBHeHUd NOPIOKa BBIIIIE IIEPBOTO

B macrosimmem pasmene MBI PacCMOTPUM 0oJiee CIIOXKHBIE
9BOJIIOIMOHHBIE ypaBHEeHNA. B nmpuHIUIE, perenue To00ro
JIMHEHHOTO JBOJIOIMOHHOIO yPABHEHUS MOXKHO BBIPA3UTH
gepe3 cooTBercTByontyio dbyukiuio ['pura. Oxnako stoT
crocob perenus ypaBHeHUus 3(MQEKTUBEH, €Cu M3BECTHO
sIBHOE BBIpakenme s GyHKimu ['pura. Mbr mpomeMoH-
CTpHUpPYyeM, KaK ee MOXKHO HalTu A7 auddepeHmaIbHOro
YPaABHEHUST [IPOU3BOJIBHOIO TOPSJIKA € MOCTOAHHBIMU KO-
dunuenTamu.

Haunewm ¢ ypaBHeHusi BTOporo nopsijika

2

fle + vz = ¢, (1.8)
KOTOPOE OIMHUCHIBAET OCIUJLISITOP, K KOTOPOMY TIPHIOKEHA,
BHEIIHSAST CUTIA ¢. 3MeCh ¥V UMEET CMbICJ COOCTBEHHON 4a-
cToThl KoJiebanuit ocruiiaropa. IIpou3BosbHOE perrenue
onHOpoaHOrO ypapHenus (1.8) siBysiercst anHeHON KOMOW-
Harmeii cos(vt) u sin(vt) ¢ npousBosbHbIME KOIDDUTHEH-
TAMH.

Pemenne ypaprerus (1.8) ¢ mpaBoit 4acThi0 MOMKHO 3a-
nucarb vepe3 dbyukmuio 'puna G(t), B Buge (1.2) wim
(1.4). ®yukuns G(t) ynosiaersopsier ypasuenuio (1.8) ¢ J-
dyHKIIHEH B IPABOil YaCcTU:

2
<jt2 + y2> G(t) = 3(t), (1.9)

anasioruanomy coornomenuo (1.3). Kak u panbuie, ser-
KO 1IPOBEpUTh, 4To Bbipaxkenue (1.9) maer peuwenue ypas-
Henust (1.8). st 9TOr0 HaIO0 MPUMEHNTH K COOTHOIIEHWIO
(1.9) oneparop d?/dt* +v? u BocTO/Ib30BATLCS CBOHCTBAME
JenbTa-QyHKITNH.

Haiinem perienne ypasuenus (1.9). Kak mbl yxke ycra-
HoBWIM, B cuiny npudunuocrd G(t) = 0 npu ¢t < 0. B or-
smune or dbyukiuu Cpuna (1.5), perienne ypasuenus (1.9)
ocTaeTcs HenpepbiBHbIM 1pu ¢ = (0 B CHly TOTO, 9TO B €ro
JIEBOI YaCTU CTOWT BTOpasd Mpou3BoaHas 1O t. B aTom ciry-
qae J-DyHKIMS Tpou3BoauTCa Tpu AudHepeHnnpoBaHn,
€C/TM CKAYOK HCIIBITHLIBAET NepBas MPOU3BOAHAS OT (DYHK-
uuu, cmorpu pasges 1.5.2. Ucnomnb3ys coornomenue (1.58),
JIEPKO HailTH, YTO CKAYOK 1epBoii npousBoaHoit B G(t) nou-
eH ObITh paBeH 1. Takum 06pa3oMm, MbI TOJIyYaeM, YTO
mput = +0 G =0, G’ = 1. 9T 3HAUEHUST MOKHO PACCMAT-
pHUBaTh, KAK HaYaJbHbIE YCJIOBUs JIJIs OJHOPOJHOIO yDaB-
Henwus, onpezessionero G(t) npu t > 0, IOCKOIbKY IpaBast
yacrb ypaBuenus (1.9) B 910M ciiydae paBHa HyJI0. 3aja4a
JIETKO DEIIAeTCsl, U Mbl HAXO/IUM

G(t) = Q(t)% sin(vt). (1.10)

O6paruM BHUMAHWE HA OCIUJLIHPYIOMNNA XapakTep (HyHK-
myw ['puna, CBA3aHHBIN C OCIUJIIATOPHON MPUPOIOH ypaB-
Herns (1.8).

Bripazkenue (1.4) naer permienve ypapuenus (1.8) na Gec-
KOHEYHOM BpemMeHHOM uHTepBase. Ho, Kak W BbIIIe, MpU
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nomorIu QyHKIIH ['prHa MOKHO BBIPA3UTH U PEIIEHNE 3a-
nmaaun Komu, 1o ecrb 3a7a4m ¢ HAYAJIbHBIMU YCIOBHSIMU.
B nawroM ciywuae MBI BMeeM 10 C YPABHEHHEM BTOPOTO
MOPSIIKA, TO €CTh YTUMHU YCJIOBUSIMU SBISIOTCS 3HAYEHUS
GbYHKIMM 1 ee TPOU3BOJIHOMN, © W &, B HAYAJIBHBII MOMEHT
BPEMeHH, B Ka4ecTBe KOTOpPOro Mmbl BbiOepeMm t = (). Pemre-
uue 3aaaun Komu s ypasuenus (1.8) 3amuceiBaercs B
CIEMYIOIIEM BUJE

x(t) = m'(O)G(t)—l—x(O)G’(t)—i—/o ds G(t—s)p(s).  (1.11)

OTO BBIPAXKEHUE, OYEBHJIHO, YJIOBJIETBOPSET yPABHEHUIO
(1.8), a TaKKe HAYAJIbHBIM YCJIOBHAM, YTO JIE'KO IPOBEPUTH
¢ ncmosb3oBanueM coornomenunit G(40) = 0, G(4+0) = 1,

G(+0) = 0, crenyromux n3 poipazkenus (1.10).

3amauva 1.1.2. Hatlimu pewenue 3adavwu Kowu das ypas-
Henus (1.8) Npu HYAe6HT HANAANDHUT YCAOBUAT U P =
exp(—at), a > 0. Hatmu npedea v — 0.

[epeiimem Temeps Kk 0bImemy caydaio auddepeHnnaib-
HOTO YPaBHEHUS C TOCTOAHHBIME KO3 duImeHTamm

L(d/dt)x = ¢, (1.12)

rae L(z) — moswHOM OT 2t
L=2"4az" '+ +a, 12+ an. (1.13)
3aecb a; — HEKOTOpble KOHCTAHTHI. JIMeHHO K TuIily

(1.12) oTHOCATCS PACCMOTPEHHBIE HAMHU BBINIE yPABHEHUS
(1.1,1.8). Pemmenne ypasuenus (1.12) 3anucbiBaercs B Buje
(1.2), rue dyukuus [puna ymoBieTBopsier ypaBHEHUIO

L(d/dt)G(t) = §(t), (1.14)

u ycaosuio G = 0 mpu ¢t < 0.

Perrenne ypasHeHusi (1.14) MOMKHO SIBHO BBIPA3WUThH Ye-
pe3 kopuu nosimHoma (1.13) z; (koTopble MOryT GbITH KAk
JIeCTBATEIBHBIMEI, TaK U KOMILTeKCcHbIME). OOiee perte-
HEe opHOpoAHOoro ypassenus L(d/dt)r = 0 umeer Bux

T = Zbi exp(z;t), (1.15)

rae b; — npousBosibHbIe KOHCTaHTbI. B Buge (1.15) 3anuchr-
Baercs dyukuus [puna G(t) upu ¢ > 0. Kosdduumenro
XKe b; HaxonATcd u3 ycaoBwit, uTo nipu t — +0 Tpou3BoOI-
nag d""1G/dt""! = 1, a gna m < n — 1 npowsBOIHbLIE
d™G/dt™ = 0, Bgirouast m = 0. IMeHHO 1pu 9TUX yCJIO0-
BUSX 1IpU npuMeHeHun oreparopa L(d/dt) Bo3nukaer o-
GYHKIMSA 1 He BOBHAKAIOT €€ IPOU3BOIHBIE B IPABO 9acTh
ypasrenns (1.14).

OTmeTwM, 9TO IJIsi yCTOWYMBON CHCTEMBI BCE KOPHH Z;
ypasuenus L(z) = 0 uMeIoT OTpuiaTebHyIo AefCTBUTE b
HyI0 9aCTh, 9YTO COOTBETCTBYET 3aTyXaHUIO BO3MYIICHUA B
orcyrcrBue BHemnHero Boszeiicrsus. Torna G(t) — 0 upu
t — 00. B 1O ke BpeMms /i HEYCTOHYIUBOM CHCTEMbBI HMeE-
IOTCsT KOPHU C TOJIOKUTEIHHOM JefCTBUTEIHHON YacThio. B
9TOM Cilyudae uMeercd Bkiaaz B dynkuuio Ipuna G(t), pac-
Xondmuica Ha 6oabux t.

3agaua 1.1.3. Hatlimu gynxyuto I'pura ypasHeHnus

d’x dx
S o p =4
a2 g tve=e

3apaua 1.1.4. Halimu dynxyuro I'puna ypasHerus

d* 5 d? 4

Heobxomumo mposiBUTH aKKypPATHOCTH B Caydae, KOLIa
ypasuenne L(z) = 0 nmeer kpaTHbIe KOpHE. B 3TOM ciryuae
MOMMMO YHCTBIX SKCIIOHEHT, KaK B Bhipaxkenuu (1.15), cpe-
[ pereHnit oxHopoaHoro ypasHenusi L(d/dt)x = 0 nme-
I0TCsl CEKYJ/ISIPHbIE YiIeHbl (CO CTEIeHsSMU ¢ IIPU IKCIIOHEH-
rax). Bce aTu peuenus cieiyer BOBIEKATb B COCTABJIEHUE
HeoOxomMMol HaM KoMOuHanuwu, onpenenstomei G(t).

3agaua 1.1.5. Hatimu gynxyuto I'puna ypasHeHnus

1.1.3 MarpuyHoe ypaBHEHUE

[Ipsambiv 0600IIEHIEM CKATSIPHOTO PETAKCAITMOHHOIO Yy PaB-
uenus (1.1) aBagercs TuHEHHOE YpABHEHNE JIJIS BEKTOPHOI
BEJINYUHBI Y:

gg+fy=x. (1.16)
dt
Bnecy I' — Marpuia, KOTOpas OLPENENseT AMHAMUKY CH-
CTEMbI, a BEKTOD X MPEJCTABJSET BHEIIHee BO3JEiCTBUE
Ha CHCTEMY.

Ormerum, uro k Bugy (1.16) upuBoauTcsi pacCCMOTPEHHOE
Boime audepeHnuaabHoe YPABHEHNE N-T'0 TOPSIIKA, s
CKaJIAPHON TrepeMeHHoi . [l 9TOro J10CTaTovHO BBECTH
y1 =z, yo = dx/dt, ..., y, = d""tx/dt" L. Ilocre storo
dy/dt BbpazkaroTcs Yepe3 KOMIIOHEHTBI Y, UCXOJd U3 BBe-
JIEHHBIX ONPE/IETEHUIl U UCXOMHOTO YPABHEHUS N-T'0 0PI
Ka, upuBosd K ypasHenuto (1.16) ¢ marpuueit I’ pasmepa
n X n.

Bagaua 1.1.6. Csecmu % sudy (1.16) ypasnenue, 6eden-
noe 6 3adave 1.2.3.

Kak n3BecTHO, MOYKHO BBECTH COOCTBEHHBIE BEKTOPHI @;
MaTpuisl ', KOTOpbIE YAOBIETBOPSAIOT YPABHEHUSAM

f‘ai = )\iai, (1.17)

rme A\; — cobcrBennble yncaa marpuibl . Ecan cobersem-
HbIE YHCJI HE BBIPOXKIEHBI, TO JII0OOH BEKTOP MOXKHO Pa3-
JIOXKUTH 110 COOCTBEHHBIM BEKTOPaM G, B YACTHOCTH Y =
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Yo Tiaq, X = Y. ¢;a;. Ilogcrasnss 1o npejcrasieHue B
ypasuenue (1.16), naxomum
dl‘i
dt

+ Niz; = ¢;. (1.18)

Takum 06pa3om, 337398 CBOIUTCS K HAOOPY yKe PACCMOT-
PEHHBIX HAMU CKaJIAPHBIX ypasHenuii (1.1).

CobcTBeHHbIe 9mCIa A; MOTYT OBITH KaK JAEHCTBUTENb-
HBIMH, TaK U KOMILTEKCHbIMU. I neficTBUTeNHHON MaT-
PHIIBI [ coBCTBeHHbIE THCIa A; OO0 MeficTBUTEIbHDBI, TUOO
PACHAJIAIOTCH HA [MAPbl KOMILIEKCHO COIPSI?)KEHHBIX BeJId-
quH. st yCTORYIMBO CHCTEMBI BCe COOCTBEHHBIE THCIA A;
HUMEIOT TIOJIOXKUTEJIbHBIE JIedCTBUTeIbHbIe JacTu. JIjis qu-
CTO OCIUJLIATOPHON CHCTEMBI KOMILIEKCHO COIPSKEHHBIE
\; ABISAIOTCA YACTO MHUMBIMH. Ecim MaTpuia r TIpOownc-
XOIUT U3 CKAJISIPHOIO ypaBHeHus n-ro nopsixa (1.14), to
COOCTBEHHBIE YHUCTIA \; OMPEIEISTIOTCS KOPHSIMU YPABHEHUsT
L(Zl) = 0, )\z = —Z;-

Beenem dynkuumio [puna mia ypasaenus (1.16), koro-
pas aBnsiercs Marpuneii G (t), uepe3 KOTOPYIO BbIPAKAETCs
pEeIleHre 3TOro ypaBHEHUsT

y(t):/ ds G(t — s)x(s). (1.19)

— 00

®ynxuus ['puna G (t) paBua mysio upu ¢t < 0 u ya0BIIE€TBO-
PHET yPABHEHUIO

(jt + r) G(t) = 6(1)1, (1.20)

rae 1- €IMHNYIHadA MaTpHIiA. Permrenne sroro YpaBHEHUA
3allUChbIBa€TCA B BUIE

G = 0(t) exp(—T't). (1.21)

Mo2KHO BBIIHCATD ABHOE BbIpazkenue s Gpyukmuu ['pu-
HA B TEPMUHAX COOCTBEHHBIX BEKTOPOB Marpuubl 1. [lis
9TOr0 MMOMHUMO COOCTBEHHBIX CTOJIONOB @; Marpumbl I Ha-
70 BBECTH COBCTBEHHBIE CTPOKH bl | KOTOpbIE yI0BIeTBOpS-
ot ypasuerusm b T = \;b7. Kak u3BecTHO, COBCTBEHHbIE
CTOJIOIBI U CTPOKY MOYKHO BBIOPATH OPTOHOPMUPOBAHHBIMHA
bl'a; = &;j, e §;; — cumBon Kponekepa, pasubiii eumuiie,
ecnu i = j, u myo, ecau i # j. Torma

G=0(t)) e *ab]. (1.22)

i
OTO BbIpAXKEHUE IMIPEJCTABIAET €000 cymmy (yHKIui
Ipuna (1.5) ¢ MHOKUTEISAMHI, KOTOPBIE OOECTIEINBAIOT TIPO-

eKINU Ha COOCTBEHHBIE BEKTOPHI MaTpuIst I

Bamaua 1.1.7. Bunucams ewpasicenue (1.22) daa mam-

PUYDL
- 0 1
(01,

Tlonydennbie COOTHOINEHUST MOYKHO TIEPENHCATh B MAaT-
PUYHOM BHUJE. A HMEHHO, BBeJeM 0DO3HAYEHMS AuB JIs
MaTpWHIl, COCTABJIEHHBIX N3 COOCTBEHHBIX CTOJIOIIOB MATPH-
BT I' u u3 COBCTBEHHBIX CTPOK MATPHIIBI f‘, COOTBETCTBEH-
uvo. Torma ycjaoBre OpTOHOPMUPOBAHHOCTH CTPOK U CTOJIO-
IIOB 3allUCHIBAETCS B BUJIE BA = 1. Marpura xe I' samm-
CbIBAETCs B BU/IE

I' = AAB, (1.23)
e A — quaronasbHAas MaTPUIA, HA JUATOHAIH KOTOPOMR
CTOSIT COOCTBEHHBIE 3HAYEHUS A1, A2, .... OTMeTHM, 4TO B
cuty BA=1

" = AA"B.
[Tosromy u3 coorrommenus (1.21) mosyuaem
G = 0(t)Aexp(—tA)B. (1.24)

Oro apyras dbopma 3arvcu Boipaxkenus (1.22).

[Tepexoaum K ciydaro, KOrja HUMEIOTCH BbIPOXKIEHHBIE
coOCTBeHHBIE 3HAUEHUS \;. HUKakux mpobyieM He BO3ZHUKA-
eT, HAIPEMED, €CJIM MATPHIQA L' SBJISETCS CHMMETpPUTHOM.
Torma mmeercst n COOCTBEHHBIX BEKTOPOB @; MATPHUIIHI f, o
KOTOPBIM MOKHO Pa3JIOKHUTh Ji000# BeKTOp. IloaToMy MBI
BO3BPAIAEMCs K OIMCAHHOW BbIIIE CUTYAlUd, KOIJIA 3a/1a-
Ya pactagaeTcs Ha 7 HE3aBUCUMBIX CKAJISTPHBIX YPABHEHUIA,
KaxkJj0e u3 KoTopbix uMeer Buj (1.1). PaccMorpum cirygait
MATPWIL, UMEIOIIUX BbIPOXKIEHHBIE COOCTBEHHBIC 3HAYECHUS
i, KODJIA 337149y HEJTb3s1 CBECTH K 7 HE3ABUCUMbBIM CKAJISIP-
HbIM yDaBHEHHsIM, KaxKj0e u3 Koropbix umeer suz (1.1).
Marpuny [ m B 9TOM ciIyuae MOJKHO TIPEJCTABATH B BHIE
(1.23). Oxnaxo A yKe He SIBJISIeTCS TUArOHAJIbLHOM, a pac-
maaeTcsd Ha COBOKYIHOCTH KjeTok 2Kopmama. Ormerwm,
YTO NO-IPEKHEMY uMeer MecTo npescrasienue (1.24). Tlo-
9TOMy 3a/1a4a CBOAUTCH K BhIanCIenuio exp(—tA).

YT0o6bI MPOULTIOCTPHPOBATH OCOOEHHOCTH PAaCCMATPHUBa-
€MOT0 CJly4dasi, PACCMOTPUM MaTpuiry 2 X 2

f:(é i):,\i+(8 (1)) (1.25)

KOTOpas SABJISETCA KAHOHNUIECKOH (popmoit marpuribr 2Kop-
maHa 2 X 2. B kommoneHTax

dy1

—_— A =

dt + Ay1 + Y2 = X1,
dy2
gt + AY2 = X2

Takum 00pa3oMm, ys YIOBIETBOPSET CTAHIAPTHOMY ypaBHe-
uuio (1.1). Beeust y1 = y — tyo, Mbl HAXOAUM CTAHAAPTHOE
yPaBHEHUE IJIs -

dy

Ay = txa.
dter X1+ 1ix2

Tem He MeHee, B ¢; COIEPKUTCA CEKYIAPHBIA UIeH —1ys.
Jawnas cutyarus aBiagercsa Tunuanoil. Hagnane B kano-

HUYECKOM mpescrasienun (1.23) maTpuiist I' kiTerok 2Kop-

JaHa B MaTpHIE A TPUBOIUT K TIOSIBJIEHUIO CEKYTAPHBIX
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4jieHoB B penienun ypasuerus (1.16). Ouu Mmoryr 6bITh 1ep-
BOI'O LOPsiJKA 110 ¢ (TO ecTb CoNepKaTh NEPBYIO CreleHb i,
KaK MHOYKUTENb TPU IKCIIOHEHTE), KAK B PACCMOTPEHHOM
HAMU BBIIIE TIPOCTEHIIeM cayyae, uin 60see BLICOKOTO MO-
psaka 1o ¢ (B ciydae Gosiee cioxkHON Kierku 2Kopaana) B
Ka4vecTBe MHOXKHUTEJIS [IPU IKCIIOHeHTe. Bee 310 He MeHsier
KAQ4eCTBEHHO SKCIOHEHITNAIbHBINA XapaKTep PeleHns OTHO-
pouHoro ypasuenus (1.16), 04HAKO IPOU3BOAUT CTEIIEHHbIE
MHOYKUTEJIN TTPU IKCIIOHEHTAX.

Kanoungecknit Bua kimerku 2Kopmana nvmeeT BH MA+N ,
rae N — HUIBIOTEHTHAS MATDHUIA, BCE CTEIEHH KOTOPOI,
HAYMHAS C HEKOTOPOIi, paBHBI HY/II0. B paccMoTpeHHOM Ha-
MU MPOCTEHIIeM IMpuMepe MaTpHurei N sBasiercst OCJIeI-
Hes MaTpulla B Boipaxkenuu (1.25), yxke ee KBaJpar paBeH
uymio. Chemyroreit Mo CIOXKHOCTH siBJstercs Kiaerka 2Kop-

nasa 3 x 3

=
Il
o O >

10
A1, (1.26)
0 A

Marpura N u ee KBaIpaT UMEIOT BUL

) 010 A 00 1
N=|(o0oo0 1], N2=|00 0
00 0 000

Bce 6ou1ee BLICOKME CTETeHn MaTpuIsl N paBHbI HYJIIO.

CBOfCTBO HUIBIOTEHTHOCTH MATPULBL N 1103BOMIsICT -
deKkTHBHO MOydaTh BbIpakenume s (Gysknum ['puna
(1.24). Tlogcrasaass A = A + N u packiagssas sKcmo-
menty o N, HAXOAUM

. . 12 .
exp(—tA) = e M (1 —tN + ENQ +.. > . (1.27)

Biarogaps HIJIBIOTEHTHOCTH MATPUIBL N B DA3/IOKEHMH
(1.27) no crenensyv N uMeeTCst JIMITb KOHEYHOE YHCIIO dle-
HOB. JIj1si pacCMOTPEHHOr0 HAMH NPOCTEHINEro Ciaydas B
Bbipazkenuu (1.27) juuib LepBas Creledb OTJIMYHA OT HyJIs.
Jua marpunet (1.26) OTIMYHBL OT HYJIS JBA YjI€HA PA3JIO-
JKEHHUSI, 9TO JIAeT

X 1 -t t?)2
exp(—tA)=e M| 0 1 —t
0 0 1

3amada 1.1.8. Hatimu @ynuxyuro Ipuna ypasHeHnus
(1.16) drsn mampuyvl

o O O
OO >
S > = O
> =0 O

Komopas omuocumes ¥ muny 2Kopdana.

1.2 IIpeobpazoBanme Jlammaca B
IBOJIIOIMOHHBIX 33aJa9aX

IIpeo6pasosanue Jlannaca (cmorpu pasupen 1.5.3) sapiser-
Cs1 €CTECTBEHHBIM METO/IOM PElIeHuUs SBOIOIUMOHHbIX 33,134,
JIJIST KOTOPBIX BBITIOIHAETCS TPWHIAN TpuauHHOCTH. Ha-
IpUMEp, B CUJLy TPWHIANA MPUYAHHOCTH GyHKIUsA ['prHa
OTJINYHA OT HYJIsI TOJBKO MPH MOJOKATETHHBIX BPEMEHAX
U IIOTOMY €€ eCTECTBEHHO XapaKTEPHU30BATH MPH MOMOIIH
npeobpazoBanus Jlannaca

G(p) = / " dt exp(—pt)G().

[Tpu 5TOM BBISBJISIOTCS HEKOTOPHIE OCODEHHOCTH (DYHKIIUH
I'puna, cBsA3aHHBIE C AHAIUTHUYUECKONW CTPYKTYPOil ee Tpe-
obpazosanms Jlamtaca G(p).

Wzmoxum ocHOBaHHbIN HA Tpeobpa3oBanuu Jlannaca me-
TOM, TPUMEHUMBI [1J1s1 BIYucaIeHus (pyHKImn [ puHa, ypas-
wenus (1.12), koropas mnomuuusiercs ypasHenuio (1.14).
[Ipoussenem mpeobpasoBanue Jlamiaca 9Toro ypaBHeHUS,
HHTErPUPYS 10 BPEMEHHU { OT MAJIOr0 MOJIOKHUTETHHOTO 3HA-
qeHus 10 OecKOHeIHOCTH. B 3TOM ciiydae B mpaBoit dHa-
CTU [OJIy9WTCsl HOJIb, & B JIEBOM 4acTU Mbl OygeM uHTe-
TPUPOBATH MO YACTIM BCE UJIEHBI, ‘TIEPEKUIbIBAs’ MPOU3-
BogHbIe HA exp(—pt). B pesyabrare nogydnM KOMOUHAIIUIO
L(p)G(p). B cumy paBeHCTBa HYJIIO MOYTH BCEX IPOU3BOI-
ubix G(t) upu t — 0 MOKHO y6eUThCs, YTO €UHCTBEHHbLIT
OTJIMYHBII OT HYJIsi BHEMHTEIDAJIbHBIN YJIEH [IPOUCXOIUT U3

/ dt exp(—pt)(d/dt)"G(t).

OTOT BHEMHTEIPAJIbHBIN YjeH paBeH —1, Tak Kak paBHA
equnute npoussonnas d" LG /dt"~! npu t — 0. Takum
00pa30oM, MbI IPUXOJUM K COOTHOIIIEHUIO

G(p) = 1/L(p). (1.28)

Ml 3akm0daeM, 910 G(p) EMeeT momoca, KOTOphe Olpe-
Jesigrorcs Hyiaamu nosuuoma L(p).
O6patnoe mpeobpasosanue Jlammtaca nmeer Bug (1.61),
TO €CThb _
ct+r100 dp B
Gt= [ grew@)CE).  (129)
C—100
Kontyp wHTErprpOBaHWS B 9TOM BBHIPAYKEHWH MOKA3AH HA
pucynke 1.1. Ilpu ¢t < 0 MBI MOXKEM CMEIIATH KOHTYD HHTE-
IPUPOBaHKA BIIPABO, HOCKOJIbLKY P! IIpH 3TOM CTpeMuTCs K
uys0. B pesyabrare Mbr 3akaouaeM, uto mpu ¢ < 0 GyHK-
nus ['puHa paBHA HYJII0, KAK U JOJKHO ObiTh. [Ipu ¢ > 0
MBI MOYKEM CMEIATh KOHTYD WHTEIPUPOBAHHUS BJIEBO, IIO-
cKOMbKY P! mpu arom crpemmTea k mHymo. IIpu TakoM cme-
IMEeHnrd Mbl OyJeM “HATBIKATHCA  Ha TOJIOCHI é(p) Hanee
KOHTYP MOKHO “IPOTAIIKUTL’ I€Pe3 MOJIIOCA, TIOPOIUB KOH-
TYpBI, UAYIIHE BOKPYT mosoco. [pu manpHeitmem casure
BJIEBO MBI TIOJIy9a€M HYJIEBOIl BKJIA[ B WHTErpaJl MO Mpsi-
MO#i, TTOCKOMBKY eP! cTpemmTes K Hymo. TakuMm ob6pasoM,
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0) Re p

Q)

Puc. 1.1: IIpeobpa3oBanue KOHTYpPa, ITO0 KOTOPOMY UIET WH-
TerpupoBanue B 0OpaTHOM Ipeodpa3oBanuu Jlammaca.

UHTerpaJjl CBOIUTCA K CyMMe KOHTYPHbBIX MHTEIPaJIOB, UJLy-
muX BOKPYT mosmocoB G(p), cmorpu pucyHok 1.1. Kaxk aprit
TaKOI MHTErpaJs CBOAUTCA K BBIUETY B MOJIIOCE, M MBI HAXO-
UM

G(t) = X resi exp(pt)/L(p), (1.30)

IJIe CyMMMpOBAHWE HIET 1o momocam G (p), TO ecTh HysIAM
L(p).

Bamada 1.2.1. Hatlmu ewvipasicenusn s pynkyut I'puna
(1.5,1.10), uczods us coomnowerus (1.80).

s ycToWdmBOil CHCTEMBI BCE TIONIOCA BBIPAYKEHUS
(1.28) nexkar B JI€BOIl MOIYILUIOCKOCTH IO P, YTO COOTBET-
CTBYeT 3aTyXaHUIO BO3MYIIEHHH B OTCYTCTBHE BHEIIHETO
Bozaeiicrsug. Torma G(t) — 0 nmpu t — 0o. B 10 xKe Bpems
JIJIST HEYCTONYMBOI CHCTEMBI MMEIOTCS TIOJTFOCA BHIPAYKEHHST
(1.28) B MPaBoil MOMYMIOCKOCTH. BBIYETHI B 9THX MOIIOCAX
nopozaT Bkaas B dbyukunio I'puna G(t), pacxonsumiics Ha
Gomnpumx ¢, B coorsercreuu ¢ (1.30).

Bamauva 1.2.2. Hexods us coommowerus (1.30), natimu
Pynryuro I'puna ypasrerus
d?*x

dz
2 +2’}/E—|—ll2$=¢.

Ybéedumvca, umo omeem cosnadaem ¢ peuweHuem 3a-
davu 1.1.3.

Banaga 1.2.3. Hcxoda us coomnowenus (1.30), natimu
dynryuro I'puna ypaerenua

d4 2d2 4

Ybedumvca, umo omeem cosnadaem ¢ peuweHuem 3a-
davu 1.1.4.

Bamaua 1.2.4. Hcxoda us coommowenus (1.80), natmu
pynxyuro I'puna ypeerenus

Ybedumwvca, wmo omeem cosnadaem ¢ peweHuem 3a-
davu 1.1.5.

ITpu pewenun 3anauu L(d/dt)x = ¢ ¢ nyseBbiMu HauaJib-
HBIMA YCJIOBHAMU TIpH £ = 0 MBI HAXOIAM

x(t) = /0 ds G(t — s)p(s). (1.31)

IIpoussoas mpeobpazosanue Jlammaca obenx dacreil cooT-
Homenus (1.31), momygaem

(p) = G(p)o(p) = d(p)/L(p). (1.32)
Taxum o6pasom, eciu ussectast G(p) i ¢(p), To z(t) Mox-
HO LPeACTaBuTh B Buje unrerpana (1.61)
I $(p)
z(t) = /Ciioo %exp(pt)m. (1.33)

Bagaua 1.2.5. Hatmu z(t), kax pewenue ypasHenus
(d?/dt? + v*)%x = ¢ ¢ HyAeEHMU HANANLHHMU YCAO-
suamu das ¢ = exp(—at).

Sagaua 1.2.6. Hatmu z(t), kax pewenue ypasHeHus
(d?/dt? +V?)x = ¢ ¢ HYACEHMU HANAALHULMYU YCAO-
euamu oaa ¢ = 1/\/t. Onpedesums acumnmomusy
9M020 pewenus npu boavwux t.

B rakom ke Buie (1.33) MOXKHO 3anmcaTb W DeNIEHHE
sagaun Koum oxnopoauoro ypasuenus (1.12) (¢ Hysesoit
upaBoii yacrbio). Juis 9TOro Hajo UCLOJIb30BaTh B Kade-
crBe byHKIMN ¢(t) IuHeitnyo komMbuHamo §(t) u ee mpo-
U3BOJHBIX, KOTOPas 0DECIEUNBACT T€HEPANUI0 HAYATbHBIX
YCJIOBUIl U3 HYJIEBOI 11pu oTpuiiaTebubix ¢ dbyuxmu O(t).
KomuaecTo nmpom3Bogsbix 0T 0-(DyHKIMH 3aBUCAT OT IIO-
psAIKa MOMMHOMA L eCim 9TOT MOPSIOK PABEH 7, TO HAJO
Oparb TPOM3BOAHBIE 10 N — 1 MOpsijKa BKIOYUTEIHHO. B
npeacrapiaennn Jlamiaca Takas GyHKIuS f (p) npexacras-
JisieT co0oi momHOM Topsiika 1 — 1 mo p. Orcroma ciemy-
€T, HAIIPAMED, YTO NMPH OONBIIUX ¢ MOBEJIEHUE OTHOPOIHO-
ro perienus ypasaenus (1.12) Byzer 3KCIOHEHIMAIBHBIM,
IPUYEM BE/ylIas IKCIOHEHTA OLPEIEIAeTCs KOPHEM yPaB-
uennst L(p) = 0 ¢ HambonbIneil HefCTBUTENBHON TaCTbIO.
IIpu permennu cMemaHHON 3a4a41, KOT/Ia TIOMUMO TTPABOIA
YACTU 3aJaHO0 HAYATBLHOE YCJIOBHE, HAJIO OpaTh JTUHEHHYTO
KOMOMHAIMIO BbIHYXKJIeHHOro perienust (1.33) u perienus
3agaan Komm ofHOPOIHOrO ypaBHEeHus.

Bajgaua 1.2.7. Hatimu pewenue ypaenenua O7x + v =
exp(—At) ¢ nauarvhvmu yeaosusmu x(0) =1, £(0) =
0.
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[TpuBeaennbie BoIlIe COOOPAKEHUS TPUMEHUMBI TAKKE U
K MarpuynoMy ypasaenuio (1.16). B srom ciyuae mbl ume-
eM 71es10 ¢ MaTpuvHoii ¢pyukueit I'puna G u, COOTBETCTBEH-

HO, C MATPUYHBIM Tpeobpa3oBanueM Jlamraca @(p) 0606-
IIeHNE PHUBEIEHHBIX BBIIE COOTHOIIEHMI HA ITOT CJydai
He TipecTaigeT Tpyna. Hanpumep, Bmecro (1.28) momyua-
ercs - .
Gp) = (p1+1)~".

Boraucsss MaTpHiLy, 06paTHyio K pl + I, MbI momydaem B
3HaMEHaTejIe JeTEePMUHAHT, KOTODbI 06pamaercs B HOJIb
npu p = —\;, T/1e \; — COOCTBEHHBIE 3HAYEHUST MATPHUIIBI f,
OIIPEJIEIAIONINE TTOBEJEHNE COOCTBEHHBIX MOJI CHCTEMBI CO
Bpemenem, cmorpu (1.22).

1.3 YpaBHeHus BoabTeppbl

Jlo cux 1mop MbI pACCMATPUBAJIN 33/1a9y O HAXOXKJEHUU I1a-
PaMETPOB CHCTEMBI TIPU TAHHOM BHEITHEM BO3IEHCTBUM HA
uee. [lj1s ciiydast OqHOTO TTapaMeTpa perreHne STOi 3a1a9m
naerca coornomierveM (1.4), B koropoum dburypupyer QyHK-
musa 'pura. MoXKHO TOCTaBUTH U 0OPATHYIO 33034y — BOC-
CTaHOBJICHUE BHEIIHETO BO3ACHCTBUA 110 N3BECTHON 3aBUCU-
MOCTH OT BPEMEHW TapaMerpoB cucreMmbl. KoHeuwo, eciu
u3BecTHO auddepeHInaibHoe ypaBHEHNe, KOTOPOE OMKUChHI-
BAET CHCTEMY, TO 331392 CBOAUTCS K mpocTomy muddepen-
nupoBaauio. OJIHAKO 3a9aCTyI0 9TO ypaBHEHWE HEM3BECT-
HO WK He siBigercd auddepeHinaababiM. B TO Ke Bpems
dbyuknuga ['puHa gBIsSeTCS HEIOCPEICTBEHHO HU3MEPHUMOit
BEJINYMHON, KOTOPYI0 MOXKHO W3BJIEYb W3 OTKJIMKA CHCTE-
MBI Ha BHeNTHee Bo3meiicTBue. [losaTomMy mmeeT cMbICT TO-
CTaBUTH 33/1a9y O BOCCTAHOBJIEHUU BHENTHETO BO3IEHCTBUS
10 U3BECTHON 3aBUCUMOCTH OT BPEMEHH [TAPAMETPOB CHCTe-
MblL B 00IIEM BUJE.

Paccmorpum cuctemy, KOTOpasi OMUCHIBACTCST MAPaMeT-
POM ¢, HEHYJIEBOE 3HAYEHUE KOTOPOTO BBHI3HIBAETCS BHEIII-
HUM BO3JEHCTBHEM f, KOTOPOE BKJIIOYAETCS B MOMEHT Bpe-
venu t = 0. B arom caygae

/0 dsK(t — s)f(s) = o(t), (1.34)

rae K — (usBecrnas) dbyukiua ['puna. Bysem cuurars,
ar0 ¢(t) 3amana, a dyakuuio f(t) ciaeLyer BOCCTAHOBUTDH
u3 ypasaerus (1.34). B arom ciygae (1.34) Ha3pIBaloT MH-
rerpajibibiM ypaBuenueMm Bousibreppsi (Volterra) nepsoro
POJIa ¢ OIHOPOJHBIM SJIPOM.

Permrenne ypaprenunsi (1.34) ocHoBano Ha TpeobpasoBa-
aun Jlanynaca (cmorpu paszesn 1.5.3). IIpousBoas mnpeob-
pasoBanue Jlamiaca obeux uacreii ypasnenus (1.34), na-
XOIHM K'(p)f(p) = q@(p) Takum 06pa3oM, €CIH H3BECTHBI
upeobpazoBanus Jlannaca dynakumii ¢(t), K(t), To upeob-
pasosanne Jlammaca dbysxiun f(f) HAXOIUTCS, KaK WX OT-
HOILIEHUE

Fp) = é(p)/ K (p). (1.35)
YroGer HaiiTn f(t), HeobXoaMMO MPOU3BeCTH 0OpaTHOE TIpe-
obpasosanue Jlamnaca dbyukuuu f(p).

o) Re p

Puc. 1.2: Kouryp, M0 KOTOpOMY HUIET WHTEIPDHPOBAHWE B
obparHoM mpeobOpazoBanuu Jlammaca.

Hamowmuwwm, uro obparHoe mpeobpasoBanue Jlammaca ga-
€TCs MHTETPAJIOM

c+ioco dp B
0= [ Eewwie. (130
C—100

rJle HHTErPUPOBAHME UAET BAOJb IPAMOM, HapasieNbHOI
MHUMOH OCH, B OOJJACTH AHAJMTHYHOCTH (DyHKIHUH f(p),
cmorpu pucyHok 1.2. Ha 3ToM puCyHKe KOHTYD WHTErpu-
POBaHUsT OOO3HAMEH CHHUM IIBETOM, & MOJIOMKEHHS BO3MOXK-
HbIX ocobennocreil dbyukimu f(p) (IOMIOCH, TOYKYU BETBJIE-
HUs1) 00O3HAMEHBI KUPHBIMA TOYKAMHU (MX PACIIONOXKEHWE
ycaoBHO). Boruucienune unrerpasa (1.36) c f (p), KoTOpOE
oupegessiercd (1.35) u no3Bossier Haiitu UCKOMYIO (DyHK-
IHIO.

Bagaua 1.3.1. Hatmu pewenue ypaswernus (1.34) oas
K(t) = exp(=\t), ¢(t) =t".

Sagaua 1.3.2. Hatmu pewenue ypaswenus (1.34) das
K(t) =t™, ¢(t) = cos(vt).

AnamornyubiM 00pa30M BBOIUTCS HHTETPAJIHHOE ypaBHE-
are BombTepphbl BTOPOTO PO/ia ¢ OMHOPOTHBIM SIIPOM:

f(t)—l—/o ds K(t — s)f(s) = (1) (1.37)

[TomobHOe ypaBHEHWE BO3HWKAET, €Cciid B DyHKIWH ['puHa
umeeTcs BKJIAJ, ponopuuonasibubiii 6(t — s). Torna K B
ypasuenuu (1.37) upexacrasisier coboil riaakuil BKIAJ B
dyukmuio ['puna.

VYpasuenue (1.37) pemaerca, kak u (1.34), npu nomoru
npeobpaszosanus Jlammaca. Iloce mepexoma k mpeacrasiie-
uuio Jlamiaca Mbl Haxoxum u3 ypasuenus (1.37) ajireOpa-
waeckoe ypasmenne [1 + K(p)]f(p) = ¢(p). Orciona mbr
HAXOIMM BBIPAZKCHHE s IIpeobpasosanus Jlannaca f (p)
nckomoit byukmn f(¢):

fp) = (1.38)

B(p
1+ K(p)
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Yrobbl Haiitu f(t), Heobxonumo npoussectu 0O6paTHoe mpe-
oGpasoBanue Jlamnaca Gyskun f (p)-

Jaske ecam stBHOE BhIpaykeHwe Jjisi perennst f(t) HaiiTn
He ynaercs, mpeacrapienue (1.35) wnn (1.38) mo3Bossier nc-
ciienoBarh nosejenue f(t) npu Gosbiumx Bpemenax t. s
3TOr0 KOHTYp uHTerpupoBanus B (1.36) cieayer medop-
MHUPOBaTh, CABUIAag €ro BJIEBO HACTOJBKO, HACKOJIBKO 3TO
BO3MOXKHO. B pe3ysibrare KOHTYp yIpPeTcs B OCOOEHHOCTH
p, byukunn f (p) ¢ HAMOOIBIIIEH JEfCTBUTEIBHON JacThIO.
IIpn GombImmx BpeMeHax  MMEHHO OKPECTHOCTBH 9TOM 0CO-
OEHHOCTH OIpeIeNIAeT HOBeIeHUe PEIIeHus, KOTOPOe BEIEeT
cebs, Kak exp(pyt), TO eCTb FKCIOHEHIIMAJIBHO 3aTYXAET, eC-
qu Rep, < 0. Bodmoxken ciaydail, Korga B cuily Kakou-TO
CHMMETPHHN Cpa3y HECKOIbKO 0cobenHocTeii hpyHKInn f (p)
MMEeT OIMHAKOBBIE JeHCTBATEIbHBIE 9acTH. Torma Bce OHm
BHOCSIT CPABHUMBIE BKJIAJIBI B ACHMIITOTHIECKOE TIOBEICHHIE
f(t). Ecan ke f(p) umeer ocobeHHOCTD Tpu p = 0, TO UMeH-
HO €€ OKPECTHOCTH JIA€T B OCHOBHOM BKJIAJ, B ACHMIITOTH-
geckoe mosenenne f(t). Dror caydait Tpebyer KOHKPETHOTO
ananmsa. Kak mpaeuso, acumiroruydeckoe noeznenne f(t)
B 9TOM CJIy9ae SBJISETCS CTETICHHBIM.

3amauva 1.3.3. Hatlimu nosedenue peweHus YpasHEHUS
(1.37) npu 6oavwur epemenar das K(t) = 1/t u
HAYAABHOZ0 KOPOMEKO20 803deticmeus, ¢(t) = I(t — ¢),

e—=0, ¢(p) = 1.

3amava 1.3.4. Halmu mnosedenue peuweHus YpasHEHUS
(1.87) npu boavwuz epemenar das K(t) = 1/(1+t2),
o(t) =e".

1.4 HeomHopoaHasi IO BpeMeHU pe-
JaKcalus

Jlo cux mop MBI PACCMATPHUBAIN PETAKCAIINIO (PU3UIECKOIT
CHUCTEMBI K PABHOBECHOMY COCTOSHUIO, KOTOPOE HE 3aBUCHUT
oT BpemeHu. VIMEHHO B 3TOM CJIy9Yae BO3HUKAIOT JBOJIIO-
[IMOHHBIE YPABHEHUS C MOCTOSTHHBIMU KO3 durnmentamu. B
TO 2K€ BPEMsI MOYKHO PACCMOTPETDH IBOJIIOIUIO TTOACUCTEMBI
HEPABHOBECHOW CHUCTEMBI, COCTOAHUE KOTOPON MEHAeTCd CO
BpemerneM. B aTom ciydae K03 DUIMEHTHI B 9BOTIONNOH-
HbIX YPABHEHUX IIOJACUCTEMBI Oy/1yT 3aBUCETH OT BPEMEHH.

MpbI paccMOTPHUM 371eCh MPOCTEHTIINH ciTydail, KOraa moI-
CHCTEMa, OTMCHIBAETCS OJHUM MMapaMeTpoOM &, & JUHAMUYE-
ckoe ypaBuenue umeer ToT ke Buz (1.1), B KOTopoM Tenepb
TEeMII PEJIAKCAINK 7y 3aBUCHAT OT BPEMEHU:

dzr

T +y(t)x = ¢, (1.39)

Kak m 1 coydas IIOCTOSHHOTO <y, PEIICHHE yPABHEHUS
(1.39) sanuceiBaercst B Buue cBeprku ¢ dynkuumeii I'puna

G
o(t) = / ds G(t, 5)p(s). (1.40)

Ognnaxo renepb dyukims puna G(t, ) 3aBUCHT HE TOIb-
KO OT Pa3HOCTU ¢ — §, HO OT OOEUX MEPEMEHHbIX. Y paBHe-
HEE, KOTOPOMY NoquuHsAeTca (BpyHKIUsA [puHa, IMeeT TOT

xe Bug (1.3)

% +y()G = 8(t — s). (1.41)

B cuny mpuumunoctu dyukima 'puHa paBHA HYIIO TPH
t<s.

Pewenve ypasuenus (1.41) moxker 6birb HAlJEHO B sB-
wom Buje. Ilockosbky npu t < s dyukuusa I'puna pasna
HYJTIO M B TOYKE ¢ = § OHA UCTIBITHIBALT €MHUIHBIN CKAYOK,
1O mpu t > s ypasaenue (1.41) CBOAUTCS K OXHOPOTHOMY
ypaBuenuto 0;G = —vG ¢ HavanbHbIM yeioBuem G = 1
npu t = s. Perierne 3Toro ypaBHeHUsI UMEET BUJL

G(t,s) =0(t — s)exp [ /: dt"y(t’)] ) (1.42)

Pazywmeercs, nipu mocTossHHOM 7 Bhipaxkenue (1.42) ceomut-
cs K BbIpaskennio (1.5).

Bagaua 1.4.1. Hatmu gynxyuro Ipuna (1.42) oas cay-
nas Y = Yo + g1 cost, 20e Yy, Y1 — KOHCMAHMDL.

Bagaua 1.4.2. Hatmu @ynxyuro Ipuna (1.42) oas cay-
was vy = a/t, 20e a — nexomopas KoHCMANMA.

1.5 CropaBo4yHbIe MAaTEPUAJIBI K TJIa-
BE

B nacrosiem pasaene Mbl TPUBOIUM CTIPABOYHBIE TAHHBIE,
HEOOXOINMBIE I TTOHUMAaHUsT M3JIOKEHHOTO B HACTOSIIEH
TJIaBe MaTepraJia W PerieHns MTPUBEIEHHBIX 3a1a4.

1.5.1 Bpemenaée npeodbpazoBanue Pypobe

Hns moboit dyukunm f (), 3amanHoi Ha WHTepBate —oo <
t < 400 m crpemdAreiica K HYJIIO Npu ¢ — £00, MOXKHO
onpenenuTh npeobpasosanne Pypne

flw) = /dt exp(iwt) f(t). (1.43)

Beipaxkenue dbyunkiun f(t) yepes f (w), KOTOpPOE HA3BIBALT-
csa obparabIM peobpasoBannem Pypbe, nMeer BUT,

f(t) = / ‘QL: exp(—iwt) f(w). (1.44)

O6parnv BHWMaHWE HA TPOTHBONOJIOXKHBIE 3HAKA B
SKCIIOHEHTAX B TPSAMOM ¥ OOpPATHOM MIPEOOPA3OBAHUIX
(1.43,1.44). U3 soipaxkenus (1.43) ciexyer, 4ro npsmoe
upeobpasoanue Dypbe ueiicrBuresnvHoit Gynkuuu f(t)
yIOBIETBOPSIET cooTHOMeHN0 f(—w) = f*(w), e 3Be3-
JIOYKA O3HAYAET KOMILIEKCHOE CONPSIKEHUE.

IMomumo pasznoxenus B unrerpas Pypoe (1.44), B ma-
TEMATHYIECKOH (PU3MKE MUPOKO UCIO/Ib3YETCs PA3JI0KEHUE
B psg Pypbe, KOTOPOE CIPABEIJIUBO JIJI TEPUOIUUECKUX
dbyrrmit nan GyHKOWA, 3aAHABIX HA KOHETHOM WHTEpPBa-
me. OTmeTnM, 9TO mpeacTapnerune (GyHKIWH B BHIE PAIA
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Oypbe ABAAETCA BEAYIAM CIOCOOOM, KOTOPBIH HCIOIb3Y-
eTcs IPU OPraHU3AIUU CJIOXKHOIO YHCJIEHHOIO MOJEJUPO-
BAHUSI.

Ms1 Oymem uMeTh JeJI0 C IepUOANIecKoi pyHKIHe, me-
PHOI KOTOPBIit Mbl 0003HaunM 1" uiu ¢ yHKIHeH, 3a aH-
HOI Ha KoHewHOM mHTepBane 0 < ¢ < T. (droro Bcerga
MOKHO JI0OMTbCs CABUIOM Havasa orcyera Bpemenu.) To-
riaa dynkuus f(t) packnajpiBaercs B ciaenyomuii pajy @y-
pbe

+oo
f(t) = foexp(—2mint/T), (1.45)

IJIe M — HeNdble YUCIa, MPOOETAONAE OT MUHYC 10 TLTIOC
6eckoneunoctu. Psg (1.45) 3a1aer HEKOTOPYIO I€pUOAMYE-
CKyIo ¢ mepuogoM 1T PpYHKIHIO, KOTOpas OIpPEIe/eHa MPHU
MPOU3BOJILHBIX t. TakuM 00pa3oM, eciiu UcCaeayeTcs (PyHK-
nus, 3ajJanHasg Ha wHTepBaje 0 < t < T, To pan @ypbe
(1.45) 3amaer, Kak TOBODAT, €€ MEPUOAUIECKOE MIPOIOJIZKE-
HHE Ha BCIO JefcTBUTENbHYI0 0ch. OOpaTnM BHUMAHUE HA
TO, 9TO TO NEPUOAMYUECKOE IPOJIOJIKEHUE MMEET, BOOOIIe
TOBOPSI, PA3PBIBHI TIpH t,, = nL.
O6parnoe k (1.45) npeobpa3oBaHre UMEET BUJL

fn:/o %exp(%rint/T)f(t). (1.46)

Orcrona crepyer, uro nos peficreurenbrol dbyukuun f(t)
k03 dunuents ee pasnoxenus B pan @ypoe (1.45) ymo-
BJIETBOPAIOT COOTHOMIEHUIO f_, = fr. B sroM ciydae pan
Dypoe (1.45) MHOrIA 3ANUCHIBAIOT Y€PE3 TPUTOHOMETPUIE-
ckne PYHKITUN

—+oo

f(z)=fo+2 Z[Re fncos(2mnt/T)

+Im f,, sin(27wnt/T))]. (1.47)

st pyHKIME, KOTOPhIe MEHSIOTCA Ha MACIITabdax, ro-
pasuo méubwux T, B psaue Pypoe (1.45) cyliecrBeHHbl
6ombiue n. Torma 3ToT psia MOXKET ObITh TPUOIM3UTETHHO
3aMmeneH Ha wHTErpaa Pypbe, KOTOPHIA WAET MO YaCTOTAM
w = 27n/T. Orciona cienyer NPaBUIO MOACTAHOBKU

dw
zn:—>T o

KOTOPOE TMO3BOJIsieT TPeobpa3oBbIBATE CyMMY B WHTErPAaJ.
Takum obpasom, psan Pypbe nmepexoaut B uaTErpas @ypoe
¢ MHOXKUTeIeM 1 — MepUoIOM WJIH JIJIMHON WHTEpBAJIA.

Ecmm mepuomuveckoe mpogoskenne (GyHKIUU, 3TaH-
HOU HA KOHEYHOM HHTEPBAJIE, COIEPKUT PA3PBIBBI, TO ITO
MIPUBOJUT K BECHMa MEITEHHOMY YOBIBAHUIO KOI(DPUITHEH-
toB pana Pypwe mpu pocre n. UToOb HAWTH 3aKOH 3TO-
ro yObIBaHWS, PACCMOTPHUM pasJyioxkenue B psam Pypwe o-
dyuxnuu. Tounee roBOpst, pedub uaeT 0 GECKOHETHON CyMMe
0-yHKIHil, KOTOpasi SIBJISETCH MEPUOIUIECKON DyHKITHEH
t. Ucnonw3ys coornomenus (1.45,1.46), naxomum

+00 1 +oo
k:z_:oo o(t—kT) = T n;m exp(int/T).

B srom caygae koadpumenTs pa3aokenns f, BOODIIE He
3aBucdaT or n. s paspeiBHOil GyHKUIUU O-PYHKIUNA BO3-
HUKAIOT B €€ MPOU3BOIHON MO X, TO €CTh KO3 dUIMEHTHI
PAa3JIOXKEHUsT ITOM MTPOU3BOTHON HE 3aBUCAT OT 1 TP OOJTh-
mux n. Jaa camoit paspbiBHON (yHKIMK f 9TO O3HAYAET,
910 ee KO3 (PUIMEHTHI pasaokenns B paa @ypbe BemyT
cebst IPOLOPLUUOHANBHO 1/n npu 6osbLIKUX 7.

1.5.2 Jeabra-pyuknua Iupaka

B macrosiem pasmene Mbl paccMaTpUBaeM OCHOBHbBIE CBOI-
crBa geapra-pyukuuu dupaka (t). ‘@usuueckoe’ oupe/e-
nenue nenbra-GyHknun 6(t) COCTOUT B TOM, 9TO OHA DABHA
Hyst0 A7 Bcex ¢ # 0, paBHa Geckoneunoctu npu ¢t = 0, a
uHTErpas or Hee pasen exunune: [ dt §(t) = 1. 1y dyHk-
U0 MOXKHO TIPEJICTABUTh cehe, KAk Mpejesl HeKOTOPOil mo-
caemoBarenbHoCTH (DYHKIHI, KOTOPas MPUBOIUT K YKA3AH-
HbIM cBoiicrBam. Hanpumep, 6-QyHKIUIO MOKHO 3alKCaTh
B BUJIE MpeJeia MoCaeI0BaTeILHOCTH

1 €

6(t) = lim ————. 1.48
(t) = lim o (1.48)
JleficTBUTENIBHO, TIpU JIIOO0M TTOJIOKATENHLHOM € WHTErpaJl
or yHKuuu B 1paBoii yactu Beipaxkenus (1.48) pasen ezu-
uuue, upu ¢ # 0 upasas dacrb (1.48) crpemurcs K HyJI0, a

npu t = 0 — K 6eCKOHEYHOCTH [IPY CTPEMJIEHUU € K HYJIIO.

3amaua 1.5.1. Jlokazams coommnowerus

. 2t2¢

2
o(t) = lim 1 exp (—t> ,

e—0 TE

ITockonbky 3Hadenne GyHKuuu 0(t) OTIUIHO OT HYJIS
TOJBKO Tpu ¢ = 0, TO [jIs 000 HEPEPHIBHON (DYHKIMY
f(t) cupaBemyuso coornomenue §(¢t)f(t) = 6(¢)f(0). Win,
0606mas 1o coornomenue, §(t — s)f(t) = 6(t — s)f(s).
WuTerpupys, HAXOAMM BazKHOE CBOMCTBO O-(PYHKINMN:

/ﬁé@—gﬂn:f@y (1.49)

Nmenno coorromenue (1.49) Hanbosee 9acTo HCIOIB3yeTCs
B IPUJIOZKEHUSAX, [J€ BOSHUKAET 0-(DyHKIHS.
Yacrubivm ciaygaem coorsomenus (1.49) apiserca

/dt 0(t) exp(iwt) = 1. (1.50)

9TO paBEeHCTBO MOYKHO PACCMATPUBATH, KAK MPAMOE Mpe-
obpasosanue ®@ypoe or §-dyukuuu (1.43). Torma obpar-
Hoe npeobpasosanue Pypoe (1.44) naer ciepyromee uxre-
rpaJibHOE IIPEJICTABICHHE JJIs O-DyHKIMN

o(t) :/;l—:exp(—iwt). (1.51)
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Beps neficTBuTebHYI0 1 MHUMYIO 9YACTH 3TOrO COOTHOIITE-
HUS, HAXOJUM

dw
/ﬂ cos(wt) = 4(t),
/ dw .
5 sin(wt) = 0. (1.52)

Bropoit uaterpan B dbopwmysne (1.52) paBeH HyJI0 B CUIy
AHTHCUMMETPUIHOCTH TOJABIHTETPAIHHOTO BBIPAYKEHUS IO
w.

Bagaga 1.5.2. Ioaywums coomnowenue (1.50) npedenw-
Houm nepexodom € — 0 ¢ ucnoavdosanuem npedcmas-
aenus (1.48).

Paznoxenue B unrerpas @ypne meificTByer Ha OECKOHEY-
HOM mHTepBasie —o0 < t < 400. Eciu xke MbI paccmarpuBa-
€M 3a/[a49y Ha KOHEYHOM HWHTepBaJie, TO (PYHKIUU CIIEAyeT
packaaapBaTh B psig @ypwe. Coornorenue (1.50) cnpase-
JIMBO M HA KOHEYHOM WHTEPBAJE, €CJU OH BKJIOYAET HOJIb.
IlosToMy ero MOXKHO WCIOB30BATDH /IS BHIUUCJIEHUS KO-
a¢ddpuiuenTos pasioxenus o-pyakiuu B psag @ypoe B co-
orercrBuu ¢ (2.79). Takum o6pa3oM, Mbl IPUXOJUM K CO-
OTHOIIEHUTO

+oo
5(t) = % > " exp(imt), (1.53)

T7e JIJIs OIIPeIeJIeHHOCTU BHIOPAH MWHTEPBAJ N3MEHEHUS T1a-
pamerpa —m < ¢ < .

Bagaua 1.5.3. Joxasamob, wmo na unmepsase (—m, )

1—r?
1m
r—1-0 27(1 — 2r cost + r?)

=4(1),

2de lim,_,1_o 03Hauaem npedes npu CMPeMAEHUY T K
edunuye chudy. dmo noAyuumces, ecAu Yecmpemums
K edunuye ceepxy?

N3 ocHOBHBIX CBOHCTB O-DYHKIMU CIEAYET, dTO
Jdt 6(t) = 1 npu uHTErpPUPOBAHUY IO JTIOOOMY UHTEPBAJLY,
KoTOpbIi BKiIO4Yaer Touky t = 0. [Toatomy

/S dt §(t) = 0(s), (1.54)

—0o0
0(s) =0if s <0, O(s) =11if s> 0.
Dyuxiusa 6(t) naspiBaercs cryneHdaroil (QyHKuueld uiiu
dyukueit Xspucaiiga. Takum 0O6pa3oM, Mbl HALILIA IEPBO-
obpasuyio o-pyuknuu. luddepennupys mo s cooTHOIIE-
aue (1.54), mbr Haxomum 0,0(t) = 6(t).

MoxKHO BBECTH HE TOJBKO MEPBOOOPA3HYIO, HO M IIPOU3-
BOZIHYO OT d-byHKIMH, KOTOPYIO MBI 0603Ha4nM &’ (t). Tpa-
BUJ1a OOpAaIleHus ¢ TUM OOBEKTOM CJIEIYIOT U3 COOTHOIIE-
aus (1.49). A UMeHHO, UHTErpUPYS 1O YACTSIM, HAXOIUM
JIJIsT TTPOU3BOJIBHON raakoit dbysknun f

/dt 5t — 8)f(t) = —f(s). (1.55)

IMoncrasnsig B coornomenue (1.55) f(t) = (t — s)g(t) u
cpaBHuBasi pesdysbrar ¢ cooroinenuem (1.49), mMbl 3axJiro-
wqaeM, aTo0 t6'(t) = —d(t). PackmaaeBas remeps f(t) B psaz
Teitnopa (10 mepBoOro mopsizika) BOIU3M TOYKU ¢ = § U UC-
HOJIb3ysl YKA3aHHOE COOTHOIIEHUE, Mbl HAXOIUM

F@) (t—s)= f(5)d'(t—s)— f'(s)d(t — s). (1.56)

O6parnmM BHUMaHWE Ha, TO, 9TO U3 cOOTHOIIeHus (1.56) cie-

ayer, aro f ()8 (t —s) # f(s)0'(t — s).

3amaua 1.5.4. /Jlokazamvb coommnowenue

2te
! — _1; -
§(t) = llr% E1a)p

MoxkHo BBecTH u 0OJiee BBICOKHE IIPOU3BOIHBIE OT
JieJibTa~-(PyHKIMK, IIPABKIIA O0PAIIEHUs C KOTOPbIMU CJIeLy-
IOT U3 OCHOBHBIX CBONCTB He/bTa-(DyHKIINU, TPUBEIEHHBIX
BBIIIE. DTHU TPOU3BOIHBIE BO3HUKAIOT, KAK MPABUJIO, B WH-
TerpajabHbIX COOTHOIIEHHIX.

3amaua 1.5.5. Jlokazamsb, umo

6" (t) = —24'(t). (1.57)

J1o cux TIOp MBI HESIBHO TIOAPA3YMEBAJIN, YTO UMEEM JIEJIO
¢ DYHKIUAME, KOTOPbIE SIBJISIIOTCS HEMPEPHIBHBIMU U UMe-
TOT HeIpepbIBHYIO mpou3Boanyo. Ecim xe yHkmmsa wnc-
MBITHIBAET B HEKOTOPOI TOYKE CKAYOK WJIM U3JI0M, TO Ha-
JI0 ObITh AKKYDPATHBIM 1IPU OOPAIIEHUU C €€ [IPOU3BOJIHbI-
Mu (BOBHMKAIOIIUMU, B YACTHOCTH, [PU UHTEIPUPOBAHUU
no gacram). I[Ipumepom Takoit dyHKIUHM, PacCMOTPEHHOI
BBIIIE, SIBJISETCsT PA3pbiBHAS (DYHKIHA XIBUCANIA, TPOU3-
BOAHAas KOTOPOii cBoauTcs K d-pyukuuu. O6001mas 3o Ha-
6Jit0/IeHUe, Mbl 3aKJr04aeM, 4ro eciau dyuxuus f(t) ucubi-
THIBAET CKAYOK B TOYKE S, TO

fi@)=1f(s+0) = f(s = 0)]6(t—s)+g(t), (158

rae dynkuus g(t) orpanuvena B6iu3u rouku t = s. 31€Ch
f(s=0)u f(s+0) — 3nauenus dbyukuuu f(t) cnea u cupa-
Ba OT TOYKH Pas3pbiBa, To ecth f(s+0) — f(s—0) — ckauok
dyuknun Ha paspeiBe. [lomobHBIM ke 00pa3oM aHaIU3uU-
pyerca dyukuus f(t), UCIBITHIBAIONIAA B HEKOTOPOH TOYKE
HU3JI0M, KOTOPBIA COOTBETCTBYET CKA4YKy IEPBOA MPOU3BOI-
noit. Torpa 0-pyHKUMOHHBINA BKJIAJ, BOSHHKAET BO BTOPOI
npon3BoHoi o1 dhyHKIMH f(t).

3amaua 1.5.6. Jloxazamb coommnowenue

(i? - 72> exp(—7[t]) = —274(t).
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CrpaBeyiuBO COOTHOIIEHNE
1
5[f(t)] = Z md(t - Sn)v (159)

rIe CyMMWPOBAHWE MIET MO BCEM TOYKAM Sy, B KOTOPBIX
dbyukus f(t) obpamaercs B HOJb. ISt JOKa3aTeIbCTBA
(1.59) 3amerum mpexae BCero, 4ro O-PyHKIUS paBHA Hy-
JIIO Be37e, KPOME TEX TOYEK, TJe ee apryMeHT OOpamaer-
ca B HOMb. Tloatomy 4[f ()] mpeacraBager coboii cymmy o-
dbyukumit (¢ nekoTopbiMu KO3(hDMUIMEHTAME) TI0 BCEM TOU-
KaM S, B KOTOpbIX dyukuus f(t) obpamaercs B HOJb. Pac-
CMOTPHM OKPECTHOCTb OJIHO¥M Takoil Touku s. Haiimem mH-
Terpas 1o 31oit okpecraocru [ dt 6(f). lepeiinem 3nech K
HMHTErpupOBaHUIO 110 df :

[ = [ o,

ITockonbKy §(f) oram9Ha OT HYyJS TOJIBKO B TOUKE t = s,
B 310il hopmysie f/ mMoxkuO 3amenuTh Ha f'(s), mocse de-
ro (f’)~! sbmocuTCs 3a 3HAaK HHTErpata. UTo e Kacaercs
unrerpana [ df §(f), To ero BelmYMHA 3ABUCAT OH 3HAKA
npoussoanoii f/(s): ecnu f'(s) > 0, To mATErpaN paBeH eau-
HuIe, a ecan f'(s) < 0, TO MHTErpaJ paBeH MUHYC eIHHUIIE.
Jpyrumu ciaosamu, [ df 6(f) = sign[f’(s)]. Takum oGpazom
MbI IPUXOIUM K uckoMmoii dhopmysie (1.59), rae croar abeo-
JIIOTHBIE 3HAYCHNS IPOU3BOIHBIX (DYHKIUH f.

1.5.3 IIpeobpazoBanme Jlammaca

B 3ajmayax, B KOTOPBIX HCCJELyeTCs PelieHue JTMHEHHBIX
1 HepeHATbHBIX YPABHEHUN ¢ HAYAJIbHBIMU YCJIOBUS-
MW, 9acTO OBIBAET TIOJIE3HBIM Tpeobpa3oBanne Jlammaca, Ko-
TOpOE ompeensercs ajist MyHKINIA, 3aJaHHBIX HA TTOJI0KHU-
TelbHBIX BpeMenax t. [Ipeobpasosanue Jlamnaca dynkmun
®(t) onpenessercs, Kak

d(p) = /000 dt exp(—pt)®(t). (1.60)

Mbebr npenmonaraem, yro ¢gyukuus P(t) pacrer co Bpeme-
HeMm t He ObICTpee, YeM HEKOTOpas 3KcrmoHeHTa oT t. To-
raa unrerpan (1.60) cxomuTcest mpu JOCTATOUHO GOJIBINUX .
Bonee Toro, B 3TOM ciiyuae &)(p) CTPEMUTCST K HYJIIO TPU
p — oo. Ecim ke BBIATH B KOMIIJIEKCHYIO IJIOCKOCTB IIO P,
TO MOXKHO yTBEPXKIATH, YTO HHTETPAJ CXOIUTCS TPU JOCTA-
To4uHO bosbInux 3HaveHusx Re p. JIpyrumu cioavu, pyHk-
st <i>(p) 34BEJIOMO SIBJISIETCS AHAJIMTHYECKOH B 00J1acTH
Rep > C, rme C' — mekoTopasi KOHCTAHTA.

3agaua 1.5.7. Haidmu npeobpasosanus Jlanaaca caedyro-
wux Pynkyul: & = exp(—At), ® = t", & = cos(vt),
® = cosh(\t), ® =t~1/2 & = cos[2V/at]//nt.

IIpeobpa3oBamme, obpaTHOe K Mpeobpa3oBanuio Jlamma-
ca, UMeeT CIIeNYIOIMUi B

c+ioco N
B(t) = / P op(pt)B(p), (1.61)

oo 2Ti

o) Re p

Puc. 1.3: Kouryp, M0 KOTOpOMY HIET WHTEIPDUPOBAHWE B
obparHoM mpeobOpazoBanuu Jlammaca.

I/l WHTErPUPOBAHWE WIET BIOJIb MPSAMOi, MapaIeIbHON’
MHUMON OCH, B ODJIACTH AHAJUTHIHOCTH (DYHKIUU (i>(p),
cMOTpH pucyHOK 1.3. Ha 3TOM prcyHKe KOHTYD HHTErpupo-
BaHMs ODO3HAYEH CHHUM IIBETOM, & TIOJIOXKEHNST BO3MOKHBIX
ocobennocreii byukuun ®(p) (10MIOCH, TOYKH BETBICHNS)
0603Ha‘IeHbI KUPHbBIMU TOYKaMH" (I/IX pacnoJjiozKeHume yCﬂOB—
HO).

BosmozkubI medpopManyum KOHTypa HHTErPAPOBAHAs B 00-
nactu agamaTraHocTH. OOpATM BHUMAHHUE HA TO, 9TO IPH
orpunaresbhbix ¢ uarerpas (1.61) paBen Hyio, Tak Kak B
3TOM cJrydae 06a COMHOKUTENsA, exp(pt) u <i>(p), CTpeMATCs
K Hymo Tipu yeeandenun Rep. ITosromy, capurass KOHTYp
uHTErpupoBanus B Gosbinue Rep (4 ocraBasgch mpu 3TOM
B 00J1aCTH AHAJUTUIHOCTH ), MbI [IOJIyYUM HOJIb. DTO COOT-
BeTcTBYeT (DU3UIECKOMY CMBICTY PACCMATPUBAEMON 3a1a-
M, KOIJIA MbI UCCJIELyeM (DYHKIHMIO, OIPEIETEHHY 0 TOJIBKO
TTPY TOJIOPKATETHHBIX . [IpW MOIOKATEIHHBIX ¢ KOHTYP WH-
TErPUPOBAHUS MOYKHO CIBHTATH TOJHKO BIEBO IIO TEX TIOP,
TOKa, OH He “HATKHETCs’ Ha, OCOOEHHOCTbH.

3amaua 1.5.8. Hatlimu obpamuvie npeobpasosanus Jla-
naaca caedyrowur dynxyut: v(p? + v p(p? +
V)L w(p? =) p(p* =) (p+ )R
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T'nasa 2

CTATUYECKUE JIMHENHLBIE 110JI4

Bo mHormx 3amadax CrarmoHapHOE COCTOsiHuE bu3nye-
CKOM CHCTEMBbI XapaKTepU3yeTcs HeTPUBUATBHBIM pacipe-
JIeJIEHUEM €€ XapaKTepuCTuK B mpocrpancrse. Mbr pac-
CMATPUBAEM DM, TAKUX 3aJa4, KOTODPbIE OLUCHIBAIOTCA B
TEPMUHAX CTATUYECKUX TOJIeil, MMEIOINX HEeTPUBUATBLHYIO
MPOCTPAHCTBEHHYIO 3aBUCUMOCTH. B YaCTHOCTH, CTaIlMO-
HapHBIM siBjIsgeTcs ypaBuenue Ipéaunarepa mis coOCTBEH-
HBIX COCTOSHUN KBAHTOBOU YACTUIIBI BO BHEITHEM CTATHe-
CKOM TIOTEHITHAJIE.

2.1 OpHOMepHBIH ciydait

B mannom pazzene mbl OyaeM m3ydaTb OJHOMEPHBIH CITy-
4qaif, korma o0JacTb, B KOTOPOil MbI Oy/ieM HCKATH perie-
uue nudGepeHIuaIbLHON0 YPABHEHNS, SIBJISIETCS WHTEPBA-
gom (a,b). Torga ycnoBus Ha UHTEpECYIOIIUe HAC (DYHK-
[UU HAKJIAIBIBAIOTCS HA TPAHUIAX WHTEPBasa, IPpH T = a
u/unu x = b. Takoro copra 3aJjauu BO3HUKAIOT KaK IIPU
aHaJm3e I0Jel, 3aBUCALIUX TOJBKO OT OJHON JIEKapPTOBOM
KOODJWHATHI, TAK W B CJIydYasX, KOTIa B CUJIYy CHUMMETPHUU
MOJISE 3aBUCAT, CKAXKEM, TOJIBKO OT PACCTOSTHUS 0 HAYAJIA
KOODJWHAT, HO HE OT YTJIOB.

Paccmorpum B KadecTBe mpuMepa mOTeHIMaI [ pacipe-
Jesienus 3apsa/a, (OQHOMEpHas) IUIOTHOCTh KOTOPOro p 3a-
BHCHUT TOJILKO OT OJIHOI JIEKAPTOBOI KOOPAWHATHI . B 3TOM
CJlydae TOTEHIUAT TAKXKe 3aBUCUT TOJBKO OT KOOPAUHATDHI
T W yIOBJIETBOpsieT ypaBHenuto [lyaccona

d2
da?

f=a, (2.1)

IJIe mpaBas YacTh ONPEJETAETCs IJIOTHOCTHIO 3apsaia p:
¢ = —4mp. [ockonbky ypasuenue (2.1) siBasierca nudde-
PEHIMAILHBIM YPABHEHUEM BTOPOTO TIOPSIIKA, €70 HAO JI0-
HOJIHUTH TPAHUYHBIME ycjoBuaMu. Ecjum, Hampumep, pedb
uaer 06 00JACTH MPOCTPAHCTBA MEXKIY 3a36MICHHBIMH I1a-
PAJLTEbHBIMA METAINIECKIMA OBEPXHOCTSIMHE, PACIIONO-
JKEHHBIMH 1IPU £ = @ ¥ & = b, TO rPaAHUYHBIE YCJOBUS /IS
norennuana umeor sux f(a) = f(b) = 0. Mst Gymem roso-
PHUThb O TAKUX IPAHUYHBIX yCJIOBUAX, KAK HYJIEBBIX.
BBemem Temeph COOTBETCTBYIOULYIO ypaBHeHmiO (2.1)

dynkuuio I'puna G(x,y), KoTopas yI0BIETBOPSET ypaBHE-
HUIO

d2

WG(x,y):é(x—y), a<zy<b, (2.2)
a Takxke rpanuunbiM ycnosusM G(a,y) = G(b,y) = 0. O6-
parum BHUMaHME Ha TO, 4T0 PpyHKUus ['puHa 3aBucur Te-
nepb OT 00enx MEePEMEHHBIX, & HE MPOCTO OT UX PA3HOCTH,
KaK 3TO ObLIO B NPEABLIYIIUX pPa3fejax. ITO CBA3aHO C
HapyIIeHueM OJHOPOJHOCTH TPOCTPAHCTBA W3-3a T'PAHMIL

Pemenue ypasuenus (2.1) ¢ HyJIeBbIMU MPAHUYHBIMU YCJIO-
BUAMU 3aIUIIETCH B BU/JIE

b
flz) = / dy G(z,4)d(y). (2.3)

OueBugno, wunrerpas (2.3) yIOBIETBOPAET YDPABHEHUIO
(2.1) B cuny (2.2) u Hy/IEBbIM I'DAHUYHBIM YCJIOBHUAM, 110~
CKOJIbKY UM yIOBJeTBOpsier ¢pyukius ['puma.

Haitnem siBuoe Boipaxkenue st Gyukuuu [puna G(z, y).
g sToro 3amerum, 4To npu r < y ypasuenue (2.2) cBO-
JUTCS K OJHOPOJHOMY ypashenuio 092G = 0, uTo mgaer
G(z,y) = A(x — a), tme A — HEKOTOPasi KOHCTAHTA. JTO
ofIee pereHne ypaBHeHUusI C HYJIEBbIM TPAHUYHBIM yCJIO-
BHEM IIPU T = a. AHAJOIMYHO, IpU T > Y MBI HAXOAMM
G(z,y) = B(x — b), tne B — npyrast KOHCTQHTa. DTO BBI-
parkKeHue yJ0BJeTBOPAeT TOMY Ke ypaBHenuio 0°G = 0 u
HYJIEBOMY TpaHudHOMy ycjoBuio npu & = b. ITockosbKy
dyukmus ['puHa ymoBiIeTBOpsieT ypaBHEHUIO BTOPOTO ITO-
PAJIKA 10 2, OHA JOJI2KHA ObITh HENIPEPBIBHOM B TOYKE & = Y,
gT0 gaet coorHomenne A (y —a) = B (y — b). Janee, cka-
90K Tpon3BonHOil dhyukimu puna G(z,y) B ToUke & = y
pasen B — A, uro B cuiy ypaBHenus (2.2) HOKHO ObITH
paBHO emuHMIE. Pemas mOTy4YeHHbIE ypaBHeHus i A m
B, u noxacraBisis Pe3y/IbTAT B BbIPAsKeHUE s (DYHKIAN
I'puna, Mbl HAXOAUM

_ [ y-bdl-ab-a) z<y,
G(x,y){ (y—a)(x—b)(b—a)"t, x>y. (24)

O6parum BHUMaHUE Ha TO, uTO dbyukiys ['puna (2.4) cum-
merpuuna: G(z,y) = G(y, x).

Paccmorpum Temeps 60siee 00IIyIO 3a7a9y, KOTOPAs CTa-
urcd Juis Gynkuuu f(x) Ha unrepBase a < r < b wm
dopmynupyercsa B BUAE CAeAyiomero anddepeHiuaibHO-
TO ypaBHEHUS

Lf(x) = ¢, (2.5)
L= % + Q(m)% —U(z). (2.6)

Juddepenmuanbupiii oneparop L (2.6) masbiBaercs ore-
paropom Ilrypma-Jluysuis. 3aech ‘ucrounuk’ ¢ u dax-
TOpBI ), U CYNTAIOTCA M3BECTHBIMU (QYHKIUAMHU x. Perre-
Hue ypasHeHus (2.5) MOIPa3yMEBAET HAJIOXKEHWE HEKOTO-
PBIX MDAHUYHBIX ycaoBuil Ha dyHKIWIO f(x) HA rpaHUIax
WHTEpBaJa, TO ecTh ipu £ = a U & = b. OHu He 06A3ATETHHO
JIOJ2KHBI OBbITH HYJIEBBIME, BO3MOYKHbBI M JIPYTHe BAPUAHTBHI.
Haupuwmep, Berpedatorcst HyJieBble yCJIOBHsL HA [IPOU3BO/I-
Hyl0 f' B TOYKax r = a W T = b WIN CMEIIAHHBIE TPAHNY-
HBIE yCJIOBHUSI, CBA3BIBAIONIAE 3HAYCHHUS MPOU3BOAHON [/ m
by f B TOUKax © = a u x = b.
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Perrenne ypasrenus (2.5) MoxkHO 1o anasorun ¢ (2.3)
HAIMCATH B BUJIE CBEPTKU LPABOI 4acTu ypaBHenus (2.5) ¢
dyukumeit I'puna G(z,y):

b
flz) = / dy Gz, y)é(y), 2.7)
KOTOpas yaoBaeTBOpsAeT AudPepeHITHATHLHOMY YPABHEHUIO
iG(a,y) = 5(z —y) 2.8)

U COOTBETCTBYIOIIUM IPAHMYHBIM YCJOBHSM IPH & = 4 H
x = b. Heiicteurensuo, uaterpan B dbopmymne (2.7) ymo-
BJIeTBOpsieT ypapHenwio (2.5) B cuiy (2.8) W rpaHWYHBIM
YCIIOBUSIM TIO TTOCTPOEHHMIO.

IIpuBesennas Bbllle KOHCTPYKIHs, pabOTaloONias IIPH
@ = U = 0, noxcka3piBaeT HaM, Kak Haiitu dysKimio ['pu-
Ha G(z,y) B caydae mpou3BojbHOro oneparopa Irypma-
Juysuiis (2.6). Beengem cHauasa zBa peieHusi 0QHOPOJI-
Horo ypassenus (2.8) u u v (10 ecrs Lu = 0 = Lv), ko-
TOpbIE yA0BJIETBOPAIOT ‘ieBomy’ (1pu T = a) u ‘upaso-
My’ (mpu = b) TpAHUYHBIM YCJIOBHSIM, COOTBETCTBEHHO.
Hanpumep, 1715 HYJIEBBIX TPAHUYIHBIX ycsoBuii u(a) = 0 u
v(b) = 0. ®ynkuuio ['puna Hamo uCKaTh B BUE

den={ i) 1Sy @9

riae A, B — HekoTOpbIe TIapaMeTpbl, He 3aBucsdliue oT & (HO
saBucaume or y). Torma ypasuenue (2.8) Gyaer BblOJI-
HATHCA TIpU * < Yy U T > Y BMeCTe C TPAHUIHBIMHA YCJIO-
Busimu nipu ¢ = @ u x = b. Koncraursr :xe A u B onpese-
JIAIOTCST YCJIOBUSIMU HenpepbiBHOCTH byHKIMKM ['puHa mnpn
T = Yy W eIMHUIHOCTU CKAYKA MTPOU3BOIHON TPU & = -

G'(y+0,y)—G(y—0,y)=1. (2.10)

Pemras mosmydarorniyocst cucreMy JUHEHHBIX ypPaBHEHHIT
it A m B, MBI IPUXOIUM K CJIEAYIOIIEMY SBHOMY BBIPa-
kenuto nyg dyuxiun ['puna G(x,y):

1 [ w(ule), z<y,
Gla,y) = W(y){ o(@)uly), >y, (211)

3aecy W(x) — Tak Ha3biBaeMblit Bporckuan perenuii u(x)
u v(x), KOTOPBIl OLPEIESeTCs CeAyoIUM 00pa3oM

W(z) = u(z)v'(z) — u'(z)v(x). (2.12)

JuddepeHtmpyst 3T0 BLIpAXKEHNe U UCIOAb3Ys YPABHEHHUST
Lu = Lv = 0, nerko noiy4urs coorHorenue 0, W(x) =
—Q(x)W (x), orkyna caemyer

W) = Waex |- [“ay Q). (2.13)

Ormerum, uro npu Q = 0 Bpouckuan (2.13) me 3aBucur
or x, m Torma pyHKIus ['pruHa CTAHOBATCS CAMMETPUIHOMN:

G(I7 y) = G(y’ .CE)

Paccmorpum B kadecrBe npumepa norennuadn f(r) 3aps-
?KEHHOT'O NIJIMH/IPA PaJnyca b IIpy yCIOBUH, 9TO ILIOTHOCTh
3apsAIa 3aBUCAT TOJHLKO OT PACCTOSTHUS T OT TOYKN HABIIIO-
JIEHUsT JI0 OCH IMJIMHIpA. YpasHenue 1ist f(r) momydaer-
cq U3 ypapHeHud IlyaccoHa mepexomoM K IUIHHIPAICCKUM
KOODJIMHATAM:

d? 1d

)+~ () = —4mp. (2.14)

rdr
Breibepem 3HaueHUe IOTEHIINAA HA TOBEPXHOCTH IUIUHIDA,
3a HOMb. TOrNa rPAHMYHBIME YCJIOBUSAMU /IS 9TON 331391
apusiiores f(b) = 0 u orcyrcrBue ocobennocru B f 1pu
r = 0. Perynapubiv nipu r = 0 ‘JIeBbIM’ PEIIEHUEM U STB-
JIAETCSI HEKOTOPAsi KOHCTAHTA, KOTOPYIO MbI MOJIATAEM DaB-
Hoit equnute, u(r) = 1. ‘TIpaBoe’ e peieHue v UMeeT BU/L
v(r) = In(r/b), a Bporckuan pasen W (r) = 1/r. ITosro-
My ¢opmyaia (2.11) npUBOAUT K CIELYIOMIEMY BbIPAXKEHUIO
ans yakiun I'puHa ormeparopa B JI€BOR 9acTH yPaBHEHUS
(2.14):
G(r, R) = { RIn(R/b), r <R,
Rln(r/b), r> R.
Cnemyer oTMeTHTH, YTO € TOYKHU 3PEHHs UCXOIHON 3373~
qu rpanngHoe yciaosue f(b) = 0 6bUIO 3a7aHO HA TPAHUIE
r = b obimacTu, B KOTOPO# MBI HIEM TOTEHInaa [, u 9TO-
ro yCJOBHs JOCTATOYHO IS €ro onpesienenus. Jlomosnu-
TEJIbHOE YK€ YCJIOBUE OTCYTCTBUsI 0cOGeHHOCTH Tipu 7 = ()
BO3HMKAET U3-33 MEPex0a K MOJISPHON CUCTEME KOODIW-
HAT, TIPUBOJANIEMY K CHHTYJIAPHOCTH KO3 dunmenTa npn
nepBoil npousBoaHoil B ypasuenuu (2.14) B rouke r = 0.

(2.15)

Bapgaua 2.1.1. Hatimu ¢ynkyuro [puna onepamopos
Ly = (d/dz+x)(d/dx—x) u Ly = (d/dz—2z)(d/dzs+x)
na unmepsase (—l,+1) ¢ Hysesvmu epaHUNHOLMU
YCAOBUAMU.

Bo muOrmx ¢uzmueckux 3a1a49ax BCTPEUAIOTCA IMEPUO-
JIUYECKUE TPAHUYHBIE YCJIOBUSA, KOTOPHIE O3HAYAIOT, YTO
f(b) = f(a) m f/(b) = f'(a). Aast neproguIecKuX rpaHud-
HbIX ycsoBuil GyHkumio ['puHa HeJb3s MOCTPOUTH B COOT-
BercrBuu ¢ Bbipaxkenuem (2.11), rak kak yciosus f(b) =
f(a) m f'(b) = f'(a) cBaseBator 3HaveHna GyHKIMU [ HA
PaA3HBIX KOHI[AX WHTEPBAJIA, U TIO3TOMY HEJIb3sl BBECTH ‘Jie-
By’ u ‘mpaByro’ dyukuuu. Tem ne menee, bynknuo ['pu-
Ha G(x,y) MOXKHO HAWTH MPAKTHYECKH TEM ¥Ke CIOCOOOM,
KakuM ObLIO 110s1yueno Boipaxkenue (2.11). A umenno, upwu
z < yu x>y ypasaenue (2.8) umeer HyJEBYIO HPABYIO
49acTh, TO ectb G(Z,y) HA ITUX MHTEPBAJIAX OMPEIETAET-
CS1 pENTeHUsIMA OJHOPOAHOTO ypasuenust u u v (Lu = 0
u Lv = 0), Kaxk10e U3 KOTOPBIX COIEPIKHUT IO [Ba IIPO-
U3BOJIBHBIX KO3 duiimerTa. It KOIDMOUIMEHTHI JTOTKHDBI
OBLITh BBIOPAHBI TAKUM OOpPa30M, ITOOBI OOECIIEUNTDH IIEPH-
oJMyecKue rpaHudnble ycjaosus aias G(x,y), Heupepbis-
HocTh G(x,y) B TOYKE & = Y W €IVHWYHBIA CKAYOK MPO-
u3BogHON G(x,y) B TOUKe T = Y.

3agaua 2.1.2. Hatimu ¢ynxyuro I'puna onepamopa
d?/dz? + k% daa nepuoduneckux dynryul ¢ nepuodom
27,
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3amaua 2.1.3. Hailmu pewenue 36004

d2
(da:z + /‘52) [ = sign(z),

HA KAGCCE MEPUOIUYUECKUT HYHKYUT HA UHTNEPEae
(—m, 7).

Econ y omepatopa L wMmeercss HysneBas MOJa, TO €CTh
V/IOBJIETBOPSIOIIAS TPAHUIHBIM yCI0BUsIM byHKIUs [, Ajs
koTopoit Lf = 0, 1o 3anaga (2.5) sBisiercs, BOOOIIE TOBO-
pst, HEKOppeKTHOH. OHA ABJISETCS KOPPEKTHON TOJIBKO MIPU
HAJIOXKEHNH Ha ‘UCTOYHUK ¢ OIpeIeieHHOro ycaoBus. [Ipu
9TOM peltenue 3aga4u (2.5) He ABIAETCA OJHO3HAYHBIM: B
HeM (DUTYpPUPYET HyJI€Bas MOJA C TPOU3BOIBHBIM KO3(Mhu-
ueHToM. B KadecTBe mpmmepa MOXKHO TIPUBECTH TOT K€
omeparop L = 02 Nnpu MepUOIMYECKUX TPAHUYHBIX yCIOBH-
SX, HAJIOKEHHBIX Ha Gyukuuio f. B arom ciyuae y onepa-
Topa L uMeercs HyjeBas MOJA — KOHCTAHTA, (ne 3aBucsLAs
or x dynknus). Unrerpupys ypasuenne 92f = ¢ 1m0 x u
MCTIOB3Ysl TIEPUOMIECKIe IPAHNIHBIE YCJIOBHUS, MbI HaXO-
aum ycnosue [ dx ¢ = 0, KOTOpoe JOJKHO ObITh HAJIOKEHO
HA MPABYIO0 9aCTh yPABHEHWSs [Jisi TOTO, 9TOOBI CYIIECTBO-
BAJIO PEIeHUe 3a/1a49u.

3amaua 2.1.4. Halimu pewenue 3a0a4u
d? .
Ef = sign(v),

HA KAGCCE NEPUOOUNECKUL PYHKUUT HG UHMEPBaae
(=m,m).

Jlo cmx mop MBI paCCMATPHBAIHA 33Ja9W HA KOHEY-
HOM uHTepBajie (a,b). 3ayacryio BOBHUKAIOT 3a/a4u, KO-
TOPBIE CJIEJYET PACCMATPUBATH HA OECKOHEYHOM MHTEPBAJIE
(=00, +00) nn (0, 00). I'paHUIHBIMHI YCIOBUSME Ha GECKO-
HEYHOCTHU B 9TOM CJIy9ae 3aKTI0YAIOTCS JTUO0 B CTPEMIICHUN
GyHKIME [ K HyJIIO IPU CTPEMJIEHUH KOOPIAMHATHI K OECKO-
HEYIHOCTH, TUO0 B TOM, ITO PYHKIIHA [ IPH ITOM OCTAETCS
KOHEYHO.

2.1.1 TIloBenenue penteHns BOJAN3U 0COOBIX
TOYEeK

PaccvoTrpum perenne ypaBHEHUS L f =0, tme L- omepa-
rop rypma-JIuysuiina (2.6). Bysem cuurarb, uyro B uH-
repecyioreii Hac obsactu Gysrmn (, U packiiaIbBaioTcs
B pazpl Teitsiopa ¢ KOHEYHBIM PAJUYCOM CXOIUMOCTHU:

oo )
Q = Z Q'rtxn, U= Z Un$n. (216)
n=0 n=0

JpyruMu caoBaMu, pacCMOTPUM yPaBHEHUS L f =038 006-
mactu, tae @, U sBasiorcs perynsapabivu DYyHKIASAMHA.

Pemenne ypashenns Lf = 0 Takske MOXKHO UCKATb B
Bue psiga Teitaopa

=) fax™ (2.17)
n=0

IMoucrasnsis paznoxkenue (2.17) B ypasuenue Lf = 0 u
npupasHEBasg KO3(MD(MUIHMEHTDI P PA3IHYHBIX CTCIEHAX T,
HAXOIAM

2fs + Qof1 — Uofo =0,
6f3+2Qofo —Uofi +Q1f1 —Uifo =0,

n tak gangee. Takmm oOpa3oM, MBI HOIYIaeM PEKYpPPEeHT-
HbIE COOTHOIIEHNS, KOTOPbIE MO3BOJILIOT [TOCJIEI0BATEIHLHO
HAXOIUTh KOIPMUIIMEHTHI PABIOKEHUS fr,, €CAU 3aJTAHBI
fo, f1. /IBe He3aBHCHMbBIE KOHCTAHTHI fo, f1 COOTBETCTBYIOT
HaJIMYHUIO JBYX HE3ABUCHUMbIX DEITICHUI yPABHEHUST L f=0.
Mpsr 3akmogaemM, uTo (pyHKIuA [ peryaspHa B obractu pe-
rynspuaocru @, U.

OueBuHO, 9TO NPUBEICHHAS TPOIIEYPA HEIIPUMEHUMA B
0Co0BIX TOUKax, rae byrkunsa @ (v/unn byukuns U) nme-
€T CUHTYJIIPHOCTD. [loBemeHne perenns ypaBHeHns L f=0
BOIM3U 0CO00i TOYKK TpedyeT OTAEJIBHOTO aHajm3a. Mbl
PACCMOTPHUM YaCTHBIN, HO IPAKTHIECKH HAnOOIee BAXKHBII
cay4dail, Korga (yHkius () uMeeT IpPOCTOi I0JIF0C, KOTO-
poiit Mbl nomectuMm B TouKy & = 0. Byaem cumrars, 4ro
dyuknus U TakxKe MOXKET MMeTh MPOCTON TOJIOC B ITOM
touke. [leperumenm ypaBHenme L f =038 Bume

2
x%—i—x@% —zUf =0, (2.18)
rae Bce KodddunmenTsl perynspabl BOu3u Hy/s. B aTom
caydae, KOT/Ia Mbl IMEEeM JIeJI0 C YPABHEHHEM BTOPOTrO IO-
PsIZIKa C PeryIsipHBIMEU (paKTOpaMU, 0CODAsT TOYKA O3HAYAET
obparienue B HOJb KOdbdulmenTa upu Bropoit (crapiueii)
TTPON3BOIHOMN.

[TepBoiit mar peKyppeHTHOM MPONEayPhI 11T YPABHEHUS

(2.18) cBOIWMTCS K PEIIEHHUIO yPABHEHUS

202 f 4+ ad, f =0, (2.19)

rje a — 3Hadenue Q) B Hyne. Ypasuenue (2.19), ouesummo,
AMEET JIBa HE3ABUCUMBIX PEIICHH

f = const, focazt™e (2.20)

MpbI BUIMM, 9TO TIEPBOE PEIEHNE PETYIIpPHO B HYJE, B TO
BpeMsi, KAK BTOPOE DEIEeHHE WMEET, BOOOIE TOBOPS, MpPH
x = 0 rouky BerBsienus. Bropoe pemenue umeer (Kpar-
HbIi) 1IOJIIOC IPU LEJIbIX [OJOKUTEJNbHbIX ¢ U SBJIAEeTCs pe-
TYJASIPHBIM TP TEJIBIX OTPUIATETHHBIX .

Bagaua 2.1.5. Kakosev: pewenus ypasuenus (2.19) npu
a=1%

Broipazkenusi (2.20) onpenesisior MOBeIEHUE PEIIeHUs UC-
XOJHOIO ypaBHEHHs IPU MaJjblX X. IIoJIHOE Ke perieHne
OTIPEIETACTCS PATAMU TIO T, KOTOPHIE ABIAIOTCA MHOKATE-
namvu npu byukmuax (2.20):

f= Z foz", f=azl7? Zgnx". (2.21)
n=0 n=0
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3mech koaddunueHTsl fo, gy TPOU3BOIBHBI, & OCTATbHBIE
K03 PUINEHTHI TUHEHHO BbIpakaioTcs depe3 Hux. Kak u
CIeIyeT, Mbl UMEEM JIeJIO C IBYMSI HE3aBUCUMBIMU PEIeHNU-
SIMW ypPaBHEHWS BTOPOTO TOPSIKA.

CooTHoleHn s, KOTOPBIE OMPENEIIOT [y, §n, MOXKHO Haii-
TH, €CJIU UCIOJb30BATH PA3IOKEHU B P,

Q=a+Y Quz"™tl, aU=b+)Y U™l (2.22)

n=0 n=0

IMoxncrasnas paapt (2.22,2.21) B ypasuenue (2.18) u npu-
paBauBas KO3(MQMUIMEHTDI DU BCEX CTEHEHHAX T, HAXOIUM
PEKYPPEHTHBIE COOTHOIIEHUs 1Jist KOIMDDUIUeHToB fr,, gn.
IlepBbie COOTHOIIEHUST MMEIOT BH/T

afi —bfo =0,
2fy +2afy + Qof1 — bfi — Ugfo =0,
2(1 = a)gr + Qo(1 — a)go — bgo = 0. (2.23)

OTH COOTHOINEHUS TO3BOJISIIOT TOCJIEIOBATEILHO BhIPA-
KaTb K03 buruents f,, g, gepe3 fo, gg, ITO U OMPEIETIIET
pszpl (2.21).

Paccmorpum moBesienue periieHus ypaBHEHUS L f=20
BOJIM3U HyJIst, €CJM B 3TON TOUYKe () MMeeT MOJIIOC TePBOro
nopsiiKa, a U umeer nosioc Broporo nopsiiaka. Coxpanss B
Q@,U TOJBKO TJIABHBIE TIOJIOCHBIE UJIEHBI, MbI MTPUXOIUM K
YPABHEHUIO

I2a£f + axatf - Bf =0,

KOTOPOE 3aJIaeT MOBEJCHHE [ MPH MAJBIX X, BMECTO ypaB-
nenus (2.19). IIpuBesennoe ypaBHeHUE UMEET CTEIEHHbBIE
pemmenus [ o< x%, TI€ ( ONPEIEIIeTCs yPABHEHUEM

ala—1)+aa—F=0.

Takum obpazom

a= 1gai\/(1—a)2/4+,6.

IIpu S = 0 Mt HAxogum o = 0, @ = 1 — a, TO ecTb BO3BPA-
aeMcsa K y2Ke PACCMOTPEHHON CHUTYaIuu.

3amada 2.1.6. Kakoso nosedenue peuweHus YpasHEHUS
Becceas x202u + 20,u + 2%u — v?u = 0 6bausu ny-
2472 Kakoev, peuenus 3mozo YypasHEHUA GOAUSY HYAS
npu v =07?

2.1.2 3amauynm Ha COOCTBEHHBIE 3HAUYECHULA

Hopmaunbao ypasuenue Lu = 0, ZOIOJHEHHOE HyJeBBIMH
PAHUYHBIMEA YCIOBUSAMHE, HE UMEET perieHnii (Tounee, nme-
€T TOJIbKO TPUBMAJILHOE HyJieBOe pernenue). JleficTBuren-
HO, ycjioBue © = () Ha JIeBOM KOHIIE MHTEpBAJa 33/1aeT pe-
menne v = Cv, rae v — HEKOTOPOE PEIleHre yPABHEHUS
Lv = 0 ¢ Hy/IeBbIM IPAHHYHDBIM yCJIOBUEM HA JICBOM KOHIE
uHreppaJia, a C' — npou3Bo/ibHas KoHcTanTa. Eciin v He 06-
palaercss B HOJIb HA MPABOM KOHIIE WHTEPBAJIA, TO HEHYJIE-
BBIX pemennii ypasrerns Lu = 0 me cymecrsyer. Te xe co-
0OpazkeHusl OTHOCITCS K CIIY9Ial0 CMEIMIAHHBIX MPAHUIHBIX

yCJOBHil, KOT/Ia PaBHA HYJ/II0 HEKOTOpPAas JHHEHHAsS KOMOM-
Harusg PyHKIUU U ¥ €ee TPOU3BOMHOMN, & TAKHKE K CJIydaio
MEPUOINIECKUX TPAHUYHBIX YCIIOBUM.

PacrmmupuM 17191 pacCMOTPEHHBIX TPAHUYHBIX YCIOBUIA
KJIACC PACCMATPUBAEMBIX 3a/a49, BBeAd 3aJa49u HA COO-
CTBEHHBbIE 3HAYEHMs. 3a/1a9a HA COOCTBEHHbIE 3HAYEHUS
JJid  oleparopa L dopmysiupyercs, Kak 3a7a4a IIOUCKA
byHKIIUT U, YIOBIETBOPSIONIEH YPABHEHUIO

Lu = \u, (2.24)

¥ PPAHUYHBIM YCJIOBUSM U3 YUCJIA YIOMSHYTHIX BBIIME. DTa,
33/1a49a y>Ke UMeeT HEeHYJIEBble PEIleHUs i HEKOTOPBIX
3HAYEHUl MmapamMerpa A, KOTOPbIe HA3BIBAIOTCSI COOCTBEH-
HBIMH 3HAMEHUSMH OLEPAToOpa, L.

PaccMOTpUM B KadecTBe pUMepa onepaTop L = 92 xo-
TOPBIH JIeficTByeT Ha mepuojndeckue (ByHKIUH, 3aaHHBIE
Ha uHTepBase (—m, 7). Ypasrernue (2.24) B aroMm ciryuae
umeer Bug O2u = Au. OHO MMeeT pelleHus B BUJE THIED-
OOJIMUECKUX CUHYCOB M KOCHUHYCOB Tipu A > 0 U perrenust B
BH/Ie CHHYCOB M KOCHHYCOB mpu A < 0. OueBnaHO, 4TO Ha
uHTEpBaje (—m,T) MEPUOJUUECKUMHU SIBJIAIOTCH (DYHKIUU
cos(nz), sin(nz), rae n — ueaoe YucIO (BKIIOYAsd HOJb).
B pesynbraTe Mbl HaxoamM HAOOP COOCTBEHHBIX 3HAMEHMUIH
An = —n? omeparopa L = 02.

Takum 00pa3oM, MbI MOJIYYHIN IAUCKPETHBIN, HO OECKO-
HeuHblil (M HeorpaHWYeHHbI) HAOOP COOCTBEHHBIX 3HAYE-
Huil. Dra cuTyalUs TUIWYHA [IPU PEIIEHUN 33a9u Ha KO-
HEYHOM HHTEpBaJje: HabOp COOCTBEHHBIX 3HAMECHUH TUCKPE-
TeH u OeckonedeH. Bojiee Toro, mis omeparopa Illtypma-
Jluysusns (2.6) npu GoIbIIMX HOMEPAX COOCTBEHHBIX 3HA-
YeHUI COPaBEIIUBO TO K€ ACUMITOTHYECKOE TOBEJEHUE
An & —n? COOBCTBEHHBIX 3HAUEHHIl, IOCKOIbKY OOJIbIIIHE
3HadeHuss A QPOPMHUPYIOTCS MUMEHHO BTOPOM IPOU3BOIHOI
02 ® omeparope IItypma-Jlunysusas. Takum o6pazoM, MBI
MOKeM YTBEPXK/ATh, YTO COOCTBEHHbIE 3HAYEHUS OTIEPATO-
pa llrypma-JInyBuiis HeOrpaHWYeHbI CBEPXY M0 abCOIIOT-
HOH Ben4uHe.

Baxuwim  ciaydgaem  aBasgercs omeparop ITypwma-
Juysusnsa (2.6) mpu @ = 0. B sTom cayyae 3amaua Ha
cobcTBeHHbIe 3HadeHWs (2.24) siBisiercs ypaBHEHWEM Ha
cobcTBeHHbIE (DYHKIMH OfHOMepHOro ypasuenus I1Ipémma-
repa JJisd 9aCTHUIbl, HAXOAAIIEHCs BO BHEIIIHEM [TOTEHIIUAIE
U. Mbl nepenuiieM ero B BUIE

(02— Uy = —et, (2.25)

TJe € UMEeT CMBICJI SHEPTUU COOCTBEHHOTO COCTOSHUS.
s HyJeBbIX WM [MePUOAMIECKAX T'PAHUYHBIX YCIOBUI
oneparop 02 — U aBigercs caMOCONPAKEHHBIM,, TOCKOIbKY

/mm@—mw:/mw@—mm, (2.26)

JIsl IPOU3BOJIbHBIX (DYHKIUH 1)1, Y2, YIOBIETBOPSIONIAX
9TUM rpaHudHbIM ycaosuam. Coornorrenue (2.26) MOXKHO
JI0Ka3aTh MHTErpUpoBaHueM 1o yactsam. [Ipn sTom rpannd-
HbIE YIEHBbl He BO3HUKAIOT B CHJIy MPUHSITHIX MPAHUIHBIX
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ycinouit. [losromy pemenus 1, 1o ypasuenus (2.25), co-
OTBETCTBYIOIIME PA3HBIM 3HAYCHHUAM €, OPTOrOHAJIbHbL:

[ s i =0, (2.27)

cvotpu pazzaen 2.4.1. Kak npasuito, cobcTBenubie (DyHKIMN
HopMupyloT Ha equunny: [ dx [ih]? = 1.

[Mepeiinem Teneps K caydaro, KOTJa PEIeHUs yPaBHEHMs
(2.25) paccmarpuBaiorcs Ha Beeil upsMoil —oo < & < +00.
Mpsr Takxke O6ymeM CIUTaTh, 9TO MOTEHIHAI U JTOCTATOYHO
OBICTPO CTPEMUTCS K HYJIIO Ipu 0OJbuX . B 9TOM citydae
npu GOMBIIUX & Mbl IPUXOMMM K ypaBHenuio (92 + €)y =
0, KOoTOpOe WMeeT OrpaHWdYeHHble permreHns npu € > 0.
OTH pelleHns ABJIAI0OTCH JUHEHHOH KoMOuHanueil cos(qz)
u sin(qz), rae ¢ = e. OYHKIMHU ¢ TAKUM aCUMTITOTHYE-
CKUM MOBEJIEHNEM HA3BIBAIOTCS (PYHKITUSIMU HEMTPEPHIBHOTO
criekTpa. OyHKIMN HEMPEPHIBHOTO CIEKTPA C PA3IUIHBIMA
€ OPTOTOHALHBI IPYT APYTY, TO €CTh PABEH HYJIIO HHTETPAJT
(2.27), rae uHTErpUPOBAHKME UAET 10 BCEil IPSAMOI.

Hapsiny ¢ dyHKIUsIME HENPEPBIBHOTO CIEKTPa ypaBHE-
aue (2.25) MOXKeT UMeTh DEIlIeHuUs, KOTOPbIe CTPEMATCI K
Hyso npu Gosbiiux |x|. Ouu coorsercrByor € < 0 u Ha-
3BIBAIOTCA (DYHKIUAMU JUCKPETHOIO CIIEKTPA WU CBA3AH-
HpIxX cocrogauit. Ha 6onpimux x, rae norennuaaom U MoxK-
HO TIpeHeOpedb, GYHKIUN IUCKPETHOTO CIIEKTPa yOBIBAIOT
9KCIHOHEHIIMAIBHO: ¢ X exp(—+/|€| ). Takoe ke 3KCIOHEH-
nuajbHOe yObIBAHME MMEET MECTO MpU OOIBITUX MO abCco-
JIIOTHOM BEJIMYMHE OTPUIATENbHBIX . OYHKIINU JTHCKPET-
HOIO CIIEKTPA OPTOrOHAJIBHBI MEXK/Iy COOON M OPTOrOHAIb-
HBI (DYHKIIUSAM HEMPEepBIBHOTO CeKTpa. [10CKOMbKY (hyHK-
AU JUCKPETHOTO CIIEKTPA CTPEMSITCS K HYJIIO IpH OOJIBITTUX
|z|, HopMupoBounstit maTerpan [ dr 1| nas HEX KOHEUEH.
OOBIYHO TPUHUMAETCST HOPMUPOBKA, KO/ TOT WHTErpaJl
PaBeH euHUIIE.

CobcrBennbie (DyHKIMU jI1sT JAHHOTO TTOTEHITHANA, B CO-
BOKYIHOCTHU (TO €CTh (DYHKIMU HENPEPHIBHOIO U JIMCKPET-
HOIO CIEKTPOB) COCTABJIAIOT IOJHYIO cucremy (byHKIMI,
[0 KOTOPOH MOXKHO PA3JIOKUTH TPOU3BOILHYIO (DYHKITHIO,
OrPAHUYEHHYIO HAa BCeHl NpaAMOi. DTO PA3JIOKEHHE UMEEeT
BUJ, WHTETPAJIA MO BOJHOBBIM (DYHKIUSIM HETPEPHIBHOTO
CIIEKTPA, K KOTOPOMY CJIeIyeT MpUOABUTH CyMMYy IO BOJI-
HOBBIM (DYHKITUSM JUCKPETHOTO CIEKTPA.

[MpowstiocTpupyeM CKa3zaHHOE HA MPUMEPE HPUTATUBA-
ioriero moredtwanga U, cocpeoToueHHOro BOIM3N Havasa
KOOpAWHAT. B 9TOM Cilyduae mOTEHIMAT MOXKHO 3aIMUCATH B
sBuse U = —2k6(x), tane k > 0 u ypasraenue (2.25) mpuob-
peTraer BUJ

O3 + 2k6(x) + etp = 0. (2.28)

ODTO ypaBHEHWE HUMEET PEIIeHUs] KaK IS HEIMPepPhIBHOTO
criekTpa mpu € > (0, Tak U 1 CBA3AHHOTO COCTOSTHUS.
IIpu z > 0 uw upu < 0 MbI UMeeM €510 CO CBOOO/I-
HbIM YPaBHEHHEM, PELIeHUsl KOTOPOIO U3BECTHBL: 9TO KO-
CHHYCHI U CHHYCHI ipu € > ( u yOBIBAIOIINE HKCIOHEHTHI
npu € < 0. Boipaxkenus nis dpyHKImu ¢ cjieBa u CripaBa
crenyer ciuTh npu x = 0, B 3TOif TOYKE B COOTBETCTBHH

¢ (2.28) ¢dyukius 1 HeNpepbIBHA, a €e NPOU3BOAHASA UC-
UbITbIBaET CKa4doK, paBubiil —2k1(0). CuimBKa npuBOAUT K
CeayOIeMy HAOOPY COOCTBEHHBIX (DYHKITH

1
M) = Tzexp(olal), e= -t (229
#(q,z) =sin(qz), e=¢* ¢q>0, (2.30)
(g, x) = cos(glz[ +¢),  e=d%
q>0, tanp=~k/q. (2.31)

O6parum BHEMAaHKE HA TO, 9TO COOCTBEHHBIE (DYHKIMH PAC-
najarorcd Ha dersoie 10 x (Y, 1) 4 HeuerHble 10 T ().
OT0 ABJAETCH CAEICTBUEM CUMMETPUHU UCXOIHOTO YPaBHE-
His (2.28) 110 OTHOIIEHHUIO K U3MEHEHWIO 3HAKA .

Dyukiys (2.29) OTHOCUTCSA K CBSI3aHHOMY COCTOSIHUIO, &
dbyukuun (2.30,2.31) — x HeupepbiBHOMY crekTpy. DyHK-
uug (2.29) HopmupoBaHa Ha ejuHuIly, TO ecTh [ dr X? =
1. HopMupoBKY (DYHKIMI HEPEPLIBHOIO CIIEKTPa MOYKHO
HajiTn u3 coorHormennii (1.52):

/ dz ¢(g,2)6(k,x) = T6(q — k), (2.32)

/da: n(g, x)n(k,x) = wdé(q — k). (2.33)

B coorBercTBun ¢ obmmmu cBoiicrBamu ypasuenus IIpé-
JuHTepa, MPYHKIUN X, ¢, 7] OPTOTOHAJBHBI IPYT JAPYTY.

Banaua 2.1.7. Henocpedcmeenno mnposepumv 0pmozo-
HAABHOCTD GYHKUUT X U 7).

Paccmorpum Temeph passiokeHume HEKOTOPOil (pyHKIINH
¥(x) mo cobeTBeHHBIM BYHRIUAM X, @, 7). ITO PA3IOKEHNE
MMeeT BU],

v =avt [~ Llao+ s, (230

Koaddunuenrsr paznokenus (2.34) MoxKHO HaiiTH 11pU 110~
Mol coorHowenuit (2.32,2.33):

o= / dz ()X (2),
a(g) = / dz $(x)(q, 2),
Blq) = / dz (2)(q, z). (2.35)

3agaua 2.1.8. Hailimu xosdduyuenmot a,c, S padarooice-
nus (2.34) dan pynryuu Y(x) = exp(—b|z|).

2.2 DaekTpocTaruydeckue 3aa4u.

3/1ech MBI PACCMOTPUM 3JIEKTPOCTATUYIECKUE YPABHEHUS
JITst TIOTEHIATA f, BaXKHBIE, IPEXK/Ie BCEr0, B TEOPUH HJTEK-
TpoMaraneru3Ma. B cBOOOIHOM IPOCTPAHCTBE HAXONKICHUE
MOTEHIINAJIA, [, KOTOPBIH TOPOK TAETCS TIOTHOCTHIO 3apsia
p, O3HaUaeT pemenue ypapuenus [lyaccona (Poisson)

Vi =9, (2.36)
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rie V2 — Jlannacuan u ¢ = —47p (8 cucreme CI'C). Ana-
JIOPMYHO BBILJISAAUT YPABHEHHE [JIsl [IOTEHIIUAIA B JUDJICK-
TprKe. Ypapuenune (2.36) Ge3 mpamoii 4acTu OOBIYHO Ha-
3bIBaeTCA ypaBHeHmeM Jlammaca. Mpl Tak:xKe pacCMOTPUM
cBoiicTBa pemennii ypasuenus debas (Debye)

(VZ = K2)f = ¢, (2.37)

e K — HEKOTOpask KOHCTaHTa. Y paBHenue (2.37) onnchiBa-
€T IPOCTPAHCTBEHHOE PACIIPe/IeIeHne TTOTEHIHAIa B dJIeK-
TPOMHUTAX W IJIa3Me, TO eCTh B IPOBOAAIIeil cpese, k' aB-
Jistercs JJIMHOM sk panupoBanus (aymuoit lebast).

VYpasuenus (2.36,2.37) mMoryr ObITh OLPE/IEIEHbL B LPO-
CTpPaHCTBE TPOU3BOILHON pasmepHocTn d. B HacTosiem
pasjese Mbl COCDEIOTOYMMCS Ha MPAKTUYECKH Hauboee
BaKHBIX ciydasx d = 3 u d = 2. BoapmuacTBO M3 ipuBe-
JeHHBIX HUKE PE3yTbTATOB JIETKO ODOOIIAIOTCA Ha CIIydait
[IPOUBBOJIBHON PA3MEPHOCTH MPOCTPAHCTBA d.

QyHKIWY, KOTOPHIE YIOBJIETBOPSIOT ypaBHeHuio Jlamia-
ca V2f = 0, Ha3BIBAIOTCA TAPMOHIYECKIMHE. 3aMETHM, UTO
HE CYIIECTBYET TapMOHWYECKUX (DyHKIUH, OMpeseleHHbIX
BO BCEM IIPOCTPAHCTBE W CTPEMSIIUXCA K HYJII0 Ha Oec-
KOHEYHOCTH. JlefcTBUTENbHO, Jijisi TaKuX (DYHKIHUI XOpOo-
1110 Ompezeseno mpeobpasopanue Oypbe f (). Hpownssens
npeobpaszoBanue Oypre ypaBHEHUS V2f = 0, maxoanm
¢>f = 0. Y 3T0ro ypaBHEHHS HMEETCH TOJBKO pellleHue
f 0(q), uro oznauaer f = counst. Eciu mbr TpeGyem
crpemyenus K Hy1io GyHKIwE f Ha GECKOHEYHOCTH, TO KOH-
CTaHTa 37eCh JO/2KHA OBITH paBHA HYJIO0, 9TO B ODOCHO-
BBIBAET CIEJAHHOE yTBepKaeHue. Ilogaepkuem, 4To U310~
JKEHHAsT apryMEHTaIUsl OTHOCUTCS K MPOCTPAHCTBY TTPOU3-
BOJILHOHN pazmepHocTH. To e OTHOCUTCS U K OJHOPOTHOMY
ypasrenmio lebaa (V2 —x2) f = 0: He cymecTByeT permennit
9TOrO ypaBHEHUS, OLPEIEIEHHBIX BO BCEM [IPOCTPAHCTBE U
CTPEMSIIUXCS K HYJTI0 HA ODECKOHEYHOCTH.

O06brana 334298 00 OMpPEIeIEHNN TAPMOHUYIECKON (DyHK-
nuu f B orpanmdeHHoii obsactu. B sToM ciydyae ypaBHe-
ure Jlamwraca (2.36) HOJIKHO OBITH JOHOJHEHO YCIOBUSMHE
Ha rpanune 3roit obaactu. Hampumep, MOKHO 331aTh 3HA-
YeHMe TOTeHIMAa f Ha rpaHuie. BO3MOXHBI U WHBIE IPa-
HUYHBIE YCJIOBUS, HATPUMED, HYJIEBOH TTPOU3BOIHON OT MO-
TeHIMaJa [ B HApaBJIEHUH, TIEPIEHIUKYJIIPHOM TDAHUIIE.
K coxxanenuio, HeT crmocoOOB pemIeHus ITON 3aMaYn st
npousBosibHON obmactu. OJHAKO J1JIsi HEKOTOPBIX IPOCTHIX
reOMeTPHil 9Ta 3344494 UMEET PEIIEHUEIO

PaccmorpuM B KadyecTBe TMpHUMEpA pEIEHUe ypaBHEHUS
Jlamnaca B TpeXMEpPHOM CJTyvae B MOJYIpOCTpaHcTBe 2 > 0,
CUNTasl, 9TO 33JaHO 3HaUeHne (PYHKIUA f HA ITOCKOCTH
z =0: f(z,y,0). Torga B noxyupocrpancrse z > 0 noreH-
nuail f npejcTaBisercs B BHJIE MHTEIPAJIA

- dg dn =f(€,7,0)
Howd) = [ et Gy

JeficTBUTEIbHO, OIpEIE/IEHHAsT HHTEIPAJIOM B IIPABOM da-
cru (2.38) dyHKuus ABIAETCH rAPMOHMYECKOI, LOCKOJIb-
Ky B MOJBIHTETPAILHOM BBIPDAYKEHUU CTOUT TaPMOHUYIECKAS
dbyHKIHSA, YTO JIETKO MPOBEPSETCA HEMOCPeACTBeHHO. Kpo-
Me TOro, JIETKO MPOBEPUTH, 94TO tpu z — 0 KoabdunmenT

(2.38)

upu f(£,7,0) B HOABIHTErPATILHOM BBIPAXKEHUM B MPABOIL
gacru (2.38) crpemurcs kK d(x —&)d(y —n). Orciona cuemy-
er, uto maTerpan (2.38) mpu z — 0 crpemnrcs X f(z,y, 0.
Ha sToM J0Ka3aTeIbCTBO 3aKAHIMBAETCS.

Bamaua 2.2.1. Hatimu nosedenue Pymnryuu (2.38) npu
borvwux z, cuwumas, wmo f(x,y,0) aokaruzosana
60AU3U HAUANG KOOPOUHATN.

PaccmorpuM Terephb 3a/1aty 0 HAXOXKIEHUU B HEOTDAHU-
YEHHOM IIPOCTPAHCTBE pelenus ypapuenus (2.36), rae mo-
TeHImaa f CTPeMHUTCI K HYTI0 Ha OECKOHEIHOCTH. UTOOBI
TaKOe PeIleHne CyIIeCTBOBAJIO, ILIOTHOCTH 3aPsiia I0JIK-
Ha YJOBJIETBOPSATDH OLpezesieHHbIM yciosusiv. Hampumep,
ObITH OTJIMYHOW OT HYJs B OTPAHUYEHHON O00JACTH TIPO-
CTPAHCTBA.

Hus pemienusi ypasuenusi (2.36) MOXKHO HCIOJIB30BATh
dyukuuio I'puna G(7). Ona siBisiercs pelieHuem ypasHe-
HUS

V2G(r) = §(r), (2.39)

K KOTOPOMY CjiefyerT noOaBUTh yCJIOBHE yObIBaHUS Ha Oec-
koneunocru. Torja perienne ypasHenns (2.36) 3amuchiBa-
€TCd B BHUJE UHTEIrpaJia

f(r)= /dV’G(r —r)p(r'), (2.40)

IJI€ MHTETPUPOBAHUE UIET TI0 BCEMY TTPOCTPAHCTRY.
Pemienue ypasuenus (2.39) B TpexMepHOM Ciiydae XOpo-
IO M3BECTHO — 3TO IOTEHIHAJ [0/ TOYEIHOIO 3apsaia

1
Glr) = ——, 2.41
(1= (241)
rae r = |r|. Hoacrasnss B (2.40) B KadecTBe DyHKIMH

I'puna (2.41), HAXOAUM COOTHOIIIEHWE

f(r) = f/dv’ﬂ — /dv’M, (2.42)

drlr — 1| |r — 7|

KOTOPOE SABJIETCA M3BECTHBIM BBIPAKEHHEM [T 3JIeK-
TPOCTATHYECKOrO HOTEHIHUAIA PACIIPEICICHAs 3apA/I0B B
HEOTPAHWYIEHHOM MPOCTPAHCTRE.

ITpusenem 3xmech BbiBOA BbipazkeHus (2.41), ocHOBaHHbILIt
Ha npeobpazosanuu Pypoe, cmorpu paszedn (2.4.2). Ipous-
BegeM upeobpasosanue @ypoe ypasaenus (2.39). B pesysib-
TaTe MOJIyIuM qQG(q) = —1, rme é(q) — Tpeobpa3oBaHmIe
@ypoe or G(r). Oyukuuio 'pura G(r) MOXKHO HalTH, KaK
obparuoe Pyphe-npeobpasoBanue

d3q exp(igr
o) =~ [

Pa3zobbem BOJIHOBOI BEKTOD g Ha KOMIIOHEHTY || BJIOJIb T U
[IEPIEHINKY/ISPHYIO T KOMIIOHeHTYy ¢ . VluTerpas mo Kom-
TMOHEHTE ¢|| AT

T
dq) exp(iqr)—5———> = —exp(—q.7
/ I exp(ig) )qﬁJrqi L p(—aun),
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IJIe MbI IOJACTABUIN §° = qﬁ + qi. Ocrasimnuiicss wHTErpas
110 IIePIEeHIUKY/IAPHONR KOMIIOHEHTe

d?q, w
GW%=—/4—*—wa@ML
(2m)3 q1
MPUBOIUT TIOCJIE IEPEXOA K TOJIAPHBIM KOOPIMHATAM K BhbI-
paxkennio (2.41).

3agaua 2.2.2. Hatimu pewenue ypasuenus (2.39) 6 npo-
cmpancmee npouseosvHoti pasmeprocmu d.

Bagaua 2.2.3. Haitmu ewipasicenue dis nomenyuana f 6
cayuae, £0206 ¢ 3a68UCUM MOALKO OM PACCMOAHUSA 00
HAYANA KOOPIUHAM.

VKa3aHHBI BbIMIE CIOCOO BBIBOIA BBIPAYKEHHUS ISt
dbyuknun 'puna, cBa3aHHblil ¢ mpeobpazoBanuem Pypbe,
He PabOTAeT B JIBYMEPHOM CJIy4ae, MOCKOJBKY B DTOM CJIY-
qae obparuoe mpeobpasoBanne Pypbe HOpMATIBHO PaCXO-
JUTCS TIPU MAJIbIX BOJIHOBBIX BeKTOpax ¢. IlosTtomy B aBY-
MEPHOM Ciydae MbI OyJeM HCKaTh pelleHhe ypaBHEeHUsi
(2.39) apyrum crocobom. fcuo, yro dynkuusa [puna G 3a-
BHCHUT TOJIbKO OT aDCOIOTHOM BEJIMYWHBI PAINYC-BEKTOPA
7. BHe Hauajia KOOpAUHAT, TIe COCPeIoTOueHA J-DyHKIHNS,
B ypaBuenuu (2.39) npasas 4acTh paBHA HYJIIO, YTO IIPUBO-
ut K ypasuenuto (02 +r719,)G(r) = 0. llomumo Tpusm-
AJIBHOTO PelleHrss — KOHCTAHTBI, 3TO YPABHEHUE UMEET CBO-
uM pewtenneM In 7. Takum obpazom, G o« In 7. Hrobbl HaiiTu
K03 DUIMUEHT TPONOPIITNOHATLHOCTH B 9TOM COOTHOIIEHHH,
npouHTerpupyeM ypasaenue (2.39) mo qucky paauyca R. B
MPaBoil 9acTv MBI MOJIYYUM €IUHUILY, & B JIeBO JacTu mo-
ToK VG 9epe3 OKPYKHOCTDb — IIOBEPXHOCTD JTUCKA, KOTOPbIT
paeen 2m ROG/OR. llpupaBHuBas 3Ty BeJUYUHY €IUHUIE,
HAXOIUM
_Inr
oo
Pasymeercss, kK 3T0if BeJMYMHE MOYKHO T0OABUTH TTPOU3-
BOJIBHYIO KOHCTAHTY, KOTOPas OMPEIEISIEeTCs TOI0KEHIEM
TOYKH, B KOTOPOH TIOTEHIUAI MPUHST 33 HOJIb.

d=2  G(r) (2.43)

3amaga 2.2.4. Busecmu yka3aHHbM CNOCOOOM 6bLPAHCE-
nue (2.41).

[IpuBememM BayKHOE COOTHOINEHHE JJIsi TAPMOHUYIECKON
dbyaxumm f, ynosnersopsiomeil ypaprennio V2 f = 0. To-
r1a, Kak caegyer u3 ypashenus V2G(r) = 6(r), cupases-
JILBO COOTHOLIEHUE

VIVG(r —r1)f(r) — G(r —r1)Vf(r)] = 6(r —r1)f(r1).

WuTerpupyst 3T0 COOTHOIIEHNE 10 HEKOTOPO 00/1aCTH TPO-
CTPAHCTBA, COAEPIKAIIENl TOUKY 71, HAXOAUM

flr) = §£dS [VG(r—r)f(r)—G(r—r)Vf(r)], (2.44)

rie dS — 3/IeMeHT MOBEPXHOCTHU 00JIACTH WHTErPUPOBAHUS,
HANPABJIEHHbIH HapyxXky or obnactu. OTcooga creayer, B

YACTHOCTH, YTO 3HAYEHUE TAPMOHUIECKOMH (DYHKIINU B IEH-
rpe cepbl PABHO €e CPeHeMY 110 HOBepXHOCTH cdepbl (310
BEPHO B MPOCTPAHCTBE MPOU3BOJIBHON PA3BMEPHOCTH). JTO
O3HAYAET, 9TO FApMOHUYECKAs (DYHKIMSA HE MOXKET TOCTHU-
rarb MUHIMYMAa WJIM MaKCAMyMa BHYTPHU O0JIACTH, i€ BbI-
nonnserca ypasuenne V2 f = 0.

agaua 2.2.5. Jlokazamsv, 4mo 3navenue 26pMoHueckot
Ppynuryuu 6 yenmpe chepv. pasHo ee cpedremy no mo-
eeprrocmu cepos. Tlowemy eapmonuveckan ynryua
HE MOdCEM JOCTU2AMD MUHUMYMO UAY MOAKCUMY-
MG 8HYMPU 00aaCMU, 20€ BBINOAHAECNCA YPABHEHUE

V2f =07

IMepexomum renepsb K ypasuenuio debas (2.37). Haitnem
ero dyukimio 'puna G(r) B HEOrpaHUYEHHOM IIPOCTPAH-
crBe. Oyukiug I'puna G ynoBreTBOPSeT ypaBHEHUIO

(V2 = 2)G(r) = 8(r). (2.45)

B rTpexmepHOM mpOCTPAHCTBE pEIIeHHE STOrO yPABHEHUS

UMeeT BUJL
1
G(r) = —— exp(—kr). 2.46
(1) =~ exp(—#r) (2.46)
Kaxk u cnexyer, npu k — 0 Boipaxkenue (2.46) nepexoaur B
(2.41). O6parnm BHUMAHHUE HA TO, 9TO, B OTaH4IHeE OT (2.41),
dbyukuust (2.46) 9KCHOHEHIMAJIBLHO 3arTyXaer Ha OOJIbLIUX

PACCTOSHNSX, KOTOPLIe MpeBocxonar amny debas 1.

3amaua 2.2.6. Jloxazambv, 4mo s peweHus 00HOpodHo-
20 ypasnenua ebas (V? — k?)f = 0 umeem mecmo
mo oice coomuowenue (2.44), no moavko ¢ Pynxyued
I'puna (2.46).

Jnst BbIBOma BhIpaykeHus (2.46) meiicTByeM Tak»ke, Kak
u npu BbiBoJE Bbipaxkenus (2.41). Ilpoussenem mnpeobpa-
zoBanue Oypne ypashenus (2.45). B pesysbrare nonyuum
(¢*> + 52)C~¥(q) = —1, tme G — npeobpasosanune Pypbe or
G. @yukumio G(r) MOXKHO HaiiTH, Kak obpaTHoe ®yphe-
npeobpa3oBanme

B d3q exp(igr)
G(T)__/(zw)?)m'

Pazobbem q Ha KOMIIOHEHTY || BJIOJIb T U 1I€PLEH/IUKY/1AD-
HYyI0 7 KOMTIOHeHTy q . VlHTerpan no KoMmonenTe g J1aet

1 T
dq) exp(iqr) ——————= = = exp (—f07),
/ I expigy )qﬁ+qi+m2 B (=6r)

rne 3% = ¢3 + k2. OcraBmmiicss HETErpas MO NEPIEeH UKy -
JIAPHOM KOMIIOHEHTE JIEFKO HAXOAMTCA IIOC/E MEPeXona OT
g1 K uepemenHoil § (KOTopas MeHsIeTcs OT K J0 O0), 4TO

JaeT

G(r) = 1 /00 dg exp(—pr).

4r

Beraucienne 3Toro uHTErpasa NpuBOAMT K (2.46).
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Bagaua 2.2.7. Hatimu pewenue ypasnenua (V2 —k?)f =
@ 6 cayuae, K020a ¢ 3a6UCUM MOABKEO OM PACCTNOAHUSL
0o Hauasa Koopouram.

Yaie Bcero ypasrernus Ilyaccona (2.36) n debast (2.37)
NPHUXOJNTCS PEIIATH B 061aCTH KOHEIHBIX PA3MEPOB C OIIpe-
JIEJIEHHBIMU YCJIOBUSAMU HA IOTEHNUAN f, 3aJaAHHBIME HA €€
FPaHUIAX. DTa 330293 Pernaercsa B 18a srana. CHavaIa Ha-
710 HAfiTH perenye f,q, OTHOPOTHOTO ypapHeHus V2 f = 0
nmm (V2 —k2)f = 0 ¢ 30 JaHHBIMH TPAHTIHBIMA YCIOBUAMM
Ha norennuai f. 3areM HaI0 HANTU ffopce, KOTOPOE SABJISA-
erca pemrenuem ypaphenus V2f = ¢ uim (V2 — k2)f = ¢
C HYJIEBBIMW TPAHWYHBIME YCJIOBWAMU. Permenne ypapHe-
aus Ilyaccona (2.36) mmu eGas (2.37) maercs cymmoit
f = from + frorce. llepBolit w3 aTamoB 00CyKAAICA BHITIE.
Ilepexomum KO BTOpOMY.

Pemenne ypasmenus Ilyaccoma V2f = ¢ umu ebas
(V2 — k?)f = ¢ ¢ Hy/IeBBIME ITDAHHYHBIMHA YCIOBHAME MO-
2keT ObITh 3aIIUCAHO B BUJIE

frorce(r) = /dV’G(r,r’)qﬁ(r’), (2.47)

IJI€ MHTErPUPOBAHKE UJET 110 MHTEPECYIOmel Hac 00IacTh.
Dyuxuua [puna G B coornowenuun (2.47) noszkua yiuo-
BIETBOPATHL ypasHenuio V2G = §(r — ') aaa ypasnenus
[yaccona uin (V2 — k)G = §(r — ') nna ypasuenust [le-
Oasi, a Tak)Ke HyJEBbIM I'pDAHWIHBIM ycjoBusaMm. OOparum
BHUMAaHHE Ha TO, 9TO (pyHKIMsA [puHa 3aBUCUT Teeph He
TOJILKO OT Pa3HOCTH T — 7', 9TO CBA3aHO C HapyLIEHHEM
OJITHOPOJHOCTH IIPOCTPAHCTBA 38 CUET IPAHUIHBIX yCJIOBHIA.
OO0uIMX METOIOB PEIeHNsT TAKON 3aJa4K HEe CYIIECTBYeT U
ee HaI0 KAXKIbIM pa3 3aHOBO PemiaTh [jis O0JacTH C JTaH-
HOIT Teomerpueii. IHOTIA CIIOCOO pelIeHusT MOACKA3HIBACT
CAMMETPHs ODJIACTH.

3amaga 2.2.8. Hatmu gynryuro I'puna ypasnerus Ilyac-
cona 6 obaacmu ene wapa paduyca R, ecau na ezo no-
8eprHOCMU 300aH0 HYAeB80€ 2parudHoe Ycrosue 0is G.

2.2.1 /JIBymepHbIe rapMoOHHYecKue (pyHK-
AN

JlBymMepHBIil cydail BbIIEJIEH C TOYKH 3PEHUST PEIeHUs
ypasrenus Jlamnaca (97 4+ 97) f = 0, Koropoe 3aaer rap-
MoHndeckue GyHKIuU. [0 B TOM, UTO pelieHreM 3TOr0
YPABHEHUS SIBJISIETCS [IPOM3BOJIbHAS AHATUTUYIECKAsT (DYHK-
st g(z), Tme z = x + iy, a Tak¥XKe MO OTAEILHOCTH ee
JefCTBUTE/IbHAS U MHAMAS 9aCTH. DTO CPA3y JAET BECHMA,
OOIIUPHBIM KOPIYC pelieHuil JaByMepHOro ypasHenwus Jla-
mnaca. IIocKobKy He CyIIecTByeT aHAJIUTHIeCKUX Ha BCei
KOMILJIEKCHOM [JI0CKOCTH (DYHKIIUHN, CTPEMAIIUXCS K HYJITIO
HA OECKOHEYHOCTH, MBI BO3BPAIIAEMCS K YTBEPKIEHUIO 00
OTCYTCTBHM FapMOHUYECKUX (DYHKIHMI HA BCEH MIOCKOCTH,
CTPEMSAIIUXCA K HYJIIO0 HA OECKOHEIHOCTH.

Pasymeercs, He ciydaifHO, 9TO B JIBYMEPHOM CJIydae
dbyurnusa 'puna Jlannacuana mpomopuoHatbHa 1nr, 910

SABJISIETCs IEHCTBUTENBHON JaCTbI0 aHAJTUTHIECKON (DyHK-
uuu In 2z, rne z = x + iy. Tor dakr, gro Jlamiacuan Inr e
MTPOCTO PABEH HYJIIO, & MPOMOPIIMOHAIEH J-(DYHKIINH, CBsI-
3aH € TeM, 49T0 z = () sABJISIeTCsT CHHTYJISPHOI TOYKOM In 2.
O6obmas 10 HALMIONEHME, CIEAyeT CKa3arh, 9To Jlamra-
CHAH MPOU3BOJIHHON AHATIUTUIECKON (DYHKIINY PABEH HYJIIO
B 006J1aCTH €e aHAJIUTUIHOCTH, BHE €€ CHHIYISPHBIX TOYEK.

Paccvorpum 3amady dupuxie, Koropas CTaBUTCS JIjis
dbyHKIINN, yIOBIETBOPSIOINIEH HekoTopomy muddepeHiu-
QJIbHOMY YPaBHEHUIO BTOPOTO MOPSIKA, W 3AKJIIOYAETCS
B BOCCTAHOBJEHHN (DYHKIIMM B HEKOTOPOH OOJACTH TI0 ee
3HaYeHUsIM Ha TpaHuie 3roit obsactu. B manHoMm ciydae
HAC MHTEPECYIOT rapMOHUYeCKrne (DYHKIINU, [OIAHAIONIHI-
ecsi IByMepHOMY ypaBHeHwmio Jlamraca. 9Ta 3aJada sSBHO
PEIaeTCs, eC/IN HAXOAUTCA aHAIUTHIeCKas QPyHKIHs, 1eii-
CTBUTEJIbHAS UJIM MHUMAs 9aCTh KOTOPOU MPUHUMAET JTaH-
HbIE TPAHUYHbIE 3HAYEHUS .

Sagaua 2.2.9. Halimu 3Hnauenue 2apmoHudneckoli Gymk-
YUU U BHYMPU eOUHUNHO20 KPY2a, ECAU HA €20 2PAHUYE
u = cos(nyp), 2de ¢ — NOAAPHBITL Y204.

B coorBercTBuE ¢ nnTerpasbuoit popmynoit Kommu 3a1a-
va Jlwpuxse nms ypaBHenus Jlammaca nMeeT siBHOE periie-
Hue 1y rosloMopdHON B JaHHON obnactu Gynkuuu g(z),
€CJTH M3BECTHO ee 3HAYEHNe HA TPAHUIE 00iacT. A nMeHHO

o) = 5 pac 7.

T7le WHTErpaJjl WOeT MPOTUB YACOBOW CTPEJIKHU 10 TDAHUIIE
obmactu. K coxkajieHuio, 1jid MCIOJIb30BAHUS WHTErDPAJIh-
uoii popmysl Kot He06X0IUMO 3HATH KaK JIEHCTBATEb-
HyI0, TAK ¥ MHHUMYIO 9acTH (PYHKIWH ¢ HA TPaHHUIE 00-
sractu. OObruHO ke 3asada dupuxiie craBurcs s Jeii-
creuTeabHON (yHKINH. [losTOMy mHTErpasbHas hopmyaa
Kormu HemocpeacTBeHHO K 3TOMY CIy9at0 HE MPUMEHNMA.

Bagaua wpuxje misi aBymepHOro ypaBuenwus Jlamma-
Ca WMEET PEeryJsipHOE DEIlleHre i HECKOJIbKHUX MPOCTHIX
dopwm obnacreit. [Ipoananu3upyem ciaydaii, KOrga nHTEpe-
cymomas Hac 00JIaCTb SABJIAETCS IOJyII0CKOCThIO ¥y > 0. B
9TOM ciydae 3a7ada JIupuxie 03HaMaeT MOUCK rapMOHUYe-
ckoit dyukiun f B noaymiockoctn y > 0, ecin 3a7aHO ee
suagenue npu y = 0. Pemenne s1oit 3amadn MoxeT ObITH
3AMUCAHO B BUJE HWHTETPAJIa

Y
flaw) = [ &6 —tommt(e0). (248)
O6parum BHEMaHHE HA TO, YTO MOJBIHTETPATLHOE BBIPA-
JKEHHe, KaK U CJIe/lyeT, CAMO 110 Ce0e sIBISeTCS rapMOHHYe-
ckoit dbynknmeit, mockomsky y/ (22 + y?) = 9, In /22 + y2,
a JjorapudM sBJISETCS pEIIeHneM ypaBHeHus Jlargaca
V2lnr =0.

Hua  nokasarenbcrBa (2.48) nepexomum kK Dypbe-
1IpeoBpasoBAHUIO f 10 7, KOTOPBIA Mbl 0G03HAYNM | (q,9).
VYpasuenne Jlamnaca /i 970 BeIMYIUHBI UMEET BU/T ((“)5 —

q2)f = 0. OTcrona f(q,y) = exp(—|q|y)f(q,0), TO €CTh

flzy) = / ;Lz exp(igz) exp(—|qly) f(q,0).
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Toncrasnsis ciona f(q,0) = [dE exp(—ig€)f(€,0) u Geps

UHTErpaJl 10 ¢, Mbl U LOJIy4aeM coorHouenue (2.48).

3agaua 2.2.10. Hadmu pewenue ypasuenus Jlanaaca f
6 noaynaockocmu y > 0, ecau f(x,0) = exp(iz).

ITpuBenem albrepHATUBHBIH BHIBOI COOTHOIIEHNS (2.48).
MozxHuo 3ameruth, uto y/[(z — €)? + y?] = —Im(z — & +
iy)~L. Taxum obpaszom, dbynkmus f (2.48) apisgerca MHU-
MO YaCThIO aHAJUTHIECKON (DYHKIMH H, C/I€I0BATEIHHO,
rapmonunveckoit dyukumeii. lanee, nupu y — 0 byukmus
(y/m)[(x—&)?+y?~! crpemurca k §(x—&), cmoTpu pasen
(1.5.2). TTosromy nipu y — 0 dbyuxus (2.48) crpemMurcs K
f(x,0), uro u 3akaHYUBAET JOKA3ATEJLCTBO (2.48).

PaccmoTpum Ternepb Kpyr eJUHUYHOrO pajuyca u Gyaem
CYATATh, YTO 3HAYEHUA NEUCTBUTEJILHONH TapMOHUYECKON
GyHKIMM U 33/IaHbl HA €ro I'PAHMIE, TO €CTh HA OKPYK-
HOCTH eIMHUYIHOTO pajauyca. IloMecTuM Ha9aI0 KOOPIAUHAT
B 1enTp kpyra. Torna sHauenus dbyHuxmyu u(r,y) BHYyTPHU
kpyra maercsa dopwmyoit [lyaccona

27 2 .
t (1—
u(r cos p, rsin @) :/ dt (1—r)u(cost,sint) (2.49)

o 2m1—2rcos(t—¢)+r2

3/1ech BBEJIEHBI PACCTOSTHIE JI0 HAYAJIA KOODJAUHAT 7" U TIO-
JApHBIH yroa . nTerpupoBanue mo ¢ Kak pa3 U 03HAYAET
WHTErPUPOBAHUE 110 €JUHUYHON OKPYZKHOCTH.

Hns nokazarenscrBa coorHomennst Ilyaccona (2.49) 3a-
METHUM CHa4aJia, 9TO €ro InpaBad 9aCTb ABJJIAeTCA ,ZLefICTBH—
TeJIbHON 9acTbio (pyHKIHH

T dt etz
f(2) :/ —u(cost,sint) ——,
0 27 et — z
rie z = x + iy. lockombky dbyukums f(z), o4eBUaHO, aHa-
JINTUYHA BHYTPH €IWHUIHOTO KPYTa, €€ IeHCTBUTeIhHAS
9acTh SBJISIETCS rapMOHWYECKO# dbyukuwmeii. Takum obpa-
30M, Mbl JOKA3aJli FapMOHUYHOCTH mpaBoil yacru (2.49).
Tenepb MbI JOMKHBI JIOKA3aTh, 9TO IPH CTPEMJIEHUH I" K
esuHUIE HpaBas 9acTb (2.49) naer u(cos ¢, sin ¢). dig sro-
O CJielyeT BOCHOJB30BATHCA PE3yabTaToM 3ajadn 1.5.3,
rJie MOKA3aHO, YTO IPU CTPEMJICHUU T K EJMHUIIE CHU3Y
HOJIBIHTErPAIbHOE BbIpaykeHue B mpasoil wacru (2.49) mne-
pexomutT B 0-QpyHKIHUIO, KOTOpas U obeciednBaeT HeoOXoau-
mblii pegesn. Ha sTom moka3aresbCrBo 3aKaHIMBAETC.
®opmyna Ilyaccona (2.49) oueBuino o060b6uiaercs Ha
KPYT TPOU3BOJILHOTO pajsmyca R:

u(r cos p, rsing) =
/2” dt (R? — r*)u(Rcost, Rsint)
o 2m R?2—2Rrcos(t—p)+r?’

(2.50)

Ipu r = 0 dopmyna (2.50) npuBoaUT K yKe U3BECTHO-
My HaM YTBEPXKJIEHHIO IIPO CPEIHEE, KOTOPOE B JIBYMEPHOM
CIydae 3ByduT CJIeAyonpM o0pa30oM: 3HAYEHUuEe TapMOHU-
4ecKoil (PYyHKIMM B IEHTpEe KpyTa paBHO 3TOH (hyHKIWM,
YCPEIHEHHOH TI0 OKPYKHOCTH, KOTOpast SIBJISIETCS TPAHU-
el Kkpyra.

Sagaua 2.2.11. Hatimu 3nauenue 20pMOHUMECKOT PYHK-
yuu u 8Hympu Kpyea paduyca R, ecau na ezo epanuye
u=1npux>0uu=0npux <0. IIposepums, wmo
3HAYEHUE 2aPMOHUNECKOT PYHKUUL 6 uenmpe Kpy2a
PABHO YCPEOHEHHOMY TO OLBAMBIBAIOWET ee OKPYHC-
HOCTAUL 3HA%EHUIO IMOT PYHKUUL.

K coxamennio, mpsamoe obobmenne ¢dpopmynbr Ilyacco-
Ha (2.50) Ha 06JaCTH TPOU3BOJILHON FEOMETPUH HEBO3MOK-
HO. DT0 00001TIeHe MOXKHO CHOPMYJIUPOBATH B TEPMUHAX
dyHKIIMK, KOTOpas MPOM3BOAUT KOH(MOPMHOE OTOOpazKe-
HUE TPAHWIBI WHTEPECYIOIIeil HAC 00JACTH HA €IUHIUIHYIO
OKpYyKHOCTh. OIHAKO MOMCK TAKON (DYHKIUH [IPEICTABIIS-
er coOOl OTIE/TbHYI0 HETPUBHAJIBHYIO 33,7241y, B TO ke Bpe-
Msi JITst 001acTeit, KoH(OpMHOE 0TOOpasKeHe TPAHUIIBI KO-
TOPBIX HA €IUHUYIHYIO OKPY>KHOCTH W3BECTHO, PEIIeHNE 3a-
nauu JIupuxiie MOXKHO BBINUCATH B sIBHOM Buje (B BUe
UHTErpajia).

2.3 CobcrBennbie PyHKIINNT ypaBHe-
aHuga [1Ipéauuarepa

K 3ajagam, pacCMOTPEHHBIM HAMY BBIIIE, TPHMBIKAIOT 3a-
Jadqn Ha cobcTBeHHBIE (pyHKIMEM ypaBHenus IlIpéaunarepa
JIJIsl KBAHTOBOI'O JIBU2KEHUST YACTHUIIBI, B KOTOPOM HAPSLy C
Jlannacnarom durypnpyer morenina Herrnero momus U.
Mpr paccmarpuBaeM ciydail, Korja moreniuan U saBisieT-
Csl CTATUYECKUM U CTPEMUTCS K HYJIO0 Ha OECKOHEYHOCTH.
OcobeHHO UHTEpeceH Cydail TPUTATUBAIONIETO TOTEHIHA~
Jla, KOTJIa BO3MOXKHO OOPA30BaHME CBA3AHHBIX COCTOSHUIA,
KOTOPBIE XapPaKTEPU3YIOTCS BOJHOBBIMU (DYHKIMSIMU, JIO-
KAJIM30BAHHBIMHU B OTPAHNYEHHOI 00JACTH MPOCTPAHCTBRA.

Mpur yke obcyxkpanu ypasuenue IIpénunrepa majis cob-
CTBEHHBIX (DYHKIWH B OMHOMEPHOM Caydae. B TpexmepHOM
cnygae ypasuenne IlIpénmrarepa st coOOCTBEHHBIX PYyHK-
UMl 9acTULBL BO BHEIIHEM CTATHYECKOM norenunmase U
UMeeT BUJ

V) — U+ ep =0, (2.51)

anasorngHerii (2.25). Kak u paHee, € nMeeT CMBICJ dHEP-
IPUU KBAHTOBOW YACTHIIBI, ABUKYIIEHCS BO BHEIITHEM MOJIE C
norennpaiom U.

Msr paccmarpuBaem ciaydail noreHnuasia U, crpemsiie-
rocst K HYJIIO TPU YBEJIWYEHWH PACCTOSTHUS T OT HadaJa
koopauuar. Torma, KaKk W B OJHOMEDHOM CJyd4ae, MOJIO-
JKUTEJIbHbIE € COOTBETCTBYIOT (DYHKIIUSM HENpPEPhIBHOIO
CIEKTPa, & OTPHUIATEIbHBIE € — CBSI3aHHBIM COCTOSHUSIM,
HAOOP KOTOPBIX AuckpereH. BomHOBBIE (DYHKIMU CBA3AH-
HBIX COCTOAHU# (IMCKPETHOrO CIEKTpPA) CTPEMSITCS K Hy-
JI0 Tpu 1 — 00. BosHoBble ke (DyHKINM HENmpephIBHOTO
CIeKTpa BeayT cedsi Ha OOJIBININX PACCTOSHUSAX, KaK BOJI-
HOBBIE (PYHKITUU CBOOOJHBIX YacTuil. B wacTtHOCTH, HAOOD
BOJTHOBBIX (DYHKIMI HENPEPHIBHOIO CIIEKTPA MOXKHO BbI-
OpaThb TakK, YTOOBI HA OOJIBIINX PACCTOSHUIX OHU [IEPEXO/IU-
JIM B 9KCTIOHEHTHI: ¢, — exp(ikr) npu r — oo. BonHoBbie
7Ke (DyHKIMU CBA3AHHBIX COCTOSHUIN yOBIBAIOT Ha OOJIBIINX

paccrognusx, Kak exp(—/|e|r).
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BoImosiHAI0OTCST  yCIIOBHST OPTOrOHATBHOCTH  PA3THIHBIX
cobersennbix (ynknuii oneparopa V2 — U, cmorpu pas-
nen 2.4.1. Tlosromy mnterpai dV ip1g mponopuuoHaien
d(k + q). B cuy Toro, 9To BOJHOBBIE (DYHKIMU g HE
CTPEMSTCS K HYJIIO HA DECKOHEYHOCTH, 3TOT HHTErpaJl Habu-
paercsa Ha OOMBIIAX paccTogHusx. I[loaTomy Koauiment
npu d-QyHKIUU OyIeT TAKUM 2Ke, KaK ¥ JIJIsi [TIOCKUX BOJIH
exp(ikr), To ecTb

/dV Yrthg = (2m)30(k + q). (2.52)

BonHoBbie (yHKIINM AUCKPETHOTO CIEKTPA MOTYT OBITH
HOPMUPOBAHBI HA €INHUILY.

2.3.1 YVYpasuenume Illpénuuarepa B Kyuo-
HOBCKOM IIOTEHIAJIE

[IpounmocTpupyem CKa3aHHOE HA IIPUMEDPE IBUZKEHUS
KBAHTOBOI YACTHUIHI B TIPATATHBAIONMEM KyIOHOBCKOM TI0-
rTennpasne. Beibepem eIuHAIBI M3MEPEHNs, KOTIA TIOTEHIT-
an pasen U = —2/r, rje r — pacCTOsSHUE JI0 TPUTATUBAO-
uiero nentpa. Torma ypasBuenue (2.51) 3anumiercs B ciemry-
IOIEM BH/IE

<v2 + % + e> Y = 0. (2.53)

Hac 6yayT uarepecoBarb CBA3aHHbIE COCTOAHUS, /1JIsi KOTO-
PBbIX ) yOBIBAET MpPU POCTE 7, JJIs CBSA3AHHBIX COCTOSHUIA
3HAYEHUs] YHEPIUU € OTPUIIATENIbHBI. AHAIU3UPYS CBS3aH-
HBIE COCTOSIHUSA, 1) MOKHO CUHTATDH IEHCTBUTETHHOM.

Kaxk u3Bectro, B cuity uzorponuu 3aga4a (2.53) momnycka-
€T pa3e/eHne MEPEMEHHBIX, TO €CTh BOJIHOBAs (DYHKIINS 1)
CBSI3aHHOI'O COCTOSIHUSI MOYKET OBbITh 3alrcaHa B BUJE IPO-
u3BeneHus paamasnbHoil dbynkuuun R, 3aBucsameit or r, u
yTJIOBO# (DYHKITNHU, 3ABUCAIIEH OT a3uMyTaIbHOTO f ¥ TO-
JISPHOTO (o YTJIOB. Y paBHEHWE Ha, PATUAIBHYIO (DYHKITIIO
UMeeT BUJL

a2 2d I(l+1) 2
z 2 = 2.54
(dr2+rdr 72 +r+6>R 0, (2.54)

rae | — opOuTajibHOE KBAHTOBOE YHCJIO (IeJIoe HeOTpHUIa-
tembHOe). Beoma dymkmmo ® = 'R, mpr momyuaem
ypaBHEHUE

dr? rdr r

2 9 2
(d —ld++e>q>=0. (2.55)

D10 ypaBHEHHE OIPEJEIISeT PAIUAJIbHOE [TOBEIEHIE BOJTHO-
BOIl (DYyHKIINU CBSI3aHHOTO COCTOSTHWS.

Paccvorpum cHagana ciaydail HyJ€BOrO yrJIOBOTO HUHC/IA,
[. B ciyuae | = 0 ypasuenue (2.55) npuobperaer Bu

d? 2
<d7‘2 + ; + 6) ¢ =0, (2.56)

YuMuOKIM ypasHerue (2.56) Ha r U mepeiiieM K ypaBHeHMIo
1 npeobpasoBanus Jlamiaca ®(p) or ¥(r). B pesyabrare

MIOJIyYUM YpPaBHEHHE II€PBOTO MOPA/IKaA

4 [(p2 + e)é} =20,
dp
9TO ypaBHEHHE MOYKeT ObITh SBHO PEIEHO, TMTOCKOJIbKY B
tepmunax byakimuu (p? + e)&) B HEM Da3IeJISiOTCs Tepe-
MEHHBIEC.

Hac waTEpecyioT cBsSI3aHHBIE COCTOSHHS, COOTBETCTBYIO-

e orpuriaresbuoit sueprun. Iomcrapisis € = —042~, BbI-
6upas « > 0, u pewas noxydennoe ypasienue i P, na-
XOIUM
1/«
~ 1 -«
b o 5— (L : (2.57)
P —a” \p+ao

O/HAKO HE MpH BCEX (@ TO BBHIPAYKEHUE COOTBETCTBYET
CBA3AHHOMY COCTOAHMIO. UTOObI HAlITH CBA3aHHbBIE COCTOS-
HESA, HEOOXOIMMO TPOAHATU3UPOBATHL 0OOpaTHOE Ipeodpa3o-
Banue Jlannaca Gynkuuu (2.57) U yCTaHOBUTD, IPU KAKUX
a byukuus @(r) CTPeMHUTCS K HYJII0 MTPU BO3PACTAHWUH 7.

Bripazkenue (2.57) uMmeer CHHIYISIPHOCTD TIPU P = (v, TO
€CTb KOHTYD UHTEPUPOBaHUsl B 0OpATHOM IPe0Opa30BaHUM
Jlammaca (1.61) momken uaru cupasa or 3710 Todyku. 13-
3a cuHrynsapaoctu upu Gosbiiux v dyskuus P(r) seper
cebst TPONOPIUOHAILHO exp(ar). ITO MOBEJEHHE HE COOT-
BETCTBYET CBA3AHHBIM COCTOAHUAM. VICKIIIOUeHNEM ABJIAECT-
ca ciydail « = 1/n (n — nejoe 9ucio), Toraa 0COGeHHOCTh
npu p = o uc4ye3aet. IMEHHO 3TH 3HAYEHHS] COOTBETCTBYIOT
CBABAHHBIM COCTOSHHAM HYACTHIIBI ¢ Heprueii € = —1/n?.
st 3THMX CBA3AHHBIX COCTOAHMI

POV VD

% o1 T (2.58)

KosddunpenTt B 93T70M 3aKOHE MPOMTOPINOHAILHOCTHA OTpe-
JIETITETCA YCJIOBUEM HOPMHUPOBKH BOJHOBOH (DyHKIINH.

Yr0o6br Bbrancauts P(r), HEOOXOIUMO MTPOU3BECTH 00-
parHoe mpeoGpasoBanue Jlammaca ®(p). s dyskimm
(2.58) coorBercTByOLIUIT UHTEIPAJ CBEAETCS K BbIYETY B
touke p = —1/n. Takum ob6pasom, ® nponopruoHab-
Ha exp(—7/n) ¢ TOJINHOMHWAIBHBIM MHOMKHUTEJEM, KOTO-
pBIil BOBHUKAET B CHJIy TOro, 4To nojwoc (2.58) sapiser-
Cs KPaTHBIM. Pa3yMeercsi, 3TO 3KCIIOHEHIMATBLHOE IIOBe-
JIEHUE COOTBETCTBYET AHOHCUPOBAHHOMY HAMHU MOBEIECHUIO
exp(—+/Je[ 7).

Hanpuwmep, 11st OCHOBHOTO COCTOSTHWSI, TO €CTh TPU 1, =
1, Mbt HaxomuM ® o< (p+1)72. B 9T0M ciIyuae BLIYHCICHHE
U(r), KOTOPOE I0JIy4aeTCs U3 ® 06paTHBIM IPEOOPA30BAHN-
em Jlammaca, cBOAUTCS K B3sTHIO Bhraeta P exp(pr) B TOUKe
p = —1. BbIuucasist 9TOT BBIYET ¢ y9eTOoM TOro, 910 ® mme-
€T TIOJIIC BTOPOTO Topsiika, HaxomnMm & o rexp(—r), To
€CTb paJuajibHas 9acTh BOJIHOBOW dyHKIMU R o exp(—r).

Ilepexomum Temepnb K CIydYaio MPOU3BOJIBHOTO YTJIOBOTO
qucia [. YmHoxuMm ypasrenue (2.55) Ha T u nepeiizem K
npeobpazoanuio Jlamnaca dyukiun ¥ mo mepemeHHoi 1.
B pesynbrare mosyuum ypaBHeHHE

di; (02 + 8] = 25 - 21,
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IIpu BBIBOZE MOCTEMHErO HWIEHA MbI P UHTErPAPOBAHUN
no vacraMm ywiu, uro ®(0) = 0 B cuuy oupenesnenus
® = r!*R. Pemas moayueHHOe ypaBHEHUE, HAXOIUM TIpsi-
Moe obobiienve ypasuenus (2.57)

1o
~ 1 p—a /e
Poc 2)I+1 )
(p? — a?) pt+a
rie, KaK ¥ BeIme, € = —a? 1 o > 0. CBA3aHALIM COCTOS-

HUsIM COOTBETCTBYIOT, KaK M Bbllle, 3HadeHus o = 1/n. B
3TOM CJjly4ae

N _ n—Il—1
5o (=1
(p + l/n)n+l+1

9TO ABJIgETCs PAMbIM 00001eHuem (2.58). [TockoabKy 10-
JIIOC B TOYKe p = —1/n, KOTOpbIil onpeenser 3nadenue P,
SIBJISIETCST KPATHBIM, TO, KAK U JIJIs CJydas HyJIeBOro opou-
TAJIbHOIO KBAHTOBOIO 4mcia [, pyuknusa @ Oymer mporop-
[MOHANbHA exp(—7/n) ¢ MOIMHOMUAIBLHBIM MHOMKUTEIIEM.

(2.59)

3agaua 2.3.1. Hadmu paduasvuyro gynxyuro R ceasan-
H020 COCMOAHUA AMOMA 6000p0da, COOMEEMCMEYI0-
wezon =2,1=0.

3agaua 2.3.2. Hadmu paduasvuyto gyuxyuro R ceasan-
HO20 COCMOAHUA AMOMA 6000p0da, COOMEEMCMEYI0-
wezon =2,1=1.

2.4 CropaBo4YHble MaTepUAJIbl K TJia-
BE

B nacTosmem pasnesne MbI TPUBOINM CTIPABOYHBIE JaHHBIE,
HEOOXOIUMBIE JIJIsI TTOHUMAHUST M3JIOKEHHOTO B HACTOSIIEH
TJIaBe MaTepraJia W PelieHns TPUBEIeHHBIX 3a1a9.

2.4.1 CobcTBeHHBbIE (QYHKIINU oOTllepaTopa
Hirypma-JInyBnansa

Paccmorpum dyHKIMH OmHON MEpEMEHHON, 3aJaHHbIE HA
unrepBasie a < x < b. [Ipoananu3smpyem cpoiicTBa maud-
depennmanbuoro oneparopa lrypma-JIuysuis (2.6) na
9TOM HHTEPBAJIE.

Bynem maswBarh audepeHImaababiii 0mepaTop L ca-
MOCOMPSIZKEHHBIM, €CJIH ISt JTIOOBIX ABYX GyHKIWi, f () n
g(z), U3 uHTEPECYIOIIEro HAC KJIACCa BBIIOJIHIAETCH COOTHO-
[IeHne

/: dv fLg = /ab dx gLf. (2.60)

Beimosnnenne yemaornst (2.60) MoxkeT GBITH CBSI3aHO KakK CO
CBOICTBAMU KJIACCA PACCMATPUBAEMBIX (DYHKIIUI, TaK U CO
cBoiicrBamu onepaTopa L. Hanpumep, Hysesble rpaHmaubIe
YCJIOBUS UJIA TE€PUOAMYECKUE IDAHUYHBIE yCJIOBUs (KOrJa
HA KOHIIAX MHTEPBAJIA OJUHAKOBbI 3HAYEHUs CaMON (DYHK-
UMY U OJMHAKOBbI 3HAYEHUS! €€ LIPOU3BBO/IHOI ), HAJIOKEHHbIE
Ha GyHKIMKA f U g, TPUBOAAT K CAMOCOTPSIZKEHHOCTH OTIe-
paropa L = d?/da® — U(x), 10 ecth auddbepeHnuaasHoro
oneparopa IIrypma-JInysusns (2.6) ¢ Q = 0.

Paccymorpum Teneps coberBennbie (pyHKIME f, omeparo-
pa L, KOTOpble YIOBIETBOPSIOT YPABHEHHIO L f, = Apfn,
rme A, — COOCTBEHHOE 3HAYEHHWE OIMeparopa L. Yeaosue
(2.60) TPUBOIUT K COOTHOIIEHHIO

/dx fuLifm :)\m/dx Fnfm :/\n/dx Fofm-

Takum 00pa3oMm, TIpu A\, 7# A, BBITOJIHSETCS YCIOBUE Op-
TOTOHAJIBHOCTHU

b
/ dz fo(@) fon(x) = 0. (2.61)

B kawecTrBe mpmmepa MOXKHO IPHUBECTH HAOODP (QyHKIIH
cos(nx), sin(nx), KOTOpBIE SIBJISAIOTCH COBCTBEHHBIMU (DYHK-
musvu onepatopa d?/dx? ma matepsane (0,27) B Kiacce
nepuoaudeckux Gyuriumii. s arux GyHKIWE cOOTHOITE-
Hus (2.61) JIerko HPOBEPSIOTC HELOCPEICTBEHHO.

JlonoHUTETbHOIO KOMMEHTAPHUs TPeOyer HAJIudue Bbl-
poxenus (To €CTh COBCTBEHHBIX (DYHKIHI ¢ COBIIAIAIOIH-
MU COOCTBEHHBIMHU 3HAYEHUSIMU OMEPATOPa, f,) Mpbr Gymem
CYUTATH, 9TO HADOP COOCTBEHHBIX (DYHKIHI, COOTBETCTBY-
OIIUX OJHOMY M TOMY K€ COOCTBEHHOMY 3HAYEHUIO Olepa-
TOPA I:, 3a, cYer JTUHEHHOTO Ipeobpa30BaHMs BEIOPAH TAKHIM
06pazoM, 9TOOBI BHYTPH 3TOr0 HAOOPA TAKKe BBIIOTHIIOCH
ycaoBue oprororanbuoctu (2.61). Ormerum, 4To mjisa pac-
CMOTPEHHOTO HaM¥ MpHUMepa orepaTopa d?/dxz?, cobersen-
Hble (DYHKIUH KOTOPOrO JIBaXKJbl BBIPOXKIEHbI (COOCTBEH-
HOMY 3HAQUEHHIO )\, = —n> COOTBETCTBYIOT IBE COOCTBEH-
Hble (DYHKIMK), YCIOBUIO B3AUMHON OPTOIOHAJILHOCTH Y10~
BJIETBOPSIIOT KaK pa3 Habop yHKIwmil cos(nz), sin(nz).

Ecnu f, aBasercs momabiM HAOOPOM COOCTBEHHBIX (DYHK-
mmii omeparopa L M3 HHTEPECYIOMEro HAC KIAcca, TO JIO-
Oyto PYHKIHIO f TOTO Ke KJIacca MOXKHO Pa3/iOKUTh B P
10 9TUM COOCTBEHHBIM (DYHKITHIM:

f= chfn (2.62)

Kosddumuenrsr 310ro pasjioxkenust B CUIy yCaIOBUAR OPTO-
rorasbHOCTH (2.61) paBHBI

e = A;l/d:c fnf, A, = /d:c f2. (2.63)

[Ipumepom paznozkenus (2.62) sBisiercs Pa3jioKeHUE 1O
y’Ke yHnoMsiHyThIM HaMu (byHKuusMm cos(nz),sin(nz), ko-
TOpOE SBJISETCS HE YeM UHBIM, KAK DA3JIOKEHUEM B D
dypne.

IMoxncrasnsas Beipazkenue (2.63) mis Ko3HOUIMEHTOB ¢,
B paziioxkenne (2.62), Mbl HAXOAUM COOTHOLICHHE

f(x) :/dy Z%‘?(y)ﬂy),

KOTOPOE JTOJI?KHO BBITIOJIHATHCS [Tt JTI000H (byHKImu f u3
BBIOPAHHOTO HaMU KJjacca. [1oaTomy crpaBeaanBO COOTHO-
IeHHEe
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KOTOPOE ABJAETCS BBIPAZKEHMEM TIOJHOTHI CHCTEMBI (DyHK-
muit fp,. Coornomenue (2.64) nus mabopa cos(nz),sin(nz)
MMeeT BUJI

1

1 o)
o + - z::l [cos(nx) cos(ny)

+ sin(nx) sin(ny)] = §(z — y). (2.65)

OTO COOTHOINEHNE YKBUBAJIEHTHO COOTHOMIEHMIO (1.53).

HeckoabKo c10B 0 HEOTHOPOIHON 3a/1at€ L f = ¢. llpexn-
craBjissg 00e GyHKIUU, f U ¢, B BUAE psifia M0 COOCTBEHHBIM
byrKIIsaM oneparopa L: f = YonCnfaump =73 anfn, Mbr
HAXOIUM Cp, = ap/A,. Takum 06pa3zom, Mbl CTaJIKMBAEMCs
¢ upobieMoit, ecau y omeparopa L umeercs HYyJI€BOE CO0-
crBenHoe 3Hauenue. (B 9TOM ciiyuae roBopsT, YTO y OIe-
paropa L ects HYJIEBBIE MOJIbL.) DTa mpobjeMa sABJIAeTCs
HEYCTPAHUMOM B TOM CMBICJIE, 9YTO €CJIH B PA3JIOKEHUH “Ch-
Bl ¢ UMeeTCsT HEeHYJIeBOM BKJIAI ¢ COOCTBEHHON (DyHKITH-
eif, COOTBETCTBYIOIIEH HYJIE€BOMY COOCTBEHHOMY YHCIY, TO
HEOTHOPOHAS 3378498 Lf = ¢ He MOXKeT GbITh DEIIeHa B
6asuce dyukimuit f,. [logcauM 3TO yTBep:KIeHHE HA MPU-
mepe omeparopa L = d?/dz?, koropsiii mmeer coGCTBeH-
HYI0 (DYHKIIHIO, COOTBETCTBYIOIIYIO HYJTIEBOMY COOCTBEHHO-
My 3HA4YEHHIO (HYJIEBYIO MOJY), KOTOpas €CTh IIPOCTO KOH-
cranra. Byjem paccmarpuBarTh 3a/a4y ¢ HEPUOIUIECKUMU
TPAHWYHBIMY YCIOBUSIMU. Hajandune KOHCTAHTHI B Pa3JIOXKe-
HUAW ¢ O3HAYAET, 9TO MHTErpaj OT ¢ MO TEPHUOIAy He pa-
BeH HyTi0. B TO ke Bpems Ijisi TIePUOAUIECKON (DyHKIIH
f maTerpan no nepuoxy or d? f/dx? pasen mymo. [Tostomy
ypasnenue d°f/dz? = ¢ He umeer, BoOGIIE rOBOPH, Perle-
HUST Ha KJIACCEe MEPUOIANIECKUX (DYHKIIHIA.

Paccmorpum 06061enue coornormienus (2.60)

b b
/ dx pff/gz/ dz pgLf, (2.66)

rae p(x) — nosoxkureabHas PYHKIMs, KOTOPYIO OObIYHO Ha-
3BIBAIOT BECOBON (DYHKIIMEH WM MepOil MHTErpupOBaHUS.
Yraosnersopsionuii yesosuto (2.66) omeparop L y?Ke He AB-
JISIETCS CAMOCOTIPSIZKEHHBIM. B 9aCcTHOCTH, UM MOXKET OBIThH
oneparop Ilrypma-JTuysuis (2.6). Jlerko nposepurs, 4ro
P HYJEBLIX WM IEPUOAMYECKUX TPAHUIHBIX YCJIOBUSIX
Ha ynkuuu f, g oueparop (2.6) ya0B/eTBOPSET YCJIOBUIO
(2.66), eciiu

%p:@p — p=exp (/de)- (2.67)

Paccmorpum Temeps cobcTBenHbIe (DYHKIHHA f,, Omeparo-
pa L, KOTOpble YIOBIETBOPSIOT YPABHEHUIO L f, = Ap fn,
rae A\, — COOCTBEHHOE 3HA4YeHue OIepaTopa L. VYenosue
(2.66) TPUBOIUT K COOTHOIIIEHUIO

/dx pfnf/fm:)\m/dx ,ofnfm:)\n/dx Pfnfm-

Takum obpaszom, upu A\, F# A\, BbIIOJIHSIETCH YCJIOBUE Op-
TOTOHAJTbHOCTH

b
/ dz pfufm =0, (2.68)

KOTOpOe 0600IaeT ycjiopue oproronaabaocru (2.61).

Eciu f, aBiasercs nosaabiM HaOOpoM COOCTBEHHBIX (PYHK-
mmii omeparopa L M3 MHTEPECYIONIEro HAC KIACCA, TO JIO-
Oy byHKIHMIO [ TOTO Ke KJIACCa MOXKHO PA3JIOKUTD B P
(2.62) 1o srum coberBenubiM dyurnuaM. Koaddunuen-
TBI 9TOTO PA3JIOKEHUS B CUJIY YCJOBHHA OPTOrOHATHHOCTH
(2.68) paBHbI

o= AT [ ppaf. Au= [depst 269

IMoucrasnsis Boipazkenue (2.69) s kodpdunuenTos ¢, B
pazyioxkenue (2.62), Mbl HAXOIUM COOTHOIIECHUE

fla)= / dypy 710"(2‘)0"@) (),

KOTOPOE [TOJIZKHO BBITIOJHATHCS JJIst J1t000# dyHkiuun f u3
BBIOPAHHOIO HaMu KJiacca. [loaToMy crnpaBesinBO COOTHO-
IeHHe

1 L
;An fn(w)fn(y)—p(y)é( Y), (2.70)

KOTOPOE SIBJISIETCS BBIPA?KEHUEM TIOJIHOTHI CHCTEMBI (DYHK-
uuii f,, u 0606imaer coornomenue (2.64).

2.4.2 IlIpeobpazoBanue Pypnbe

Jliobyro dyakuumio f(x), 3a1aHHyI0 B d-MEPHOM IIPOCTPAH-
CTBE, ¥ CTPEMSIIYIOCS K Hy/TI0 Ha OECKOHEYHOCTH, MOXKHO
pazmoxkuTh B mHTErpan @ypbe:

fla) = [ L expliqa)fla) (271

rae f(q) maseiBaercs mnpeobpazosanuem ®ypbe GyHKIUU
f(x). Ty BeMUMHY MOXKHO BBIMUCIATD B COOTBETCTBUH C
NPaBUIOM

flq) = /dmldxg .. dzgexp(—igz) f(x). (2.72)

ITpeobpasopanns (2.71) n (2.72) swasorcst OOpaTHBIMU
npyr apyry. U3 Beipaxkenus (2.72) ciemyer, 9To mpeobpaso-
Banue Oypbe nelicrBurebuol Gyukuuu f(x) yaoBiaeTBo-
PSIeT COOTHOLIEHHIO [ (—q) = f *(q), rue 3Be3109Ka O3HAYA~
€T KOMILJIEKCHOE COIPS?KEHHE.

ITpuBeseM COOTHOLIEHHE, KACAIOIIEECH TAK HA3bIBAEMOI
CBEPTKHU IBYX (DYHKIWAI

h(y) = /dIle‘Q codzg f(x)g(y — ). (2.73)

IMoncrasmnsisa Beipaxkenue (2.73) B uarerpan Oypoe (2.72) u
nepexo/isd K MHTErPUPOBAHMIO 110 & U Y — &, Mbl HAXOAUM

h(a) = f(a) 3(q). (2.74)

Takum 00pa3oM, CBEPTKE B OOBIYHOM ITPOCTPAHCTBE COOT-
BETCTBYET IPOcTOoe mpoun3senenne B Oypoe-npecraBieHun.
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Bepuo u obparnoe: ceepTtke B @ypbe-ipeacTaBIeHUNA CO-
OTBETCTBYET IIPOCTOE MPOU3BE/ICHIE B OOBIYHOM MPOCTPAH-
CTBE .

Orvernm, uro  mua  -byskmmw,  §(x) =
6(x1)d(w2)...6(xq), mnpeobpasosanmmem ODypbe aABIACT-
ca emauHuIa, 0 = 1. DTO CBOWCTBO SBJSIETCS MTPIMBIM

obobmmennem coorsomenuit (1.50,1.51). OTmernM TakKe
o6obienue Ha d-MepHbLil ciaygail coornormenus (1.49)

fly) = /dxldxg coodzg 6y — @) f(x). (2.75)

Ucnonb3ys Tenepb coorHorienus (2.73,2.74), Mbl BO3Bpa-
maemcs K 6 = 1. D10 CBOACTBO 0ObACHIET 3¢ deKTUBHOCTD
BbruncjieHuss I'puHOBCKUX (DyHKIMIl 3a cuer nepexoua K
Oypbe-TipeICTABIECHUTO.

[Ipu yuere 3aBucumoctu dbyHKIUn f OT BpeMeHu t B mpe-
obpaszoBanre Oypbe MOKHO BKJIIOUYATH TAKKE U BpeMsi. Mbr
OyzmeM JemaTh 3TO CAEIYOMEUM 00Pa3oM

flw,q) = /dt dz exp(iwt —iqx) f(t,z), (2.76)
f(t,a) = / (;Z:)(jzlexp(—iwt—i-iqx) fw.a), (277

e d — pa3MepHOCTb TPOCTPAHCTBA, dx = dridzrs...dxy,
dq = dq1dqs .. .dgq. ObpaTuM BHUMaHWE HA TO, YTO Bpe-
Mg ¢ BXOAUT B npeobpaszoBanus (2.76,2.77) ¢ ob6paTHbIM 110
CPABHEHUIO € IPOCTPAHCTBEHHBIME KOOPJIUHATAME 3HAKOM.

3amada 2.4.1. Hatimu @ypve-npeobpasosarue caedyro-
wuz pynxyut: f(x) = exp(—x?) 6 d-meprom npo-
cmpancmee; exp(—|x|) e mpermeprom npocmpan-
cmee; (v2+a?)71, 2de a — Koncmanma, 6 odnomeprom
npocmpancmee.

IMomumo pasznoxenus B unrerpas @ypoe (2.71), B ma-
TEMATUIECKOH (PU3MKE MIMPOKO MCIOJb3YeTCsS PA3JIOKEHHE
B pag @ypbe, KOTOPOE CNPABEIJINBO [ TIEPUOAAIECKAX
byarmmit niam GyHKIWIA, 3JaHABIX Ha KOHETHOM WHTEPBa-
JIe WM B KOHEYHOi obacty mpocTpaHcTia. st omgromep-
HOro CJy4as CBOWCTBa pasiioxkenus B psjg @Pypoe (¢ Tou-
HOCTBIO /IO 3aMEHbI 3HAKA [epe/l 1) COBIAJAIOT C U3JI0KEH-
HbiMu B pazzene (1.5.1) cBoiicrBamu pa3siozkeHusi BO Bpe-
MenHG# psa @ypwe. st ymobcTBa OBTOPUM 371€Ch MaTe-
puas pazzena (1.5.1), ucronb3ys npoCTpaHCTBEHHbBIH A3bIK.

Mg paccmaTpuBaeM (pyHKIHIO, 33JaHHYI0 HA KOHETHOM
unreppane. CaBuromM Havassa KOOPAMHAT STOT HHTEPBAJ
Bcera MOKHO BbiOpaTh B Buje 0 < x < L. Torma dpynkimums
f(z) packnaneiBaercs B caeayrommit psig @ypbe

+o0
flz) = Z frnexp(2minz /L), (2.78)

rjie n — Hejble 9Uciia, MPOoOeramlme OT MUHYC 0 IJIIOC
6eckoneunocru. Psay (2.78) 3amaer HekoTopylo 1epuo/iu-
YecKyio ¢ mepuosoM L (DYyHKIHMIO, KOTOpas OmpejeseHa
[IPU TPOU3BOJIbHBIX x. TakuM 0Opa3oM, €Cild MCCIIeyeT-
ca pyHKIWM, 3amaaHaa Ha uaTepBane 0 < x < L, To psn

Dypoe (2.78) 3azaer, KAk rOBOPAT, €€ HEPUOIUUECKOE PO~
JIOJIZKEHUE Ha BCIO jeficTBuTebHYI0 0chb. O6paTuM BHUMA-
HWE Ha TO, YTO Jaxke ecnu GyHKIws f(2) HempephIBHA Ha
uarepBajie 0 < x < L, ee TEPUOIUUIECKOE TIPOIOJIZKEHUE
nMeeT, BOOOIe TOBOPSI, Pa3pbIBBI B TOUKAX T, = nL.
Obparnoe k (2.78) npeobpazoBaHue uMeeT BUIL,

L
fn = /0 dfx exp(—2minz /L) f(z). (2.79)

Orcrona caemyer, uro st aeficrurensHoi byukumn f(z)
ko3 dunuento ee pasnoxenusa B pan Pypoe (2.78) ymo-
BJIETBOPAIOT COOTHOMIEHUIO f_, = f». B aroMm ciay4ae pan
Dypbe (2.78) uHOIA 3aMUCHIBAIOT Y€PE3 TPUIOHOMETPUYE-
ckue PyHKIUN

+o0

f(z)=fo+2 Z[Re fncos(2mnax/L)

—Im f, sin(2mnzx/L)). (2.80)

Jns dyHKImMit, KOTOPhIe MEHSIOTCS Ha MAaCIITabax, To-
paszuo méubiuux L, B pame ®Pypbe (2.78) cyuiecrBeHHb
oouibiiime n. Toraa 3ToT psaa MOKeT ObITh TPUOIU3UTETHHO
3aMeHeH Ha wHTEerpaja @ypbe, KOTOPHIH UAET MO0 BOJTHOBBIM
BekTOpam ¢ = 27n/L. OTciona cieayer mpaBujo IMOJACTa-

HOBKH
Z — L / @,
~ 2w
KOTOPOE TO3BOJIIET MPeobpa30BbIBATH CYMMY B WHTErPAJ.
Takum obpazom, psax Pypbe mepexomur B maTerpas Dy-
pbe ¢ MHOXKUTeNeM L — nepnonoM MYHKIWY f WIu JJIHHOMN
WHTEpPBAJIa, Ha, KOTOPOM OHA 33/aHA.

Ecnu nepuoauteckoe npomoskenne QYHKINN, 33 IaHHON
Ha KOHEIHOM HHTEPBAJIE, COAEPXKHUT PA3PBIBBI, TO KOIPDH-
nueHThl paga Pypbe Me1IeHHo yObIBAIOT mpu pocre 1. dro-
Obl HAWTHU 3aKOH 3TOr0 yOBIBAHHUSA, PACCMOTPUM PAa3JIOZKe-
uue B pag @ypoe §-byaknun. TouHnee roBops, pedb UIET O
OecKOHEUHOM cymMme J-DYHKITHT, KOTOpasi siBJISAETCS MEePH-
omuueckoii dyukiumeii x. Vcnonb3ys coornomrenue (2.79),
HAXOIM

+oo 1 +oo
k:Z_OO O(x —2mk) = o nzz_oo exp(inz), (2.81)

[JIe MBI IS ompeaeaeHnocTy noioxuin L = 27w, B cirygae
(2.81) xoadurenTs! pasioKenus [, BOOOIIE HE 3aBUCIT
ot n. Jlas pa3pbiBHOIT hyHKINU J-DyHKINN BO3HUKAIOT B
ee TIPOU3BOTHOM 0 X, TO €CTh KOI(PDUIIMEHTHI PA3TOKEHHUS
9TOH MPOW3BOIHON HE 3aBUCAT OT 1 TpH OombImuX 1. s
caMOil pa3pbIBHOM (PYHKUMK f 9TO 0O3HAYAET, YTO ee KO-
dunuentrr pasznoxkenus B psag Pypbe BemgyT cebs mpomop-
nuoHa bHO 1/n npu Gonbinux n. B ciydae HenpepbiBHOI
dyuKINH, comepKaIeil N3JI0Mbl, 3aKOH yOBIBAHUS CMEHSI-
erca na 1/n?.

3agaua 2.4.2. Pasaoorcums 6 psad Pypve dynryuro [ =
exp(ax), Komopas 3adana Ha unmepsase 0 < x < 2;
u pynrxyuro f = x, Komopas 3adaHa HA UHMEPBALE
—nm<xr<T.
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Dyukuuio f(z), Koropas 3amana ua orpeske (0, L), MOK-
HO Pa3JIOZKUTh B HECKOJBKO MHON PsJl 10 TAPMOHUIECKHAM
dbyuxmsiM. Pacimpum stot narepsan 1o (—L, L), noompe-
JIeJIMB HAa OTpHnaresnbHbIX = GyHkmmo [ kak f(—z) =
—f(z). Torma dbyHKIMs CTaHET AHTUCUMMETPUIHON, U €e
paziioxkenue B psij Pypbe na unrepsase (—L, L) cogepkur
TOJIbKO CHHYCBI. TakuM 06pa30M MBI IPUXOAUM K Pa3JIoZKe-
HUTO

flx) = Z fansin(mnz/L), (2.82)
n=0

KoTopoe paboraer u na unrepsase (0, L). Koadduumenror
3TOrO PA3/I0XKEHUA MOKHO BBIYHCIIATD, KAK

2 [
fn= f/ dx sin(mnz /L) f(x). (2.83)
0
O6bruno pazsoxkenue (2.82) ucnosnb3yercs B cirydae, KOrua
byHKIMA [ paBHA HyJII0 HA IPAHMLIAX HHTEPBaJIa, 4TO 0bec-
MEYUBAET JIOCTATOYHO OBICTPOE yObIBaHME KOIDDUIMEHTOB
fn € pocTom n.

Bagaua 2.4.3. Paszaoowcumv 6 pad (2.82) dynxyuro
f(z) = z(r — x), 3adannyro na unmepsane (0, 7).

[Ipsimoe 0600ITIEHIIE HA, MHOTOMEPHBIH CIIy4ail OgHOMED-
HOro pasyioxkenus (2.78) B psg Pypbe MOXKHO MOJIYIUThH
U caydasi, Korga dyHkius f 3a7aHa B MPsAMOYTOJIHHOM
siiuke pasmepamu Ly X Lo X -+ X Lg. Torna f(x) moxHO
MIEPUOINTECKN MTPOIOIZKUTH BO BCeX d HampasieHnsx. Ha-
[PABUM OCH KOOD/IMHAT BJIOJIb PEGEp sIMKa, & HAY9aJI0 KO-
Op/IMHAT TTOMECTUM B BEPIIUHY TaK, 9TOOBI 3aKIIOYEHHBIH
BHYTPH ITOTO AWK 00BHEM OIPEIeIsAics HEPABEHCTBAMMU
0<z <L1,0<x3<Log,...0<x4< Ly. Boatom ciygae
pasnoxkenue pyakiun [ B psag Pypbe umeer Bug,

flz) = anl,nz’...,nd

exp {271’2' <n23131 4ot and>} . (2.84)

CymmupoBanue B (2.84) wuger 1no BeeM  II€JIbIM
ni,no,...,ng. Kodbdunuentsr psama @ypve (2.84)
BBIYHCJISIOTCH B COOTBETCTBUH C

1
fnl,nQ,...,nd = V/dfl .o .dxd f(:l})
exp {—2771’ (ngl Lt ngdﬂ , (2.85)

rae V — obbem gammka, V = Ly ... Ly. Ecnin yakmusa me-
HAETCS HA MACIITA0aX MHOTO MEHBIIIE Pa3MEPOB AIINKA, TO
psz (2.84) 6IM30K K UHTErpasly, & IPABUJIO IIEPECUETa, UMe-

eT BHJ,
dpy  dgq
-V [ —=...—.
> v [
niy...Nnq

Bagaua 2.4.4. Pasaooicums 6 pad Dypve (2.84) dymnx-
Yur [ = T1ToT3 6 MPETMEPHOM Awgure 27 X 2T X 2.
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T'nasa 3

CIIEIIMAJIBHBIE ®YHKIINN

1 O
C S
C

Y

A

Puc. 3.1: Konryp unrerpupoBanusi B HHTErPAJIHHOM IIDE/I-
cTaBJieHUuHU raMmma-QyHKIuu

Crenuasnbabie (YHKIUU ObLIM BBEJEHBI Jjisi  OMUCA-
HUS CJTy9Ya€B, KOTIA SJIEMEHTAPHBIX (DYHKIHI OKA3BIBAETCS
HEOCTATOYHO JJIst OMUCAHUS CBONCTB cucTeMbl. MbI TpuBO-
JINM CBEJIEHUS TOJBKO O CAMBIX PACIIPOCTPAHEHHBIX CITEIU-
aTbHBIX QYHKINAX. Kak mpaBuio, 3Tn (PYHKIINHA SABJISIOT-
cs pereHusaMu qudGepeHIuanbHbIX ypaBHEHUH, KOTOPbIE
B CHJIY CBOEH yHHBEPCAJBHOCTH YaCTO BO3HUKAIOT B CAMbBIX
Pa3HBIX (DUBUIECKUX TPUIIOIKEHIAX.

3.1 Tamma-dbysknma ditaepa

Ha mpaxktuke J0BOJBHO YaCTO BO3HUKAIOT CJIydYam, KOTIA
TpebyeTcs B3ITh HHTErPAT, COAEPKAITNA KOMOMHAIIAIO IKC-
MOHEHIINATBbHON u cTenmeHHoil ¢pyukuii. Takoro copra uu-
Terpajibl CBOJAATCH K TaK HasbiBaeMmoit lamma-dysnkiuun
I'(x), koropasi Oblma BBemeHa Diimepom eme B 18 Beke.
Tamma-dyHKINS OMpeaesIsercs: CIeayONuM THTEIPATIOM

['(z) = /OOO dt t*~te . (3.1)

Unrerpan (3.1) cxopurcsa upu 060M LOJIOKUTEJIBHOM 2,
UM, ecjid pedb unaer o GyHKIUU KOMILJIEKCHON MepeMeH-
HOIl z, TIpHM JIIOOOM 2z C TOJOKUTEIbLHON IefCTBUTEIHHOM
gacrbio. Uurerpas (3.1) 1Ierko BBIYUCIISETCS [IyTEeM MHOIO-
KPATHOIO MHTErPUPOBAHUS IIO YACTSM IIPH HEJOM IIOJIOKH-
TesibHOM 2z = n. B arom cayuae nosyuaerca I'(n) = (n—1)!.
ITosTomMy MOKXHO cKa3zarh, uTo LamMMa-DyHKIMSA SBIISETCS
0bobIerreM (hbaKkTOPUaJIa, Ha, CIydail TPOU3BOJBHOIO KOM-
miekcaoro n. Orvernm takzxke 3uavenune 1'(1/2) = /7, ko-
TOpOEe MOXKET ObITh 1osty4eHo u3 (3.1), ecu nepeiitu K uH-
TerpupoBanuio 1mo /f. OJHOKPATHOE MHTErPUPOBAHHE II0
9YacTsSIM B BhIpaykeHnn (3.1) maer cOOTHOIEHUe

I(z+1) =2T(2), (3.2)

KOTOPOE TaKIKe SIBJIETCS ODODIIEHNEM COOTBETCTBYIOIIETO
cBoiicTBa (bakTOpHaJIa.

3amaga 3.1.1. Hadmu naowado edunuunoti chepvr 6 d-
MEPHOM NPOCMPAHCNEE.

IMpu z — 0 3nauenue unrerpata (3.1) HEorpaHUYeHHO
Bo3pacraer. 1o o3nadaer, uro upu z = 0 dyakuusa I'(z)
AMeeT OCOOEHHOCTH. UTOOBI yCTAHOBHTL XapPaKTEP ITOI
ocobeHHOCTH M, Gojee OOINO, TTPOIOIKUTH AHATUTHIECKHT
T'(2) Ha 2z ¢ OTpUNATEILHON JeHCTBUTEIHBHON YaCThIO, MOXK-
HO HCIIO/Ib30BaTh MoJuduKanuio nHrerpasia (3.1)

T(2) ;/ dt e, (3.3)
C

T1- exp(2miz)

re kKouTyp C m3obpazken Ha pucynke 3.1.

B sbipazkenuu (3.3) mpemmosaraercs, 4to t*~! 3ajano
BETBBIO C Pa3pe3oM BAOJIb JEHCTBUTENbHON OCH, IIpUYEM
Ha BepxHeM Oepere paszpesa apryMent t°~ ! pasen mymio (To
ecrp t77 ! JeHCTBUTENbHO), a KOHTYD C' 06X0auT 910T pas-
pe3, IpUXo/s U3 +00 CHU3Y pa3pe3a U yXOId B +00 CBEPXY
paspesa. Eciu Rez > 0, To KoHTypHBI# unTerpan (3.3)
MOZKET OBITH CBEJIEH K CyMME MHTErPAJIOB IO BEPXHEMY U
HUZKHEMY Oeperam pa3pesa, NPUIeM UHTErpas 110 BepXHe-
My Gepery paspesa cosuagaer ¢ uarerpaiom (3.1), a unre-
rpaJi o HUKHEMY Gepery pa3pes3a OTJIMYaeTcs OT HHTErpa-
aa (3.1) muoxkurensem — exp(2miz). Orciona u mosTyYaeTcs
BbIpaxkenue (3.3).

IMpasag gacTb coorHomenus (3.3) omnpenesnena u s 2
C OTPUIATEJBbHON JIEeACTBUTEIBHON Y9aCThIO, TO €CThb OCY-
LIECTBJIIET aHAIUTHYECKOe Tpozoskenue ['(z) Ha a1y 06-
jgacrb nepementoii z. Kourypwubiii unrerpan B (3.3) ne
umeer ocobeHnocreil B mwrockocru z. CienoBarenbHO, 0CO-
GerHoctn dyukimu ['(z) ompenensiorcss pasHOCTBIO 1 —
exp(2miz), KoTOpas 0OpAIIAETCs B HOJb MPH HEJIbIX (Kak
HOJIOKUTEIBHbBIX, TAK U OTPUIATENbHBIX) 2. [Ipu nosoxu-
TEMBHBIX IETBIX Z B HOJb OOPAIIAETCS TAKZKE M KOHTYPHBIH
MHTErPaJI, TO €CTh MbI IIPUXOUM K HEOIPE/IEJEHHOCTH, KO-
TOpasi JIOMKHA PACKPBIBAThCS 1O mpasuiay Jlomurans. B
qmoboM ciiyudae, I'(z) He mMeer 0COOGEHHOCTEH MpH IEJIbIX
HOJIOKUTEIBHBIX 2, B COOTBETCTBUU C IPUBEIEHHBIM BBIIIIE
aHamu3oM. IIpu HesbIX OTPHIATENBHBIX 2 KOHTYPHBINA WH-
Terpas B HOJIb He OOPAIIaeTCs, U Mbl IIPUXOJUM K BBIBOJLY,
4710 B 91X TO4Kax ['(z) MMeer mpocrbie mosoca.

Bagaga 3.1.2. Hatmu xonmyproe npedcmasaenue I'(z) 6
mepmunaz (—t)* " Le~t,

3amaua 3.1.3. Iloxazambv, umo
/ du u*~* cosu = cos(mz/2)T(2), (3.4)
0
/ du v*~'sinu = sin(r2/2)T(2). (3.5)
0

Yemanosums 0baacmbd NPUMEHUMOCTIU IMUL GbLPG-
oHceHul.
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C
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]

L I

b3
]

Puc. 3.2: Tamma-dynkius Jitepa.

Haiinem Bobraersr dbynkunn I['(z) B momocax z =
0,—1,—-2,.... IIpu 2 = —n (n — HEJI0€ HEOTPUIATEIHLHOE)
KOHTYDHBIN uHTErpai B (3.3) CBOAMTCS K BBIYETY B HYJIE,
MOCKOJIbKY 3HAYEHUS MOJBIHTErpaibHOil (byHKInu Ha Oe-
perax paspesa COBIAIAIOT MexKAy coboil. Beramciss sTor
BBIYET, HAXOUM

/ dt t7™" temt = —27i(—=1)"(n!) .
c
Takum obpazom
res T'(—n) = (=1)"(n!) "%, (3.6)

Ipaduk zasucumocru Tamma-dyuxuuu or csoero (ueii-
CTBUTEIHHOTO) apryMEHTa TPUBEIEH Ha pucynke 3.2. B
Toukax r = —n QysKIug [' cTpemMuTcsd K OECKOHEIHOCTH.

MoykHO HaWTH aCUMTITOTHYECKOE BbIpaykeHue lamma-
dyukuun T'(2) npu GOJBIIUX MOJOKUTETHHBIX 3HAYCHUAX
Z, BOCIIOJIb30BABINNCH METOIOM TIEpEeBaJia, CMOTPHU pPa3Ie
3.7.2. Inst sroro B uurerpase (3.1) mpoussenem 3ameny
t — 1z, KOTOpad OPUBOJAUT €r0 K BUIY

['(z) =27 /000 %exp[z(lnt —1)],

10 ecTh K Buay (3.98). Crogmas B dKCIOHEHTE (DYHKIUS
Int — ¢t nocturaer makcumyma B Touke ¢t = 1. Ucnomnb3ys
rerepb npubiukenue (3.99), Haxoaum

L(z) = ﬁ 2% exp(—2). (3.7)

910 coorHomeHnEe gaeT mpubmuKenHoe (paboTaroriee
npu GosibIiuX 1) BbIpaxkenue i dakrTopuana n! A
V2mn ne™", koTtopoe HazbiBaeTcs dopmysoit Ctupann-
ra. OrMernm, 9T0 acUMOTOTHKA (3.7) CHOpaBe/IuBa U Jist
KOMILJIEKCHBIX Z TIPHU YCJIOBUU OOJIBIIOrO MOJOKHUTETHHOIO
3HaYEeHUs JefCTBUTEILHON YacT! 2.

Yepes lNamma-QyHKIINE BhIPAXKaeTCsd TaK HA3BIBAEMBbIi
MHTErpaj Jitjaepa mepBoro poaa:

! (0%
B(a, ) = /0 dr 271 (1—2)P~t = ?((a)i(g)), (3.8)

rae JedcTBUTENbHbIE YacTH « U [ IPEeanojaralrcs IIo-
nokurenbHbIME. g JokazarenberBa coorHomenns (3.8)
PaACCMOTPUM HEMHOTO D0JIee OOIIwit WHTerpaJ

s“TP=1B(a, B) :/ dx 2% (s — x)P~ L
0

Warerpupyst 06e 9acTtu 3TOr0 COOTHOIIEHUS IO § C BECOM
e~ %, MBI ToJTyIaeM

(o) s
I'(a+ B)B(«, B) :/ ds e_s/ dx 2% (s — x)P~ L
0 0
3aMmeHa mEpeMEHHBIX § = = + Y CBOJMT IPABYIO YaCTb K
IPOU3BE/IEHUIO UHTETPAJIOB 110 X 10 Y, KOTOPbIE JAI0T PO~

usBegenue ['(a)['(3). Takum 06pa3om, Mbl IIPUXOAUM K CO-
ornouenuio (3.8).

3agaua 3.1.4. Hatmu unmezpan

/2
/ deo cos® psin® .
0

3amaua 3.1.5. Jlokazamsb coommnowerue

Iz (z+1/2) = il I'(2z2).

222—1
Brisenem coornomenue
T
I'l—2)I'z)=——. 3.9
(1-2)0() = s (39)

s sToro 3anuiiem jeByo gactb (3.9), Kak npousBejieHue
HHTErpajioB

L(1—-2)(z) = / dt t*’ze*t/ ds s* te".
0 0

IIpoussens 3mech 3ameny s = t( U B3sIB HHTETPAJI IO T, MBI

HaXOIAM
e o] z—1
Fl—ze:/ d¢ =——.
(1-are) = [ d

YT00bBI B3ITH CTOAIINH 371€CHh HHTETPaJI 1o (, CIeayeT mpe-
obpa3oBaTh €ro B KOHTYPHBI! HWHTErpaJs

oo z—1 z—1
| et = e [
0 14+¢ 1—exp(2miz) Jo ~ 14¢
rae kouTyp C m3obpaxken na pucynke 3.1. Ilocie sToro
KOHTYP MOXKHO JepOPMHUPOBATD, 3arubast ero ‘ycbl’ B JIEBYIO
MOJIYILJIOCKOCTD. [1OC/Ie 9TOr0 MHTErpasl CBEIETCS K BBIUETY
B TOUKe ( = —1, UTO M JTaeT BhIpasKeHUe, CTOSIIEE B TPaBOit
qacru (3.9).

Crporo roBopsi, IPUBEIEHHBIE PACCYKIEHUS CIIPABEJIU-
Bol st 0 < Re z < 1. OaHako OpUHIKII aHAJTUTAYECKO-
ro NPOJIOJIZKEHUS MMO3BOJISIET PACIPOCTPAHUTD €ro Ha MPO-
u3BoOJbHBIE z. B wacrnocrh, coornomenue (3.9) no3sosser
JIErKO BOCITPOM3BECTHN BhIparkeHwe st BbraeTon (3.6). Kak
creyer uz coornomenus (3.9), [~1(2) ne umeer nosocos
B IJIOCKOCTHU Z, TO ecThb I'(2) Hurze He obpaiaercs: B HOJIb.
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Puc. 3.3: Konryp unTerpupoBanus BIOIb OTPHUIATETHHOM
[IOJIYOCH.

3amadga 3.1.6. Ioayuwums unmezpasbHoe NPedcmasieHue

r1(z) = —

=_— [ dtt e, (3.10)
2wt Jox

2de xonmyp C* usobpasicen na pucynre 3.3.

3amayva 3.1.7. Buwuucasums unmezpan
1

/ dz InT(z).
0

Bagaua 3.1.8. Haumu [T'(1/2+ix)|, ede x deticmeumens-
HOE WUCAO.

3.2 ®dDysknuga Jiipu

B nmamnom paszene MbI aHATTU3UPYEM DENTEHUS YDABHEHUS
Siipu (Airy)
d?Y/dax* — 2Y =0, (3.11)

KOTOPOE BO3HUKAET B psaje dpusndeckux npuioxkenuii. I1o-
JKaJyil, Hanbojee BaXKHLIM NMPUJIOXKEHUEM ypaBHEHUsT Jii-
PH ABJISIETCS ONPEIEJICHAE TTOBEIEHNST BOJIHOBBIX (DYHKITHIA
(B KBaHTOBOI MexaHWKe) BOJIM3M TOYKU [IOBOPOTA, TO €CTh
BOJIM3HM TOYKH, IJI€ SHEPIUs YACTHUIBI CPABHUBAETCS C I10-
renuuasioM. Pemenus ypashenus (3.11) nemoncrpupyior
PSJl, YHUBEPCAIBHBIX OCOGEHHOCTEH 3TOTO MOBEICHMUS .

Vpasuenue itpu (3.11) nuneitno mo nepemenuoii . Ilo-
9TOMY ero MOXKHO 3¢ dEKTUBHO pemuTh MeToaoM Jlamiaca,
cvotpu paszen 3.7.1, rae obcyxkmaercs oblnee ypaBHEHUE
(3.93). Ilpusenem 3mech soruky pasgena 3.7.1 s vact-
HOTO ciaydast ypasHenusi (3.11). BammmieM perrerue 3TOro
YPaABHEHWUST B BHIE KOHTYPHOTO WHTETPAJ

Y(z) = /Cdt Z(t) exp(xt), (3.12)

rae C — HEKOTOpBIH KOHTYP B KOMILIEKCHOU TIJIOCKOCTH .
Mb1 OyieM cauTaTh, YTO MOABIHTErPAJILHOE BHIDAYKEHHE JI0-
CTATOYHO GBICTPO CTPEMUTCSA K HYJIIO HA KOHIIAX 3TOTO KOH-
Typa (KoTopbie MOryT ObITh U B GECKOHEYHOCTH).
IMoxpcrasum ypasuenue (3.11) B upencrasienue (3.12),
ucronb3yeM cootHorenue x exp(xt) = dexp(xt)/dt n npo-
U3BOJYM UHTEPUPOBAHUE 110 YACTAM T10 ¢, CIUTASA IPAHUY-
HbIE YIEHbl PABHBIME HYJIIO (4TO 0fecriednBaercs GbICTPbIM

Puc. 3.4: Bo3aMOXKHBIE KOHTYDPBI, IO KOTOPBIM HJIET WHTE-
IPUPOBAHKE B HHTEIPATHLHOM PEICTABICHUN (DYHKIHH Jii-

pu.

CTpPeMJIEHUEM IOJBIHTErPAJIbHOIO BbIPAaXKeHUdA K HYJIIO Ha
KOHIIAX KOHTYDa MHTerpupoBanus). B pesysbrare mbl Ha-

XOIUM ypaBHEHUE
dz
Ead—y
dt
pemenue xKoroporo umeet suz Z x exp(—t3/3). lloxcras-
Jsisd 910 BbipaxkeHue B (3.12), Haxomum obuiee perieHue

ypasuenus Diipn (3.11)
Y (2) x / dt exp(at — £/3). (3.13)
C

Kontyp C B npezncrasnenun (3.13) q0keH HAUNHATHCS
U OKAQHYUBATHCS B ODJIACTSX, IJe MOIBIHTErPAJbHOE BhIpa-
xkenue B (3.13) crpemurca K mymo. O4eBUAHO, YTO st
sroro KOHTYp C' JIOJKEH NPUXOAUTH U3 GECKOHEYHOCTH U
yxonurh B 6eckoneunocrs. Ilockosbky nosenenue exp(xt —
t3/3) B GeckoneaHocTH onpeiesistercst hakTopoM —t3, ume-
€TCs TPU CEKTOPA, B KOTOPBIX TOILIHTEIPAJIHHOE BbIPAZKE-
e B (3.13) crpemurcs K Hymo: —7w/6 < Arg t < 7/6,
m/2 < Arg t < 57/6, Tn/6 < Arg t < 37/2, cmorpu pu-
cynok 3.4, cekropol LILIII. Konryp C' nomken madnHaTh-
CS B OTHOM W3 3TUX CEKTOPOB U 3aKAHUMBATHLCA B IPYTOM.
Nmeercst Tpu BapuanTa. OJHAKO MOy YAIOIINECS WHTETPA~
JIBI JIMHEWHO CBSI3aHBI MEXKTy COOOM, TIOCKOJIbKY CyMMa, WH-
TerpajsioB 1o KOHTypaM, uaymux u3 cekropa I B cekrop II,
n3 cexkropa II B cextop III, m u3 cexkropa III B cextop I,
paBHA, OYEBUIHO, Hy/TI0. TakuM 00pa30M, IMEETCs [IBA JIU-
HEHHO HE3ABUCUMBIX PEIIEHUsI, YTO COOTBETCTBYET BTOPOMY
MOPSIIKY ypaBHEHUs DApu.

Permiennio, KOTOpoe OCTAETCsT KOHEYHBIM MPU T — £00
COOTBETCTBYET KOHTYp, maymmii m3 cekropa III B cekTop
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I. MoxHO BBIOMpATH Pa3IUIHYI0 (POPMY TAKOrO KOHTYpPa
(cmorpu pucyHok 3.4), enuncrsenHoe TpeboBanue K popme
KOHTYpa 3aKJII09aeTcs B TOM, 9To0b! exp(xt—t2/3) crpemu-
JIOCH K HYJIIO Ha KOHIIAX 9TOT0 KOHTYPA. DTO CBI3AHO C BO3-
MOXKHOCTBIO Jedopmaliuu KOHTYpa B OOJACTH AHAJIUTUY-
HOCTHU TIOJBIHTErPATBLHOTO BbIPAYKEHUsI, KOTOPOl B JTAHHOM
CIlydae siBJISIeTCsl BCs KOMILIEKCHAs MJIOCKOCTh. B gacTHO-
CTHU, MOXKHO BbIOPATH KOHTYD, UAYIIUI B/I0JIb MHUMOI OCH.
Beensa obo3nadenne t = iu, MBI CBOAWM 3TOT WHTErpaj K
BUILY

Ai(z) = 1 /OO du cos(xu + u®/3), (3.14)
T Jo

T7Ie MHOXKUTETb BBIOPAH TPAJUIIMOHHBIM 00pa3oM. Beeaen-
Hasg (3.14) dyukums naspiBaerca dyHkupeil Ditpu 1epBoro
poza (mim upocro dbyuxuueit Jiipu).

VcTaHOBUM aCUMIITOTHYECKOE TIOBemeHne (byHKInu Jii-
pu npu Gosbiux 3HadeHWsX |z|. Ilpm Gosbimux orpuna-
TeNbHBIX T B MHTErpasie (3.14) mMeercss TOUKaA CTalmoOHAD-
HOil a3pl u = \/m, OKPECTHOCTh KOTOPO#l JaeT OCHOB-
HOI1 BKJIaJ| B uHTerpas upu 6osbux |z|. Ilpumensia meros
cranuorapuoii Gpas3sl (cMOTpU pa3men 3.7.2), HAXOAUM, UC-
nosib3ysi Bhiparkenue (3.102)

. 1 2 0
AI(X) ~ WCOS (—3|1'|3/2 + 4> . (315)

ITpu GoMbIIMX MOJOKUTEIBHBIX & CTAMOHAPHAA TOYKA
B unrerpase (3.14) orcyrcrsyer. Yrobbl naiitu coorser-
CTBYIOILYI0 ACUMITOTHKY, MBI JOJKHBI BEPHYTHCA HA TIIar
HA3a,1:

+i00
Ai(z) = 2%”/ dt exp(tx —t3/3).

—1i00

Temnepb MBI JOMKHBI IPUMEHATH 0OODITIEHHBII METOI, TIepe-
Basia, cmorpu paszes 3.7.2. Kouryp unrerpupoBanus m0Ji-
2KeH ObITh 1e(POPMHUPOBAH TAK, ITOOBI OH IIPOXOIUIT I€PE3
nepeBasbHyIo TOUKy t = —x'/2 (CMOTpH BepTHKAIBHYIO
npsaMyio Ha pucyHke 3.4). Beraucisas uHTErpai B COOTBET-
creuu ¢ (3.105), HAXOTUM

. 1 2
Ai(x) ~ NI exp (—3x3/2> . (3.16)

I'paduk 3aBucumocTu MYHKIMH JUPH OT T MPUBEIEH HA
pucynke 3.5. Ha srom ke rpaduke KpacHBIM I[[BETOM IPU-
BesieHbl acuMOToTHKE (3.15,3.16).

B kauecrBe Broporo pemnenus ypasHenus Jiipu (3.11)
BBIOUPAIOT OOBITHO (DYHKITHIO

Bi(z) = 1 /000 du [exp(zu — u®/3)

™

+sin(zu + u?/3)], (3.17)

KOTOpas HasbiBaercd (yuknueil Jitpu Broporo poja. Boi-
paxkenue i Bi nosiyuaercs, eciu B3ATb CyMMY KOHTYD-
HBIX WHTErPAJIOB JJisd KOHTYPOB, WAYIINX U3 CeKTopa | B
cextop II u u3 cexropa III B cexrop II. Beibupas stu unre-
rpaJibl, KaK HIYIHE CHAYAIA BIOJb MHUMOM OCH, & 3aTeM

1.50

1.25¢ —_— Aj
— approximation

1.00¢

0.75¢

0.50¢

0.25¢

0.00

-0.25¢

—0.50

0.50 /

: ~ /) ]
025 AN AN f\f\\ N f\(\ !

: |
i \m
-0.25

-0.50

Puc. 3.6: @yukiuu Jitpu 0epBoro u BTOPOro poja.

BJIOJIb IEHCTBUTEILHON OCH, MBI ¥ TPUXOANM K BBIPAKEHHIO
(3.17). Koaddunuenr B (3.17) rpasunmonen. CpasHenue
dyukumit Jitpu Al u Bi nposeneno na pucynke 3.6.

Bajmaua 3.2.1. Hatimu snauenus Ai(0), Ai’(0), Bi(0),
Bi' (0).

Acumnrorudeckoe nopegenue GyHKuuu Bi npu 60/bmmx

[TOJIOZKUTE/TbHBIX 3HAYEHUAX aPIyMEHTA OIIPEIEsIsieTCs Bbl-
pazkeHueMm

. 1 2 .
BI(I’) ~ Wexp <3I’3/2) . (318)

Acuvntornueckoe moremenue yHkimu Bi mpu 60gbmmx
OTPHUIIATEIHHBIX 3HAYEHUAX apPTyMeHTa ONpeesiaeTcs Bbl-
paKeHueMm

. 1 2 T
Bl(x) ~ W COSs <3x|3/2 + 4) . (319)

Cpasuenue byukiuu Bi(x) u ee acuMuTOTHK IIPUBE/IEHBI
Ha pUCYHKe 3.7.

Bagaua 3.2.2. [Hoayuumb aCcuMRIMOMUYECKOE NOGEIEHUE
dynxyuu Bi(x) npu x — too.
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Puc. 3.7: ®yukimsa Diipu BTOPOro poma ¢ aCUMITOTHKAMHY.

Acumnroruyeckoe nosenenue ynruuii itpu Ai(z) u
Bi(z) moxuo ycranosurb u merogzom WKB, cmorpu pas-
nen 3.7.3. Ypasuenne itpn (3.11) ABIA€TCS YACTHBIM CITY-
gaeM ypasuenus (3.106), npu srom U = 2. Takum o6pazom
p=+/xuS=(2/3)z%?. Takum 06pa3oM, B COOTBETCTBHE
¢ (3.107) mpu GOIBLUIMX HOJOKUTETBHBIX T MBI HAXOINM
cJleyolee OBeIeHue

o~ * exp(+22°/2/3).

3uak + orHocurcs K dyukuun Bi(z), cmorpu (3.18), a 3HaK
muHyc orHocurcs K dbyukuuu Ai(z), cmorpu (3.16). Ilpu
OOJIbIINX OTPUIATEbHBIX I Mbl HAXOJUM CJIELyIONIee I10-
BEJICHNE

|| 71/ % exp(42i|x]>/2/3).

IMockonbky Ai(z) u Bi(z) aBasorcs peiicrBuTesibHbIMU
dyukuuavu, o B coorsercrue ¢ (3.109) maa HUX HOBe-
JleHVe TpU GOJIBIINX OTPUIATENBHBIX & UMEET BH/L

|x\_1/4 cos(2|a?|3/2/3 + ),

rjae ¢ — Hekoropas ¢dasza. Jro LOBEACHUE COOTBETCTBYET
acummnrorukam (3.15) u (3.19).

3amava 3.2.3. Halmu acumMnmomury peweHus ypasHe-
nus d?Y/dz? — 23Y = 0 npu Goavwuz snavenuax ||.

3.3 ®Dysknum Beccens

Oyuknuu Beccens ynuBuTeabHBIM 00pa30M BO3HHKAIOT B
CAMBIX PA3JINYHBIX 331a9aX MaTeMaTu4ueckoil dpusnknu. Oun
€CTECTBEHHBIM 00pPa30M MPUCYTCTBYIOT B 33a49aX TEOPHUH
MOJIst, KOTJIA PedYb MIET O 3ABUCAIIMX OT JIBYX KOOPIWHAT
PEeIleHrsX BOJHOBOIO YPAaBHEHUs, OMUCHIBAIOIIErO, HAIPHU-
Mep, Pa3JIMYHbIE JJTEKTPOMATHUTHBIE M AKYCTHIECKUE SB-
senus. Oaako obsacts npumennvoctu pyuxnuit Beccess
OTHIOJH HE OCPAHWYMBAETCS ITUMU MPOOIEMAMU, OHU OKa-
3BIBAIOTCS MOJIE3HBIMYU B OYEHDb IMUPOKOM KPYyT€ MPUIOXKE-
HUM, 9eM U OIPEIeIIeTcsa Ba)kKHOCTh 3TUX (PYHKITHIA.

Puc. 3.8: Heckompko nepsoix dbynknmit Beccemns.

Perienvie BOJTHOBOTO ypaBHEHUSI MOXKHO PA3JIOXKUTH IO
TTOCKUM BOJTHAM, 3aBUCAMOCTbD ITOJIE OT KOODIUHAT B TLJI0C-
Koii BouHe onpezensercsa dbakropom exp(ikr), rue k — Bos-
HOBOI BEKTOD, & T — paJuyc-BeKTop. B aBymMepHOM cirydae
r = (z,y). Yacto yno0HBIM OBIBAET PEMIATH 3a/a9U B MO~
JIIPHON cHUcTeMe KOODAWHAT T, @, TJe I — PACCTOSTHUE OT
Ha4YaJja OTCYeTa 0 TOYKHU HAOJIOMEHUS, & (o — TOJISPHBIH
yroza. IIpu cooTBeTcTBYyIOIEM BHIOOPE HAYaIA OTCHETA I0-
JIIPHOTO yIJIa  CKaJIsIpHOE mpom3senenne kr = rksin .

Oyuknuu Beccens aBigioTcs KoddDuimeHTaMu pasiio-
skenusi exp(ikr) B psg @yphe 10 yIIOBBIM TAPMOHUKAM:

+oo
exp(izsinp) = Z Jn(z) exp(ing), (3.20)

rie z = kr. ['paduku Heckombkux nepBbix dynknuii Becce-
Jish IpuBeIeHbI Ha, pucyHke 3.8. JlobaBisas m K , HAXOAUM

“+o0
exp(—izsinp) = Z(—l)"Jn(z) exp(ing).

— 00

CpaBHUBas 3TO BHIPAYKECHHE C MIPAMBIM DA3JIOKEHAEM
—+o00
exp(—izsinp) = Z J_n(2) exp(ing),
—0o0

MBI 3aKJI09aeM, 91o J_, = (—1)"J,.
IMoxncrasnas B Beipazkenue (3.20) ¢ = €%, HAXOQUM Dsijl
Jlopana mo t

+oo
exp [% (t—1 /t)} = Y Ju(on. (3.21)

n=-—oo

31ech t MOXKET OLITH MPOU3BOJILHBIM KOMILJIEKCHBIM HHC-
som. Tuddepennupyem coornorienue (3.21) mo z, 9ro ga-
er

+oo
%(t—l/t)exp [g (t—1/t)} S PABIS

n=—oo

IMoxcraisisa 374ech BMECTO 9KCHOHEHTHI pasioxkeHue (3.21)
u cobupas KO3(pDUIMEHTDI IPU CTEMEeHAX t, HAXOIUM

d 1

= Sl ()] (3:22)
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Huddepennupyem coornorenue (3.21) mo ¢, uro gaer
z 1 z =
— n—1
2 (1 n t2> exp [5 (t— 1/t)} = n;ﬂ: nJ(2)t" 1.

IMoncrasiss 34ech BMECTO IKCIOHEHTHI padyioxenue (3.21)
n cobupas KO3P(MUIIMEHTHI TIPU CTETeHAX ¢, HAXOIUM

2771]”(2) = Jur(2) + Jnia (2)- (3.23)

Kombunupys (3.22) u (3.23), Haxoaum cieyolue peKyp-
PEHTHBIE COOTHOLICHHS

d n
%(Zn(]n) =2z" n—1, J,:L + ;Jn = Jdn—1, (324)
d J, Jn n
%7::_7:1, J;L_; = —Jni1. (3.25)
B uacraocru, dJy/dz = —J.

PexyppenTHoe coorroienue (3.24) MOXKHO NepenucaTh B
CJIEIYIOMEM BUJIE

_ d _
272 L (2)] = 2 0 (2).
dz
HuddepeHtupys 370 COOTHOIIEHNE 0 z W UCIOIb3Ys st
peobpA30BaHUS MPABON YACTH PEKYPPEHTHOE COOTHOIIE-
Hue (3.25), HAXOUM 3aMKHYTOE ypaBHeHue Ha J,

d? 1d 2
z

— - = 2
dZ2Jn+ P Jn =0, (3.26)

KOTOpPOE Ha3blBaercs ypasHeHuem beccensi. Ormerum,
9TO MBI CHOBA CTaJKuBaeMmcs ¢ omeparopoM IIlrypma-
JIunysuins (2.6).

Paccmorpum caygait maneix z, z < 1. B atom ciydae
TPETbUM CJlaraeMbiM B ypasHenuu (3.26) MOXKHO mpeHe-
O6pevb U Mbl IPUXOAUM K yPABHEHHIO

d? +1d n?
g zdzg 22

77 g=0, (3.27)

KOTOPOE MMeeT CTeNeHHbIe PereHusd g1 = 2" u go = 2~ .
O6parnM BHEMaHWE HA IPHUYUHY, 110 KOTOPOH ypPABHEHHE
(3.27) umeer cremeHHble peLIeHUs, U KOTOPAsd 3aKJII0Ya-
ercs B TOM, YTO TpW TpeobpasoBannu z — Az, tme A —
OPOU3BOJIbHBIN (PAKTOP, BCE TPU CJIAra€MbIX B yPABHEHUU
(3.27) npeobpa3yoTcs OAMHAKOBBIM 00PA30M, TO €CTh ypaB-
HEHHE TEePEXONUT B cebst. DTO 03HAYAET, UTO CyIIECTBYIOT
peuienus ypasaenus (3.27), KOTOpbIe 1IpU HPeobpa3oBaHUuu
z — Az mepexomaT B cebst ¢ TOYHOCTHIO 0 MHOXKHUTEIIS,
HUMEHHO 3TUM CBOHCTBOM O0JIQIAI0T CTEMEHHBIE PEIeHUs .
IockosbKy ypasuernue Beccens (3.26) ue obmamaer yka-
3aHHBIM CBOWCTBOM cuMMeTpuu ypasaenus (3.27), ero pe-
HIEHME HE MOXKeT OBITh CTEIIEHHBIM. TeM He MeHee PerIeHus
g1 = 2" u go = 27" oUpeNeIdIOT IOBEJIEHUE IIPOU3BOJIb-
HOTO pernieHnsi ypasHeHust Beccensi (3.26) mpw Masibix z.
Ob6parum BHUMaHUE HA TO, 9TO mpu 1 > () pemrenune go CUH-
IYJISIPHO B HyJIe, TO €CTh CTPEMHTCSA K OECKOHEIHOCTH TIPH

z — 0. IlosTomy, ecnu dbyHKIHS ¢ peryisipHa B HyJ€, TO
€e IOBEJIEHNE OIIPEJIENIAETCS g1, TO €CTh § X 2™ NP MaJIbIX
2. DTO TIOBEIEHNE C TOIHOCTHIO JI0 MHOYKUTESA OMPEIeIaeT
perrerne ypasaennsi Beccenst (3.26). TakuMu perneHusiMu
apysiorca dyukiuu Beccens J,(z), nepsbiii dien pasio-
JKEHUsT KOTOPOii 1o 2z onpenensercs (3.29).

Bamerum, yro npu n = 0 06a pewenus ypasuenus (3.27),
g1 = 2" u go = 27", COBIIQIAIOT MEXKy CODOM, TO €CTh, KaK
TOBOPSIT, IMEET MECTO BBIpOXKIeHme. UTOOBI pa3odpaThes ¢
STUM CJIy4aeM, CJIEIYeT BEPHYThCs K ypasHenuio (3.27), B
KOTOPOM HAJIO MOJOKATH 1. = (0. 9TO ypaBHEHHE SABIACTCSA
yDaBHEHUEM IIePBOro HopsijKa s dg/dz, pemeduem KOTo-
poro, oueBuznHO, asagerca dg/dz = Cy/z, rne Cy — npous-
BOJIbHAST KOHCTaHTa. VIHTErpupyst 310 ypaBHEHWE IAIbITe,
MbI HaxoauM obiee permerne g = Cy+Cq In z, roe Cy — BTO-
pas npou3BoJibHasg KoHcTaHTa. (OTMETHM, YTO BO3BHUKHO-
BeHue siorapudmMa THIMYHO JJisi BHIPOXKIEHHDBIX CJIyYaeB.)
Takum obpazom, u npu n = 0 umeercsd JiBa pelreHus ypas-
wenus (3.27), OfHO U3 KOTOPHIX (KOHCTAHTA) PETYIAPHO B
Hyse, a Bropoe (morapudm) cunryngpuo. Perrenue ypas-
Henus (3.27) npu n = 0, KOTOPOE FABJIAETCS PErYJIAPHBIM B
HyJI€, IPONOPIUOHAIBHO Jo(2).

BoiucsiBas obparnoe npeobpasosanue @ypoe k (3.20),
HAXOIUM CJIeylolee mpeacrapienne pyuknuit Beccess

1 [t
Jn(2) / df exp(izsinf — inf)

T o

—T

1 ™
= f/ df cos(zsinf — nh), (3.28)
T Jo

KOTOpOe Ha3bIBaeTcs mpeacrasirenneM Ilapcesans. I[Ipu mo-
JIydeHUM BTOPOrO paBeHCTBa B (3.28) Mbl BOCIIOJIL30BAJIUCD
TeM, YTO MHMUMAsi JacTh MEPBOTO WHTErpaja PaBHA HYIIO
M3-32 TOTO, UTO MHHUMAs IaCTh exp(iz sin f —inf) anTucum-
METPHUYHA 110 #, W 9TO KOCHHYC SIBJISETCS YeTHOH DyHKIU-
eii. Ormernm, 9To mpezcrasienue (3.28) aBroMaTHYecKu
HIPUBOIUT K COOTHOWIECHHIO J_,,(2) = (—1)"J,(2).

3agaua 3.3.1. Jokxazams npasusa updepenyuposarus,
(8.22), ucroda usz coommowenus (3.28).

3amaua 3.3.2. Halmu unmezpan

/0 e expl—az)do(2).

3amaua 3.3.3. Hatlimu unmezpan

/0 e expl—az)i(2).

3amaua 3.3.4. Hatlimu unmezpan

/ dz Jz(;) .
0 z
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PackaazpiBast npaByio 4actb coorHomenus (3.28) no z,
MbI 3aKJII0Ya€M 49TO IpHU 7 > 0 IEPBBIA Y/I€H Pa3JIOKEHUS
Jn(z) Mo z paBen

n +m n

z . on o
df (isin®)"™ exp(ind) = Sl

B COOTBETCTBHUH C AHAJIM30M, [IPOBEJIEHHBIM [P MAJIBIX Z.
Crnenyromme [yennl pasioxkenns dyHkimu Beccemns mo z
MOKHO HaiiTu u3 TOro ke Bbipaxkenusd (3.28). B pesysbra-
Te MbI TTOJy4daeM caeaytomuii pag Teitmopa ansa GyHKmpmit
Beccensa

Tn(2) = ni m,(_i (g)”“m . (3.30)

(n+m)!

(3.29)

2mn! f_.

OrMerum, 910 9TO Pl MO HEJIBIM CTEHEHSM Z, KOTOPBI
COMEPYKUT TOJILKO YEeTHBIE MW TOJHKO HEYETHBIE CTETeH!
Z, B 3aBUCUMOCTHU OT YE€THOCTH 7.

Bagaua 3.3.5. IHocmpoums pasaoosicenue 6 pad (3.30),
ucxroda u3 coommoutenua (3.28).

Ps (3.30) abComoTHO CXOAUTCH IPU BCeX AefCTBUTE b
HBIX Z, IOCKOJIbKY OTHOIIEeHue KO3 duumenTos npu cremne-
uax (z/2)"T2m+2 g (z/2)" 2™ pagno —[(m+2)(m+1)(n+
m+2)(n+m+1)]7%, To ecTh cTpeMuUTCH K HYJTIO C POCTOM
m. Takum obpazom, paz (3.30) onpexnenser dhyuxiuo Bec-
cesisi IPU BCEX JIEHCTBUTENbHBIX 2. Bosee TOro, oH ompe-
pensger u (PYHKIMIO KOMILJIEKCHOTO MEPEMEHHOr0, KOTOPas
MOJTyYaeTCsl AHATNTHYIECKUM MPOJOIKeHneM J,,(z) ¢ medi-
crBUTENbHBIX 2. [TockombKy psij, (3.30) sBisiercsa abCcoIoT-
HO cxoasumMcst, 1o hyuknus J,, (2) He umeer ocobenHocTeit
Ha BCEeH IMJIOCKOCTU KOMILJIEKCHOTO MEPEMEHHOTO z. B To ke
BpeMsi 6ECKOHETHOCTD SBJISETCS CYIECTBEHHOM 0COD0H TOU-
koit yukimn Beccens J,(2).

Coornorenne (3.28) M03BOIAET HANTH ACUMITOTUYECKOE
nosegenne dbyuknuii Beccenss mpu 6oabMAX 3HAYEHUAX 2.
B stom cayuae paboraer mpubim:KeHne CTanOHAPHON da-
3b1, cMoTpu paszen 3.7.2. Ilosoxkenune Touky crannoHapHOA
¢a3bl NOIYyIAETCSA U3 YCJIOBUs PABEHCTBA HYJIIO IIPOU3BO/I-
HOIl aprymenTa KocuHyca 1o B Bbipaykenuu (3.28), 4ro
maet zcos by = n. Takum obpa3om, B cujIy OOJIBIIIOTO 3HA-
YeHus z cranuoHaphas dasa 6imska K 7/2 (4T0 mpesro-
JlaraeT HepaBeHCTBO z > n). Vciosb3yst BbIpazkeHue Jist
upubirzkenus crauuonapuoit daspt (3.102), Haxonum

JIn(z) = \/Zcos (z — % — %) . (3.31)

Takum obpazom, J,(z) ocuuimpyer ¢ aMIIuTy/10i, KOTOo-
pas CTPEMUTCs K HyJIIO LIPU 2 — 0O,

3amaua 3.3.6. Halimu acumnmomuyeckoe 6uvpadcenue
dynxyuu Becceas npu 60AbWUT N0 GOCOAOMHOT 6e-
AUNUHE OMPUUAMEALHBLT 2.

B cuny ypasuenus (3.26) dyukuus J,(qx) yaosierso-
pSET yPABHEHUIO

~

In(qz) = —¢*Jn(qz), (3.32)
@ 1d
dz?  xdx 2’

~

(3.33)

Takum obpasom, byukius J,(gx) aBiserca cobCTBEHHOI
dbyukuueit nuddepenupanbuoro oneparopa (3.33), koro-
peiii orHOCUTCs K Tumy omeparopos IlItypma-JInysusis
(2.6), ¢ cobcreennbiM 3HAUenneM —¢2. OTcioma crepyer
ycaoBue oproronajibHocru (2.68) ¢ Becom p = x
pasHbIX ¢. B mamHOM ciiydae pedb maer O HEmpPePBIBHOM
cuekrpe (¢ MOXKET IIPUHUMATH HEIPEPbIBHbIA s 3HAYe-
HUiT), 1109TOMY DYHKIUU JOJ2KHBL ObITh HOPMUPOBAHBL HA,
d-dyukimo. CoOTBETCTBYIOIIEE COOTHONTEHNE UMEET BU]

/0 " d o (k) (qz) = K160k — q), (3.34)

roe k>0, g > 0.

ITpusenem mokazarenbcrso coorHomenus (3.34). Briasn
B KO3(ppunpenT upu J-QyHKIHE HAOUPALTC Ha OOJIbIINX
3HAYEHUHAX APIyMEHTa, 1109TOMY B uHTerpase (3.34) mMbl Mo-
JKeM WCIOJIh30BATh ACHMITOTHYeCKoe Bhipaszkernne (3.31). B
pe3yJIbTare HAXOIUM

/000 dx xJ, (kx)J,(qz) — /dm 2

m/kq

cos(kx) cos(qx).

HpI/IHI/IMaH BO BHUMaHHE COOTHOIIIEHUNE

+oo
/ dz cos(kz) cos(qz) = wd(k — q),
— 00

rJie ¢ U k CIUTAIOTCS MOJOKUTENbHBIMU, U YIUTHIBAS, YTO
HHTErPasl IO & UJIET TOJBKO 110 MOJTOKUTEIbHBIM 3HAYCHH-
SIM, MBI U LIPUXOAUM K COOTHOLIEHUIO (3.34).

Bagaga 3.3.7. Jokxaszamov coommnowenue (3.34), ucxods
u3 npedcmasaenus (3.20).

Coornomenve (3.34) mozsosger copMyaIUpoOBaTH pas3-
JIo’KeHne (DYHKIUH, 3a/JaHHBIX MTPU MOJIOKUTEJIbHBIX 3HA-
YeHMSAX apryMeHTa, B mHTerpan mno ¢yHkmusam beccens,
aHasiorudHoe pazioxkennio B uaTerpan @ypoe. Ilpsvoe u
obpatHoe mpeobpasoBanust GyHKIMH f(x) WMeT BUI

(@) = / " de 2 (o) (@), (3.35)
f(x) = / " dg a7 (a2)f(q). (3.36)

Buibop n B 3TOM COOTHOINIEHUN AUKTYETCsS YCJIOBUSIMH Pe-
nraeMoi 3a1a4m.

Bagaua 3.3.8. Pasaooicums 6 unmezpan (3.36) ¢ n = 0
Pyrryuwo f(x) = exp(—p*z?).

Wzyunm paznoxenne 1o dynkiusam Beccesss Ha KoHed-
HOM mHTepBaJje. /s 3Toro HaM MOHAIOOUTCA Ps BCIIOMO-
raresibHbIX coorHomenuit. 113 (3.32,3.33) cienyer

2

Jn(qm)i

1d
e In(kz) + Jn(gx) — —J, (kx)

x dx
2

d 1d
—Jn(km)@,]n(qx) - Jn(kx);%Jn(qx)

= (> = k) Jn(qz) Jn (k).
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WNurerpupyst 310 cooTHOIIEHKE C BeCOM & HA nHTepBase 0 <
T < z, HaXOuUM

Jn(q2)kzJ] (kz) — Jn(kz)qzJ),(qz)
= (¢ — k?) / dx xJ, (qx)J, (kz).
0

HUcnoub3ys pexkyppentHoe coortoiuenue (3.25), Haxoqum

/OZ dx xJp,(qx) Iy (k)
_ Jn(k‘z)qZJn+1(Q;g : i;(qz)sznH(kz). (3.37)

Yerpemnsas 37meck kK K ¢ W PACKPBIBAs MOJIYIMBIIYIOCS
HEOIpeIeJIEHHOCTh 110 TipaBuity Jlomurass, Haxomum

z 2

/O da z[J, (kz)]? = %(JE&1 +J2) - %JnHJn, (3.38)
rie aprymenThl byHKInit Beccesnst paBHBI kz, U MBI HCITOTh-
30BaJIM PEKyppEeHTHBIE cooTHOmenus (3.24,3.25)

Paccmorpum Temeph 3a7ady Ha COOCTBEHHBIE 3HAUEHUS
(3.32) na uarepsane 0 < x < 1 Ha kmacce dynkuuii, 06-
PAIIAOINIMXCs B HOJMb HA KOHIE WHTEepBala, npu r = 1.
DTO yCJIOBHE NPUBOJIUT K JIUCKPETHOMY HAOOpy COOCTBEH-
HBIX YHCEN ¢ = Y, A5 KOoTopbix J,(7;) = 0. Habop i
3aBucuT OT mHIeKca (yukiuu Beccens n. Beawuunsr vy
HEOIPAHUYEHHO PACTYT C yBeJUYEHHEM HOMepa k.

3amava 3.3.9. Hadmu snavenus Y, 048 00AbUWUT 3HAYE-
HUT 9020 NAPAMEMPA.

B cuny obrmux cBoi#cTB 3a1a49 HA COOCTBEHHDBIE 3HAYECHMUS,
cmorpu paszzen 2.4.1, dopmyna (2.68), Haxonum cBORCTBO
OpPTOTOHATLHOCTH

/0 dz zJ, (yez)Jn(vjz) = 0, (3.39)

eciu Y # ;. JeficrBuTeIbHO, JleBast 4acTh COOTHOLICHUS!
(3.32) upecrasiusier coboii oueparop Hlrypma-JInysuiis
(2.6) ¢ Q@ = 1/x, nosromy B cuiy (2.67) Haxomum p = x.
IMoxacrasigas B coorromenuu (3.38) z = 1, noxygaem

| dwalinual® = 372100 (3.40)
0

3amada 3.3.10. IIpsamo doxazams coommnouweHue opmozo-
nanorocmu (3.39).

Coornorienus (3.39,3.40) mo3BossioT CHOPMYIUPOBATEH
npaBuiia passoxkenus yHkiwn f(z), 33a4aHHON HA UHTED-
Bajsie 0 < z < 1, no nabopy byuxumii J, (yxx):

F@) = fudn(mea), (3.41)
k

ﬁ/dw xf(x)Jdn(yex). (3.42)

= 72
Jn+1

Tk
OTO Pa3IOKEHUE SIBISIETCS AHAJIONOM PA3JIOXKEHUs B P
Oypnbe.

Bagaua 3.3.11. Pasaoorcums dynryuro Ji(x)—xJ1(1) na
unmepsaae (0,1) 6 pad (3.41) no Jy(yix).

3.4 Ilonmunowmbl Jlexkanapa

[Ipu pemennu 3a7a9 TEOPUE MOJS WX KBAHTOBON MEXaHU-
KU 329aCTYI0 BO3HUKAIOT CJIy4ad, KOIJIA OIUCHIBAIOIIME 110~
Jle ypaBHEHHUs 00JIaJal0T CHMMETpUeil OTHOCUTEILHO Bpa-
IeHnt BOKPYT HEKOTOpOo# Touku. B sToMm ciayuae 3amaqda
JIOTYCKAET pa3JieJieHne MepeMeHHbIX. TUIHIHbIM MTpuMe-
pom siByisiercst ypaBraenue IIpénuarepa st 9acTUIbI, 0~
MEIIEHHON B HEHTPATbHO-CUMMETPUYHOE OJIe, TTOTEHIHAJ
KOTOpOrO U 3aBUCHUT TOJBKO OT PACCTOSIHUS 7* 10 HEKOTO-
poit TOYKHU, B KOTOPYIO MbI TIOMECTHM HAYAJIO0 KOODIUHAT.
[Ipu pemenun Takoro poja ypasHenuii, nuddepeHuaib-
Hasl 9aCTh KOTOPOrO yIpaBisgercs JIammacuanoM, BOZHUKA-
10T MMOJIMHOMBI J1exkanapa.

Hanomuum, 4ro B TpexmepHOM npocrpancrse Jlamnsa-
CHAH 3JIEKTPOCTATHYECKOTO TOTEHINAIA TOUYEUIHOTO 3apsi-
na 1/R pasen nymo, V2(1/R) = 0. 3necs R — paccro-
JHMEe OT TOYKH HAOIIOIEHUSA [0 TOUeIHOro 3apsana. I[lo-
MecTuM TOYedHblil 3apsa B Touky (0,0,1) u nepeiigem K
cepuyeckoit cucreme Koopauaar 1,60, . B atom ciydae

R = /1 —2rcosf + r2. Ycaosue xe VZR™! = 0 3amucer-

BaeTCd B BUJIE

2 20\ ., 1 1 8 OR!
O 20 gy L L 009 T
((w * T@r) Rt a0 (Sm 06 > 0
31€eCh OTCYTCTBYET HPOM3BOJHBIE 110 ), MOCKOJNbKY R OT

3TOM TepeMeHHo# He 3aBucut. [lepexons K mepeMeHHOM 1 =
cos 6, koTopast MeHsieTcst OT —1 10 +1, MBI HAXOIUM

(r?0? +2r0,)R™* + 0,[(1 — p®)9,R™] =0.  (3.43)

IMonunowmsr Jlexanupa P, (1) BBongrcs, kak koadbduim-
eHTHI pa3noxenns B pan Teitnopa Besmammsr R

1 oo
_— = E P, (p)r™. (3.44)
Vi=2rp+r2 =

ITockompky ocoberHoctu sieBoii dactu (3.44) mo r (Touku
BerBjieHus) p =+ iy/1 — p? JleKar Ha eIUHUIHOM PACCTOs-
HUU OT HAYAIA KOOPIWHAT, TO PAJUYC CXOAUMOCTH DA B

upasoii yacru (3.44) paBeH eJMHULE, TO €CTb OH CXOAUTCS
mpu 7 < 1. 3amerum, 94TO

1 r1

\/1—2r,u+r2 - \/7"*2—27"*1/1—1—1-

9T0 MO3BOMIET 3amucaTh dKBUBAIEHTHOE (3.44) paszmoxke-
HHE IO OTPUIATEJIbHBIM CTEIIEHAM 7°:

1 (o]
_— = P, (p)r— 1. 3.45
e~ L ) (3.45)

OToT psia cxomuTca upu T > 1.

Kax crenyer u3 (3.44) nin (3.45), byukuns P, (p) asis-
€TCsl LOJIMHOMOM N-I'0 1IOP#/IKA, CUMMETPUYHBIM 110 (i LIPU
YETHBIX 7 U AHTUCAMMETPUYHBIM MO 4 OPU HEUYETHBIX 7.
Ormerum Takxke pasercrBo P, (1) = 1. Ono memocpen-
CTBEHHO CJeayeT W3 TOro, 9to mpu g = 1 R = 1 —r,
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=1

Puc. 3.9: Heckobko niepBbIX MTOJTHHOMOB Jlexkanpa.

a (1 —r)"! = 3 r". AHAIOrHYHO TIOJIYHaeTCa PABEHCTBO
Pa(—1) = (~1)1

SIBHBIH BrI MOIMHOMOB JIexaHIpa MOKeT ObITh HaiiJieH
npambiM paszioxkennem R~ B coorBercreuu c (3.44) wiam
(3.45). Ilepsbie Tpu nosunoMa Jlexkanapa paBHbI

Pou) =1, Pp) =, Polu) = g (37~ 1).  (3.46)

I'paduku HECKONMHKUX TIEPBBIX TOJIUHOMOB JIexkamHpa mpu-
BeJIeHbI HA pucyHKe 3.9, r71e OHM W300PAXKEHbI HA WHTEPBAa-
ae —1 < p < 1. B cuny anTtucuMMeTpuu MOJUHOMA IS
HedeTHOro uHmaekca Po,11(0) = 0.

Bagaua 3.4.1. Hatmu snavernue Po,(0).

IMoxcrasisas npasyio dactb coorHomenus (3.44) BmecTo
R~! B ypasnenue (3.43), Mbl IPUXO/IUM K YPABHEHHSM

d d

— (1= p*)—P,| +n(n+1)P, =0, 3.47
0= p) nts o, (3.47)
KOTOpPBIE SIBISIOTCA KO3 DUIMEHTAMY PA3JI0KEHMS TOJIY-
YUBINIErOCsT COOTHOIIEHUS TI0 CTereHsiM 7. B repMuHax yria
0, i = cos B, ypapuenue (3.47) NepenuchHBAIOTCA B BUE

d? dP,
—P, —_— )P, = A4
10 ' + cot 6 20 +n(n+1)P, =0, (3.48)
Bocnonb3yemcest ToxK 1ecTBOM
. 1
K ———= =0, (3.49)
V1=2ru+r?
Ky =0, — p (208, + 1) + (1?0, + 1), (3.50)

KOTOPOE JIErKO MPOBEPSETCA HEMOCPEACTBeHHO. [IpuMensis
omeparop K K mpasoii qacTu (3.44) u npupaBHUBad K Hy-
J110 K03(pPpHUIUEHTDI IPH BCEX CTEIECHAX T, HAXOIUM CJIeTy-
I0IEe PEKYPPEHTHOE COOTHOLICHHE

(n+1)Poiy — (2n+ 1)puP, +nP,_y = 0. (3.51)

D10 COOTHOLIEHKE O3BOJIIET ABHO HAXOMUTDb P, 1 (1), eciu
u3BecTHbl Boipaxkenust st Pp,_1(u) u P, (). Takum obpa-
30M, CTAPTYS C MEPBBIX ABYX TTOJIMHOMOB JIesKanapa, MOXK-
HO, TIOC/IEI0BATE/IbHO npuMeHsis (3.51), HallTh BbIpaXKeHue
JIIST TPOM3BOIBHOTO TTONIMHOMA, JIeskauapa.

Bagaua 3.4.2. Hatmu ewpasicernue das Ps(p), socnoas-
306a6WUCH PEKYPPERMHBIM cOOMHowenuem (8.51).

3amaua 3.4.3. Jlokazamsb coommnowerue

n

> 2k + 1) Pi(2) Pi(y)

k=0
Po(z)Ppia(y) — Pn+1(m)Pn(y).

= (n+1) -

Yrkasanue: deticmeosams no uHIYKUUU ¢ Yuemom pe-
Kyppenmmuozo coomuowenus (3.51).

Jlajee, uMeeT MeCTO TOXKJIECTBO

S 1
O S— (3.52)
V1=2ru+r2
K2 = a7‘ + (1 - /J'/r)ap«v (353)

KOTOPOE JIEIKO IPOBEPAETC HEHOCPEJCTBEHHO. IIpuMenss
omeparop K» K mpasoii wacTn (3.44) w mpupaBHUBASA K HY-
7110 KO3 DUIMEHTHI TIPA BCEX CTENEHAX T, HAXOIAM COOT-
HOIIIEHUE

d d
npn_ﬂ@Pn‘F@Pn—l =0,
KOTOPOE NMEPENUCHIBACTCA B BUIE
d d

Hns nommuHoMoB Jlexkanpa CHpaBeijuBO CJeAyIOIiee
BBIPAYKEHUE

1 ar
- 2npl dun

Pa(u) (w2 — 1) (3.55)
9TO COOTHOIEHNE MOYKHO TOKA3aTh TIO WHIYKIIAH, UCXOIS
u3 peKyppeHTHOro coornomenus (3.51): ecim (3.55) crnpa-
BeayuBo g P,y u P, 1o B cuiy (3.51) 0HO cripaBejiuBo
u pas P,y1. Kpome toro, Boipaxkenue (3.55) jerko mpo-
Bepsiercs Jld HePBbIX JABYX nojauHomos Jlexxanapa (3.46),
YTO 3aBEPIIAET JOKA3ATETHCTBO.

Bamaua 3.4.4. [loxasams, wmo 6 cuay (3.51) coommnowse-
nue (3.55) cnpasedauso das Py, ecau (3.55) cnpa-
eedaueo dasa P,_1 u P,.

Bagadga 3.4.5. Ilokasams, wmo 6 cuay (3.54) coommnowe-
nue (8.55) cnpasedauco das Py, ecau (3.55) cnpased-
Au60 daa Pp_1.

Bamaua 3.4.6. Hatmu 3navenue Po,(0), ucroda wus
(8.55).

Coornowenue (3.54) oznauaer, uro 4en n(n + 1)P, B
ypasuenun (3.47) 3amuchbIBaeTCsa B BUE MOJTHONW MTPOU3BOJI-
HO#. Bepst mepBo0Opa3HYIO OT MOy YMBITIErOCS BHIPDAZKEHUS,
HAXOIM

(n? - 1)@Pn(U) = n[uP () — Pooa(p)]. (3.56)
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Puc. 3.10: IIpeobpasoBanue KOHTypa HWHTEIPDUPOBAHUS B
MHTErpajbHOM IPE/ICTABIEHUH IIOJMHOMOB JIexxanapa.

KoncTanTa WHTErPHPOBAHUS 3/1€Ch PABHA HYJIO, TOCKOJIb-
Ky npu pu = 1 obe gactu coornomenus (3.56) obpainaioTcs
B HOJb. CoorHortuenus (3.56) MO3BOIAIOT CBECTH IIPOU3BOJI-
Hble OT HOIUHOMOB JIeKaHIpa K KOMOMHAIMY CAMUX ITHX
TIOJIMHOMOB.

amaua 3.4.7. Jokxasicume, umMo €CAUu COOMHOWEHUE
(8.56) cnpasedauco das n — 1, mo 6 cuay coommowe-
nutl (3.51,3.54) ono cnpasedauso u das n.

Bagaua 3.4.8. Bueecnu coomnowenus (3.56), ucxods us
coomnowenus (3.55).

3amaya 3.4.9. Ilposepumo 6bLNOAHEHUE YPABHEHUSA
(8.47) das noaunomos Jleocandpa, ucrods us Gopmya
duddepenyuposarus (3.54,3.56).

Coornormenne (3.44) MOXKHO HCIOIB30BATD JI/Is MOJIY 9€-
HHsI WHTEIPATBHOIO IIPEICTABJICHUs I HOIUHOMOB Jle-
kanapa. Bocnosb3oBaBuucy TeopeMoil 0 BbrueTe, Mbl Ha-
XOZMM U3 cooTHOIeHnst (3.44)

1 dz 1
2mi 2t T =22+ 22

[/Ie WHTErpaJl WAET TPOTUB YaCOBOH CTPEJKHU MO HEeOOb-
[IIOMY 3aMKHYTOMY KOHTYPY, OXBATHIBAIOIIEMY HAYAJIO KO-
opauuar. Koperb KBaJpaTHBIM WMeeT TOYKH BETBJIEHUS
0o z npu z4+ = i %+ iy/1 — 2, KOTOpBIE JIeXKAT Ha €/1H-
HUYHOI OKDPY?KHOCTH, €CJIM [t — JEHCTBATEJHLHOE YUCIO U
|| < 1. DTH TOYKM BETBJIEHHS] PACTIONOXKEHBI B TOYKAX
z+ = exp(£if), tae pu = cosf. Takum obpasom, pazpes
dbynkman (1 — 2zp + 22)~1/2 MoxHO IPOBECTH BAOIB AYTH
eIMHUYHOM OKPY?KHOCTU B ILJIOCKOCTHU 2z, KOTOpas OIpejie-
ssiercst yeaopusimu 0 < 9 < 2w — 0, rie 6 upeanosnaraercs
nexkamuM B nHTEpBase 0 < 6 < 7, a ¥ — aprymenT z. JT0
MIOCTPOEHNE TIPeJICTaB/IeHo Ha pucyHke 3.10, rioe pa3pes 1no-
Ka3aH 4epHOil JyTOii.

Pn(u) =

Hedopmupyem Tenepb KOHTYP HHTETPUPOBAHKS B IPUBE-
JieHHOM Bbiiie uaTerpase. CHadaga Mbl YBEJIMIUM €10 pa-
JUYyC, a 3aTeM “BbIBepHEM depe3 6ECKOHEYHOCTh. B pe3yib-
TaTe KOHTYD OyIeT oXBaThIBaTh paszpe3 Gyukiwn (1 —2zu+
22)~1/2. 1a nocres0BaTeLHOCTD HehOPMAIMIl TPOHIIIIO-
cTpupoBaHa Ha pucyHKe 3.10, T1e KOHTYPBHI HHTErPUPOBa-
HUsl TIOKA3aHbI CHHUM IBeTOM. lIpuKumasi KOHTYD HHTe-
IPUPOBaHUs K PA3pPe3y, Mbl CBOAMM HHTErPAJ K HHTEIPAJLY
1o paspesy oT ckauka bymkmun 2z~ " (1 — 2zp + 22) 712,
KOTOpasi UMEET MPOTUBOIOJIOXKHBIE 3HAKY TIO OeperaM pas-
pesa. MbI MOKeM TOCTaBETH HA paspese z = eV, Torma
1—2zp+2% = 2¢" (cos ) —cos V). [Ipeobpasyem uHTErPHPO-
BAHUE 110 KOHTYPY K HHTEIPHPOBAHMUIO 110 yriiy dz = ie™’ di.
B pesyabrare momyuaem

™ sin[(n + 1/2)9]

\/2 cosH—cosﬁ

rJle CUHYC BO3HUK B PE3YJIbTaTe CyMMUPOBAHUSI BKJIAIOB OT
BEPXHEN U OT HUXKHEH MOJIy/IyT.

Nurerpansroe npecrasienne (3.57) mo3Bossder HaiTw
ACUMIITOTUYECKOE BbIPAXKEHUE JIJIsl IIOJIMHOMOB JIexkanapa
npu Gosbmux n. B 9TOM caydae B cuity ObICTPO#i OCITHILISA-
yn sinf(n—+1/2)49] rnaBHbIil BKIAI B HTErpas HabUpaeTcs
BOJIN3U HUXKHETO TIPEJIeJia HHTEIPUPOBAHUS U3-32 3HAMEHA-
rens B (3.57). ogcrasnsas ¥ = 0 + x, packiagpiBas 1o
IO/IBIHTErPAJILHOE BLIPAXKEHUE M yCTPEMJISAS 3aT€M BEPX-
HUI TIpeJIe]l MHTErPUPOBAHUS K OECKOHEYHOCTH, MbI HAXO-
M

Pafeost) = 2 [ N dxsm“”j%+ N 558)

Borancnss 31€Cb HHTEerpaJl 1o r, Mbl HaXOJIHUM aCUMIITOTH-
YECKO€ BbIPpazKE€HHE

P, (cosf) = (3.57)

2cos[(n+1/2)8 — 77/4].

P, (cosf) ~
( ) (2n+ 1)7sinf

(3.59)

Bamaua 3.4.10. [Hoaywums ewpasicernue (3.59) us (3.58).

Beipaxenue (3.59) MOMKHO IOIy9UTb TAKXKe METOIOM
WKB (cmorpu pasuen 3.7.3), koropslii paboraer kak pas
npu GOBIUX 1. UTOOBI MPUMEHHWTH TOT METOI, Tepe-
nuieM ypapHenne (3.48) B TepMMHAX IepeMeHHON t =
In tan(6). Torga oo npunumaer Buj, ypasuenus (3.106):

d*P, n(n+1)
dt? cosh? ¢

P, =0. (3.60)
Takum obpazom

p=i(n+1/2)/cosht =i(n+1/2)sinb,

S = /dtp

rae Mbl nogcrasuiu y/n(n+ 1) = n 4+ 1/2. Ilpu 6onbumux
N BBIIOTHACTCA HEPAaBEHCTBO dp/dt < p?, 9TO ompaBIbIBa-
er npumenenne meroga WKB. Cymmupys reneps jiBa die-

a (3.107), mbr u nostyvaem Boipaxkenue (3.59). Pazymeer-
Csl, IPUBEJIEHHBIM METOJOM HEBO3MOXKHO MOJIYYUTh OOt
MHOYKUTEJb U CABUT (Hha3bl.

i(n+1/2)6,
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PaccMoTpuM Temeps MPOW3BOIBHOE PEIEHNEe yPABHEHUST
(3.47), peryisipHoe B TOYKe [t = 1, KOI/a OHO pasJiaraercs
B psaz Teitnopa no x = p— 1. Tlepenumenm ypasuenue (3.47)
B TEPMUHAX TIEPEMEHHOIl X

(22 4+ 23)P" +2(1 + )P’ —n(n+1)P =0,

re mTpux o3uadaer muddepeniuposanne no . [lomcras-
JIsisi B 9TO BbIpaXKeHue pasyioxkenue B psax Teiiopa P 1o x,
P =", pra®, Mbl HAXOMMM PEKyPPEHTHOE COOTHOLIEHUE

2(]€ + 1)2pk+1 = [n(n + 1) — k(kj + 1)}])/C

Takum obpa3oM, mpH IEJIOM N MEMOYKa COOTHOIIEeHUH 00-
pbIBaercsa Ha k = n, U pEIIeHne OKA3bIBAETCA KOHEIHBIM
NOJIMHOMOM, KOTOPBIH (C TOYHOCTHIO 710 MHOYKUTEJISI) COB-
nazgaer ¢ P, (p). Eciu ke n He gBigeTCs HEOTPUIATEIHLHBIM
HENBIM 9HACTIOM, TO B PA3IOKEHAN MPHUCYTCTBYIOT BCE CTe-
nenu x. B npezese 6onbmux k Mbl umeeM piy1 = —(1/2)pk.
Orcroa caeayer, 9To paguyc CXOAUMOCTH ITOTO PA/A Pa-
BeH 2, W, 0OJilee TOrO, OH MPUBOIUT K TPOCTOMY TIOJIIOCY
npu x = —2, 10 ecth 4 = —1. Takum 0Opa3om, MbI TOKa3a-
JIM, 9TO moImHOMaMu JIesKaHIpa NCUYepIIBIBAIOTCS PEIeHust
ypasuenus (3.47), peryisipuble KaK B TOYKe (4 = 1, TaK u B
Touke i = —1.

Kak caienyer u3 ypasuenus (3.47), noaunombt Jlexkanapa
SABJISIOTCS COOCTBEHHBIMA (DYHKIASAMEI OTIEPATOPA,

T, )%

bb

(3.61)

KOTOPBIH ABJIAETCS CAMOCONPSA’KEHHBIM Ha, Kjaacce (PyHK-
nwii, 3aJaHHBIX Ha WHTepBase —1 < p < 1 m ocraio-
MIAXCA OTPAHMYEHHBIME Ha 3TOM MHTEpBaJie, BKII0Yas KO-
Heunble Toukd. CamoconpsizkeHHOCTh onieparopa (3.61), To
ecrb cpoiicrBo (2.60), cmorpu pasaen 2.4.1, jerko upose-
PSIETCS WHTETPUPOBAHWEM TO 9acTsM. [103TOMy MOIWMHO-
Mbl JIexkaHIpa yJOBJIETBOPAIOT YCJIOBUSAM OPTOTOHAJIBHO-
cru (2.61):

/ dyi Po(1)Pi() = 0, (3.62)

-1

ecan n # 1.

3amada 3.4.11. IIpamo dokazamv coomuoweHue 0pmo-
2onanvrocmu  (3.62).  Ywazanue: 60cnoav306amuvca
npedcmasaernuem (3.55).

Coornorienne (3.62) MOXKHO IIOJIyYUTb U U3 yDaBHE-
Hug (3.48), B COOTBETCTBUHM € KOTOPBIM HOJIMHOMBL Jle-
JKAHJIPa, ABJIAIOTCA COOCTBEHHBIMU (DYHKIUAME OMEPATOPA
IMrypma-JInysusnst (2.6) ¢ Q@ = cotd uw U = 0. B sTom
ciydae B coorBercrBum ¢ (2.67) p = sinf. Uurepsas xe
MHTErpupoOBaHus 1o yriay # pacupocrpansercs or 0 1o .
Venosue (2.61) nepenucsisaerca B suge [du fofm = 0,
rae u = cos . Takum 0Opa3oM, B TepMUHAX [IEPEMEHHOMN [
NOJMHOMBI JIeKAHAPA OPTOTOHAIBHLI C BECOM €IUHUIIA HA
unarepBasie —1 < p < 1, 910 ¥ 3aPUKCUPOBAHO COOTHOIITE-
HreM (3.62).

HopmupoBounbiit MHOXKHUTED [1J1s1 TTOJIMHOMOB JIexkam1-
pa Jlaercd BbIpazKeHueM

2
/ dp P2 () = a1 (3.63)

O61mee coorromenue (2.64) o3nadaer, 910 MOMMHOMBI Jle-
KaHIpa, KaK [MOJHAS CHCTEMa COOCTBEHHBIX (DYHKITUIT Orre-
paropa (3.61), koneunbx Ha wHTepBase (—1,41), ymopie-
TBOPSAIIOT COOTHOIIEHUIO

> (k+1/2)Pi(@) Pu(y) = 6(x — y). (3.64)
k=0

3anaua 3.4.12. Ioaywums e6wupasceHue 0A% HOPMUPO-
604H020 MHooicumens (3.63). Yrazanue: 60cnosv3o-
samuca coomuowenuem (3.44).

Bagaua 3.4.13. IIpamo nosywums coomuowenue (3.64).
YKazanue: 60CnoAb308aMbCA PE3YALMAMOM 300a4U

(3.4.3).
Bagaua 3.4.14. Hatimu fil dr 2P, _1(x) Py ().

3agaua 3.4.15. Hatmu pasaooicenue 6 psad no mosuHo-
mam Jlesrcandpa P, (x) monoma x*.

3.5 IloamaOMBI dpM™mMHUTa

[MonurOMBI DpMUTA BOBHUKAIOT B 3a7a49e O KBAHTOBOM OC-
HAJLIATOPE, KOTOPas ABJISETCS OJHONW u3 OA3MCHBIX 33134
KBAHTOBOI MexaHuKu. [loMMMO 3TOro, OHM BO3HUKAIOT B
Pa3IMYHBIX 33/a9aX, TPEOYIOIMINX PACCMOTpeHust (DYHKITHA
Ha BCell mpAMOIi, B OTJINYME OT MOJWHOMOB Jlexkanapa, Ko-
Topbie oTHOcATCH K orpe3ky (—1,1). Kpome Toro, B ps-
Jie CIIy9aeB pasyiozkenue (DYHKIUU 1O MOJUHOMAM DPMUTA
okasbiBaercst bosiee apdexkTuBHbIM, Yem psi Teiiopa.
[MonuHOMBI DpMHUTA ONIPEIETAIOTCS, KaK KOI(DDUITMEHTHI
pazmoxkenns B psazn Teitmopa nmpou3Bosineil GyHKITHNT:

exp(—t? 4 2tz) =

S LH@,  (369)

n=0

rJIe 7 HA3bIBAETCSA WHIEKCOM MNOJIMHOMA DpMuTa. JIerko mo-
HATB, 9T0 H, () ABIAETCSA TOJMHOMOM N-Oif CTENeHH, IT0-
CKOJIbKY HAMOOJIbIIAs CTENEHD & IPH " B PA3JIOKEHAH TIPO-
usBonamiei dbynkimun exp(—t2 + 2tx) B pan Teiinopa momy-
vaercst mpu passoxkennn exp(2tz). Iponssonsmas GyHK-
s exp(—t2+2tx) uHBapUAHTHA OTHOCHTEJILHO TIPeoGpa3o-
Bauus t,x — —t, —x. [Ipu 3T0M TIpeobOpa3oBaHuy B MpaBOi
YaCTU W3MEHSAET 3HaK aprymenTt H,, a t" 3aMeHsieTcs Ha
(—=1)™t™. ITockoIbKY PA3JIOKEHUE JIOJIKHO OCTATHCS [IPEK-
HuM, Mbl Haxoqum H, (—z) = (=1)"H,(x). Apyrumu cio-
BaMU MOJMHOMBI DPMUTA C YETHBIM WHIEKCOM SBJIAIOTCS
YeTHBIMU (DYHKIUAME X, & MOJUHOMbI DPMUTA C HEUETHBIM
MHIEKCOM SABJIAIOTCA HEIETHBIME (DYHKIAMEA T
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Puc. 3.11: HeckobKO mEPBBIX MOJTUHOMOB DPMUTA.

Packnaspisas exp(—t? + 2tx) 70 BTOPOro mops/Ka 1o t,
HAXOJMM BBIPAYKEHUS JJIs MEPBBIX TPEX MOJTHHOMOB DPMU-
T3,

Ho(z) =1, Hy(x)=2x, Hy(z)=4z>-2. (3.66)

Cremyromue MOMMHOMBI OPMHUTA, MOTYT GBITH HARIEHBI, €C-
7 Pas3aoKuTh exp(—t2 +2tx) 10 c1eyomux MOPAIKOB IO
t. I'papukyu HECKOIbKUX LEPBbIX LOJMHOMOB JPMUTA, [IPU-
BeJleHBbI Ha pucyHke 3.11.

IMonarass B Boipazkenuu (3.65) x = 0 u packIagbIBas
exp(—t?) B psJ 10 ¢, HAXOJAUM CJIEJIYIONIHE 3HAYCHHS UeT-
HBIX MOJUHOMOB DPMHTA B HYJIE

Ho, (0) = (=1)"2"(2n — 1), (3.67)

rae (2n — D= (2n—1)(2n —3). ... daee, Ipu MAJIbIX T
cripaBe;mBo cooTHomenne exp(—t2 + 2tx) ~ exp(—t2)(1 +
2tx). CroBa packnaabiBas exp(—t2?) B psag 10 t, HAXOAUM
CJIE/IYIOLIME 3HAYEHHS] IIPOU3BOJHBIX HEYETHBIX II0JIMHOMOB
Opmura B HyJe

Hj, 1(0) = (=1)"2" " (2n + 1)L (3.68)

Huddepennupys coornomenue (3.65) 0o = u upupas-
HUBas KO(PMUIMEHTHI MPU CTENEeHAX ¢ B MOJYYUBIIAXCS
PAJIaX, MbI HAXOJMM BBIPAXKEHUE JIJIs IIPOU3BOJHOM

dH,(x
dHn () =2nH,_1(x). (3.69)
dx
Hauiee, Gepsi upousBounyio 1o t or coorHowenus (3.65) u
MpUpaBHABAsA KOI(DMUITMEHTHI TP CTENEHAX ¢ B IOy IWB-
MIAXCA PATAX, MBI IOy IaeM

Hpt1(z) = 22H,(z) — 2nHp—1 (). (3.70)

DTO PeKyppEeHTHOE COOTHOLIEHUE II03BOJIAET HOCJIEN0BA-
TEJIbHO BBIYMC/IATDH MOJTUHOMBI JPMUTA, CTAPTYs C TEPBBIX
JIByX.

Coornorienue (3.69) IPUBOAUT HAC K BBIBOAY, 9TO (DYHK-
unust Hy,(x) umeer poBHO n HyJeil npu JelCTBUTEIHLHOM .

Hpyrumu cioBamu, Bce Kopuu ypasuenus H,(x) = 0 neii-
crBuTebHbL [IpoBeneM JoKa3aTe bCTBO 10 HHYyKIuH. K-
mn H,(x) nmeer n HyJeit, To B coorBeTcTBIM ¢ (3.69) dyHK-
st Hy, 1 (z) mmeer n skcTpeMyMoB. Mex Iy HUMH JIEXKUT
n — 1 myneit dyuxmuuun Hy4q(z). Eme asa wyns Hyyq(z)
JiexkaT BHe KpaitHux sKkcrpemyMoB H,, 11 (), MOCKOIBbKY Ha
OOJILIINX X B IOJUHOME JIOMUHHPYET 4JIeH ¢ HAMBBICHICH
CreleHblo T, T0 ecTb Ha 6osbwux * Gyukuus H,11(z) mo-
HOTOHHO CTPEMHUTCS K 00 HJIA —O0.

Beipaxkast B coorrorenun (3.69) H,_1 B COOTBETCTBHH
¢ (3.70), Haxomum

d
(dm — 2;10) Hy, =—Hpy1. (3.71)

DTO COOTHOLIEHHE JIErKO II03BOJIAET JOKA3ATH 110 MH/LYKIIUK
BBIDaYKEHNe
dTL

H,(x)=(-1)" exp(m2)dx—n exp(—2?). (3.72)
Coornommenne (3.72) 04YeBHAHO, BBIMOJHSETCS MPU N =
0, ¥ BOCIIPOM3BOAWTCS TP TPHMEHEHHH OllepaTopa B Je-
Boit wacru (3.71), mockonbky (d/dx — 2z)[exp(z?)A] =
exp(z?)dA/dx nna npoussombuoit bynkuun A(z). Coorno-
menne (3.72) eme pas mokasbiBaer, uto H,, sBisiercs 1mo-
JIMHOMOM CTEeIeHH 7.

Bamaua 3.5.1. Jlokazambv, 4mo cmapwutl 4aeH Pa3ioxHce-
nus Hy,(x) umeem eud 2"z™.

Bamaua 3.5.2. [oaywums  coommowenue (3.65) w3
(3.72).

JIerko mpoBepuTH, UTO

0? 0 0 2
(3x2 — Qx% + Qtat) exp(—t“ 4 2tz) = 0.

[Ipumensis npuBeaeHHbIH TuddepeHTHATBHBIN OIEePaTOp K
upaBoii yacru coornouenus (3.65) u upupaBHuBas pe3yJib-
TaT K HYJII0, MBI HAXOAUM 3aMKHyTOe auddepeHnuaabHoe
yPaBHEHUE Ha IIOJIMHOM DPMHUTA 1-TO IOPSIKA,

d*H, 5 dH,

dz? T dr
Ormerum, uro omeparop B (3.73) orHocuTCs K THILY
Mrypma-Jluysuiis (2.6). Ypasuenue (3.73) unBapuaHTHO
OTHOCUTEJIBHO 3aMEHbl L — —I U IIOTOMY MMEET YETHBIE K
HEUYETHDIE DEIIeHNs, B COOTBETCTBUU CO CKA3AHHOM BBIIIIE
0 YETHOCTHU MOJTMHOMOB DpMuTa. ¥Ypasuenue (3.73) Moxer
ObITh 1OJydeHo u uHade. lloacTraBiseM B IPaByi0 4acThb
coorHomenus (3.69) H,,_1, BbIpDa’K€HHOE B COOTBETCTBHU C
(3.70) u quddepenuupyem Oy YMBIIEECs COOTHOLIEHHE 110
x. Beipaxas 3arem u3 (3.69) dH,,41/dx, HaxonuM ypaBHe-
Hre (3.73).

Yernoe perenue ypashenus (3.73) MoxKeT GbITbH pa3Jio-

JKEHO B PAJL 110 YETHBIM CTEIECHSAM I

oo
u = E apr?F.
k=0

+2nH, = 0. (3.73)
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IMoxncrasnss 3o Bbipaxkenue B ypashenue (3.73) u npu-
paBHEBasg KO3(MD(MUIMEHTHl PH CTEHEHAX T, Mbl HAXOIUM
PEKYPPEHTHOE COOTHOIIEHUE

u B 2k —n a
P k+DRE+ D)

KOTOPOE MO3BOJISIET MOCTIEI0BATENBHO BBIYHCIATH KO3 du-
IMEHTHI PA3JIOXKEHUs U B PAJ 1O X. [Ipy 9eTHBIX n Psij| 1o
x obpbiBaercs Ha k = 1/2, 1 Mbl UMEEM JeJIO C KOHEYHbIM
MOJIMHOMOM, TIPOTTOPIUOHAIBHBIM H,, ¢ 9eTHBIM WHIEKCOM.
IIpn HEYETHBIX 1. MBI UMEEM JeJIO0 ¢ GECKOHEYHBIM PSIOM,
KOTODbI#l CXOIUTCA MpU BCeX (KOMILIEKCHBIX) I IOCKOJIb-
KY ak+1 & ag/k upu Gonbumx k. DTOT psii NPEACTABIISET
Bropoe (JOI0JIHUTENbHOE K IIOJIMHOMY JPMUTA) DELICeHUE
ypasuenus (3.73) TIpu HEYETHDIX 1. AHAJIOTUIHBIM 00Pa30M
UCCIIeyeTcs HedeTHOe pelnlenune ypasHenus (3.73), pasiio-
JKEHHE KOTOPOTO B Psijl MO CTENEHSM T MPOMOPIAOHAIBHO
H, (x) nns HEYeTHbIX N ¥ JaeT BTOPOe (IONOTHUTEJBHOE
K IIOJIMHOMY DPMHTA) pelieHue ypasHenus (3.73) upu ger-
HBIX 7.

YTo6B MOJYyYIATH WHTErPAIBHOE TTPEACTABICHNE JJIS TO-
JINHOMOB DPMUTA, UCTOJIb3yeM COOTHOIIEHHUE

exp(—£? + 26x) = 1 f/h;r exp [t + 2¢(z +it)] .

PacknagpiBast obe gacTu 3TOr0 COOTHOIIEHUS B P 10 &,
HAXOMM

on +oo
Vi)

ITpescraBiisieM MOIBIHTErPATIbHOE BBIPAXKEHHE B COOTHOIIIE-
nun (3.74) B Buge exp[nln(z + it) — t?]. dns Gonpmux n
MOKHO HCIIOJIB30BATH METOJ| NEPEBAJIA, Mbl HAXOAUM JBE
nepeBasbHbIe TOUKH t+ = ix/2 + \/n/2 — % /4. dedop-
MHpPysl KOHTYP WHTETPUPOBAHUS TAK, ITOOBI OH TTPOXO/IHT
Yepe3 STH MepeBajibHble TOYKH W CYMMHUDYsI COOTBETCTBY-
IOIIHE TIePEeBAJIbHBIE BKJIAIbI, HAXOINM

H,(z) dt (x +it)" exp(—t?). (3.74)

Hy(w) ~ V2 (2n/€)"? exp(a?/2)
Ccos (\/% x — 7m/2) , (3.75)

cripaBeyIBoe mpu n > 2, 1.

Ob6parraem BHIMaHUE HA OCIUJIIAPY IO XapaKTEP BbI-
paxkenus (3.75). Ocuuuisduuu BOSHUKAIOT, KOT/a [epeBaJib-
HBIE TOYKH t4 = i2/2 + \/n/2 — 22 /4 umeror npoTUBOMO-
JIOYKHBIE JIEHCTBUTEIHHBIE YACTH, YTO ¥ ODECTIETNBALT YCIIO-
BUE N > J;Q‘, 1. B obparroM mpenenbHOM ciay4dae 22> n
obe mepeBasbHble TOYKH t1 = ix/2 £ \/n/2 — 22 /4 nexar
HA MHEMOI ocu. B 3TOM cilydae KOHTYp MHTErpPUPOBAHUS
cienyer 1epOpMUPOBATH TAKKM 00pa30M, 9TOOBI OH IIPOXO-
T depe3 OuKAMfIIyio K IeHCTBUTENIbHON OCH IIepeBaIb-
HyI0 To4Ky. (OTMETHM, 4TO MOMBITKA IIPOBECTU KOHTYD Ue-
pe3 BTOPYIO MEPEBANBbHYIO TOYKY HEKOPPEKTHA, MOCKOJb-
Ky 3Ta MepeBajibHas TOYKA COOTBETCTBYET MUHUMYMY, a

HE MAKCHUMYyMY IIOJbIHTErPAJIbHOIO BbIpaKkeHus.) Borauc-
JIEHHE NEPEBAJIBHOIO 3HAYEHUS MHTErPAa IPUBOJUT K 110~
Begennio H, o 2™, TO ecTh Ha GOJBITUX T > /N TJIABHBII
BKIaI B H, ONpemensercss CTapiiiM 9JIEHOM TTOJIWHOMA,
KaK W CJIemoBaIo0 Okuaarh. OTMETHM, 9TO HAa WHTEpBAJe
—/n < x < +/n, tae paboraer npubauxkenue (3.75), oc-
IUJTAIARA JAI0T ~ 1 Hyneil byuaknuu H,, B COOTBETCTBAX
¢ obmumu csoiicrsamu H,,.

VYpapuenue (3.73) mas H, moxer ObITb PACCMOTPEHO,
KAK yPABHEHHE Ha COOCTBEHHBIE 3HAMEHHS C OIEPATOPOM
MTrypma-Jlunysuiis (2.6) ¢ Q = —2z, U = 0. Orciona cie-
JIyeT yCJI0BHEe OpTOroHasbHocTu (2.68)

/ dz exp(—22) Hy, () H () = 0. (3.76)

rie B cootserctme ¢ (2.67) p = exp(—x?), a unrerpupo-
BaHWe UIET BJOJDb JeiicrBuTenbHON ocu. Haiimem Temepn
KOHCTaHTHI A, dburypupyomue B Boipazkenuu (2.69):

A, = /+°° dr exp(—x?)H2(x) = 2"nl\/7. (3.77)

— 00

Bagaua 3.5.3. Jokxasamov coomnowenue (3.77). Yxasa-
nue: cocmaeumy xombunayuro exp(—t + 2tr — s? +
2sx), 6upasums ee wepe3 060UHYI0 CYMMY N0 NOAUHO-
mMam Ipmuma u3 coomuowenus (3.65) u npourme-
2PUPOBAD TOAYUUBULEECA PABEHCTNEO NO T € BECOM
exp(—2?). Ha smom nymu noay4amcs u coommoue-
Hus opmozonassrocmu (3.76).

Takum obpasom, o0y dbyskiuo f(z), 3aJaHHy0 Ha
JEefICTBUTENBHBIX T U HE CJIHUIIKOM OBICTPO CTPEMSIIYIOCS K
OECKOHEYHOCTH IIPH T — 100, MOXKHO PA3JIOKUTH B PSII 11O
TTOJTTHOMAM DPMUTA,

f(JL‘) = Z aan(m), (378)
n=0

+oo 2
an = ﬁ/_ dx e H,(z)f(z). (3.79)

D10 pasJioKeHue npeacrapisger coboit moaudukanmo pas-
soxkennst B psia Teitnopa. OTMernm, 9TO yCIOBHE TTOTHOTHI
(2.70) umeer Bug,

> eXp(—;LT{!Q\/—Ey /2) Hy(z)Hn(y) = d(z —y). (3.80)

n

3apgauya 3.5.4. Jokaszamo HENOCPEICTNBEHHO YCAOBUE TIOA-
nomw (3.80).

3amaua 3.5.5. Halmu snavenue uHmezpana

“+o0
/ dr exp(—x?)Ha, (zy).

—00
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3amayva 3.5.6. Halmu 3navenue unmezpana

+o0
/_ dx exp[—(z — y)*|H,(z).

3agayva 3.5.7. Hatmu 3navenue unmezpana

“+o0
/ dx xexp(—x2)Hop 1 (2y).

3amaua 3.5.8. Halimu 3navenue uHmezpaa
+oo

/ dx x" exp(—x?)H, (zy).
— 00

Ipumenanue: Omeem 6uLPAHCAEMCA 4ePE3 MOAUHOMDL
Hestcandpa.

3amauva 3.5.9. Halimu 3navenue unmezpana

+oo
/ dx exp(—x?)sinh(Bz)Hop i1 ().
0

3agaya 3.5.10. Haumu 3uauenue unmezpaia

+oo
/0 dz exp(—z?) cosh(Bx)Hap (10).

3amaua 3.5.11. Jloxasamo coomuouleHue

H,(z) = exp (-ijgé) (22)".

Yxasanue: npocymmuposamsv no N NPasYr “acmov
amozo coomuowenus ¢ gecom t" /n! u noxazame, wmo
IMA CYMMA C600UMCA K NEB0T “4ACTIU COOTMHOULEHUA
(8.65).

3.6 BripoxgeHHas rumnepreoMeTrpu-
qeckasd PYyHKIIUSA

Bripoxiennas runepreomerpudeckas dyukuus D, y, z)
(confluent hypergeometric function) Bo3nukaer BO MHOMX
3a7a4ax MareMaTu1eckoi ¢pusnku. OHA ABIAETCSA PENIeHU-
€M BBIPOXKJIEHHOTO TUTIEPTEOMETPUYECKOTO YPABHEHWSI

d*u du

2—+ (v —2)——au=0 3.81

dz2 ( )dz ’ (3.81)
rJe (v U 7y — UPOU3BOJIbHBIE Lapamerpbl. Y pasHenue (3.81)
nepenuckiBaercst B Buge u”’ + (y/z — 1)u' — (a/2)u = 0,
TO €CTh MBI CHOBa CTaJKuBaeMmcs ¢ omeparopom IlTypma-
Jduysuig (2.6). @yuxiua P(w,7,2) xapakrepusyercs

TeM, YTO OHA AHAJUTHYHA B TOYKe z = ( M UMeeT eIu-
HU4YHOe 3Havenue B nyie: ®(a,vy,0) = 1.

VYpasuenue (3.81) no3possier HaliTH KO3DDUIUEHTDI pa3-
JIO?KEHWST BBIPOKJICHHONW THIEPreOMeTpuYecKoi (yHKImn
®(a,v,2) B pan Teiisopa okosno Touku z = 0. Beruuc-
JIFS TIOCTIEI0BATENbHO KO3(D(DHUIUEHTI 3TOr0 Pas3IOKeHUs
u3 ypasrenus (3.81) ¢ yuerom ycaosus ®(«,7,0) = 1, Mbt
HAXOIUM

1 2
(I):1+gi+a(oz+ )

z
— 3.82
M TRTCE ) I (382

C OYEBUIHBIM CIOCOOOM MTOCTPOEHUsT KOI(DDUIMEHTOB psi-
na. Ilpu orpunarenbubix nesbix « pas (3.82) obpbiBaercs u
®(a, 7, z) cBonuTcs K nosmroMmy. Ilpu Gosbiiux n oTHOLIE-
Hre k03¢ duiuueHToB npu cremenax 2" u 2" ! B pazsoxe-
uun (3.82) crpemnres K 1/n. Iosromy psax (3.82) cxomur-
Ccs1 HA BCEHl TJIOCKOCTH KOMIIJIEKCHOT'O TTEPEMEHHOr0, TO eCTh
€/IMHCTBEHHO OCOOEHHOCTHIO BBIPOXK/IEHHON I'MIIepreoMer-
pudeckoit (pyHKIUE ABIAETCS OBECKOHEIHOCTD, KOTOPAsT siB-
JIETCs CyLIeCTBEHHON 0coboit Toukoit P (a, 7, 2).

IMpu HeoTpUIATENIbHBIX HENbIX « pax (3.82) oOpbI-
BAETCH ¥ BBIPOXK/IEHHAS TUIEPreOMETPUYIecKasi (DyHKITHS
®(w, 7, z) cBOIUTCH K NOAMHOMY. B yacrHOCTH CripaBe/iu-
BbI COOTHOIICHWS

|
Hyp(z) = (—1)”%@(%, 1/2,2%),  (3.83)
(2n+ 1)!
"

Hapir(z) = 2(=1)" x®(—n,3/2,2%),  (3.84)
KOTOPbBIE CBOJAT HOJUHOMBI DPMUTA K BBIPOXKIEHHOU I'H-
TEPreoMeTPUIecKol (hyHKITHH.

VYpasuenue (3.81) apisercs quddepeHuaabHbIM yDPaB-
HEHHEM BTOPOTO MOPSJKA W TOTOMY WMEeT [Ba JIHHel-
HO HE3aBUCHMbBIX DEIIeHUs, OJHUM W3 KOTOPBIX SBJISIETCs
BBIDOXKJIEHHAsT THuTepreoMerprueckast Gyukims @ (a, 7y, z).
Bropoe He3aBUCHMOE perleHne MOKHO HaiflThH, 3aMeTuB,
4TO ecam U YAOBIeTBOpseT ypasHenmio (3.81), To 27 "lu
TaK¥XKe YJIOBJIETBOPSET BBIPOXKIECHHOMY THIIEPreOMeTpude-
CKOMY ypaBHeHuio ¢ xkodddunmentamu o = o — v + 1,
~' = 2 — ~. Takum 06paszom, OOILIUM pelleHueM ypaBHeHus
(3.81) aBnsercs

u=c1®(a,y,2) + oz TTO(a —y+1,2—17,2), (3.85)

rJie ¢ U Cp — NPOU3BOJIbHBIE KOHCTAHTLL. Ilpu v = 1 06a
qreHa B cymme (3.85) coBmamaioT. JTOT ciydail Tpebyer
0cobOro pacCMOTPEHHS, TOTIA B OOIEM PEIeHnN BO3SHUKA-
€T JONOJIHATEbHBIA JT0orapuMUIeCKUi MHOKHATEb.
VYpasuenue (3.81) apngercs quddepeHuaabHbIM YPaB-
HEHHeM, B KOTOPOM [IepeMeHHas 2z BXOAUT JuHeHHO. B aTom
Cllydae MOXKHO HAiTH MHTErPATbHOE MPEJCTABICHAE Pere-
HHSA 3TOr0 ypaBHEHMs [IPH IIOMOIIM MeToa Jlamnaca, cMoT-
pu pazzen 3.7.1. Cocrasnsem ynkipu P u (Q B cooTBeT-
crBum ¢ BhIpaskeHusiMu (3.96): P = 4t — a, Q = t(t — 1),
u najee HaxomuMm Z = t~ (¢t — 1)Y=~ Taxum obpaszom,
pemienue ypasuenus (3.81) MoxkeT GbITh 3aKMCAHO B BUJE
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Puc. 3.12: KouTyp nHTErpupoBanms B MHTETPAJTHHOM TTPE/I-
CTaBJIEHUU BBIPOXK/IEHHON THIIEPreOMETPUIECKON (yHK-
WM.

KOHTYPHOT'O WHTETPAJIa
u= / dt ettt — 1)yt
c
IpuMenss aHAJOTHIHYIO TPONEAYPY K 27~ 11, MBI HAXOIUM
u= 2177/ dt et (¢t —1)7°.
c

IIponsBonst B 3TOM WHTErpajie 3aMeHy MEePEeMEeHHOW WHTe-
TPUPOBAHUA t2 — t, MBI OJIy4aeM

u= / dt etV (t —2)"*. (3.86)
C

Kouryp C B unrerpaje (3.86) ecrecTBEHHO BLIOpaTh Tak,
9106bI OH IIPUXOAUJI U3 —0O U BO3Bpalnajicd B —oo (00-
X0/iT KaKUM-TO 0Opa30M OCOOEHHOCTH MOABIHTErPATHLHOTO
BBIpAKEHUs, UMeroruecs pu ¢ = 0 u ¢ = z), TOrga Ipous-
Benenne Z(Q exp(t) Ha KOHIIAX 9TOr0 KOHTYypa Gy/IeT paBHO
HYJTIO.

Nurerpan (3.86) ne umeer ocobenHocreit npu z = 0,
eci KOHTYP HMHTErpUpOBaHUs “‘OXBaTbhIBaeT 0b6e 0cobOeH-
nocru. Beibepem konryp C, KOTOpbIH npuxomur “‘causy’
n3 —oo ormbaer 0CoOOEHHOCTH “cripaBa’ M BO3BPAIIAJICT B
—o0 “cBepxy”’, cmorpu pucyHOK 3.12. WuTerpana mo 3To-
My KOHTYPY JOJKEH C TOYHOCTBIO 10 MHOXKUTEJs COB-
aJIaTh C BBIPOXKIEHHON TUIIEPreoMeTPUYIecKoi (pyHKImeit
®(c,7,2). Mbl cuuraem, yro paspesbl ynkuuit t*~7 u
(t —2)~% unyr B —00, a 3HAUEHNST ITHX DYHKIMA TPH TI0-
JIOXKWTEIHHOM 3HAYEHUN TIEPEMEHHOM MOJIOKUTENbHBL. [Ipn
z = 0 KOHTYp mMHTerpupoBaHus npespamaerca B C*, u3o0-
PaXKeHHbIN HA PUCYHKE 3.3, IPU STOM BO3HUKAET OOpaTHAas
Tamma-dynkuus, cvorpu (3.10). Becuomunas reuneps, uro
®(c,7,0) = 1, nHaxoqum

O(a,v,2) = I;T,Yz')/cdt eVt — 2)7 (3.87)

ITpu 1esbIX OTPUIIATEIbHBIX 3HAYEHUAX ¥ pas (3.82) He
ompeiesieH, Tak KaK, HAYWHast ¢ HEKOTOPOTO UJIeHA, 3HAME-
HATETh OOPAIIAETCA B HOMb. DTOMY COOTBETCTBYET HAJIH-
gue nosioca y I'(y) B coornomennu (3.87). B To ke Bpems
caM KOHTYDHbIA unrerpai B coornowenuu (3.87) ocraercs
KOHEUHBIM U TIPU [EJIBIX OTPUIIATEJIHLHBIX 3HAUEHUAX . [1o-
sromy @ (w7, 2), Kak QDyHKIUSA 7, IMEeT IMPOCThIE TOIIOCA
npu v =0,—1,-2,....

ITpoussous B pasencrse (3.87) 3ameny t — ¢ + z, MbI
HAXOJMM COOTHOILECHUE

(I)(Oé577z) = ez(p(vfa?’% 72) (388)

Huddepennuposanune no z coornomenus (3.87) u uHTe-
IPUPOBAHME TI0 YACTSIM B KOHTYPHOM WHTErpaJie MO3BOJIAET
HOJYYHTDH Pl COOTHONICHMIA:

d
—@(a7'y7z) = g¢(a+1a7+1>z)a (389)
dz ¥

E<I>(04—&—17’y—i—17z) =
~y

(I)(a+ 17732) - ¢(aa77z)a (390)
a®(a+1,v+1,2) =
(0 = 7)®(a,7 +1,2) +7®(a, 7, 2), (3.91)

HpI/I 6OJ'[I)H_II/IX IIOJIO2KUTEJIbHBIX 2 OCHOBHOI BKJIa/ B KOH-
TypHubl uHTEerpas B (3.87) ompenensercs OKPEeCTHOCTHIO
0co60it Touku t = z. Jlenas 3amMeHy mepeMeHHbIX t = z + (
7 peHeOperas 3aBUCHMOCTHIO OT ¢ B t%~ 7, Mbl HAXOAUM

B, y,2) ~ 5 Les

d¢ eS¢«
27TZ O* Cec ’

rae kouTyp C™ m300pakeH Ha pUCYyHKE 3.3. DTOT KOHTYP-
HBIIl WHTErpaJ CBOAUTCS K oOparHoit Lamma-dynkmym, u
MBI [TOJIy9aeM OKOHYATETHHO

D, y,2) =

e* 2477, (3.92)

Acumnrornveckoe BbIpazkenue (3.92) crnpaBeInBO W B
KOMIIJIEKCHOI 00JIaCTH JIJIst 2 € OOJIBIION IMOJIOXKUTEIHLHON
JeCTBUTEIbHONU 4aCThIO.

Bamaua 3.6.1. Jloxasamoe, umo P(a, o, z) = exp(z).

3amaua 3.6.2. Joxazamo
(3.89,5.90,3.91).

COOMHOWEHUA,

3anaua 3.6.3. Halimu nosedenue 6wuiposclenHots 2unep-
zeomempuueckoli  Pynkyuu P(a,y,z) npu v —
0. Bunoanaemca AU Npu MGALT Y COOMHOULEHUE
D(a,y,0) =17

Bamaua 3.6.4. Hatmu snavenue P(a,vy,z) npu ueavx
NOAOHCUMENDHBT O U 7Y, & > Y. [Iposepumb evnosre-
nue yeaosus (o, v,0) = 1. Yrasanue: 6 amom caywae
unmezpas (3.87) ceodumes k ewvwemy 6 moure t = z.

3amaua 3.6.5. Halimu 6mopoe He3a8UCUMOE PEULEHUE
BHLPOHCIEHHOZ20  2UNEPLEOMETNPUECKO20  YPDABHEHUSA
(8.81) npu v = 1. Ykasanue: 6 coomsemcmeuu c
(8.85) npu npouseoavrom 7y 6mopoe HeE3ABUCUMOE
pewenue MOHCHO 3aNUCAMb 6 8ude
1

17 [2177(1)((1 -7 + 1a2 - ’sz) - (I)(aar}/?'z)] 5
-

3decv nado nepetimu x npedesy vy — 1.
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3.7 ChnpaBodYHBIE MaTepUaJIbl K IJjIa-
BE

B nacTosmem paznesne MbI TPUBOINM CITPABOYHBIE JAHHBIE,
HEOOXOAUMBIE JIJIsI TTOHUMAHUST M3JIOKEHHOTO B HACTOSIIEH
rJIaBe MaTepraJia W pPelieHns TPUBEIeHHBIX 3a0a9.

3.7.1 Meroa Jlamiaca

Merton Jlammaca mo3BOSIET MOMYIaTh HHTETPATLHBIE TTPET-
CTaBJIEHUS PEIeHni OOBIKHOBEHHBIX M depeHnaabHbIX
ypasuenuii qg Gyukuuu Y (x), IuHeRHbIX 10 IepeMeHHO

xT:
N

amy
> (am + bma) = =0. (3.93)
= dz™
9T0 MHTErpabHOE MPECTABICHNE NMEET BH/
Y(z) = / dt Z(t) exp(xt), (3.94)
c

rne C — HEKOTOpBIH KOHTYP B KOMILJIEKCHOU TIJIOCKOCTH .
Mozacrasnas ypasuenve (3.93) B npencrasienue (3.94), uc-
nosb3ys coorHomenue x exp(xt) = dexp(xt)/dt u npezmo-
Jarasi, 4o B uHTerpajie (3.94) MOXKHO IPOU3BECTU HHTE-
IPUPOBAHKE O YaCTAM 10 ¢ 6e3 rPAaHMYHBIX YJICHOB, MBI
HAXOJIUM ypPaBHEHHUE

%(QZ) =Pz, (3.95)

N N
Pit)=Yamt™, Q)= bnt™ (3.96)
m=0 m=0

Pemmennem ypasuenus (3.95) siBistercs

7= %exp ( / dt P/Q) , (3.97)

rIe B TOKa3aTese SKCIOHEHTHI CTOWT MepBOOOpa3Has OT
P/Q (ompeneneHHass ¢ TOYHOCTHIO JO KOHCTAHTHI). Ilo-
CKOBbKY P 1 (Q ABJSIOTCSA MOJTUHOMAMH TIO t, 9TY TIePBOOO-
PA3HYI0 MOYXKHO BBIPA3UTH Y€pe3 djieMeHTapHbIe (DyHKIWH.

BrorisicauMm Tenepsb ycioBusi, Ipu KOTOPHIX BO3MOKHO YTIO-
MSIHYTOE BBINIE WHTErPUPOBAHHUE MO dacTsaM. J[jas 3Toro
npousseenne Z(Q) exp(xt) MOMKHO UMETH OJHO U TO Ke
3HaYeHue Ha KOHIAX KOHTypa C' (KOTOpbIi MOXKeT ObITh KAK
3aMKHYTBIM, TaK U He3aMKHyTbiM). HaubGosiee ecrecrsen-
HBIM BBIOOPOM KOHTYDa C' fBJI€TCS KOHTYD, KOTOPBIi HJAeT
BJIOJIb OJIHOTO M3 HAMPABJICHWH U3 OECKOHEYHOCTH, BIIOJh
KOTOpOro npoussejerne Z () exp(xt) CTpeMUTCa K HYJIIO, U
BO3BpAITAeTCd B OECKOHEYHOCTH BJOJb JPYTOrO HAMPABIIE-
HUsI TakK, 9TOOBI BIOJIb 3TOrO HANPABJIEHUs MPOU3BEIEHUE
Z @ exp(xt) Takxe CTPeMHIOCH K HYyJ0. JUCiI0 TaKux Ha-
MPABJIEHUI PACTeT C yBEJIWUEHUEM TIOPSIKa ypasHeHus N,
9TO U O0ECTIEYNBALT HEOOXOANMOE UHCJI0 HE3ABUCHMBIX Pe-
miennii ypasaenus (3.93), KOTOpbIE MOJIYYaIOTCA U3 BbIpa-
skenus (3.97) 1pu pasIMYHBIX BHIOOPAX KOHTYDPA MHTErDH-
poBanus C.

3amaga 3.7.1. Hatdmu memodom Jlanaaca pewerue ypac-
nenus (d/dx +x)Y =0.

3.7.2 Metoa mnepeBasia W CTAaNOHAPHOMN
da3sbl

Meton mepeBaJjia TPUMEHUM K WHTErpajiaM BUII

b
g= / dz explf(z)], (3.98)

rue (peiicrurenbuas) Gyukuus f(z) gocruraer Ha uHTEp-
Base (a,b) abCOIIOTHOTO MaKCHMyMa B HEKOTOPO# MmpoMe-
JKyTO4YHOM Touke c¢. Torma npu GobIIUX 3HAYEHUAX (DYHK-
uuu f OCHOBHOI BKJIaJ B uHTerpas (3.98) onpeesercs y3-
KO OKPECTHOCTBIO 9TOr0 MakcuMmyMma. PackmagpiBas QyHK-
uuio f(z) B pan Teisiopa BO/IM3U TOUYKY & = ¢, Mbl HAXOAUM
f = f(c)+ (1/2)f"(c)(z — ¢)?. Tak Kak TOYKa T = ¢ COOT-
BercrByer Makcumymy byukunn f, ro f(c) < 0. IToxcras-
Jigsi 970 passoxkenue B (3.98), Mbl npuxoauM K [ayccoBomy
maTerpamy. Ilpu Gonbmux 3HadeHnax f” MHTErpEpOBAHEE
IO & B 9TOM MHTETrPAJIE MOXKHO PACHPOCTPAHUTH OT —00 110
~+00. Boraucnss nomyausminiics [ayccoB maTerpas, Haxo-
JIAM ACUMIITOTHYECKOE BHIPAYKEHUE

2w
g~ T’(C) exp[f(c)], (3.99)

koropoe cupaseiuso upu |f7(c)] > 1.

Ormerum, yro ecsu Gyukuus f(x) pocruraer abeonor-
HOrO MaKCHMYMa Ha OJHOM U3 KPaeB MHTEPBAJIa (a uiu b),
TO UMEHHO OKPECTHOCTH 9TO TOUKH OIPEIETIAET OCHOBHOI
BKJIaJ B uHTEerpan (3.98) mpu GOMBIIMX HOJOKATETHHBIX
f. Dror ciaydait MoxkeT ObITH UCCJIEIOBAH AHAJIOIMYHO, B
pamkax passoxkenus Gyukuuu f(z) BOamsu a unu b. To-
/I3 MOYKHO OPPAHUYUTHCS JTUHEHHBIM UJICHOM PA3JI0KEHUSI
dbyuxmn f(z) no x — a v x — b (ecau TOIBKO ITOT UJIEH
Pa3JIOKEHUs HE PABEH HYJII0), 9TO YIPOIIAeT aHaJIU3.

Meron crarmuoHapHOi ¢da3bl paboOTAeT s WHTErPAJIOB
suna [dr explih(z)], tae h(z) — neiictBurenshas yHK-
1yst, IMEmas B 00JIACTH UHTErPUPOBAHKS CTAIIMOHAPHY O
TOUKY Z¢, TO ecTh dh/dx(xg) = 0, mpudem |d2h/dx?(xq)| >
1. B 9T0M cilyuae OCHOBHOI BKJIA/ B MHTEIPAJI OIPEIEIAeT-
Csl OKPECTHOCTHIO CTAI[MOHAPHON TOYKH, TAK KAK UMEHHO B
sToit okpecrHocTu byHkius explih(x)] ocrmiupyer mes-
JIEHHee BCero. B OKpecTHOCTH CTAaIMOHAPHOM TOYKH (DYHK-
oui0 h MOXKHO PA3JIOKUTH B PAM, MO T — Xg. YAEPXKHUBAS
YJIEHBI 10 BTOPOTO MOPSIKA, MOKHO HAIUCATH

h%@ig(x—xo)Q, (3.100)

i€ JIMHEHHBIH 9IeH OTCYTCTBYET B CUJLy CTAMOHAPHOCTH
dbasbl B Touke xg, u £A = d?h/dx?(x¢). 3nax + nepex A
CBsI3aH C TeM, 9TO MbI mojaraem A > 0. lanee

+oo
/d;v explih(z)] ~ / dr expli® +iA(x — x0)? /2]

— 00

= \/fexp(z@:l:iﬂ'/ll). (3.101)
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Bepst neficTBUTENBHYIO M MHUMYIO HYACTH COOTHOIIEHHST
(3.101), MBI HAXOUM

/dx cos h ~ \/%COS(@:I:W/ZL), (3.102)
. /2T
/d:c sin h =~ = sin(® + w/4). (3.103)

MeToapl TTepeBasia U CTAIHOHAPHON (ha3bl MOKHO 0000~
IIUTH HA CJy4aii KOHTYPHBIX MHTErPAJIOB B KOMILIEKCHOM
wiiockocru. IIpu srom mepeBasbHasi Touka (TOYKA CTaly-
onapuoil (asbl) He 0b6s3aHA JIEKATH HA CAMOM KOHTYDE.
Cdopmynupyem 06001TIeHIE METOIA TIEPEBAJIA HA STOT CIIy-
qaii.

O0600IIEHHBIIT METOT TIepeBaJIa, MPUMEHNM K KOHTYPHBIM
HHTErpajaM THUIa,

/b dz explS(z)] (3.104)

NP BBLIMOJHEHUW OINPENEIeHHBIX YCJIOBWH Ha (DYHKIHAIO
S(z). Ilpexkze Bcero Mbl GyeM IPeANOaaraTb, 9Yro hyHK-
ust S(z) aHanuTuvHa BOIM3M YT UHTEIPUPOBAHUS OT G
K b u, cie10BaTebHO, KOHTYD MHTErPUPOBAHMS MOXKHO J1€-
dopmuposars B obmactn anamuTnanoctu S(z). damee, Mbt
OyIeM TpeanoIararh, 9T0 B OOJIACTA AHAJTUTHIHOCTH AME-
eTcd 110 KpaliHell Mepe OJlHA TOYKa C HyJIeBOIl TPON3BOIHON
S’(2p) = 0 ¥ 4TO KOHTYD MHTErpUpPOBaHUs MOXKHO Jedop-
MHPOBAThb TaKuM 00pa30M, 9TOOBI OH IPOXOIUJ I€pe3 2,
npuyeM AeficTBUTeNbHAsS 9acTh S(2) MONKHA TOCTUTATH B
TOYKE z) MAKCUMyMa TIPH JBWKEHUH BIOJIH IehOopMuUpO-
BaHHOTrO KOHTypa. Torma Touka 2o ABISETCS CEIJIOBOI, 110~
CKOJIbKY JIJIS HAIIPABJIEHUS, TIEPIEHINKYISIPHOTO KOHTYPY,
JleficTBUTeNbHAS 9aCTh S(z) JOCTUraeT B TOYKE 2() MHHU-
MyMa.

Eciu B ceniioBoii Touke geiicrBuresbras yactb S(z) mo-
cruraer abCOIOTHOrO MAKCUMYMA BJIOJb KOHTYPa MHTE-
IPUPOBAHAs, TO MOYKHO HAJEATHLCSA, YTO WMEHHO OKPECT-
HOCTB CEJJIOBOH TOYKM JACT TJABHBIA BKJIAJ B MHTETDAJ
(3.104). Paznoxum S B psaj Teitnopa B6im3n ce1oBoit T04-
ku: S~ So+ 5§ (2 —20)%/2, tae So u Sf — 3navenns bynk-
uuy S ¥ ee BTOPOil LPOM3BOJAHON B TOYKE z = zg. Eciu S
JIOCTATOYHO OBICTPO MEHSAETCSA BOIW3N CEIJIOBOI TOYKH, TO
TJIABHBIA BKJIAJ, B MHTETPAJI TAET Y3Kask OKPECTHOCTD CEIIIO-
BOI TOYKM 2z = Z(, B MbI MOKEM OTPAHUYNATHCA B MHTEIPAJIE
(3.104) sTuM passioKeHUueM, PACIPOCTPAHUB UHTEIPUPOBaA-
Hre 10 6eCKOHEIHOCTH B 00e cTOPOHBI. TOrma Mbl IIPUXOIAM
k TayccoBomy WHTErpasy, KOTOphIi gaer

2
—Sy

b
/ dz explS(z)] = exp(Sp). (3.105)

Iloguepknem, uro o6e Benmuumubl, Sy u S{, MOryT GBITH
KOMILJIEKCHbIMU. 3HAK LIepejt KBaparHbiM KopHeM B (3.105)
OTIpeieIsIeTCA HAIIPABJIEHNEM, B KOTOPOM KOHTYD WHTETDHU-
POBAHUSA MPOXOIUT Yepe3 CE/IJIOBYI0 TOUKY. YCIOBHEM MpU-
MeHEMOcTH TpuOnmxkenus (3.105) siBsercd 3HAYATETHHOE

usmenenue byukiuu S(z) B 06JaCTH IPUMEHUMOCTH [IPH-
BEJICHHOI'O PA3JI0kKeHust, TO ecTb |S{| nomkua ObiTh nocra-
TOYHO BEJINKA.

B obmacrn ananmruanoctn yHKImH S(z) MOXKET OKa-
3aThCSA HECKOJBKO CEJIJIOBBIX TOYEK, 9€Pe3 KOTOPBIE MOYKET
MIPOXOIUTH JePOPMUPOBAHHBIN KOHTYP. B aToMm ciaydae Ha-
JI0 BbIOpATh Ty U3 HUX, B KOTopoit ReSy makcumanbHa, mo-
CKOJIbKY MMEHHO OKPECTHOCTb TOW TOYKM JAET [JIABHBIN
BKJ1a B unaTerpaJ (3.104). Bo3aMOXKHO Tak:Ke BHIPOXK ICHUE,
KOTZIa, TEeHCTBUTENbHBIE 9aCTH S B HECKOIBKHUX CEIJIOBBIX
TOYKAX OJMHAKOBBI (MM MaJi0 oTiaMyaiorcs). Torma s
ouenku unrerpasia (3.104) nano 6parb CyMMy BbIpaKeHuUil
(3.105) ajist 9TUX CEJJIOBBIX TOYEK.

PaccMOTpeHHBIE BBITIIE METOZ, CTAITMOHAPHOI (ba3hl 1 Me-
TOJI TIepeBaJIa, MOTYT PACCMATPUBATHCS, KAK YACTHBIE CIIy-
qam 0DOOIIIEHHOTO METOA MEePEBaJIa.

3amaua 3.7.2. Hatimu 3HaveHue UHME2PANG
—+o00
J D de exp(az® — x*/2) npu  Goavwuz noso-
HCUTNEALHOLL (L.

3amaua 3.7.3. Hatimu 3HaveHue UHMEZPANG
—+0o0
[ 2 dx cos(ax?/2 — x/3) npu Goamvwuz noso-
AHCUMENOHOLT (.

3amaua 3.7.4. Halimu 3navenue unmezpana

+oo
/ dx exp(—z*/4) cos(ax)

— 00

npu bONBUUL NONOHCUMENDHBLT (L.

3.7.3 Metroag WKB

Paccmorpum ypasuenue (2.5), rae B oneparope IIrypma-
JIuysuns (2.6) mbr nomoxuM @ = 0:

d2
Tl -Uf=0. (3.106)

[Ipeanonoxkum, aro Bemmuuua p = U MeHseTcs HOCTa-
TOYHO MeJJIeHHO Ha MacmTabe p~ !, 9To o3HAYaeT BBLITION-
Henme mepapenctsa dp/dr < p?. Torma ana ynkmun f

MOXKHO MOCTPOUTH CJIEIYIONIee MPUOTNKEHHOE PEIIeHre

C1 Cs
f= % exp(S) + % exp(—9), (3.107)

S(xz)= [ dyp(y), (3.108)

rue Cq,Cy — Hekoropbie KOHCTaHTbl. Bbipaxenue (3.107)
obuto  momyueno Benrmemem  (Wentzel), Kpamepcom
(Kramers) u Bpunmosrom (Brillouin) m HocuT Haspanme
npubamkenuss WKB, aro sBisgercs abOpeBuaTypoit mMmen
STHX ABTOPOB.

IMouncrasnsas soipaxenue (3.107) B ypasuenue (3.106),
MOXKHO yOeIUThCs, YTO OHO ABJIAETCH PELIEHUEM, €CJIU [Ipe-
neGpeunb B Hem wienamu ¢ (dp/dz)? u d*p/dx?. Tlepsoe npe-
HeOpexkeHne BO3MOXKHO B CHJIY TIPEANOJIaraeMoro HepaBeH-
cra dp/dr < p?, a BTopoe B cumy HepaseHcTsa d2p/dr? <
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p dp/dzx, KOTOpOE 10y YaeTcs U3 npeabiaymero quddepen-
IUPOBAHUEM IO Z.

®akrop U B yparHennn (3.106) Moxer OBITH Kak TOJIO-
JKUTEJIBHBIM, TAK W OTPALATEILHBIM, K O0OMM 3THM CJIyda-
am onmHakoBO nmpuMmenuMm metroq WKB. B mepBom ciydae
BEJTMYNHA, P SABJISETCS NeHCTBUTENBHONW, W JIBA CJArAEMbIX
B Boipaxkenuu (3.107) sBisiorcs pacryiueil u ybbiBamoeit
10 T 3KCHOHeHTaMu. BO BTOPOM C/iy4ae BEJUYMHA D sABJIs-
€TCA YUCTO MHUMOI, W MBI HIMEEM JIEJIO C SKCIIOHEHTAME OT
MHUMBIX BeJm4uH S. JIpyruMu CJI0BaMU, MBI HMEEM IEJI0
¢ OCIALIUPYIOMUME (DYHKIUAME, €CITH Pedb HIET O JIEi-
CTBUTENBHBIX perenusax. Torga Mbl MOXKEM 3aIncaTh

C
f= FEE cos(A + @), (3.109)

e S = iA, C — neficTBUTEIbHASL KOHCTAHTA U (9 — HEKOTO-
pas ¢da3sa.

[Ipusenennas cxema Jlerko 00OOIIAETCA HA CIydail TPO-
u3BosibHOrO oneparopa [lrypma-JIuysumia (2.6)

f+Q f ~Uf=o

dacQ

B srom cayuae Bmecto (3.107,3.108) Haxomum

Cy
f= 71 exp(S1) + 72 exp(S2), (3.110)
Si2@) = [Cdypat) B

LIe pi,2 ABIMAIOTCAI KOPHIMHA KBAIPATHOIO yYPaBHEHHUS
2
p°+Qp—-U=0,

KOTOpbIE MOI'YT ObITh KAK JIeMCTBUTEJIbHBIMU, TAK U KOM-
TJIEKCHBIMM.
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4. /JImrammudeckne JTHHEHHbBIE OIS

T'nasa 4

JTNHAMUNYECKUE JINMHEVMHBIE I110JI4

IIpu oTKIIOHEHWH COCTOSIHNUSI CILTIONTHOM CPE/IbI OT PABHO-
Becust MOryT HabJomaTbes pasjimdanbie nporeccel. Cpema
MOYKET PEeTaKCUPOBATh K paBHoBecwio. IIpumepom sBisier-
csa mudHy3nOHHOE TTOBEIEHNE, KOTOPOE OMUCHIBAETCS M-
dy3uonHbIM ypaBHeHuEM. B ycioBusx ciaaboit auccura-
MU B CILIOIIHBIX CPEIAX HAOIIOMAIOTCS BOJHOBBIE MPOIIEC-
col. OHE XapaKTepU3yoTCsd CIOXKHBIM MPOCTPAHCTBEHHO-
BPEMEHHBIM pacupeseaenueM moseit. Ilpu mamtoit ammmmry-
Jle BOJIH WX MOXKHO ONWCHIBATH B PAMKAX JIMHEHHBIX MU~
depeHnraIbHbIX YPABHEHUIT B 9aCTHBIX MTPOU3BOIHBIX.

4.1 BoJsgHOBOe aBUXKEeHHE B OJHO-
POOHOI cpejie

BouiHoBoe JBHXKEHHE BECbMa PACIPOCTPAHEHO B IPHUPOIE.
OHo peajm3yercst TOrIa, KOT/Ia, JUCCUITAIAST B CUCTEME OT-
HOCHUTEJIbHO Cna6a, 1 IIOTOMY OTKJIOHEHHE €€ COCTOAHHA OT
paBHOBECHUA IIPUBOJUT K KOIIe6a,TeJH)HI)IM JABU2KEHUAM. Pac—
MpOCTpaHEHne KoJIeOaHuil B IPOCTPAHCTBE U TIPEICTABIISCT
co00i1 BOTHOBOE JIBUKEHUE.

4.1.1 3akoH muciepcun

B mannoM pasziesie Mbl paCCMOTPHUM BOJIHOBOE JIBUYKEHWE B
OTHOPO/IHOM cpe/ie. BOIHBI MOTYT UMETH Pa3IuIHyI0 (HU3U-
YECKYIO TPUPOLY: ITO MOXKET ObITH JIEKTPOMATHUTHAS BOJI-
HA, 3BYKOBasi BOJIHA, CIIMHOBASI BOJIHA, TIOBEPXHOCTHAS BOJI-
Ha U Tak manee. Cocob OMMCaHWsT BOJH PA3INIHON MPUPO-
IIBI €IMHOOOPA3eH: MBI JOJIKHBI BBECTH (DU3UIECKUE Mapa-
METPBI, KOTOPBIE U3MEHSIIOTCA BO BPEMEHU W TIPOCTPAHCTBE
[IPU PACIPOCTPAHEHUH BOJIHbBI, U C(hOPMYTUPOBATH ypPaBHE-
HUsI, KOTOPBIM OHHU MOMYUHSIOTCs. Mbl IIpenogaraeM, 9ro
AMILIATY/IA BOJH JOCTATOYHO MAaJa JIJisi TOrO, 9T00bI MOXK-
HO OBLIIO TPeHebpeds uxX B3amMmoeiicTereM. B aTom ciydae
YPaABHEHUS, KOTOPbIE OMUCHIBAIOT PACIIPOCTPAHEHNE BOJIH,
OymyT JAuHEHHBIMH. DTO, KaK mpaBumiio, auddepeHnnaib-
HbIE YPaBHEHUsI, KOTOPbIE COMEPXKAT KAK MPOU3BOJIHBIE 110
BPEMEHH, TaK U [IPOCTPAHCTBEHHDIE [IPOU3BO/IHBIE.
MbI HauHeM ¢ BOJIHOBOrO ypaBHeHus i noss u(t, r):

(02 — AVHu =0, (4.1)

Ijle ¢ — HEKOTOpasi KOHCTaHTA, UMEIOIIas CMBICJI CKOPOCTH
pacrnpocTpanenusi BOJHBI. OTMETHM, 9TO BOJHOBOE ypaB-
nenue (4.1) conepxur qubdepeHnuaibHbIi oneparop BTo-
pOro MHOpsijika € PA3HBIMU 3HAKAMHU IIPU BTOPBIX IMIPOW3-
BoaubIX. Takoro poga muddepernuaabHbiil onepaTop Ha-
3BIBAIOT THUNEpOOInIecKuM. ['umnepbondeckne onepaTopbl
BCTPEYAIOTCST OOBIYHO UMEHHO B KOHTEKCTE BOJTHOBBIX TTPO-
[IECCOB.

VYpasuenue (4.1) Bcrpedaercs B caMbIX Pa3HbIX dusnde-
CKHX KOHTEKCTaX. B KadecTBe MpHMepa MOXKHO IIPUBECTH
PacupoCTpaHEeHue JIEKTPOMAIrHUTHBIX BOJIH B BaKyyMe, KO-
TOPBIE OMUCHIBAIOTCSA ypaBHEHUsAMEA MakcBeia

OE = cV x B, (4.2)
8B = —cV x E.

3nece E u B — HAIPS)KEHHOCTH 3JIEKTPUYECKONO U MAar-
HUTHOI'O LIOJIEH, a ¢ — CKOPOCTb cBeTa. Y pasuenus (4.2,4.3)
JIOMKHBI OBITH J0TOMHEHB! yeaopusasvu V - E=0=V - B.
[Mpomuddepennuposas ypasuerue (4.2) 10 BpeMeHH, NOJI-
CTaBUB IIPOU3BOIHYIO 110 BpeMenu or B u3 ypasaenus (4.3)
¥ BOCIIOJIH30BaBIIUCh yciaoBueM V - E = (0, MbI mosrygdaem
ypasrenne (97 — c?V?)E, To ecTb BOJHOBOE ypaBHEHHeE.

Bonnosoe ypasuenue (4.1) omuchiBaeT TaK¥kKe 3BYKOBBIE
BOJIHBI B JKMJIKOCTAX M KpUCTaIaX. B 3ToM ciydae mo-
JIEM U BJISIETCS CMEIEHUE CPEbl OT PABHOBECHOIO T10JIO-
JKEHHS, & ¢ — CKOPOCTh PACTIPOCTPAHEHMS 3BYKOBBIX BOJTH. B
JKUJIKOCTSIX MMEETCsl OJIMH THIT 3BYKOBBIX BOJIH, CBSA3AHHDBIX
¢ KOeOAHUSIMM ILIOTHOCTH 2KMJKOCTH. B Kpucrajiax xe
UMEETCs TP THIA 3BYKOBBIX BOJH C PA3JIUYHON MOJISAPU-
3anueli, KOTOpble UMEIOT pa3juyHble cKopocTu. Hanpuwmep,
B M30TPONHBIX KPUCTALIAX CYIIECTBYIOT PACIPOCTPAHSIO-
IMECs ¢ PA3INIHON CKOPOCTBIO IIPOIOIBHBIE M OIEPETHbIE
3BYKOBBIE BOJIHBI: B IIPOJIOJIbHBIX BOJHAX CPEJIA CMEIIAeTCs
B HAIIPABJICHUU PACITPOCTPAHEHUS BOJIHBI, & B TIOMEPEUHBIX
— NEPIEHIUKYJISIPHO HAPABJICHUIO PACIPOCTPAHEHUS BOJI-
HBI.

amaua 4.1.1. Kax 3anucvi8aemcs peweHue 60AHO0B020
ypasnenus (4.1) 6 odnomeprom caywae?

Paccmorpum crimHOBBIE BOJIHBI B (hepPOMArHETHKAX, KO-
TOPBIE OIUCHIBAIOTCH ypaBHeHnueM Jlanmgay-Jludimuma

8tM = ’yHeff X ]\4-7 (44)

rame M — HaMArHWYEeHHOCTh MATEPHUAJIA, Y — KOHCTAHTA,
3aBUCHAIIAA OT MArHUTHBIX CBOHCTB Marepuana, a Hepp —
3¢pPEeKTUBHOE MATHUTHOE II0JI€, KOTOPOE COCTOUT M3 JABYX
Jacreil: BHELIHEr0 MAUHUTHOIO IIOJIS M WMHJLY IAPOBAHHO-
ro Bkjaaga. Ypasuenue Jlannay-Jludrmuna (4.4) asnser-
ca HequHeWHbIM. OHO CBOAWTCS K JIMHEHHOMY, €CJIM PacC-
CMATPUBAIOTCA CJ1abble OTK/JIOHEHUS HAMATHHUYEHHOCTH OT
paBHOBECHOrO. Byem cuurarb, 4TO B pABHOBECUU BHEIIHEE
MArHUTHOE I10JI€ ¥ HAMArHMYEHHOCTb HAIIPaBJIEHbl BIOJIb
ocu Z. Torma OTKJIOHEHWS HAMATrHWYEHHOCTH OT PABHOBE-
CcHs OMHUCHIBAIOTCA KoMnonenramu M, = (M, M,). Jlume-
apu3sysa ypasuenue Jlanmay-JIudbmuna (4.4) no M, naxo-
UM JIMHEHHOEe ypaBHEHUe

M, = eop(Q — bV?) Mj. (4.5)
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3mech ) — JlapMopoBcKast 9yacToTa, a b — KOHCTaHTa, 3a-
BuCsIas or cpoiicts ¢deppomarneruka. dnen c Jlannacu-
anom B (4.5) mpoucxomnt u3 Bkaana B Hgy, CBA3aHHOTO
C HEO/IHOPO/ITHOCTHIO HAMATHUYEHHOCTH U TMPOTIOPIHOHATb-
goro V2M . Beraucisas IpOu3BOAHYIO IO BPEMEHH OT BBI-
paskenusi 1yt Oy M, ¥ TOACTABIsAS B HETO BbIPAYKEHUE JTsd
Oy My, MBI HAXOIUM 3aMKHYTOE ypaBHEHUE

FM, = —(Q = bV?)*M,. (4.6)

31ech yxe purypupyer mpoCTPAHCTBEHHAS MPOU3BOIHAS
YETBEPTOTO MOPSJIKA.

PacknanpiBasi mosie w B HMPOCTPAHCTBEHHBIN WHTErPAJT
Oypbe

u / g a(t, q) exp(iqr) (4.7)
— —_— X .
(27‘_)3 ) q p q ?
Mbl HaXOJMM M3 BOJHOBOrO ypasHenus (4.1)
() = —c*¢*u(q). (4.8)

Mpbl y:kKe aHAIU3UPOBAIU MOJOOHOE YpaBHEHWE, CMOTPH
pazzen 1.1.2. Bocmonb30BaBIMMCh, TMPUBEAEHHBIM TaM pe-
3y/JIBTATOM, MBI 3alUIIEM pENIeHWE 3a1a49m Komwm s
ypasuenns (4.8) B Buue u(q) = wi(q)exp(—icqt) +
ws(q) exp(icqt). Bnecy dynxuuu wi(q), wa(q) oupesens-
I0TCsl HAYAJIBHBIME YCJIOBUSAMY MO BpeMeHu. Mbl 3aKiIo-
qaeM, 9T0 ®Pypbe-KOMIOHEHTA MOJIA U, MOAYUHSIIOMEroCs
BOJIHOBOMY yPaBHEHWIO, IMEET YACTOTHI w = Fcg, KOTOPHIE
ONPEJIESAIOTCS BOJTHOBBIM BEKTOPOM (.

IIpuBenenHbIi TpUMEp JAEMOHCTPHUpPYET ODIIee CBOii-
CTBO BOJIHOBOTO JIBUIKEHWsI B OJHODPOIHON cpeme: DPypbe-
KOMITOHEHTA, BOJIHOBOI'O TIOJIS C BOJTHOBBIM BEKTOPOM ¢ AMe-
€T 3aBUCAIIUE OT BOJIHOBOIO BEKTOPA YACTOTHI, KOTOPbIE MbI
Gyaem 3amnucbiBaTh B Bude w = tw(q), w > 0. @ynkuus
w(q) Ha3bIBaeTCH 3aKOHOM Jucrepcu BoaHbl. OTHOIEHHE
w(q)/q nasviBaercst HasoBoit CKOPOCTHIO BOTHBI, TIPON3BOI-
Hasi ke 0w /0q HA3bIBAETCS ee TPYIIOBOI CKOPOCTHIO.

Hast ypasrenwuit (4.1) u (4.6) 3aKOHBI AUCIIEPCHH UMEIOT
BUIL w0 = cq, @ = §) + bg?. Berpeuatorcs u 6ostee CI0KHBIE
caygau. Hanpumep, aist BOJIH, PacnpOCTPAHSAIONIMXCA HA
[OBEPXHOCTH 2KHUJIKOCTH, 3aKOH JUCIEPCUY UMEET BU/I

@ =/99+ (c/p)g>. (4.9)

31ech g — yCKOpeHHue CBODOMHOrO maneHus, o — Ko3hdu-
IIMEHT MOBEPXHOCTHOTO HATSKEHUS, M O — IJIOTHOCTD YKUJI-
kocru. CTONb C/IOKHBIA 3aKOH JMCIEPCHM CBS3aH C TeM,
YTO TIPU PACTPOCTPAHEHWH TIOBEPXHOCTHOW BOJHBI B WI-
pe yJ9acTBYIOT KaK TDABUTAINs, TaK W KAMUJISPHBIE CH-
JIbI, & B BOJTHOBOE JIBU?KEHNE BOBJIEKAETCS MPUMOBEPXHOCT-
HBIH CJIOH KHIKOCTH, TOJIIHHA KOTOPOrO 3aBUCHUT OT ¢. B
UPEJEJIbHOM CJIy4ae IPABUTAMOHHBIX BOJIH (MaJIble §) Bbl-
paxenue (4.9) jaer @ = ,/gq, a B UPEJEILHOM CilyHdae
KalMIISPHBIX BOJH (Goibiiiie ¢) BbIpaykenue (4.9) maer

= = (0/p) 20",

3amava 4.1.2. Hadmu ewpasicenue 0is epynnoeoti cro-
POCTU NOBEPTHOCTMHHLL BOMH € 3GKOHOM OUCTIEPCUL

(4.9)-

Bpemennds 3apucumoctb @Pypbe-KOMIIOHEHTHI MO U C
3aKOHOM JIUCIIEPCUM 0 MOXKET OBbITh 3aIMCAHA B BHJIE

u(q) = wi(q) exp(—iwt) + wa(q) exp(iwt). (4.10)

3aech byrkuun wi(q), we(q) oNpeessaoTcs HaYaIbHBIMU
YCJIOBUSIMU TIO0 BPEMEHHU, KOTOPbIE (DOPMYIUPYIOTCA B TEP-
MUHAX MOJId 4 W €ro NepBoil NPOU3BOJHON MO BPEMEHH.

3amaua 4.1.3. Hatlimu pewenue 604H06020 YpasHeHUs
(4.1) 6 caymae, xo02da npu t = 0 nose u = exp(—r?), a
€20 NPOU3BOIHAA NO BPEMEHY PABHA HYNIO.

Bagaua 4.1.4. Hatmu pewenue ypasuenus (4.6) 6 cay-
wae, %020a npu t = 0 nose M, = exp(—r?), a ezo0
NPOU3B00HAA NO EPEMEHL PAEHA HYAK.

3agaua 4.1.5. Hatmu 3a8ucumocms om epemeru cme-
WEHUS NOBEPTHOCTY 6000, U, ECAU 68 HAUAALHHLT MO-
menm epementu (npu t = 0) u = Re (1 + iz)~ /2,
Owu = 0 u deusicenue NOBEPTHOCTIU MOHCHO ONUCHL-
68aMb 8 PAMKAT 2PAEUMAUUOHHLLT GONH.

4.1.2 MWN3ay4deHue

o cux mop MbI m3ydau CBOOOIHOE BOJHOBOE JIBUKEHUE.
JobaBuM Temephb MCTOYHHUK, KOTOPBI MPOU3BOIAUT BOJHO-
BOe nBuzKeHne. B obiieM BuIe ypaBHEHHE Ha BOJTHOBOE [TOJIe
U MOXKET ObITh 3alIMCAHO B BUJIE

[0} + @ (—iV)]u = X. (4.11)

3aecy Mbl yunu, uro —iV exp(igr) = qexp(iqr). Beegem
dbyukuuto I'puna ypasuenus (4.11), koropast yJ0BI€TBODSI-
€T ypaBHEHUIO

[0} + @*(—iV)]G = 6(1)d(r). (4.12)

Torma BBIHYKIECHHOE perierne ypasHenus (4.11) 3anuchbi-
BaeTcd B BUJIE

u(t,r) = /dt1 dri Gt —ty, 7 —r)x(ty,r1).  (4.13)

[Mosunoe pewenue ypapuenust (4.11) cocrout U3 BbIHY K I€H-
Horo pemienus (4.13) u pemienusi CBOGOJHOrO ypaBHEHUSI
[0 + @?(—iV)]u = 0.

Yrobwr Hatitu ¢yukmuio ['puna G, npoussenem @ypbe-
upeobpasopanue ypapuenus (4.12). B pesynbrare naxonum
ypasuenue [07 4+ w2(q)]G = (1), ¢ KOTOPBIM MBI y2Ke CTaI-
KWBAJINCh, cMOTpH pasaen 1.1.2. Bocmoab30BaBMMCH BhIpa-
skerneM (1.10), Haxonnm

G(t) = Q(t)é sin(wt). (4.14)

Yrobbr HafiTu GyHKIHMIO ['prHa B peaabHOM IIPOCTPAHCTBE,
HEeoOX0auMO caenarhb ooparnoe Oypbe-mpeodpaszoBanne:

d3q sin(wt)

Gltr) = 00) [ 3

exp(igr). (4.15)
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Eciau w 3aBucuT TOBKO OT aOCOJMIOTHOrO 3HAYEHUA BOJIHO-
BOI'O BEKTODA, TO B Bbipazkenuu (4.15) MOKHO npoussecTu
WHTErPUPOBAHUE TIO YIJIYy MEXKIY ¢ U T, 94TO BEIEeT K

*° dqq sin(wt)

Gltr) = 0(t) / sin(gr).  (4.16)

0 2mr w
Koukpernbiii Buj yakuun G 3aBUCUT OT 3aKOHA JIMCIIED-
CHUM.

Berancium dyuaxnuo ['puHa 1715 BOJHOBOTO ypaBHEHUS

(0} — *VHu = x. (4.17)

B srom ciyuae w = ¢q, © MHTErPUPOBAHKE B BBIPAKEHUU
(4.16) moxkeT GBITH MPOM3BENEHO siBHO. B pesysbraTe Mbl
HAXOMM

G(t,r) = %5(7‘ — ct). (4.18)

IMoncrasnsas seipazkenne (4.18) B coorHomenue (4.13), Ha-
XOAUM

1 a3
u(t,r) = &

= m TX(t*R/C/I"l), (419)

rae R = |r — r1|. Takum obpasom, BO37eiicTBHE NCTOYHHN-
Ka Ha II0JI€ U OCYIIECTBIISETCS C 3aIla3/[bIBAHUEM Ha BPEMsI
R/c, KOTOpOE PABHO BPEMEHU PACIPOCTPAHEHUS BOJHBI OT
HCTOYHUKA [0 TOYKU HAOJIIOICHU.

3amayva 4.1.6. Halimu pewenue 604H08020 YpPaBHEHUA
(4.17) O0nasa MOUEUHO020 24PMOHUYECKOZO UCTNOYHUKA
X = cos(wt)o(r).

3amauva 4.1.7. Hatimu 3nauwenue @gynkyuu I'puna npu
r =0 das ypasnenus (07 + V*4Hu = y.

4.1.3 YpaBHeHue Ha OTHOAIOIIYIO

Paccmorpum reneps caydaii BOTHOBOrO nosis u, Korna i(q)
JIOKAJTM30BAHO OKOJIO BOJIHOBOTO BEKTOpa g (WM OKOJIO
BOJIHOBBIX BEKTOPOB 1qg, YTO HEM30EXKHO I JeHCTBH-
TEeIBHOrO MoJist). B 3TOM ciiydae B t, r-TpecTaBIeHnu

u = U(t,r)exp(—iwgt + iqor), (4.20)

rie wo = w(qo) n (KommiekcHast) ammnTyna ¥ MeHsiercs
Ha BPEMEHAX MHOIO OOJIbIIe Wy ! u ma macmraGax MHOTO
boueITe g 1 JlpyruMu cJI0BaM¥, XapaKTePHBIM BOJHOBOMA
BeKTOp Kk ormbaroreii MHOTO MeHbIe ¢g. Ecan mome u aB-
JisieTcst IefCTBUTENbHBIM, TO B KA4ecTBe U ciejayer OparTb
JIefiCTBUTENBLHYIO JacTh mpasoil yactu (4.20). Oyukumo ¥
B (4.20) o6bruHO Ha3bIBaIOT Orubaroreii (envelop).

B ®ypoe-tipesacrapienun 0y = —iwu. Orcioga cieayer
ypaBHEHUE

OV(k) = —i[w(qo + k) — wo] U(k),

st @yphe-KOMIOHEHTHI orubatoreii. Takum obpazom

3 ~
0 = fi/ (;iﬂ];’\Il(k) [w(qo + k) — wo] exp(ikr).

B srom coorHomenun B w(qo + k) BosHOBOI BekTOp K
MOXKHO 3aMeHuTb Ha —iV, nockoibky —iV exp(ikr) =
kexp(ikr). B pesynbprare HaXoIuM ypaBHeHWe JJist ornba-
fomieit

OV = —ilw(go — V) — w(qo)] ¥, (4.21)

re Mbl y4d, 94T0 wo = w(qo). OTMerum, 4ro BU Haii-
JICHHOT'O ypaBHEHHs He 3aBUCUT OT PAa3MePHOCTH IPOCTPaH-
CTBa, B KOTOPOM M3Y4YaeTcs BOJHOBOE JBUKEHUe.

IlockonmbKy XapakTepHBIN BOJHOBOI BeKTOp k ormbaro-
mell MHOTO MeHbIe ¢n, pasHoctb w(qy — iV) — w(qo) B
(4.21) moxuOo pazmoxuth B pag Teitnopa mo V. B nepsom
MOPSIIKE HAXOIAM

Oow

\IJ: = —
0y +VV) 0, V 9

(q0)- (4.22)
Crosmas 31ech BemarHa V' SABIAETCH, O9€BAIHO, TPYTIIO-
BOU CKOPOCTBIO BOJTHOBOT'O JIBUZKEHUS .

VYpasuenue (4.22) coaepKuT NPOU3BOHbIE HE BBIIIE MEP-
BOTO TIOPSJKA W, CIEJOBATENBLHO, MOKET OBITH PEIIEHO Me-
TOIOM XapPaKTEPHUCTUK, cMoTpu paszaen 4.4.1. B mammom
ciydae CKOpoCTb V' sBJISIETCS KOHCTAHTON, W pelneHue
(4.22) ;merko BBHIMTUCHIBAETCS SIBHO

U =d(r— Vi), (4.23)

e ¢ — mpousBobHAs GyHKIHS KoopawHaT. IpyruMu cio-
Bamu, VU He MEHSETCS B CUCTEME OTCYeTa, KOTOPasi JBUKET-
Cs1 OTHOCUTEJIBHO JIA0OPATOPHOI C TPYMIOBOi CKOPOCTHIO.

IIycrs B ypaBHeHUM HA MCXOIHYIO [IEPEMEHHYTIO U HPH-
CYTCTBYET MCTOYHWK C GACTOTAMU BOJM3Y wq ¥ BOJTHOBBIMI
BEKTOpAMHU BOJW3M ¢, KOTOPBIH MOXKHO 3alnCaTh B BUIE
@ exp(—iwpt + iqoT), Tae ¢ — MelgieHHas (DYHKIMA BpeMe-
Hu 1 KoopauHar. Torga Mbl mosydaem Bmecto (4.22)

O+ VV) = 6. (4.24)

9TO ypaBHEHHE JIETKO PEIAeTCs METOIOM XapPAKTEPUCTHUK,
cmoTpu pazzaen 4.4.1. B pe3ynbrare HAXOIUM

U(t,r)=b(r — Vi) + /t dr ¢(r,7 + V1 —Vit). (4.25)

Bagaua 4.1.8. Hatimu pewenue ypasuenus (4.24) 6 00-
HOMEPHOM CAYUAE OASL HYNEBBIT HAUAALHOLL YCA0GUT
u ¢ = Acosh™?(z).

Yro6BI OMMCATH IBOJIIOIAIO BOJHOBOTO TTAKETA, B CHCTEME
oTCYeTa, ABUKYIIENCd C TPYIIIOBOI CKOPOCTHIO, YPABHEHHUE
(4.22) caexyer yrounurb. Jduis 3TOr0 pasHOCTH B ypaBHe-
uum (4.21) chaemyer pasiokuTh 0 BTOPOTO TOPAIKa 10 V,
9TO JAeT

d V 10V
——U=|—V? + 222920 4.2
) n 0 08 , (4.26)

rae ocb X HAIpaBJeHA BIOJb o, a V| JelCTBYeT B mep-
neH MK yIsapaoit K ocu X 1uiockoctu. B ypasuenuun (4.26)
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d/dt = 0y + V9,, 310 npousBOAHAs 110 BPEMEHU B CH-
CTeMe OTCYera, KOTOpas JBHXKETCS C IPYIIOBOil CKOPO-
crbio V. Ecim 06e Besmamnbl, V u Ov/dqo, MOTO0KUTETHHBI,
10 ypasuenue (4.26) nepeMaciiTabupOBaHUEM MEPEMEHHBIX
MOKeT OBITh CBEJEHO K CBOOOmHOMY ypasHenuio I1Ipémnm-
repa —i0; ¥ = V2. Ecim sxe V u Ov/dqp umeror pasubie
3HAKHU, TO Mbl [I0Jdy4aeM B npasoil yacru (4.26) runep6o-
mmaeckuit auddepennuaababiii oneparop. Hampumep, sTo
MMEeT MeCTO JJIsi TPABUTAIMOHHBIX BOJH C 3aKOHOM JIHC-

nepcun w = ,/gq.

4.1.4 VYpasaHenue l'eabMronabna

PaccMOTprM  pacpoOCTPaHSIONIYIOCS B TPOCTPAHCTRE MO-
HOXPOMATHYECKYIO BOJIHY, KOTOPAsi MMEET ONpeACIeHHYIO
gacrory w. Paspemas 3akon jgucnepcun w = +w(q) or-
HOCHTETBHO (¢, MBI HAXOAUM BBIPAsKeHHe 2 depe3 JacTOTy.
Hanpumep, a1a BonHosoro ypasnenus (4.1) ¢ = w?/c?.
B apyrux ciyuasx BbIPazKeHme Ui ¢ MOMKET OKa3aTbCd
6omee caoxubRM. Ho B m1060M caydae g2 B MOHOXPOMATH-
9YeCKOii BOJIHE SIBJISIETCs (3ABUCAIIEH OT 9aCTOTHI) KOHCTAH-
TOil, KOTOPYIO MBI 0603HauuM k2. B @ypbe-npeicraBieHnn
ypaBHEHHe i AMILTATYABI BOMHBI mMeeT Bui (—q® +
K?) f = 0. Takum obpazom, B pazioxenuun DPypbe MOHO-
XPOMATHYIECKONH BOJHBI TIPACYTCTBYIOT TOJBKO TaApPMOHUKH
C BOJIHOBBIMM BEKTODaMH |g| = k.

B peasibHOM MPOCTPAHCTBE AMILIATY/18 MOHOXPOMATHIE-
CKO¥ BOJIHBI TIOIIAHACTCS yPABHEHUIO

(V24 k%) f=0,  Helmholtz, (4.27)

KOTOPOEe Ha3bIBaeTcd ypaBHenueM lenbmrombia. [lockoms-
Ky B pasioxeann Oypbe MOHOXpPOMATHYECKON BOJIHBI MPH-
CYTCTBYIOT TOJIbKO TAPMOHWKH C BOJHOBBIMH BEKTOPAMH
|g| = kK, obuiee pemienune ypasuenusi Lesbmrosnbua (4.27)
MOKHO 3aIMCATh B BUJIE

3
1) = [ Gz esplianile® — (). (428)

Ecnu none [ aBagerca peiicrBuresnbHbiM, TO w(q) =
w*(—q).

3amaga 4.1.9. Hadmu u3omponHoe peweHue YpasHEHUS
Teavmeonvua (4.27).

Kak unpaswiio, ypasuenue [esbmrosbua (4.27) upuxo-
JIATCS PEIiaTh B OPPAHUYEHHON 00JIACTH € OIPeIeIeHHBIMA
TPAHWYHBIMY YCJIOBUSME. PAacCMOTPUM B Ka4ecTBE TIPUME-
pa 3JIeKTPOMArHUTHOE I0JI€ B BOJHOBO/IE TIOCTOSTHHOTO Ce-
qeHns. B 9TOM ciydae MOXKHO BBECTH KOODIWHATY BIOJIb
9TOr0 BOJHOBOmA W caenarb @ypbe-mpeodpas3oBaHue 0
9TOl KoopauHaTe. B CHIly OZHOPOZHOCTH 3a/1a4uu ypaBHe-
HuUs JJist pa3andablx Dypbe-rapMOHUK OKA3BIBAIOTCS HE3a-
BucuMbiMu. Takum obpazom ymaercs 3(QHEKTUBHO TOHU-
3UTh PA3MEPHOCTD IMIPOCTPAHCTBA, B KOTOPOM DEITIaeTCs 3a-
Jaga.

3amaua 4.1.10. Hatimu Habop pacnpocmponsowurcs
6doab 60aH0600a KeadpamHoz0 ceuenus | X | mod,
KOmopbvle ABAANMCA PeWeHuUAMY Yypasrenus Ieavm-
2oavua (4.27) ¢ HYACEHMU ZPAHUUHBIMUY YCAOCUAMU
HA CMEHKAT 60AH06004.

Paccmorpum 3amady 0 BO30YKIEHWY BOJIH BHEITHUM KC-
TOYHUKOM. /JIJI1 ommcammst 3TOrO mpomecca B ypaBHEHHWE
Tenbmronbua (4.27) Heo6X0uMO 106aBUTH IPABYIO YaCTh:

(V2 + k2 f = o(r), (4.29)

KOTOpas MPEICTAB/ISIET UCTOYHUK BOH. [l1g pa3HbIx Ciry-
qaeB (pU3MUECKHil CMBICT HCTOYHUKA ¢ paszianden. Hampm-
MEep, il SJEKTPOMATHUTHBIX BOJIH UCTOYHUKOM SIBJISETCS
asuxkenne 3apsanoB. [lockonbky ypaBHenue lembMTosbIia
(4.27) cpaBenIMBO il MOHOXPOMATUYECKON BOJIHBI, HC-
TOYHUK ¢ TAKXKe OJIKEH ObITh MOHOXPOMATHYECKHM, TO
€CTh MPECTABAATH o000l @ypPhe-KOMIIOHEHTY IO BPEMEHH!
C 9aCTOTOH w.

Kak u paubiue, mbi 6yjem pewars ypasaenue (4.29) upu
oMot yukiwuu ['puna G, KOTOpast yI0BIETBOPSIET YPaB-
HEHUIO

(V2 4+ kHG(r) = 6(r). (4.30)

Eciu dyuknuu I'puna G uzBecTHa, TO pellieHne ypaBHeHUs]
(4.29) MoXHO 3ammcaTh B BUIE

fr) = fo+ / dry G(r —r)o(r), (4.31)
rae fp — pemeHne OTHOPOTHOIO ypaBHEHHs LeabMrosbna
(4.27).

Bue mawama xoopaunar (V? + x2)G(r) = 0. Beens

G = x/r, naxomum B TpexmepHom ciydae (92 + k?)x = 0.
Perienue 3T0oro ypaBHeHus SBJISETCs IPOU3BOJIbHAS KOM-
6unanus cos(kr) u sin(kr). [Ipu masabix r udieHoMm ¢ K
B ypasHeHun lenbMmrosbiia MOXKHO npeneOpedb. IToaTomy
OpU MAaJIBIX 7' MBI JOJIKHBI TIOTyunTh (2.41). Dromy ymo-
BJeTBOpsieT, Hampumep, dbyukius G = — cos(kr)/(4nr),
KOTOpas gBjsercsa perreaueM ypasuenus (4.30). Oxnako
MBI MOXKeM JIO0ABUTH K Y M CHHYC C IPOHM3BOJBHBIM MHO-
xurenem. Ipyrumu ciosamu, pyuknusa ['puaa ypaBHeHUS
TesbMrosba onpeseseHa ¢ TOYHOCTBIO JIO PeleHus Ofl-
HODOJIHOTO ypaBHEHHsl, KOTOPbIM | sABJIsteTcs 1~ sin(kr) ¢
npou3BOJIbHLIM KO3 duimenTom. B aroM orinume 3amauu
ot ciy4aeB ypasaenwuit Jlamnaca u lebast, korna dyHKIMS
I'puna onpenensamrach OIHOZHAYHO.

Yrobbl pas3peruTs 3Ty HEOIHO3HATHOCTH, HEOOXOIHIMO
IPUBJIEYD JOMOJHUTEIbHbIE COOOpaykeHus. BeemeM B ypas-
HEHUe J1JIsl BOJIHOBOrO OJIs MaJIoe 3aTyxanue (KOTopoe Bee-
[/la IPUCYTCTBYET B PEAJIbHBIX CHCTEMAX). DTO O3HAYAET,
4yT0 Mogudunupyercs JeBas dactb ypasuenus (4.11):

[0y +7)? + @?(—iV)]u = ¥,

rae v — 3aryxanue. /I MOHOXpOMATHYIECKOH BOJHBI O —
—iw. Bolpaxkaa Teneps V2, maxomum Bmecto (4.29)

(V2 + K2 + 2iersignw) f = ¢(r),
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rae € > 0 — manas Besmumna. Tpebysi, 9T00bl DyHKIHS
I'puna crpemunace K HyJII0 npu 7 — 00, noaydaem G
expli(k+i€e)r] mpu w > 0u G x exp[—i(k—ie)r] mpnw < 0.
Ilepexons k npeaeny € — 0, HAXOAUM OKOHYATEIHHO

G _exp(mr)7 w0,
Ay
exp(—ikr)
= . 4.32
G p— w<0 (4.32)

3amauda 4.1.11. Hatimu evnysicdennoe pewerue ypasHe-
Hua (4.29) das usayuamena-dunons ¢ = 0,0(r).

4.2 JIlnmHamMu4deckme IIOJIEBbIE 3a/a-
97

JlunaMuKa moJist Jazke B OJTHOPOHON CPe/ie He BCEer,/1a HOCUT
BOJIHOBOU xapakrep. BaxKHbIM npuMepoM Takoro poja sB-
gasiercst b y3nOHHOE MOBEIEHNE, KOTOPOE OIMUCHIBAETCS
ypasaenuneMm aud@ysun. Kak ObL10 TTOKA3aHO BBIIIE, CMOT-
pu pazzen 4.1.3, orubaroiasi BOJTHOBOTO MOJIST OMUCHIBAETCS
ypasuenuem IIIpémunarepa gans cBoGoaHoi yactuipl. OHO
MO2KET OBbITH [IPOAHAJU3UPOBAHO B PAMKAX TOH K€ CXEMBbI,
uro u ypasHernue auddys3un. O6a ypaBHEHUST MOXKHO aHa-
JIN3UPOBATH JJIs MIPOCTPAHCTBA MPOM3BOJIHLHON Pa3MepHO-
ctu d, KOHKPETHBIH BBHIOODP PA3MEPHOCTH 3ABUCHT OT PacC-
cMaTpuBaemMoil (pu3MIecKoit 3a1a49m.

4.2.1 VYpasaenue guddy3un

B pasmuuHbix (QuU3MUECKUX TPUIOKEHUAX BCTPEYaeTcs
ypaBuenue auddy3un

gu _ V2u. (4.33)
ot
OTO ypaBHEHHE OIHCHIBAET, HAIPHMED, IBOIIONNIO TIJIOTHO-
CTH 9UCJIA YACTHI] WJIA TPOCTPAHCTBEHHBIX BAPUAIUN TEM-
meparypbl. Ho OHO 2Ke ONmuChIBaeT CTATHUCTUYECKHE CBOI-
crBa corydaiinbix 6uyxaanuii (BpoyHOBCKOro jBuKenus).
N3yuum cBoiicTBa pemienusi ypashenus (4.33). B maib-
HEHIIeM [0/, PEIIeHreM yPAaBHEeHHs MbI OOBIYHO UMEEM B BU-
Iy pererne 3aga49u Komm, To ecTh BOcCTaHOB/IEHIE (PYyHK-
AU, TIOAYWHSIONIEHCsT 33/IaAHHOMY YPaBHEHMIO, MO ee Ha-
JaJIbHOMY 3HadeHwu0. Ecn He oroBopeno obparHoe, 3a Ha-
JaJbHBIIT MOMEHT BpeMeHU mpuauMmaercs t = 0.
IIpousseném @yphe-npeodpa3oBaHme:

i) = [y dyesp(—igyult.y). (130

Torna ypaeuenue (4.33) npuBomut K ypasaermto Ou /Ot =
—¢?% nna Oyphe-KOMIIOHEHTLI, KOTOPOe WMEET OUeBMIHOE
pemenue u(t,q) = exp(—q®t)u(0, q). [loncrassss 3TO BbI-
pakenune B mHTErpas @ypbe

uta) = [ Lo etignita).  (435)

obparHblil K coorHommenuto (4.34), u 6eps uHTErpaJibl 1o ¢,
MBI HAXOJUM

u(t,x) = / d?iﬂﬂd%d exp {— (@ ;ty) } u(0,y). (4.36)

Coornorenue (4.36) B npunuune pemaer 3agady Ko,
KOTOpasi 3aK/JII0YAeTCA B HAXOXKJAEHUM DPelleHus JAHHOTO
nuddepeHIMAIBLHOTO YPABHEHUS 110 HAYAIBHOMY 3HAUe-
HUIO DYHKIUH.

Bamaua 4.2.1. Hatmu ananoe npedcmasaenus (4.36)
das 00nomeprnozo noas u(t,x), Junamura Komopo-
20 6 Dypve-npedcmasieHuu 3a0aeMcA YPAEHEHUEM

0u/dt = —|q|i.

Eciu naganpaoe nose 4 (0, &) JOKAIH30BaHO BOJIM3N Ha-
gasa KoopamHat, TO ectb ecan u(0, &) mocTaToIHo GHICTPO
crazaeT mpu pocre |x|, To pemenne u(t, x) obnagaer yHu-
BepCaJIbHOM ACHMITOTUKON Ha OOMBIINX BpeMeHax. UTo0b
YCTAHOBUTb 3Ty ACUMIITOTHKY, Mbl PACCMOTPUM BpPEMEHA
t > 12, rme | — nimMHA, HA KOTODPOIl JIOKAJH30BAHO IOJIE
(0, ). Jro o3nauaer, yro unrerpan (4.36) nabupaercs B
obnacru |y| < 1. IIpn 5TOM yCIOBMM MOXKHO TIpeHeOpedh Y
B 9KcrioHenTe B (4.36). B pesynbrare Mbl 3aKIH09a€M, YTO
opu t > 12

u(t, ) ~ (47“14)11/2 exp [—x?/(4t)] (4.37)
A= /dy1 cdygu(0,y). (4.38)

Ormerum, uro npubiauxkenue (4.37) cooTBeTCTBYeT 1O/~
cranoBge u(0,y) — Ad(y). Ecam qna nokanimsoBaHHOrO
BO6u3u nagana koopauuar uoud u(0, ) uarerpan A (4.38)
paBeH HyJ0, TO aCHMOTOTHKA u(t, &) Ha GOJIBINX BpeMe-
Hax Oymer yxke uHOi. PackiaipiBas skcrmonenty B (4.36)
o Y, Mbl HAXOAUM CJIEAYIOIIWI BEAYIIAN YJIeH pa3JiozKe-
uus npu A = 0:

u(t, ) = (4755/:2“ exp [—x?/(41)] (4.39)
B = 271'/dy1 cdyg yu(0,y). (4.40)

Boipaxkenus (4.37,4.39) sBIAIOTCH aHAJIONAMU MYJIbTH-
HOJIBHOTO PA3JIOKeHusl (OIS TOYETHOrO 3aPS/a U OISl TO-
YEUHOTO JIUIOJS) B 3JIEKTPOCTATUKE.

3agaua 4.2.2. Hailimu pewenue odnomepnozo ouddysu-
OHHO20 YPABHEHUA OAA CALIYIOUL20 HAUAADHOZO YCAO-
eus: u(0,x) = exp[—z?/(21%)]. Cpasnume omeem c
acumnmomuueckum nosedenuem (4.37).

3agaua 4.2.3. Halimu acumnmomuueckoe nosedenue pe-
WeHus 00HOMEPH020 QUPPHY3UOHH020 YPAGHEHUS OAH
caedyrowus  Hauasvhux  yeaosut: 1) w(0,x) =
x exp[—22/(21%)]; 2) w(0,z) = exp(—|z|/l); 3)
w(0,2) = z exp(=|z|/1); 4) u(0,2) = (2 +1%)7'; 5)
uw(0,2) = z (22 + 1)
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3agaua 4.2.4. Hatimu acumnmomuseckoe Nosedenue Ha
b0ADWUT BPEMEHAT Oas 00HOMEPHO20 NoAA U(t, T), du-
HAMUKAQ KOMOpozo 6 Dypve-npedcmasaenuu 3adaemca
ypasnenuem O /0t = —|q|i.

Paccmorpum ypasuernue auddys3un ¢ mpaBoil 9acTbio,
0y — VHu = ¢, (4.41)

riae ¢ nMeeTr CMBICJT UCTOYHHUKA YaCTUll, IIJIOTHOCTb KOTO-
PbIX U B ﬂaﬂbHefIHleM 3BOJIIONUOHUPYET B COOTBETCTBUU C
ypasaenueMm nuddy3un. ITa 33724 PEIIAETCs C TOMOIITHIO
dbyuknuu ['puna G:

u(r,x) = /dt dYy G(r —t,x — y)o(t,y). (4.42)

VauTsiBasg OTHOPOIHOCTD 334U M0 BPEMEHU U MPOCTPAH-
CTBY, MBI Cpa3y moacTtaBuin pyHKnio ['puna, koTopas 3a-
BHCHUT TOJIBKO OT Pa3HocTeil BpeMeH u KoopauHar, OyHKIus
I'puna ymoBIeTBOpSeT ypaBHEHUIO:

(9, — VA)G(t,r) = 8(t)d(r), (4.43)

Mpbr yxke (pakTUIeCKn HAIILIN PeIleHre 9TOr0 ypPaBHEHWU,
Tak Kak 1pu t > 0 OHO OmHMCHIBAET CBOOOHYIO IBOJIIOIUIO,
KOTOpOe COOTBETCTBYET HauaibHOMY yciosuioo G(40,7) =
d(r). Hoxcrasngas 3ro HavanbHoe yciaosue B (4.36), Haxo-
M

2
G(t,r) = Wexp (4t> . (4.44)

Bagaua 4.2.5. Hatimu pewenue ypaenenus (4.41) 0asn
¢ = 0(t) exp[—22/(21%)] 6 uemwmpexmeprom cayuae.

Bamerum, 410 coorHomeHne (4.36) MokeT OBITH Hepern-
CaHO B BUJIE

utw) = [ty Gz - gy, (@49
CrupaBeinBO TaK»XKe
u(t+71,2) = /ddx G(1,z — x)u(t, x).

CpasuuBasi 910 ¢ upsiMbiM pumenenuem (4.45) k u(t+7, z),
HAXOIM

Gt+r,z—y) = /ddx G(t,z—x)G(T,z — y).

OTO COOTHOLIEHUE OCTPOEHO TOIBKO Ha (4.45) u cupases-
JUBO i 00X (byHKImit ['puHa ypaBHeHwmii ¢ mepBoit
NIPOM3BOJHONU IO BPEMEHH.

o cux mop MBI PACCMATPUBAIM DeIIeHUEe yDPABHEHUs
g dy3un B HEOrpaHUIEHHOM mpocTpancTse. Boobie ro-
BODsI, MOYKHO DeIaTh ero B OTPAHWYEHHON 00JaCTH TPO-
cTpaHcTBa. B 3TOM cilyuae ypaBHeHWE JOJIKHO OBITH J0-
MTOJTHEHO YCJIOBHSIMHU Ha IpaHuUIle 3Toit obmactu. B kKauecTse

WJLTIOCTPAIUU PACCMOTPpuUM moJrynpocrpanctso 1 > 0. Ec-
qu noste u = 0 mpu 27 = 0, TO 3a4a4a penaeTcsa Ipu IOMO-
i pysKiun 'puna

Gt,x,z) = (4.46)
(SEl — 21)2 + (1‘2 — 22)2 —+ ...
(4mtydrz P {_ at }
1 (I1+21)2—|—(I2—22)2—|—...
" (dntyaz P {_ it ] '

OueBnaHO, YTO B MOJynpOCTpaHcTBe 1 > ( BbIparkeHme
(4.46) ynosnersopsier ypashenuto (4.43), a rakxke obpa-
maerca B HOb npu 21 = 0. OTMernm, 4TO NpHM perreHun
3aJauM C I'PAHMYHBIM YCJIOBMEM, KOTOPOE 3aK/IoYaercs B
paBeHcTBe ipu 71 = (0 MPOM3BOMHON OT U B HATPABJICHWUH,
HepIeHAUKYIIPHOM IJI0CKOCTH 21 = 0, CIelyeT UCIOJIb30-
Barb Gyukuuo ['puna, koropas orsmuaercs ot (4.46) 3ua-
KOM IIPH BTOPOM YJIEHE.

3anaua 4.2.6. Kax 6ydem secmu cebs u3Ha%aAbHO AOKG-
Au3osarHoe 66ausu cmenwku v, = 0 pewenue ypashe-
HUA JuPPys3ut Ha 60ALWUL BPEMEHAT, ECAU HAE CTNEH-
ke u=07?

B ypaBaenune nmuddys3un MOKHO BBECTH 3aTyXaHHE 7:
@+ = Vu =9, (4.47)

Hampumep, Takoe ypaBHEHHE ONMUCHIBAET SBOJIONUIO TLIOT-
HocTH U PYHAUPYIOMMAX 9ACTUL, YACTH KOTOPBIX ITOTJIO-
IAETCA UM BbIOLIBAET 33 CYET XUMMYECKuX peaknuii. Bo-
o011ie roBopst, v ABysiercs GyHKIMeH Koopaunar. Paccmor-
PEHHBIN HAMU CJIy4ail, KOraa u 00pallaeTcs B HOJIb HA TPa-
HUIIE HEKOTOPO# OBJIACTH, COOTBETCTBYET CHJILHOMY TIOTJIO-
eHuto B 9TOil obmactu. OTMeTum, 9TO [T OMHOPOSHOTO
B IIPOCTPAHCTBE 3aTyXaHWs Y Iepexon K (PyHKIUH v, TIe
u = exp(—7yt)v, TPUBOAUT K IUCTO AN bY3NOHHOMY ypaB-
wennio (J; — V2)v = 0 Ha 3Ty DyHKIHMIO, 9TO CBOAUT 3TY
3aza4y K npeapiayineii. Ciemyer TOJbKO MOMHUTD, YTO UC-
TouHMK ¢ Ay GyHKImU v npespamiaerca B ¢ exp(vt). Io-
sTOMy peuienue ypaBuenus (4.47) 3a0uCbIBaeTCHd B BUJE

u(t,r) = / dr de Gt — 77 — @) TG, @), (4.48)
rne G — dywkuums ['puna guddy3noHHOrO ypapBHEHUS
(4.44).

Bagaga 4.2.7. Hatmu u(t,0) das pewenus ypasHenus
(4.47) npu d = 3 ¢ 00HopodHLIM ¥ 6 cayuae, Kozda

p=1/r.
Bamaua 4.2.8. Hatlimu pewenue 00HOMEPHO20 YPABHEHUA,

Opu = (0% — 22)u ¢ nanarvrvm yerosuem u = 1.

4.2.2 Ypasuenune Crokca

31ech MBI paCCMaTPUBAEM yPABHEHWs, KOTOPHIE OMMCHIBA~
0T JINHEHHYI0 JUHAMUKY YKHJIKOCTH. DTO BO3MOXKHO IPHU
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MaJIbIX 3HAYEHUAX CKOPOCTH TEYEHWs] ¥, KOTJA HETUHe-
HBIMH 3 dekTaMu MOXKHO IpeHeOpednb. Mbl TakxKe CInTa-
eM, 9To MaJsio uncao Maxa, To ecTh OTHOITIEHNEe XapaKTep-
HOW CKOPOCTH KHJIKOCTH K CKOPOCTH 3ByKa. B 3ToM ciy4ae
KHUJIKOCTh MOXKHO CYUTATH HEC)KMMAEMOH, TO €CTh ILIOT-
HOCTb MAaCChl KUJKOCTH p MOXKHO CUYUTATH OJHOPOAHOI (He
3aBUCALIEH OT KOOPJMHAT), & CKOPOCTb KUJKOCTU U YJIO-
BierBopger ycsaosuio Vv = 0.

[Ipu 3TuxX yCIOBUAX TEYEHWE YKUIKOCTU OIMUCHIBAETCS
ypasuenuem Crokca (Stokes)

o+ Vp—vViu = f, (4.49)

KOTODOE sABJIsleTCsl y2Ke juHeiinbiM. B ypasuenun (4.49) p —
JaBjeHune, a v — KO3 UIUEHT KHHEMATHIECKON BI3KOCTH.
B ypasuenun (4.49) durypupyer Takxke mIOTHOCTb CHIIBI
(na eguHUIly Macchl) f, IPUIOKEHHAS K KUIKOCTH. Y PaB-
mernne Ctokca Onu3k0o K ypasHeHuio mauddy3un u umMeer
ITOXOKee TIOBE/IEHNEe CBOUX DeleHui.

JaBienne p He sSBASETCA AUHAMUYIECKON IIepPeMEHHOI,
OHO TIPU3BAHO OOECMEYUTH PENIeHNHe C HYYKHBIMU TDAHUY-
HBIMHU YCJIOBUSIMH, TIOCKOJIBKY HA, TI0JIE CKOPOCTHU HAJIOXKEHO
yciosue Oe3mueprenrHoctr Vv = (. Bepsi nuBeprennuio
or ypasuenust Crokca (4.49), HaxoauMm, 4TO AaBJIEHUE YIO0-
BJIETBOpseT ypasHenuio V2p = (), TO ecTb ABJIAETCH FapMo-
nuveckoit dpyukipeir. Eciu quseprennus cusibl f ve paBHa
mymo, 1o V2p = Vf.

Haiinem dyukmuio I'puna ypasuernus Crokca. B man-
HOM ciry4dae dyHKIws [ puHa aBasgeTcs MaTpuiiei, Koropas
onpenendeT TeYeHrue, KOTOPOe BbI3bIBAECTCA BHEIIHEN CUJION

f:
’Ui(t,’l’) = /dtldST'lGik(t — tl,’f' — rl)fk(tl,rl).

Oyukiusa ['puna ypasuenus Crokca onpejesisiercsi ypas-
HEHUEM

(0 — vV Gir(t, 1) = 8(t) (i — 9,0,V 2)3(r),  (4.50)

[JI€ BTOPOE CJIaraeMoe B MPABON YaCTH OMPEIeISAETCs TaB-
neamem. Popma omeparopa B NMPaBOi HaCTH TapaHTUPY-
er ycnoBue OeszmuBeprenraoctu 0;Gi, = 0. B ®ypbe-
npencrasiaennn (4.50) naer

(0 + vd*)Gix = 5(t) (S — qiqr/4?).-
Pemenne 3Toro ypaBHeHHs IMEET BUJI
Gir = 0(t) (0, — qiqk/qQ) exp(—tqu). (4.51)

Hemasa obparnoe @ypbe-mpeodbpas3oBaHne, HAXOANM U3
ypasuenust (4.51)

. 2
Gik = 7H(t)61k exp ( " )

e EEhed

oo dq o
+9(t)8i8k/0 Mexp(—tuq ) sin(gr). (4.52)

B mepBom citaraeMOM MBI TIPOW3BEIN CTAHIAPTHOE WHTE-
TPUPOBAHMUE II0 BCEM KOMIIOHEHTAM ¢, & BO BTOPOM MBI

meperin K chepruiecKuM KOOPAWHATAM W BBIOJHUIN WH-
TErpupoBaHUe 10 yriiaM (LOJSPHOMY U a3MMYTaJbHOMY ).
JannHeiiniee MHTErPUPOBAHNE TTPUBOIUT K PE3YIHTATY

0(t) (3riry ik r
= o — 2k ) oo
G s ( rd r3 > o <\/4yt>
n 0(t) i 3Tk o r?
Y (i wp [ —
2m3/2y/4pt \ r? 74 P\

0(t) ik r?
(4vmt)3/2 (5ik 2 )exp (_4Vt ' (4.53)

Baeco erf — bynknua ommbok (error function)

2 x
erf(x) = ﬁ o

Sagaua 4.2.9. Ioaywums ewpasicernue (4.58) us (4.52).

dt exp(—t?).

4.3 VYpasaenue llIpéanarepa

B xBaHTOBOi1 MeXaHUKE COCTOSHIE JACTHIIHI OIPEIE/ISIETCS
ee BOJIHOBOH (DYHKIIMEH 1), KOTOpas SBIAETCA KOMILIEKC-
HBIM II0JIEM, 3aBUCHIINEM OT BPEMEHH U KOOPIMHAT. ¥ PaB-
HEHKME, KOTOPOMY [OJYUHSAETCs BOJTHOBas (DYHKIUS KBAH-
TOBOI YACTHUIIBI BO BHEIITHEM TIOJIE C BHEIITHUM TMOTEHIINAJIOM
U, nmeer BUI

i0pp = =V + Uih. (4.54)

Boobe rosopst, morenmman U MoxkeT OBITH TPOU3BOJILHOM
dbyHKIIMEH BpeMeRn m KoopAWHAT. B majmbHeidmeM MBI CUm-
Taem, 9To noreHnmas U He 3aBUCAT OT BPEMEHHU W CTPEMUT-
Csl K HYJIIO TIPU CTPEMJIEHAU KOOPJMHAT K OECKOHEYHOCTH.

Ypasuenue (4.54) Beger K 3aKOHY COXPAHEHMs BEJIUYH-
uel [ dr ||?, KOTOpast MMeeT CMBICIT MOJTHON BEPOSITHOCTH
HafTH YaCTUIy B KAKOW-JIMOO TOYKE MPOCTPAHCTBA, U TO-
TOMY JOJDKHA OBITH paBHa emumHune. [loMmMo 3Toro, mjs
crarudeckoro norednuana U ypasuenue (4.54) rapanrupy-
€T 3aKOH COXPAHEHUs SHEPIHH, KOTOPasl 3alUCBIBAECTCS B
BH/IE UHTErPasa

/ dr (VY + Up*y) . (4.55)

Vmmynbe ke CHCTeMBI, BOOOIE TOBOpS, HE COXPAHSIETCS,
HOCKOJIbKY HAJTMYHME 3aBUCAINETO OT KOOPAUHAT IIOTEHIHA-
JIa HAPYIIAET IPOCTPAHCTBEHHYIO OJHOPOJHOCTH CHCTEMBL.

[Tycrs x(r) — cobersennas ynkua oneparopa — V2 +
U ¢ coOCTBeHHBIM 3HAUEHWEM €. ECIm B HAYaabHBIA MO-
MEHT BPEMEHHW 1) = X, TO B COOTBETCTBHU C yPABHEHUEM
(4.54) ee 3BoutONUS CO BpEMEHEM ONPEAEAeTcs (HDaKTOPOM
exp(—iet). dpyrumu ciosamu,

Y(t,7) = exp(—iet)x(r), (4.56)

sBJjsiercs pewenueM ypasraenus (4.54). 9ro 3amevanue na-
€T TPUHIUNAAILHYI0 BO3MOYKHOCTh HAWTH BPEMEHHYIO 3a-
BUCUMOCTDH ¢)(t,T) JJid TIPOU3BOJILHOIO HAYAJIBLHOIO 3HAYE-
Hust (0, 7).
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Kaxk mbr yxe BoisicHunu B paszene 2.3, nobas GyHKIus
MOKeT OBITh PA3JI0KEHA [0 COOCTBEHHBIM (DYHKITUIM OITe-
paropa —V2+U. Dt byEKINM pacnaIaiorcs Ha GyHKIAT
HEMPEPBIBHOTO CIIEKTPA Yk, KOTOPBIE HA OOJIBIINX PACCTO-
sHusaX paBHbl exp(ikr), 1 GYHKIMU TUCKPETHOrO CIEKTPA
;. Paznoxkum (0, r) mo stum byHKImIM:

(27)

Torma B coorBerctBum ¢ (4.56) B NPOU3BOJIBHBI MOMEHT
BpEMeHH

3
000 = [ S+ Y, @D

d3k .2 )
Y= /Wa(k)wke_lk by Z bj’l/)je_“jt. (4.58)
J

Ecan Brauame byHkIms 1 OblIa JIOKAJIN30BAHA B TOH Ke
obmactu, 4T0 m morenmmana U, TO ee YacTh, CBA3AHHAS
CO CBH33HHBIMH COCTOSHHUAMU 1)j, OCTAHETCS JIOKATU30BaH-
HOIl B 9TO 00/aCTH, & €e YacCTb, CBI3aHHAA C (PYHKIUsI-
MU HETTPEPLIBHOTO CIIEKTPA 1k, OYIET MTOCTEMEHHO PACTIIHI-
BaThCsI CO BPEMEHEM.

Kosddurmentst a(k), b; pasnoxenns (4.57) MOKHO Hafl-
TH B COOTBETCTBUH C BBIPAKEHUAMHA

a(k) :/di”mp,kzp(o,r),
b = /di”mpjw(o,r). (4.59)

31€Ch TPEIIIoIAraeTCs, 9T0 B3AThI JefcTBUTEIbHbIE (DYHK-
MU JUCKPETHOTO CHEKTPa, HOPMUPOBAHHBIE HA, €IUHUILY:

[ dPry? =1.

3amaua 4.3.1. HauwaavHoe cocmosHue KEAHMOBOUT 4a-
CMUYDL 00emcs, HOPMUPOBAHHOT HA eOUHUYY PYHKYU-
eti (0,7) = [k/(2m)]Y/?2r~Lexp(—kr). Haiimu xosg-
duyuenm b 6 pazaoorcenuu (4.57) no cobecmeentolm
dynkyuam onepamopa Illpédunzepa ¢ npumasazuearo-
wum Kyaonoeckum nomenyuasom.

4.3.1 VYpasuenue Illpénuuarepa mada cBo-
0O0OHOI YaCTUIIBI

Ecan Buemanit morentnan U paBeH HYJITIO, TO MBI MOy YaeM
u3 (4.54) ypasuenue [[Ipéaunrepa st CBOGOIHON YaCTHUIIBI
L V2, (4.60)
ot

KOTOpOe 110x0K€e Ha ypasHenue auddysun (4.33). Kak mbl
nokasaian B paszmene 4.1.3, ormbaioas BOJTHOBOTO OIS
omuchiBaeTcs TeM ke ypasuenuem (4.60) (¢ yguerom mepe-
MacmTabupoBKu KOOpauHAT). Takum 00pa3oMm, ypaBHEHUE

(4.60) HOCHT yHUBEpCAJIbHBINA XapakTep.
Paccmorpum 3anavay Kown mius ypasuenus (4.60). Kak
1 B ciy4ae ¢ ypapaerueM gudgysuu, s ee perrenns -
bEKTUBHO HCITOIL30BATH TpeobpasoBanre Oyphe, MOCKOTb-
Ky B @ypbe-mipecTaBIeHNN IBOJIONMMOHHAS 33/1a9a PeIa-
ercsa sBHO. [Tepexoist 3aTemM 00paTHO K TPOCTPAHCTBEHHOMY

[IPEJICTaBIEHUIO, HAXO/IUM BbIparKeHUe

z— )2
vitw) = [ Pt [1E 2V vy, @on

anasiorngsoe (4.36).

Bamaua 4.3.2. Hatmu ananoe npedcmasaenus (4.61) oan
ypasrenus —ioph = (02 — 85)1/}.

O/HAKO HMEeTCs U CYMIECTBEHHOE PA3/IHINe MEXKJly Bbl-
paxennsivu (4.36) u (4.61). B To Bpems KaK He CyIIeCTBYeT
HHTErPAILHOTO MIPEICTABIICHNS, TO3BOJISIONIEr0 BOCCTAHO-
BuTh 4(0,x) o u(t,x), Beipazkenne (4.61) momyckaer 06-
paIlleHUE [0 BPEMEHH:

z — )2
v0.2) = [ A oxp | i Tyt

DTO CBA3AHO C PATUIHBIM XaPAKTEPOM HPOIECCOE, ONUCHI-
Baembix ypaBuenusivmu (4.33) u (4.60). Ypasuenue nuddy-
3un (4.33) ONUCHIBAET JUCCUTIATUBHDIH TIPOIECC, BEAYIIUi K
PACILIBIBAHUIO CO BPEMEHEM JIOKATU30BAHHBIX T10JI€H, CMOT-
pu Bbipaxkenus (4.37,4.39). Ilosromy ypasuenue auddy-
3uu (4.33) He ponyckaer oOpalleHUusl BpeMeHU. Y PaBHEHUE
xke [Ipénunrepa (4.60), kKak, Bupouem, u ypasuenue (4.54),
obpaleHne BpeMeHn JOIyCKAeT: OHO MHBAPUAHTHO OTHOCH-
TeJbHO 3aMeHbl t — —t, 1) — ¢*. [loaromy Hapsay c mpsi-
MbIM Bbipazkenuem (4.61) paboraer u 0OpaTHOE eMy BbIpa-
JKEeHHe.

Bapnaua 4.3.3. Halimu das ce0600n020 ypasnerus Ilpé-
JuHzepa AcCUMNMOMUYECKUE GHPAHCEHUA, OHAN02UY-
noe (4.37,4.39).

3agaua 4.3.4. Hatimu pewenus 0dnomeprozo c60600H020
ypasnenus Illpédunzepa 0as caedyrUWUT HAYGALHOLL
yeaosuti: 1) (0,z) = exp[—22/(21%)]; 2) ¥(0,2) =
x exp[—x?/(20?)].

4.4 CopaBodYHbBbIE MAaTEPUAJIbI K TJIa-
BE

B Hacrosiem pa3aese Mbl TPUBOAUM CIIPABOYHBIE TAHHBIE,
HEOOXOINMBIE I TTOHUMAHUsT W3JIOKEHHOTO B HACTOSIIEH
TJIaBe MAaTepUasia W PerieHns TPUBEIeHHBIX 3a1a4.

4.4.1 MeToxn xapakTepuCTHK

Metox XapaKTePUCTHK [TO3BOJISIET CBECTHU PEITIeHne OIpeie-
JIEHHOTO KJIACCA YPABHEHWH B YACTHBIX MIPOM3BOIHBIX K Pe-
IIIEHUI0 OOBIKHOBEHHBIX In(pdepeHInaIbHbIX YPABHEHHI.
A uMeHHO, OH IPUMEHUM K YPABHEHHUSIM, KOTODBIE COZIEp-
JKAT TOJIHLKO MEPBLIE TTPOU3BOJHBIE U JIMHEHHBIM TIO THUM
mpom3BOAHBIM. Takoe ypaBHEHME MOYKHO 3aIMUCATH B BUJIE

99

9t +VVg=f, (4.62)
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rme g — uckoMas (DyHKIWs, 3aBUCAIAS OT BPEMEHH t
U KOODAWHAT & MIPOCTPAHCTBA MPOU3BOIBHON Da3MEPHO-
cri. “Ckopocts” V' u “nakadka”’ f SBASIOTCS HEKOTOPHIMHA
GYHKIAMY BpEMEHN U KOODJINHAT, ¢, T, a TAK¥Ke CaMOi Hc-
koMol dyukuuu g. Torga perienue ypasuenus (4.62) mo-
KeT OBITH MOCTPOEHO cieayiommuM obpaszoMm. Hamo maiiTh
pelieHud ypaBHEHUA

dg

— = 4.
Y-, (4.63)
dx

—=V. 4.64
7=V (4.64)

Tpaekropuu, ouucbiBaeMmbie ypapuenueMm (4.64), na3bia-
IOTCS XapaKTEPUCTAKAMU CUCTEMBL. UTOOBI HANTH 3HAYCHTE
GyHKIIMM ¢ B MOMEHT BPEMEHH ¢ W B TOYKE &, HEOOXOIAMMO
B35Th XapaKTEPUCTHKY, KOTOPas 3aKAHINBAETCA B MOMEHT
BpeMeHH t B TOUKe . IIoc/ie 3TOro Halo PEIIuTh ypaBHEHHE
(4.63) B1OJIb 3TOI XaPAKTEPUCTUKH, UCIIOJIL3Ys B KAYECTBE
HavaJIbHOTO yeiorus g(tg, o), TAe to — HaYaIbHOE BpEMs,
P KOTOPOM 3aJaeTCsl HAYAIbHOE YCJIOBHE Ha, (DYHKIIHIO ¢,
a Ty — TOYKA, B KOTOPOH HAXOIUTCH PEIIEHNEe ypaBHEHWS
(4.64) B HAUATBHbIA MOMEHT BPEMEHH to.

3anaua 4.4.1. Hatmu pewenue ypasrenus (4.62) 0as
cdeuzo6020 noas Vy = sy, Vy, = 0 ¢ nyaesvmu nawaab-
HOLMU YCAOBUAMY U cmamuyeckozo noas f(x,y) =

0. F(z,vy).



I'maBa 5. ABTOHOMHBIE CHCTEMEI

58

T'nasa 5

ABTOHOMHOBIE CUCTEMBI

B orcyTcTBuHE BHEITHErO BO3IEUCTBUSA WM B CIydae, KO-
I3 OHO CTAIMOHAPHO, (BPU3WIECKasi CUCTEMa, ONMUCHIBAETCS
YPABHEHUSIMU, KOTOPbIE HE 3aBUCAT sIBHO OT BpemeHu. Ta-
KU€ CHUCTEMbI HA3bIBAIOTCH aBTOHOMHBIMU. Vbl Oy1em unTe-
pecoBaThCs CayvaeM, KOraa JUHAMUYEeCKNe YDAaBHEHNS aB-
TOHOMHO CUCTEMBI ABJIAIOTCA CYIIECTBEHHO HEJIMHEIHBIMU,
9TO MOXKET NPUBOJAUTH K JOCTATOYHO CJIOKHOMY JIMHAMHU-
YeCKOMY IOBEJIeHUIO, BKJII0Yad XaOTHYEeCKHUIl PerKuM.

5.1 ®PukcupoBaHHBbIE TOYKH U IIpe-
JeJiIbHbIE ITUKJIbI

B mamnOM pasmesie MbI pACCMOTPUM DEIEHUsT ABTOHOMHOI
CHCTEeMbI OOBIKHOBEHHBIX TudHepeHnaaIbHbIX yPaBHEHHIH,
CPeJ KOTOPbIX BCTPEYAIOTCs CTAlMOHAPHbIE (HE 3aBUCSH-
7€ OT BPEMEHH) DeIeHusi. DTH PEIIeHNUs] COOTBETCTBYIOT
HEKOTOPBIM TOYKAM B (DA30BOM ITPOCTPAHCTBE, KOTOPHIE Ha~
3BIBAIOTCS (PUKCHPOBAHHBIMU TOYKaMU. Vbl HCCIIEIyeM TI0-
BeleHne pelreHnss BOMU3N (PUKCHPOBAHHBIX TOYEK U Pac-
CMOTPHUM TAK2K€ TaK HA3bIBAEMbIE IIPe/IeJIbHbIE ITUKJIbI.

B npocreiimem cirydae oaHO MEpEMEHHON T aBTOHOMHOE
nuddepeHInanIbHOe YPAaBHEHNE UMEET BU]T

dz/dt = v(x). (5.1)

Ypasuenue (5.1) MOKHO paccMarpuBarb, KAK yDaBHEHUE
JBUXKEHNS TOYEYHOU YaCTHIIbI, MMEIOIell KOOPAWHATY T,
TOT/Ia ¥ — CKOPOCTH 3TO# yactuiibl. CTarmoHapHbie perire-
Husi ypaBHeHus (5.1) ompenesnsiiorcs KOPHAME yDaBHEHUS
v(z) = 0. Ecam rakoii KOpeHb &, CyLIECTBYET, TO T = Iy
SIBJIAETCH CTallMOHAPHBIM pelnenueM ypasaenus (5.1). Tou-
K& T = T, HA3BIBAETCs (DUKCUPOBAHHON TOYKON ypaBHEHS
(5.1).

Paccmorpum moBesienune perenns BOn3u (HUKCAPOBAH-
Hoit Touku. Ipu z, 6iuskux K x4, GyHkuus v(x) MoKer
OBITH pa3yioXKeHa B pss Teiopa. I maBHbIi wmeH 3TOro pas-
JIOKEHUST UMEET BU/T

v(z) = alx — xy). (5.2)

Pewenue suneitnoro ypasuenus dz/dt = a(x — x,) umeer
BUI & — 2, x exp(at). Takum obpasom, pu « > 0 TouKa
yaansiercss oT (bUKCUPOBAHHONW TOYKH X, C TEIEHWEM Bpe-
Menu. B atom ciayuae dbukcupoBaHHast TOUKA HA3bIBAETCS
umeycroitanBoil. [Ipu o < 0 Touka x npubnauxkaercs bukcu-
POBAHHON TOYKE T, C TedeHweM BpeMeHH. B sTom ciydae
dukcupoBaHHas TOYKA Ha3bIBaeTCs ycroitunpoit. Ormerum,
YTO BO3MOXKHA CUTYAINs, KOT/Ia & C TEYeHNEM BPEMEHH yXO-
JUT Ha OECKOHEYHOCTH. B 3TOM Cilydyae OECKOHEYHOCTH Be-
et cebs momoOHO yCTORINBOM (PUKCHPOBAHHON TOUKE.

IMosenenue pemenus ypaBuenus ypapuenus (5.1) moxer
OBITh KQUEeCTBEHHO OMMCAHO, €CJIM M3BECTHBI €r0 (PUKCHPO-
BaHHbBIE TOYKH, TO €CTb pentenus ypapuenus v(x) = 0. Tou-
Ka T “OTTAJIKHBAETCS OT HEYCTOMYMBBIX (DUKCHPOBAHHBIX
TOYEK U “TIPUTATUBAETCS’ K YCTOWUUBHIM (DUKCUDOBAHHBIM
roukam. Ecan mHymn dyHKImN v(z) He SBISIOTCH KPATHBI-
mu, pyHKIUA v(2) MEHIET 3HAK B KAXK10i (DUKCUPOBAHHOI
TOYKe. BesieicTBre 3TOr0 Mpou3BOIHAS (v MEHSIET CBOM 3HAK
OT OIHOI (PUKCHPOBAHHON TOYKH K APYTOil MPHU yBEIHdIe-
vuu x. Jpyrumu ciaoBamu, yCTOHYUBBIE M HEYCTONYUBbBIE
durcupoBaHHbie TOYKHU Yepeayorcs. OTCIoma Caemayer, 9To
pY yBeJUYeHuu ¢ yCcTOiunBas (DUKCUPOBAHHAST TOYKA, CO-
Oupaer B CBOell OKPECTHOCTH PEIIeHWs, JIJisi KOTOPBIX T B
HAYAJIBHBIT MOMEHT BPEMEHHU IMOMaIaeT B OJUH U3 MPHUJe-
PaloMIMX K 9TOM TOYKE HHTEPBAJIOB, KOTOPBIE OIPDAHUYIUBA-
FOTCSI COCETHUMU HEYCTOWUMBHIMU (DUKCUPOBAHHBIMY TOY-
KaMH.

3amaua 5.1.1. Hatlimu pewerue ypasreHu

dr 3 o dr 3

— =z’ - —=x—z.

dt dt

Ybedumuvca, wmo nosedeHnue peweHus COOMBEMCMEY-

em npuset?em—wﬂ 6 mekcme KavecmeeHHol KapmuHe.

OTeIbHOrO PACCMOTPEHUS 3aC/IyKUBAET CIydail Kpar-
Horo kopusa dbyukimu v(z). Jjig AByKpaTHO BBIPOKJIEHHO-
ro KopHs BOMM3H Hero v ~ B(x — x,)?. Ipoanamusupyem
pelIeHre yPaBHEHUS

d/dt = B(x — z,)?, (5.3)

KOTOPOE OIMUCKHIBAET TOBEIEeHNE T BOIN3N (PUKCHPOBAHHOM
TOYKHU. EFO pemenne nMeeT BUJL

1

T — Ty Bty (5.4)
rje to — HEKOTOpasi KOHCTAHTA, KOTOPAs ONPEIeIsieTcs Ha-
YaJabHBIM 3HaYeHmeM T = Ty upu ¢t = 0. [ToBenenne peme-
Hud 3aBUCUT OT 3HaKa [(xg — 2x). Ecu f(zg — zy) > 0,
To to > 0. B arom ciyuae |z| crpemuTcst K GECKOHEUHOCTH
upu t — tg. Ecim B(xg — x4) < 0, 10 tg < 0. B 3T0OM Ci1y-
qae |x| crpemurcs K x, npu t — 0o. Takum ob6pazom, sra
GUKCHPOBAHHAS TOUKA SABJASIETCS “TIOTYyCTONIUBOIL .

Bamaua 5.1.2. IIpoanasusuposams nosedenue peuweHus
680AU3U PuKcuposarHoli Mmouky, i KOMopot KopeHs
v(Z) ABAREMCA MPETKPAMHO BBPOAHCIEHHBLM.

Ilepeiimem Temeps K aBTOHOMHON CHCTEME ABYX OOBIKHO-
BEHHBIX Iu(PEepeHITNATPHBIX YPABHEHHUI TEPBOTO MOPSIIKA,
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JITsT JIBYX CKAJISIPHBIX [TEPEMEHHBIX X, Y. DTa CUCTEMA, 3allk-
CBIBAETCS B CJICJYIONIEM BH/JIE

L ) D =ulmy), (55
rae v u u — HekoTopbie dhyHkimn z, y. Cucremy (5.5) MoK-
HO DacCMaTpHUBATh, KaK yPaBHEHHE, OIPEIEesIONnee Tpa-
€KTOPHUIO JBYMEDPHOTO JIBUYKEHWS TOUYEIHOW FaCTHUIIBI, TI0-
JIOXKEHUE KOTOPOil onpezensercs Koopaunaramu (z,y), To-
raa (v,u) — KOMIOHEHTBI CKOPOCTH 3TON yacTuibl. s
OJ/THO3HAYHOIO OIPEJIEJIEHUs] TPACKTOPUH HEOOXOAUMO 3a-
JIaTh HAYAJIbHBIE YCJIOBUSI, HATIPUMED, TTOJIOKEHIE TaCTUIHI
(z0,yo) B HauaabHBI MOMeHT Bpemenu. OOpaTUM BHUMA-
HHEe HAa TO, 4TO Ternepb HEOOXOIMMbBI /1B CKAJSIPHBIX Ha-
YAJIBHBIX YCIOBHUSI, YTO COOTBETCTBYET YHCITY TEPEMEHHBIX.

st aBTOHOMHOI#T cucrembl, Korjga dyHkiuu v u u B (5.5)
HE 3aBUCIT OT BpeMeHu f, (pOpMa TPAEKTOPWH, TTPOXO/Is-
el depe3 HEKOTOPYIO TOYKY (Zo,Yo), HE 3aBHCHT OT MO-
MEHTa, BPEMEHHU t, KOTJa 3TO mpoucxoaut. pyrumu cio-
BaMu, Ha miaockocTu X — Y mMeercss COBOKYIIHOCTD HE 3a-
BHUCSIIUX OT BPEMEHU TPACKTOPUH, 1O KOTOPBIM JIBHKET-
cs MaTepuajbHAs TOYKA, MOMABIIAS HA Ty TPAEKTOPUIO.
OTa COBOKYITHOCTb HA3BIBAETCS (DA3OBBIM MOPTPETOM CH-
crembl ypaBreruii (5.5). 3amernm, uro dyukimn x(t), y(t)
33/IA10T 9TU TPACKTOPUHU MAPAMETPUIECKH, TAPAMETPOM XKe
cyKuT “Bpems’ t.

Baxkuyio posib B XapaKTepUCTUKE JIUHAMHUKUA ABTOHOM-
HOIl cucTeMbl ypaBuenuit (5.5) urpaior (bUKCUPOBAHHBIE
TOYKU ITOU CHCTEMBI, KOTODPBIE OIMPEIEIAIOTCA CUCTEMO
ypaBuennit v = 0, u = 0. IIpexkae Bcero, 09eBUIHO, ITO
f00ast GPUKCUPOBAHHAST TOYKA, SBISETCS HE 3aBUCIIIEM OT
BPEMEHU PelleHreM aBTOHOMHOI cucrembl ypapuenuii (5.5).
IIpoananu3upyem moBeeHve TPAECKTOPHUil BOMM3N (DUKCH-
poBanHO# TouKu. OCOOBI MHTEPEC MPEICTABISET YCTONIN-
Bble (pukcupoBaHubie ToUYKHU. [1o ompenenenuio, dpuxkcupo-
BAaHHAd TOYKA ABJIAETCA YCTOMYMBON, €CJIU IIPU POCTE Bpe-
MeHH t K Hell CTPEMUTCS JTI00ast TPACKTOPHS, HAUNHAIOITHE-
Cs B HEKOTOPO OKPECTHOCTH ITON (PUKCUPOBAHHON TOUKH.

Paccmorpum perynapryio GpUKCHPOBAHHYIO TOUKY T f, Y f
cucreMbl ypasaenuii (5.5), BOIU3U KOTOPOH IVIaBHBIE HJjIe-
HBI pa3nmoxkennsa pyHKnuit v u v B pay Teitmopa TuHEHHBI
0o x — xy, Yy — Y. BOmmsn Takux HUKCHPOBAHHBIX TOYEK
BO3MOXKHO Pa3JIndHOe HOBeJIeHre Tpaekropuit. IIpoanasiu-
3upyem 3T0 moBenenne. [lomecTnm (HUKCUPOBAHHYIO TOUKY
B HAYaJI0 KOODJMHAT, YTO BCErJia MOXKHO C/IEJIaTh 33 CUYEeT
C/IBUTA TIEpeMeHHbIX x,y. Torma cucrema ypasuenuii (5.5)
BO/IM3M HAYaAIa KOOPAUHAT OyIeT MMeTh BH]L

a(0)-C ) () oo

IJe KOMIOHEHTHI Marpuibl M OIpPeessorcs MepBbIMIt
NPOM3BOAHBIMHA U, U, B3ATHIMA B (DMKCHPOBAHHO! TOUKe.
Perenue cucrempr (5.6) MoxkeT OBITH BBIPAXKEHO Hepes3
COBCTBEHHbIE BEKTOPBL 1 COOCTBEHHBIE 3HAYEHUST MATPULIDL
M. TIpeJcTaBuM peleHne B BUJIE d1(t)ar + ¢a(t)as, taoe
a; u ay — cobcrennbie BekTOpsl Marpuis M. Ilogcra-
HOBKa 3TOr0 BBIpazKeHus B (5.6) MPUBOIMT K yPABHEHUAM

Puc. 5.1: TpaekTtopuu B OKPECTHOCTH y3JIOBO#l (DUKCHPO-
BaHHOHN TOYKH.

d¢1/dt = /\1¢1, d¢2/dt = /\2¢2, rae /\1,)\2 — cODCTBEHHBIE
3HadYeHust MAaTpullbl M. DTu ypaBHEHUST HEMEJJIEHHO Pellia-
IOTCS ¥ MBI HAXOIUM ODIIee perreHune

< z ) =c1aq exp()\lt) + coa2 EXP(AQt). (57)

31ech ¢1, Co — KOHCTAHTBI, KOTOPHIE OMPEIEIISIOTCS HAYA b~
HBIMU YCJIOBUSIMU.

Paccmorpum ciygaii qeficTBUTEIBHON MATPUIIHI M. Cob-
CTBEHHDBIE 3HAYEHUsSI A1, Ao OIMPEIETSAIOTCS U3 XapaKTepH-
cTUYecKoro ypasrnenus det (M — 1) = 0. B namen ciyuae
9TO KBaJIpaTHOE yPaBHEHUE C JeficTBUTEThHBIMU KO DU-
[IMEHTAMHU, TO €CTh A1, Ay MOT'YT OBITh HaligeHbI IO GOp-
mysnam Buera. B 3aBucmMocTn OT 3HaKa AWCKPUMUHAHTA
A1, A2 MOTYT OBITH JE€HCTBATEILHBIMU WU KOMILTEKCHO CO-
npsikenabiMu. PaccMoTpuM passindnble BO3MOXKHOCTH.

Ecmu A1 > 0, Ay > 0, TO 100asi TpAEKTOPUS YXOIUT U3
bUKCHPOBAHHON TOYKM, KOTOpPAs B ITOM CJIy4Iae HA3BIBA-
€TCs HEYCTOHYIMBBIM y3JIoM. TpaekTopun BOMWM3W Yy3JI0BO
durcupoBaHHON TOYKM MOKa3aHbl Ha pucyHke 5.1. Ecam
A1 > A2, TO rOPU3OHTAJIbHBIE JIMHUHA COOTBETCTBYIOT ¢ = (),
a Beprukajbhbie — ¢; = 0. B cumy Ay > Ay Ha GObIIHX
BPEMEHAaX TJIABHBIM B BbIpaykeHuu (5.7) CTAHOBUTCS MEPBOE
ciaraemoe (eciu ¢; # 0), IO3TOMY TPAEKTOPUM CTPEMSITCSI
CTaTh TOPU3OHTATBHBIMU. Pucynok 5.1 coorBercTByeT op-
TOTOHAJIBHBIM BEKTOPAM @1, G2. KCIM OHU HE OPTOrOHAIb-
HbI, TO CUCTEMA TPAEKTOPUIl I€PEKAITNBAECTCH.

Ecmm A1 < 0, Ay < 0, 70O 7106251 TPACKTOPHUS C POCTOM ¢
CTPEeMUTCsT K (DUKCUPOBAHHON TOYKE, TO €CTh B 9TOM CJIydae
OHA SIBJIIETCH YCTONYMBO#, Takas (DUKCHPOBAHHAS TOYKA,
Ha3BIBAETCs YCTONYIMBBIM y370M. IloBemeHme TpaekTopwmit
BOJIN3HU YCTONYINBOIO y3J1a HILTIOCTPUPYETCS TEM YKE PHUCYH-
KoM 5.1, HO TOJIBKO IBUKEHUE IO TPAEKTOPUSIM TTPOUCXOIUAT
B Ipyryo ctopory. Omarsh ke, pucyHoK 5.1 COOTBETCTByeT
OPTOTOHAJILHBIM BEKTOPAM a1, Qo. Kcjam OHM HE OpPTOro-
HAaJIbHBI, TO CUCTEMA TPAEKTOPUil MEPEKAITUBACTCH.

Ecmu 3naku Ay m Ay pa3andHbBI, TO TaKas TOYKA HA3BI-
Baercsa cemgioBoit. IloBenenue TpaekTopuit BON3U CEII0-
BOil (DUKCHPOBAHHOW TOYKM HJIIIOCTPUPYET PUCYHOK 5.2.
IIycts A1 > 0, A2 < 0. Torma ropu3oHTaIbHAS JIMHUS CO-
orBercTBYeT Cy = 0, a BeprukanpHas junausg — ¢; = 0. Ha
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Puc. 5.2: Tpaekropuu B OKPECTHOCTH CEJIOBOI (buKCHpo-
BAHHOHN TOYKH.

Puc. 5.3: Tpaekropuu B okpecrtnocru hokaabHoil bukcu-
POBaHHOIT TOYKH.

GOJILIINX BPEMEHAX IJIABHBIM B BbIpasKeHUH (5.7) CTAHOBUT-
cs mepBoe caaraemoe (ecau ¢ # 0), H03TOMy TPAaeKTOpuu
CTPEeMSATCS CTaTh rOPU3OHTANbHbIME. Pucynok 5.1 coorser-
CTBYEeT OPTOrOHAJIBHBIM BEKTOPaM @1, @2. Ecin onu e op-
TOTOHAJILHBI, TO CHCTEMa TPACKTOPWI TTePEKAINBACTCS.

3amayva 5.1.3. Hatimu pewenue cucmemsvt YpasHeHus

o dy _

P AT

Paccmorpum Teneps ciaydail, Korma A\; U Ay ABISIOTCS
KOMILJIEKCHBIMY (KOMILJIEKCHO COLPSIZKEHHBIME) YuCIaMu. B
TOM CJIYy4Yae U @1 U Qg TAKHKE SBJSIOTCH KOMILIEKCHBIMU
(KOMILJIEKCHO COMPSI¥KEHHBIME) BEKTOPAME. KTl MBI XOTUM
UMETh JeJI0 C NeHCTBUTEIbHBIM PEIIEHNEM, TO U KOHCTAHTHI
¢1 ¥ co B Boipaxkenuu (5.7) ciemyer BbIOPATH KOMIJIEKCHO
COIPSIZKEHHBIMU 9HUCTIAMU. B pe3yiabrare HaX0IuM

( ; > =2(dad — "a") exp(\'t) cos(\'t)
=2(c"a’ + 'a") exp(N't) sin(\'t), (5.8)
rme M =N +iN, e = +id’, a1 =a’ +1ia”.

[ToBemenne Tpaexkropuii BOIM3M (BDUKCUPOBAHHON TOUKH,
KOTOPask XapaKTEPU3yeTCsi KOMILJIEKCHO COMPS2KEHHBIMA A1

“ A9, MOKA3aHO HA pUCYHKe 5.3, Takas (DUKCHPOBAHHAS
TOYKa Ha3bIBaeTcsa (POKycoM. MbI BUAMM, 9TO TPAEKTOPHUHU
SIBJISTFOTCST CIIUPAJISIMU, PACKDPYYUBAIOIIUMUCS OT (DUKCHPO-
BaHHOH TOUKM mpu A’ > 0 W 3aKpyIMBAIOMIAMACA K (PUK-
cupoBannoii Touke mpu N < 0. Takmm obpaszom, ¢okyc
ABIIAETCA yCToRIuBbIM, ecaa N < 0.

OraenbHO coleyeT IMPOAHAIU3UPOBATHL CJydail, Korja
MaTpPHUIIA M CBOIATCS K KJIETKe Kopnana,

i-(3 1)

B sTom cirydae perienue siBIsieTCst IMHEHHOW KOMOWHAIIH-
eif IByX YJIEHOB, 3aBHCHUMOCTH KOTOPBIX OT BPEMEHU OIpe-
nessiercs MHOxKUTe MU exp(At) u t exp(At). Tpaexkropuu,
KOTOPBIE OLPEJEAIOTCS STUM DelIeHusM, BeayT cebs, Kak
B OKDPECTHOCTHU y3J1a, TPUYEM OH SIBJITETCS YCTOWUMBBIM,
ecm A < 0.

Vder caeayomux 3a JAHEHHBIMA 9JICHOB PA3JIOXKEHUS U
u u B pan Teitmopa 1mo &,y NPUBOAUT K MCKAKEHWIO TPa-
eKTOpuil, HAlIEHHBIX B JuHeiHoM mpubmkernn. OHAKO,
MTOKa, TOTPABKY K JIMHEHHOMY UJIEHYy B ¥ W U HEBEJIUKH,
TOBEJIEHNe TPAeKTOpuil BOIN3M y31a, cemya u hoKyca Ka-
YEeCTBEHHO OCTaeTCd TaKUM K€, KaK M Ha PUCYHKax 5.1-5.3.

B obmem ciydae dopma TpaekTopuii aBTOHOMHOH CH-
CTEMbI YPABHEHUN OIPE/EIAeTCs CAeAyOMUM yPABHEHIEM
TEPBOTO TIOPSIIKA,

Y ey, f= (5.9
KOTOpOe BhITeKaerT m3 cucremsl (5.5). VIMeHHO 3TO ypas-
Henne omnpezenser $a3oBbiii mopTper cuctembl. OOpaTum
BHUMAHUE HA TO, YTO JWHAMHUKA CHCTEMBI HE OIPEIENISAET-
Csl OAHO3HAYHO ee TpaekropusiMu ((ha3’oBbIM HOPTPETOM).
JefictBuTebHO, 3aMenus u u v B cucreme (5.5) va hu u hv
(rme h — wekoropast pyHKIUSA T, y), MBI IPUIEM K JIPYTOMY
JUHAMUYIECKOMY moBenenuto. B o ke spems B cuiy (5.9)
¢daz30BbIiT TOPTPET CHCTEMBI TP TAKOM IPEOOPA3OBAHUN HE
n3menunrcs. [Ipeobpazosanue v, u — hv, hu O3HaIaeT, I4TO
[IPOMCXO/IUT U3MEHEHUE apaMerpa t B OLPeIesiomuX Tpa-
exropuio bysrImax x(t), y(t).

3amaua 5.1.4. Hatlimu pewenue cucmems, YypasHeHUs

dx_ 2 dy_ 2
P T

B panme ciyuaes perienue ypasHenus (5.9) mo3Bosser
HAlTH MOJIHOE pelenue ucxoaHoi 3azaqu (5.5). eiicrBu-
TEJIbHO, €I B pe3y/brare penierus (5.9) yaaerca HaiiTu
dbopmy Tpaekropun y(x), TO MOACTAHOBKA 3TOrO BbIpazKe-
HUs B IpaByIO 4acTb ypasHenus dx/dt = v(z,y) upespa-
HIaeT ero B ypaBHEHHUe 1epBoro nopgaaka. Eciu u 31o ypas-
HEHHE YIAeTCs PEIUTh, TO MbI U MOJIy9aeM PEIeHUe UCXOI-
HO#t 3amaqn s (t). OyHkimo y(t) MOKHO 3aTeM HaiiTH,
[OCKOJIbKY Mbl 3HAEM 3aBUCUMOCTD Y(x).
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Puc. 5.4: ®az08Bbiit mopTper cucteMbl BOJIU3U yCTONIUBOTO
[PeIeJIbHOTO TUKJIA.

3amava 5.1.5. Hadmu pewenue cucmemvt YpasHerull

dzx 2 o dy
&2 Yoy
aw LY T

Asronomuas cucrema ypashenuii (5.5) 101ycKaeT TakxKe
TaK HA3BIBAEMBIE TPEIe/IbHbIE MUKJIbL. [IpeaebHbIM K-
JIOM Ha3bIBAETCS 3aMKHYyTasi TpaekTopus. B obiem ciayuae
TPAEKTOPUH BOJIU3U MPEAETHHOrO IUKJIA HE ABJIAETCH 3a-
MKHYTBIMH, TO €CTh MPEJETbHbBIA UK SBJISETCS U30JUPO-
BAHHOM 3aMKHYTOI TpaekTopueil. TpaeKTOpuu B OKPECTHO-
CTH TIPEJIEJIBHOTO ITUKJIA MOTYT “HPUTATHBATHCS K IUKJILY
uin “OTTaJIKUBATHCS OT HEro. B mepBoM ciiydae UK Ha-
3BIBAETCH YCTOWYUBBIM, & BO BTOPOM CJIy4ae — HEYCTOHYHU-
BbIM. THUIIMYHOE yCTPOWCTBO TpaeKTOpuii BOIN3M yCTONIN-
BOT'O MPeJeIbHOrO IHUKJIA MOKA3aHa HA PUCYHKe 9.4.

3amada 5.1.6. Halmu npedeavmvili 4uka cucmemst Ypae-
Hernul
dx

= = yta(l =),

dt 7

ede 12 = 2% + y2. Yemanosumn ezo ycmotinusocm.
Hatmu nepuod daa 9mozo yukaa.

[IpuBenennbie CcOOOpPAXKEHUsT TO3BOJISIOT KAYECTBEHHO
OCTPOUTH (Pa30BBIA MOPTpPeT 000 aBTOHOMHOM CHCTe-
wmbl. IIpexxae Bcero, Hamo HaiiTh Bce (PUKCHPOBAHHDBIE TOU-
KU U TIPEIeIbHBIE IUKJIBI U YCTAHOBUTH TTOBEIEHIE TPACK-
topuit BOu3u uHux. [loBenenne rpaekropuii Brajum or (huk-
CHPOBAHHBIX TOYEK U MPEIAETbHBIX IIUKJIOB MOy 9aI0TCS IIy-
TEeM IKCTPAONANUU. TPaeKTOPUN HAYUHAIOTCS B HEYCTOMU-
9UBbIX (PUKCUPOBAHHBIX TOYKAX U 3AKAHUUBAIOTCS B YCTOMU-
quBbiX. OHM TaKKe MOIYT IPUXOAUTH U3 OECKOHEYHOCTH
U yXOAUTH HA OECKOHEYHOCTH, MO3TOMY TOBEIEHUE TPAEK-
TOpuUil TpU OOJIBINX 3HAYEHUSAX TEPEMEHHBIX TPEOYIOT OT-
JenbHOro aHamu3a. [IpeenbHble MUKIbI ST I0CKOCTD

T — Yy Ha OTAEeIbHBIE 00IaCTH, JI00ast TPAEKTOPHS OCTAETCs
BHYTPH TaKo# 00IacTH.

3amaua 5.1.7. Hapucosamo KAYeCmMmeeHHo Paszoewviil
nopmpem cucmemov, Yypasrenul
d d
d—gt: = —ysinuz, dit/ = (14 y?%) cos z.
5.1.1 VYpasuenme Bau nep Iloaa
Paccvorpum ypasaenune Ban aep Ionsa
02x + 2 = p(l — 2?)0,, (5.10)

KOTOPOE ObLIO BBEJEHO JJIsl OMUCAHUS PAOOTHI FEHEPATOPA,
ocaoBauuoro uHa L — C' koHType ¢ 00paTHOil cBsa3bi0. Oue-
BuzHO, ypasHenue (5.10) MoxkeT GbITH HEPENUCcaHO B BHUJE
CHCTEMBI JIBYX YPABHEHHI [EpBOro MOPAIKa,

dz/dt =y, dy/dt = —x + p(1 — 2?)y. (5.11)
Cucrema ypasuennit (5.11) mMeeT eIMHCTBEHHYIO (DHKCH-
posannyto Touky (0,0), koropas meycroiiuusa mpu p > 0.
Huxke MBI M3ydaemM MMEHHO 3TOT Cayd4ail, KOrja CHCTEMA
(5.11) obsragaer ycToRYUBbBIM LIPEIEJIbHBIM LHUKJIOM.

IMepenutem ypasuenue (5.14) B MOJAPHBIX KOOPIUHATAX
T =rcosp, y =rsiny:

dr/dt = p(1 —r? cos? )rsin? , (5.12)
dp/dt = —1 + p(1 — 72 cos?® ) cos psin . (5.13)

U3 ypasuenus (5.12) caemyer, 4ro npu GOJILIIUX 7° IIPO-
usBoauas dr/dt orpunarenbua. [losromy rTpaekropuu ne
MOTYT yXOJAUTh Ha GeckonedHOCTh. [lockonbKy mpu pu > 0
durcupoBannas Touka 0,0 HeyCTOWYMBA, MBI 3aKJIIOYAEM,
470 cucTeMa ypasHenwuii (5.11) obagaer ycTOWYUBBIM TIpe-
JIETTbHBIM TTUKJI0M. POpMa 3TOro mpeIebHOrO MUKJIA JJis
PA3JIMYHBIX 3HAYEHUIN IapaMerpa (@ MOKA3aHA HA PHUCYHKE
5.5.

3agauya 5.1.8. Hatimu @opmy mpaexmoputli cucmemol
nPU 6OADWUL 3HAYEHUAL T.

Kak caenyer us cucremst ypasuenuii (5.11), rpaekropuu
CHCTEMBI TAIOTCA yPABHEHUEM

dy _ pw(l —x?) — =, (5.14)

dx Y
[IpenenbHBIH MUK ABASETCS 3aMKHYTON TpaeKTOpHUeit, KO-
Topas gaerca ypasuenueM (5.14). B obuiem ciayuae ¢dop-
Ma MPEIETLHOrO MUKJIA MOXKeT OBbITh Ha/IeHA TOJBKO YUC-
senno. Tem He Menee, MbI MOXKEM YCTAHOBUTH HEKOTODBIE
ero obiue reomerpudeckue csoiicrsa. IIpexie Bcero, 3ame-
TUM, 9TO B CUJIy CAMMETpUH ypasuenus (5.14) npeneabHbrii
IIMKJI CHMMeTPUY€H OTHOCUTEIBLHO TPEe0OPa30BAHNS HHBEP-
cun x,y — —x, —y. angee, Ha rpaHUIIaX WHTEPBAJIA 1O T,
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Puc. 5.5: ®opma npeneabHOTO UKIa ypaBHeHus Ban mep
Ilona na mnockoctr X — Y mpu pa3audHbIX 3HAUECHAAX I1a-
pamerpa fi.

BHYTPHU KOTOPOTO PACIOJIATAETCS TPEIETHHBIN IUKJII, TPO-
usBoanas dy/dxr obpainaercs B GeckoHeunocTb. [loaromy
9TW TOYKW TPEIETHHOTO TUKJIA JTOJKHBI UMETh KOOPINHA-
Ty y = 0, TaKk KaK TOJHKO IPU ITOM YCJIOBHUU OOPAIAETCsI
B GECKOHEYHOCTH TpaBas dacTh ypasHenns (5.14). Takum
00pa3oM, peneNbHbIH MUK Pa30MBAeTCI HA JBE CHMMET-
pUYHDbIE BETBH, JJis BepxHeil m3 KoTopnix y > 0, a ama
HrkHelt y < 0, CMOTPU PUCYHOK 5.5.

Paccmorpum coywait mameix p. Ilpm o = 0 ypaBHenme
(5.12) BBIPOXK/IEHO, OHO JAET B KAYECTBE PEIeHUs OKPY K-
HOCTh MTPOU3BOJILHOTO pajuyca r. UToObI yCTAHOBUTH 9TOT
pajauyc, HAJ0 YYeCTh HOMPABKY, CBA3aHHYIO C Y4JIEHOM C .
IIpu maubix p cucrema ypasaenwuii (5.12,5.13) gaer

dlnr

7 = —u(1 — 72 cos? ) sin? . (5.15)

B cuny cummerpun mpenesibHOrO IUKJIA TP U3MEHEHUH (O
ot 0 10 T paguyc r I0J2KEH BEPHYTHCA K CBOEMY HCXOIHOMY
sHadenunio. MHrerpupys mpaByio dacTh ypasHenus (5.15)
(mpu r = const) o yruy ¢ or 0 10 7 U IpUPABHUBAS De-
3yJbTAT K HYIIO, HAXOAUM 7" = 2.

Banaua 5.1.9. Hadimu nepsyro no [ nonpasky & r = 2.

IMpoananusupyem ¢hopMy NpeIeJbHOrO IUKJA ypaBHe-
nus Ban nep Iloast mpu GOIBIIAX 3HAYEHUSAX TAPAMETPA. L.
PaccmaTpuBaeM BepXHIOIO BETBb NPEAEILHOTO MuKJIa. 1lpn
2 < —1 3uavenue y masio. [Ipenebperas B ypasuenun (5.14)
JIeBOU 4aCTbIO, HAXOAUM

y=p"tz/(1 —2?). (5.16)

ITO pelreHne TepsieT CBOIO MPUMEHUMOCTb BOm3n © = —1.
IIpu = > —1 3nagenune y, Haobopor, Beauko. I[loatomy B
ypasuenuu (5.14) MOXKHO npeHe6pedb HOCJIEIHUM YJIEHOM.
Nurerpupys ocTasineecsi ypaBHEHUE C TPAHUYHBIM YCIOBHU-
em y = 0 npu x = —1, HaxOAUM

y = p(x —x3/3+2/3). (5.17)

IT0 pelieHre JOCTUTaeT MaKCUMyMma 1pu = 1 u obpa-
maercst B HOIb mipu & = 2. OkpectHOoCTH TOYKU T = —1,
r7e TPOWMCXOMUT TEPEXO C OJHOIO PEKWUMA HA JAPYToi, u
TOYEK r = =2, /e MPOUCXOAUT TEPEXOM C OTHOUW BETBU
Ha BTOPYIO, TPEOyeT CIennaabHOro aHaan3a. IlomydeHuyio
dopmy HpenesbHOrO MUKJIA MOYXKHO YBUJAETH HA PHUCYHKE
5.5 npu 60bLIIUX U.

3agauva 5.1.10. Hatmu nepuod npedesvhozo yukaa ypas-
Hnenus Ban dep Ioas npu 60AbWUT 3HAUEHUAT NAPG-
MEMPa (1.

3agaua 5.1.11. Ilpoaraausuposamsb nosederHue pPewerus
ypasnenus (5.14) ebausu mourwu x = —1 npu 6oavwus
3HAYEHUAT TAPAMEPG [b.

amaua 5.1.12. Ilpoanasusuposamsb nosederue peueHus
ypasnerus (5.14) 6bausu mouku r = 2 npu 60ALWUT
3HAYEHUAT NAPAMEMPE L.
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5.2 Budypkarun

Budypkarnmeit Ha3bIBaeTCA KadeCTBEHHOE H3MEHEHHe ¢a-
30BOI0 HOPTPETA CHCTEMbI [IPA M3MEHEHHH OJHOI'O WJIH
HECKOJIbKUX MapameTpos. Hanpumep, dbukcnpoBantas To4-
Ka MOXKET U3 YCTOWYUBOH CTAaTh HEYCTOMIMBOM, 9TO CONPO-
BOKTAETCS TIEPECTPOIKOM (PA30BOrO MOPTPETA.
IIpocreitmmit Tun 6ndypKraum 1aeTcs ypaBHEHHEM

Z—f = — 2> (5.18)
Ecan mapamerp p oTpuiaTesieH, TO & 3a KOHEYHOE BpeMsi
YXOIUT B MUHYC beckoneuHocTh. Ecin e mapamerp j mo-
JloxkuTesie, To ypasaenue (5.18) umeer nBe puxkcupoBaH-
Hble TOYKHN T = =+, /1. Hecnoxmno ybeaurbes, 4ro dukcupo-
BaHHAs TOYKA T = ,/[i ABJIAETCA yCTONIUBOM, a dukcupo-
BaHHAS TOUKA T = —,/[ ABJIgeTcS HeycToitunmBoit. Taknm
obpa3oM, ecyin HavYaJIbHOE 3HAUEHUE T JIEKUT B MHTEPBA-
jae —,/[ < Zg, TO C TeYEHHEeM BPEMEeHH T NMPUOIMKaeTCa K
bukcuposannoii Touke /i, & ec/ii HadaIbHOE 3HAYEHHe T
JIEZKUT B UHTEpBajie Tg < —,/fl, TO T 3a KOHEYHOE BPeMs
YXOIUT B MUHYC OECKOHEYHOCTb.

3amayva 5.2.1. Hatimu epemas, 3a K0mopoe peuweHue ypas-
nenua (5.18) obpawaemca 6 munyc OeckoHewHOCMb
npU OMPUYANENLOHOM [4.

Takum 0O6pa3oM, MpU MPOXOKJAEHNN TTAPAMETPA (L Uepe3
HOJIb TIOBEJIeHNE peltienuii ypaBHeHus (5.18) KadecTBeHHO
MeHseTcs. Takoe m3MeHEeHHe W HA3bIBAETCA OndypKaimeit,
a 3HaYEHHEe MMapaMeTpa, MPpU KOTOPOM IPOUCXOaNT 6udyp-
Kalusi, Ha3blBaeTcsd KpurudeckuM. s ypasuenus (5.18)
KPUTHUYIECKNM 3HAYEHNEeM mapamerpa j sBisiercs p = 0.

CurerytonuM NpuMepoM SIBJISIETCSI yDaBHEHHE

dr _ px — x>, (5.19)
dt

Ecsu napamerp p orpunaresen, 1o ypasaenue (5.19) umeer
€INHCTBEHHYIO YCTOWINBYIO (DUKCUPOBAHHYIO TOUKY = = (.
IIpu mosmoxkutespbHbIX pt (ukcupoBanHas Touka = = 0
CTAHOBUTCA HEYCTOWYMBOIl, & BO3HUKAIOT JIBE YCTONYUBbBIE
dbukcuposannbie Toukn r = 4,/p. Takum o6pazom, npu
KpurudeckoMm 3uHadenuu (4 = 0 npoucxogur 6udypkanusd,
KOTOpast 3aKJII0YAETCS B TEPECTPOiiKe cucTeMbl (huKcmpo-
BAHHBIX TOYEK.

[lepexommm Temeph K CHCTEMAM C ABYMs TE€PEMEHHBIMHU.
Kak wm3BecTHO, B 3TOM Ciiydae BO3MOXKHBI Da3/IMIHbIE THU-
bl [OBeJieHus, cMOoTpu paszen 5.1. Paccmorpum cucremy
ypasuenuii (5.6), KOTOpas OMUCHIBAET MOBEJICHUE CHCTEMbI
BOIM3M (PUKCHPOBAHHOM TOYKU. JTO TIOBEICHNE 3aBUCUT OT
COOCTBEHHBIX 3HAYEHUI MATPHUIIHI M. Ecin o6a cobcTBeH-
HBIX 3HAYEHUSI A1, Ay OTPUNATEIbHBI, TO Mbl UMEEM JEJIO C
YCTOWYUBBIM y3JIOM, €cjid 00a 3T 3HAYEHUs HOJIOKHUTEhb-
HbI, TO MbI UMEEM JI€JI0 C HEYCTOMYUBBIM Y3JI0M, & €CJIH OJ[HO
U3 3TUX 3HAYEHU MOJIOKUTEILHO, 8 APYTrOe OTPUTIATEIBHO,
TO MBI UMeeM JIeJi0 ¢ ceyioM. TakuMm oOpa3oM, eciu mpu
M3MEHEHUN TapPaMeTPOB CHCTEMBI A\ WM Ay MEHSET CBOA

3HAK, TO MPOUCXOAUT OMdypKaIusi, CBI3aHHAS C M3MEHEHN-
€M XapaKkTepa MOBEIECHNs CUCTEMBI BOTH3U (PUKCHPOBAHHOI
TOYKW: y3€JI MEHSIeTCsT Ha CeJJI0 MW, HA00OpOT, CeI0 Me-
Hsiercsd Ha y3ea. OTMeTHM TakKe, YTO €CJIA MPU U3MEHEHUN
MapaMeTPOB MaTPUIIHI M y COOCTBEHHBIX 3HAYEHUHA A1, Ao
BO3HMKAET MHUMAasg 4acTb (TO €CTb OHM CTAHOBSITCH KOM-
[JIEKCHO COLPSIZKEHHBIMHE), TO y3eJl 3aMeHseTcs Ha (DOKYC.
dro emne ojud Tui GudypKamii.

Bosmozkubr OudypKyun, KOrma Mpu W3MEHEHUH Tapa-
METPOB CHCTEMbBI BMECTO OTHON (PUKCHPOBAHHON TOYKH BO3-
HUKAET TPW WA HAOOOPOT, OCTAETCS OIHA BMECTO TPEX.
OTOT MPOIECC ONUCHIBAETCA yPABHEHWEM, AHAJOTHIHBIM
(5.19). Bo3MoxkHO Tak:Ke BO3HUKHOBEHUE ABYX (DUKCUPO-
BAHHBIX TOYEK WJIM UX HCYE3HOBEHHUE. DTOT IPOIECC OIH-
CbIBAETCsL ypaBHEHMEM, aHaJloru4HbiM (5.18).

Bonee crnoxkubiM ciydaem  saBiadercd  OmdypKarms
Xomda, KOTOpas IPOUCXOJUT B CHCTEME yPaBHEHHII,
KOTOPBIE OMUCHIBAIOT OKPECTHOCTH (DUKCUPOBAHHON TOUKM
=0,y =0. 9Tt ypaBHEHUS UMEIOT BUJ

% = [(+9) + (a+ip)|2]"] 2, (5.20)

e z = r+1iy, a [, a, § — nedcTBuTebHbie KO3(DMUIHEHTHI.

[Ipu orpurarensHoM 1 pUKCUpOBaHHAS TOUKA 2 = () sIB-
asercss yeroitunpoil. Ecim o < 0 (sror caydail Ha3biBa-
0T CyNEePKPUTUIECKUM ), TO (DA30BbBIil HOPTPET yPaBHEHUSI
(5.20) me mmeer Gosblie HUKAKUX ocobenHocreil. Ecin xe
a > 0 (3ror cuayyail Ha3bBAIOT CyOKpUTUYECKUM ), TO (dha3o-
BbIii mopTper ypasaenus (5.20) umeeT HEyCTONUUBLIN Mpe-
JIeJIBHBIA UK pajuyca |z| = +/|p]/c«. Tpn nonoxuresns-
HOM (i (DUKCHPOBaHHAsI TOYKA z = () CTAHOBUTCS HEYCTON-
quBoii. B cymepkpuruyeckom ciaydae, o < 0, mpu moJo-
KATEJbHOM [t BO3HHUKAET YCTOWYWBBIA NPENeIbHBbIN MUKJI
pamuyca |z| = \/p/|a|. B cybrpurmaeckoM ciydae, o > 0,
TIPY TIOJIOKUTEIHHOM i TIPEIEIHHBIN [TUKJT NCIE3AET.

Takum obpasom, 6udypranus Xormda, KOTOpas MPOUC-
XOJUT MIPY U3MEHEHWHU 3HAKA [ (TO €CTh KPUTUYECKUM 3HA-
JenueM mapaMerpa p gpjgercd p = (), 3aK/II0YaETCH B
3aMeHe YCTORINBOM (PUKCHPOBAHHOM TOYKH HA HEYCTONUIN-
BYIO, YTO COIPOBOK/IAETCs JIMOO MCIYE3HOBEHHEM HEYCTOM-
YUBOIO IIPEEJIHHOIO IUKJIA, JuO0 BOBHUKHOBEHHEM yCTOM-
YUBOTO TpenesapbHoro mukaa. Kak w ciemyer w3 obmmx
MPaBUJI, yCTOWYnBasi (PUKCHPOBAHHAS TOYKA, MOXKET COIIPO-
BOXKJATHCA TOJIBKO HEYCTONYUBBIM TIPEIETHHBIM ITHKJIOM,
a HeycroiiuynBas (hUKCHUPOBAHHASA TOYKA MOXKET COIIPOBOXK-
JIATHCs TOJIBKO YCTONYUBBIM IPEIEIbHBIM IIHKJIOM.

3anaua 5.2.2. Hatimu 3akxoH deusicenus no npedesvbHoMy
yuKAY (ECAU OH CYULECTNBYEN), K KOTNOPOMY NPUGO-
dum pewenue ypasuenus (5.20).

3anaua 5.2.3. IIpoanasusuposamsv ycmoluusocms npe-
JENDHBIT YUKAOE 6 CYNEPKPUMUMECKOM U CYOKpUmMuU-
YECKOM CAYHAAT Oz YpasHenus (5.20).
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5.2.1 Mogeans Jlopenma

1o cux mop MBI OrPaHUYUBAJINCH PACCMOTPEHUEM ABTOHOM-
HBIX CHCTEM, KOTODPBIE OMWMCHIBAIOTCS OIHONW MEePEMEHHOM
WM AByMs TepeMmennbivMu. [Ipu mepexome K cucremam, Ko-
TOPBIE OMUCHIBAIOTCS OOJIBITUM YUCIOM TIEPEMEHHBIX, BO3-
HUKAET HOBas KAYeCTBEHHAsT OCODEHHOCTD — IIPYU HEKOTOPHIX
3HAYEHUAX [APAMETPOB JIMHAMHUKA CHUCTEMbl MOXKET OKa-
3aThCS XAOTUYIECKOM. DTO O3HAYAET, ITO TPACKTOPHUS CHCTE-
MBI HE MPUTATUBAETCI K KAKUM-JIN00 yCTONIUBBIM (DUKCHU-
POBAHHBIM TOYKAM WU MPEIETbHBIM IUKIAM, & ‘3amMeraer’
BCe (pa30BOE MPOCTPAHCTBO MJIM €r0 9acTh. JIpyrumu cio-
BaMH, Jijis JII000# TOYKH 3aMeTaeMoil 00/IaCTH TPACKTOPHUSI
OKayKeTCst CKOJIb YTOTHO DJIM3KO K ITOM TOUKeE, eCyii HaDJIIO-
JaTh €e JOCTATOYHO DOJIBIIIOE BPEMsI.

Cy1ecTByI0T pa3InYHbIE CIIEHAPUN [TEPEXO/IA K Xa0TUIe-
CKOMY TIOBEJIEHHIO CHCTEeMbI. VX 0OCy»K/ieHue BBIXOIUT 3a
PaMKH HACTOMAIIErO MOCOOHMsI, OHO MOXKET OBITh HAIEHO B
CTIEIUMAJIBHON JTUTeparype. 3/1ech Mbl TOJBKO KPATKO 00CY-
UM MOJENh JIOpeHIa, KOTopasi UCTOPUIECKH SBUJIACH TTED-
BOII MOJEJIBIO, B KOTOPOIl NI M3MEHEHUN €€ IIapaMeTpOB
HaDIIOMAETCS TIEPEeXO K Xa0THIECKOMY TOBedeHu0. B Ha-
CTOsIIIIEe BPEMsi U3BECTHO OIPOMHOE KOJIUYIECTBO MOTO0HBIX
MOJIeJIel, KOTOPbIE MOKA3bIBAIOT, YTO XaOTUIECKOE [TOBEJIe-
HUE $IBJISETCSI CKOpEe MPABUJIOM, UM WCKJIIOUEHUEM JIJIs
CHCTEM C YUCJIOM MEPEMEHHBIX 0OJIee IBYX.

Mogens Jlopenna hopMyaupyercs B BUe CUCTEMBIL YPaB-
HEHWI JIJIs1 TPEX NePEMEHHbBIX I, Y, Z, KOTOPbIe TOIIUHSIIOT-
Csl CJIEJIYTOIIUM YDABHEHUSIM

Or = o(y — x),
aty:x(r_z) - Y
Oz = xy — bz. (5.21)

3mech r,0,b — mapamMerpbl, KOTOPbIE CYUTAIOTCS [OJIOKHU-
TebHBIME. [lepexos K XaoCy TPOUCXOAUT TPU YBEJTHIEHUN
mapamerpa r. IlpuBemem HeOOJLIION aHAIN3 PEITeHns CH-
cremsl (5.21).

Cucrema (5.21) umeer dukcuposauuyio Touxy (0,0,0),
KOoTOpad ycroituuBa npu 7 < 1 U CTAHOBUTCHA HEYCTOM-
quBoit mpu r > 1, TO ecTth mpu r = 1 mpoucxoguT Ou-
dypranusi. B pesynprare 6udypkanun BOSHUKAET ABE HO-
Boie ukcnposannbie Toukn (1/b(r —1),1/b(r — 1),r — 1)
u (—/b(r — 1), —/b(r — 1),r — 1). Cnauana stu duxcu-
POBAHHBIE TOYKHU YCTOWUUBHI, HO TIPWU YBEJIMUEHUN T TTPOUC-
xoauT OudypKalus, B pe3yabTare KOTOPOi 3T (pUKCupo-
BAHHBIE TOYKU TEPAIOT YCTONIUBOCTH MPU HEKOTOPOM 3HA-
qennu mapamerpa 7. [Ipu aToit 6udypraimm e BOSHAKAET
HOBBIX (DUKCUPOBAHHBIX TOYEK WU YCTOHIUBOIO IPEIEhb-
HOIO IUKJIA U CHCTEMA OKA3BIBAETCH B COCTOSHUU XAOCA.

3amadva 5.2.4. Iokazamo, wmo GuKkcupoSaGHHAA MOYKG
(0,0,0) cucmemor (5.21) yemotivuea npur < 1 u cma-
HOBUMCA HeycmoUuuusoly npu r > 1.

3amada 5.2.5. Ilokazamo, wmo @GurcuposarHas mMowka
(V/b(r —1),4/b(r —1),7 — 1) cucmemw (5.21) yemoti-
YUSA NPU MAAOM TLONOACUMENbHOM T— 1 U cTnarosum-
CA HEYCMOoTivueoti npu bOALWUL T

IIpu cambIx OOMBINX T BOBHUKAET YCTONIUBBII IIPEIe/Th-
HBIA IHUKJI, /i1 KOTOPOTO CIPAaBEJIUBBI CJeIyIomue CKeil-
JIMHTOBBIE COOTHOIIEHUS TIO T

Tocrfl/Q, T ocrl/Q, YyoxXr, ZoT.
C yd4eToMm 3THUX COOTHOIIEHWH cucTeMa ypaBHeHwit (5.21)
CBOJIUTCS K

Ox=oy, Oy=x(r—2z), Ofr—z)=—-zy. (5.22)

Orcrona cnenyer y2 + (r — 2)? = R?, 2% /(20) +r — 2 = C,
rae koHcTauTbl R ~ C ~ r. [Togobuo ToMy, Kak 310 GBLIO
caenano nyst ocnmagropa Bar gep Ilons, atu KoHCTAHTBI
JIOJIPKHBI OBITH HAIIEHBI U3 YCAOBUIl, 9TO IEPBHIE TIOMPABKU
no 1/r He pa3pyIIalT 3aMKHYTOCTH HAilIeHHOTO MPEeIeThb-
HOTO IHKJIA.

3amaua 5.2.6. Hatimu xoncmanmot R u C, xomopuie Ta-
paxmepudyrom npedesvhoili yuka modeau Jlopenua,
Komopuli eosnukaem npu b =1, 0 < 1 u boavwux
BHOMEHUAT NAPAMEMPG T,

Taxum 06pa3om, xaoTu4eckoe moBeaenne Mmoaesu Jlopen-
1[a peajin3yeTcsi B HEKOTOPOM MHTEPBAJIe 10 OCHOBHOMY Ia-
paMerpy 7, TPAHUIIBI KOTOPOTO 3aBUCAT OT APAMETPOB MO-
aemu b, o.

5.3 Jlarpan>keBbl ypaBHEHUdA

B macrosimem pasmesie MbI pACCMOTPUM JIUHAMUKY (bu3u-
YEeCKUX CUCTEM, YPABHEHUS JJId KOTOPBIX MOJIYYal0TCs, KaK
YCJIOBHS 9KCTPEMYMa HEKOTOPOro (byHKIMOHATIA, KOTOPBIi
Ha3bIBaeTCs AeiicrBueM. Mbl pacCMOTPUM JIeCTBHE

S= /dt L(Owx, x), (5.23)

rge € — HabOp TEPEeMEHHBIX, XapPaKTEePU3YIONNX CHUCTEe-
My, a L nasbiBaercs ¢yukipeil Jlarpanxka. ABTOHOMHOCTD
CHUCTEMbI BbIPAXKAETCd B OTCYTCTBUU SIBHOW 3aBHCHMOCTH
dyuknun Jlarpamxka or BpemeHu. YcCIOBHE 3KCTPEMyMa
neitcrsust (5.23) numeer Buj

9,0k _ 9L (5.24)

0(Ox) Oz

Vpasuenue (5.24) ABIAIOTCS yPABHEHUEM BTOPOTO MOPSIIKA,
[0 BPEMEHH.

Hecnoxuo nepenucarsb ypasuenue (5.24) B BuIe ypas-
HEHM MEePBOTO MOPAKa 10 BpeMenu. [iss 3Toro ciemyer
BBecru nepemennbie p = OLJ(9yx), a rakxke dynkuuio La-
MUJIBTOHA,

H(p,z) = pox — L. (5.25)

Kak caenyer u3 onpeunenenus, dH = dpdyx — dedL /0.

Takum 00pa30oM, MBI IPUXOAUM K YPABHEHUSIM TIEPBOTO TIO-
pAIKa,

Orx = OH /0p, (5.26)

Op = —0H /0, (5.27)
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KOTOpPbIE HA3BIBAIOT KAHOHUYECKUMH. IDTO CHCTEMA 21
YPaBHEHUH TIEPBOIO MOPSJIKA, [JI€ N — YUCJI0 HePEMEHHBIX
x. Db dekTrBHOE [eiCTBIE, IKCTPEMYMOM KOTOPOTO SIBJISI-
I0TCsI KaHOoHWYeCcKue ypasuenus (5.26,5.27), umeer Bu

S = /dt [pOiyx — H(p, )] . (5.28)

Bapbuposarsb zejicrsue (5.28) HAI0 KaK 110 IEPEMEHHbBIM T,
TaK U 10 IEPEMEHHbIM P.

s cucTeMbl B3aWMOIEHCTBYIONINX YACTHI (DYHKIIAS
TaMuabTOHA UMeEeT BUT

p?
H= i o T U@, (5.29)

rJie MHJEKC ¢ HyMepyeT YacTHIIbl, M,; — UX MacChl, & IOTEH-
nman U comepKuT KaK BHEITHUH TIOTEHINA, TAK U SHEPTUIO
B3aumoieiicTBus Mexkay dacrunamu. Hampumep, ais oc-
LUJLIATOPA, TO €CThb Jijid 4acTUullbl B KBAaJPaTUdHOM BHeELll-
HEM TIOTeHITnaje

p> mwlx?

H=_—+—— 5.30
o 5 (5.30)
IJIE M — MAacCa YaCTUIpBL, 4 W — YACTOTa KOJEOAHWIA.
VYpasuenus (5.26,5.27) npuBoadT K 3aKOHY COXPAHEHUS
sueprun H = const. [leficTBuTe/bHO, BCIEICTBHE ypaBHE-
mnit (5.26,5.27) Haxomum

dH OH OH

3aKOH COXPAHEHWST SHEPTUHU SABJISETCS CJIECTBUEM JIATPAH-
KeBO (DOPMYJUPOBKU yPABHEHWI JUHAMWKYN CHCTEMBI U
ABTOHOMHOCTH, TO €CTh OJHOPOJHOCTUA CUCTEMBI 110 BpeMe-
HU. 3aKOH COXPAHEHHUsI HEPIUH TO3BOJISIET MOHU3UTH HA
exuuuily 4uciao 2n ypasuenuit (5.26,5.27). B uacrHocru,
JJIS CJIydas OJTHOI MepeMeHHOI T BTOPOH MOPSAIOK ypaBHe-
HUI MOHUIKAETCA O MEPBOTO.

3amauda 5.3.1. Hatlimu ypasHenue nepeozo nopadka 0Af
00HOMEPHO20 JBUNCEHUSA HACTNUYDL MACCHL T, 80 BHEUL-
Hnem nomenyuase U.

Hajguume  gomosHUTENBHON — cuMMeTpunm — (DyHKIUH
Jlarpamxka unn dyskuun [aMuabToHa TPUBOAUT K TOTIOJ-
HUTETBHBIM 3aKOHAM COXPAHEHWsI, KOTOPBIE TMO3BOJISIOT
Jlajiee OHU3UTD IIOPA/IOK CUCTeMbl ypaBHenwuii (5.26,5.27).

Paccmorpum B KadecTBe mpumepa ciydail CHCTeMbl, KO-
TOpasi OMUCHIBAETCS IBYMSI TIEPEMEHHBIMU T, Y. Bymem cuu-
TaTh, 9TO (PyHKIWS Jlarpan:ka HHBAPUAHTA, OTHOCUTETHHO
capura Gasel z — €%z, Tne z = x + iy. Hampumep, Takoif
cumMerpueit obnamaer dyukiusa Jlarpanxka

L m(aztmy . m(agy)z L (\/W) . (5.31)

KOTOpad ONUCHIBACT JABYMEPHOE JIBUZKEHUE TaCTUIIBI B T10-
TEeHIaJIe, 3aBUCAIIEM TOJIBKO OT PAaCCTOAHHA 0 Ha4daJla

koopaunnat. [Iponssegem mHGHHUTE3EMATHHOE TPeoOpPa30-
BaHHe KOODJAWHAT 0z = iz, TJIe (v — IPOM3BOJIbHAs (DYHK-
s Bpemenu. Bapuanus meiicteus (5.23) B cuiy uHBApU-
anTHOCTH dyHKIUU Jlarpamxka L mMeeT BUI

oL OL
5= [ ar [awtz)( OY) By o)
g pyHKImMA, yHA0BJIETBOPSIONMX yPABHEHUSAM JIBH2KE-
Hus, Bapualus AeHCTBUs JOJ/2KHA ObITh PaBHA HYJIKO JJis
JII00BIX Bapuaruii nmepemeHHbIX. OTCIOIa CIEIyeT, ITO KO-
s¢dpdunuent npu Jyv T0MXKEH ObITh paBeH KOHCTaHTe. Ta-
KM 00pa3oM, Mbl HPUXOIUM K 3aKOHY COXPAHEHUS

Paly — Dy = const. (5.32)

9TO eCTh HE UYTO UHOE, KaK 3aKOH COXpaHEHUs YTJIOBOT'O
MOMEHTa KOJTHYIeCTBa ABU2KEHN I, KOTOprﬁ JOJIZKE€H BBIIIOJI-
HATHCA B HEHTPAJIBHOM IIO0JIE.

5.4 Penakcanmmonubie ypaBHEHUS

Penakcanuonubie ypaBHEHHsI OIKMCHIBAIOT MPUDIUIKEHNE
du3mIECKO CHCTEMBI K TOOKEHUI0 paBHoBecus. st cu-
CTEMbI ¢ HECKOJIbKHUME CTEHEHsMU CBODOJIbI, KOTOPBIE OITU-
CHIBAIOTCST HAOOPOM MEPEMEHHBIX T;, PETTAKCAI[TOHHOE YPaB-
HEHUE WMeeT BU]

=——, (5.33)
rne F' — mekoropas dbysknus x;. Eciu cucrema xapakre-
pHU3yeTCs eJIUHCTBEHHBIM IIapaMeTpoM &, TO K Buiy (5.33)
CBOJUTCS IPOKU3BOJIbHOE ypasHenue dx/dy = v(x), rorna F
ABJISIETCs TTEPBOOOpa3Hoit or —v. B 3ToM ciyduae HuUKaKOit
crierpuKy B PEJTAKCAIIMOHHOM YPABHEHUU HET.

OpHako yke Jjid JByX T; JAJIEKO HE BCAKAS CHCTEMA
ypasuenuit (5.5)

dz/dt =v, dy/dt =u,

CBOZMTCS K pesakcaruonromy Buny (5.33). eiicTBuresn-
HO, BoIpazkenus v = —OF/0x, u = —0F /0y o3Ha4aioT, 9410

ov  Ou 0*F

Ay o  dzdy’

JlpyrumMu CJIOBaM®, TPOM3BOIHBIE OT U W U CBA3AHBI MEXK-
Jly coDOii. AHAOrMYHAS CBA3b CHPABEIJIUBA U IS CIydas
OOJIBIIErO YHCIA TIEPEMEHHBIX.

DukcupoBanuble ToYKU ypasaenus (5.33) oupenesnsrorcs

yenosusimu OF/0x; = 0. Boaw3u bUKCHpOBAHHON TOYKH
Ty; byHKIUs F npencraBisercs B BUIE
1
F =~ Fy+ 5 ij(xi — x*i)(xj — l‘*j),

[Jie [0 MOBTOPSIOMIAMCS WHJIEKCAM IOIPA3yMEBAETCs CyM-
mupoBaHue. 3jech Fy — 3nadenue QyHKiuu B (DPUKCUPO-
BaHHO# TOuke, a M;; = 82F/0xi8xj — MaTpHIA BTOPBHIX
MPOM3BOIHBIX B (PUKCHPOBAHHOI TOUKe. [losTomy marpuiia
M;; aBigeTca CHMMETPHYHOM.
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Ypasrerue (5.33) BOMU3H (DUKCHPOBAHHON TOUKH Zj
uMeeT BU]L

dxi

dt

B cuny cummerpum marpuisl M ee Bcerga MOXKHO TTPH-

BecTH K JuaroHasbHoMy Buay. IIpencrasienue (5.34) mo-
Ka3bIBAET, 9TO (PUKCHPOBAHHBIE TOYKHU PETAKCAIHOHHOIO

= —Mij(l‘j — .’L‘*j). (534)

ypasuenus (5.33) MoryT ObITh yCTONYUBBIMU MJIM HEYCTO-
YUBBIMH y3JaMH, & TakKe cexjiamu. B 10O xe Bpems oHm
HE MOTYT OBITH (OKyCaMu, MOCKOJIbKY COOCTBEHHBIE 3HA-
4yeHust (JefiCTBUTEIbHOI) CHMMETPUYHON MATPHUIILI BCErIa
neiictBurenbHbl. OTMETUM, 9TO YCTORIUBDIE Y3JIbI COOTBET-
cTBYIOT MuHUMyMaM GyHKiyun F', HeyCTOWYUBBIE y3JIbI CO-
oTBeTCTBYIOT MakcumymaMm byukuun F'; a ceuioBas To4ka
COOTBETCTBYET dKCTpemymy (yHKImu F, KOTOpbie HE CBO-
JUTCS K MUHUMYMY WJIA MAKCHMYMY.

B caygae, kora HEKOTOpbIE COOCTBEHHBIE YUC/Ia MATPU-
1l M PABHDI HYJTIO, CJIELyeT IPHHUMATD BO BHEMAHHE GO-
Jiee BBICOKHE, Y€M BTOPOH, HWJIeHbl PA3JioKeHus (QyHKIN
F o x; — x4;. Torma MoxkeT peanm3oBaThbcd Caydaii, KO-
I 9aCTh TPAEKTOPHil yXoauT OT (bUKCHPOBAHHON TOYKH,
a J9aCTh TPUOINKAECTCA K HEH.

3amava 5.4.1. Kak evieasdum $hasoswili nopmpem cucme-
Mbl, KOTROPASA ONUCHLBAETNCA ypasheruem (5.5) ¢ deymas
nepemennvmu u F = xy??

B cuny ypasuenus (5.33)

dF aF\°
— == () . (5.35)
dt 633%

IMockonbKy npaBas 4acTb ypasHeHus (5.35) HEOTpUIIATE b-
Ha, yHkimsa [ MmornoTonHO yObiBaeT co Bpemenem. Orciona
cjieslyer B 4aCTHOCTH, YTO pelieHusiMu cucrembl (5.33) ne
MOTYT OBITH TIPEIETHHBIE IIUKJIBI.

O6bryno (ecu HeT HUKAKUX OCOOEHHOCTEH B (DyHKIMM
F) mobas tpaekropus ypasHenus (5.5) npubjmzkaercs K
HEKOTOPOMY YCTOHIUBOMY Y37y, B KOTOpoM dyHKims F'
JOCTUTAET JIOKAJTHHOTO MUHEMyMa. Takumm obpa3om, mpo-
CTPAHCTBO [APAMETPOB T; JEJUTCH Ha O0JACTH IIPUTs-
KEHUs, KAXKIAsd W3 KOTOPBIX “TIPUHAIJIEKUT HEKOTOPOMY
YCTOWYHUBOMY y3JIy: TPAEKTOPHUs, HAYMHAIOIIASICA B TaKOM
obJtacTh, o BpeMeHeM MPHOINKAETCSI K CBOEMY YCTONINBO-
My y3iy. Hasto umers B BHJLY, 9TO OJIHUM U3 TAKUX yCTOWYIH-
BBIX y3JIOB MOXKET OKa3aThCsl OECKOHEYHO yIaJIeHHAs TOYKA.
I'panunpr Mexay OOJACTSIMU TPUTSKEHUS COIEPXKAT TPa-
exkrtopuu ypasuenus (5.5). B wacrmoctu, mjs cucremb ¢
JBYyMs TApaMeTpaMu, KOT/a TPAHUIE, MEXKIy ODJIacTaMu
ABJIAETCA HEKOTOPOIl KPUBOIl, OHA ABJIAETCA OJHON U3 Tpa-
eKTOPUM.

3amava 5.4.2. Yemanosums 3aK0H, N0 KOMOPOMY Mpaek-
mopuu ypashenus (5.38) dasn ynryuu deyx nepemer-
woz F = (2t +y?) /4— (2% +y?) /2— 32y npubausicarom-
ca K yemotuusnm PGurcuposantoim movwkam. Karxosw
obaacmu ux npumascenus? Ilposepumsb, wmo zparu-
U MEHCAY HUMU ABAALMCA 00HOT U3 MPaexmopudl.

Paccymorpum gacTHbIM caydait, korma yHKiusg F umeer
BH/I

(5.36)

x2:x%+---+xi.
Ora (yHKIUS WHBAPDUAHTHA OTHOCUTEIBHO BPAINEHUN B
[IPOCTPAHCTBE MaPAMETPOB T; U OTHOCUTEIbHO U3MEHEHUsI
3Haka r — —x. [Ipn TpoXOoXKIeHWN TapamMeTrpa a Uuepe3
HOJTb Tipoucxonut oudypkanus. [Ipu a > 0 umeercsa eauH-
CTBEHHas ycToiumBasi To4uka & = 0, rje J0oCTHraeT MUHU-
myma. A pu a < 0 dysknus F' gocturaer MUHEMyMa Ha,
chepe 22 = 23 + -+ + 22 = —6a/\.

Ypasuenue (5.33) pius byukuun (5.36) umeer Buj

Oy = —ax; — (N/6)x?x;. (5.37)

Jlerko muposeputb, uro ypashenue (5.37) c byHnkuueit

(5.36) coxpansier equuuunbiiit Bekrop x/|x|. Apyrumu cio-

Bamu, ypasHenne (5.37) ONMUCHIBAET M3MEHEHWE & BJIOJb

HEKOTOPOH paJIuajbHOU NOpaMOii: & = xn, Tae T =
2+ ...+ 22. YpaBHeHue Ha T UMEET BHU/

opx = —ax — (A\/6)2>. (5.38)

IIpu a > 0 BeqmumHa x pemakcupyer K Hym0, a pu a < 0
BEJIMYMHA T PEJIAKCHPYeT K 3Ha4eHuIo +/6|al/\.

Sagayua 5.4.3. Hatmu pewenue ypasuenus (5.38) npu
a < 0 das NPou3BoOALHO20 HAYAALHOZ0 YCAOBUSA T().

IMycth ykazanHas cUMMETpuUs €J1a00 HAPYILIEHA, TO €CTh
K BbIpazkenuio (5.36) nobasien masbiii wien 0 F', napyiao-
mwmit ykazaunyio cummerputo. Torga nupu a < 0 sBosonus
T IPOXOAUT B JBa JTANA: CHAYAJIA IIPOUCXOAUT ObICTpast
penakcanus r K 3HadeHuio 1/6|a|/\, a 3aTeM mpomcxomuT
MeJjIeHHast pesiakcaius & 1mo cdepe = /6|al/A Kk MunHu-
Mymy dyaxkiun F + 6 F. UTobbl yCTaHOBATH 3aKOH PejiaK-
camuu 110 cdepe, Mbl JOJKHBI NEPEATH K yPABHEHUIO HA
eIMHUYHEI BEKTOp N = &/x:

dn 1170 0
i { 0F —n (nawéFﬂ . (5.39)
IIpu uzyvenun pesakcauuu Ha Bropom draie (pejakcaius
no cdepe) MbI MOJKEM TOACTABUTH 371eCh & = +/6|al/A.
Paccmorpum 0F = —hx. B srom ciaydae MUHEMYM
dyukuun F+0F nocruraercs npu &, napaueabHbiM h, To
€CTh TPU peJIakcaIuu no cdepe eIUuHUIHbI BEKTOP 71 [M0-
BOpaduBaeTcs K Hampasjeruio h. BciencrBue ypaBaeHus
(5.40) maxomum

dn 1
= E[h —n(hn)]. (5.40)

Takum 0O6pa3om, TEMIT peakcaIny Mo cdepe OIeHnBAeTCA,
Kak h/x, tne x = /6|a|/A.

3amaua 5.4.4. Halimu 3asucumocmsv om epemenu edu-
HUYHOZ0 8EKTNOPA, KOMOPBLT NOOYUHAETCA YPAEHEHUIO
(5.40), 6 dsyzromnonenmmom cayuae.
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3amada 5.4.5. Hatlimu 3asucumocmb om epemenu eou-
HUYHO020 8EKMOPA, KOMOPHLT NOOYUHAELNCA YPAEHEHUIO
(5.40), 6 MPETKOMNOHEHMHOM CAYHaE.

5.4.1 TIloneBble pejlaKCAIIMOHHBIE YpPaBHE-
HUS

IMepexopum K Cilydao, KOrJa pacCMaTPUBAETCs pejlakca-
nust nosis o(r). Junamuyeckoe ypaBHEHHE, KOTOPOE MbI
Oy/JeM aHanM3upoBarb, aHasgorudHo (5.33):

O = —0F [dep. (5.41)

B npagoit wacTu 3/1€Ch CTOUT BAPUAIIMOHHAS MPOU3BOTHAS
Hekoroporo ¢dbyHKnuoHasa F or . Beraucisas npoussBo-
HyI0 OT F, HaXOANM

OF = — / AV (6F [6¢)? = — / AV (9,p)%.  (5.42)

Takum obpasom, ypasuenue (5.41) npuBOIUT K MOHOTOH-
HOMY yOBIBaHUIO (byHKIMOHaTa F co BpemeHeM. [loaTomy
KOHEYHBIM DE3YJIbTATOM SBOJIONUUA OyJeT COCTOSHUE CH-
CTEeMbI, KOTOPOE COOTBETCTBYET (JIOKAJIBHOMY) MUHUMYMY
dyukuuonana F B npocrpancrse dyukuuit o(r).

Paccmorpum 0606imenue dyukuuu (5.36) Ha corydaii 1o-
Jisi

1 2, 1 9 14

]—'—/dV [Q(Vgo) +gae” + 24)\90 ) (5.43)
rae A > 0. [lockonbKy rpasnenTHas 3HEPrusi, TPOITOPIHO-
nasibHag (V)?, Heorpunarenbia, MEHIMYM hyHKITOHATIA
(5.43) mocturaeTcs Ha OMHOPOIHOM PEIIEHUH , KOTIIA, TPAIi-
eHTHas SHeprus pasHa Hy/0. [loaToOMy anaan3 MUHUMYMOB
dbyuxnmonana JF aHaJOruYeH y»Ke PacCMOTPEHHOMY CJIy-
gafo. IIpy a > 0 mMuammym dysknuonana F mocturaer-
caapu ¢ = 0, a npu a < 0 MEUHAUMYM JOCTUTAETCA TIPHU
wo = +/6lal/A.

Vpasuenue (5.41) nnga dbyuxnuonana (5.43) umeer Bus

A
dpp = V3p —ap — 6903. (5.44)

B cayyae a > 0 munumym dyukuuonamna (5.43) coorser-
creyer ¢ = 0. B6uusu sroro munumyma ypasaenue (5.44)
MOXKHO JITHEapu30BaTh, 4To gaet dyp = V3¢ — ap. Ilenas
TIOJICTAHOBKY ¢ = exp(—at)¢, HAXOIUM

¢ = exp(—at)p, 0Opp = V3¢. (5.45)

Takum obpaszom Hapsay ¢ Muoxuresem exp(—at), Koro-
DBIii OTIMCHIBAET 3ATYXAHUE © CO BPEMEHEM, TI0JIE ¢ COMEP-
KT PAKTOP ¢, KOTOPBIH moaunusiercs auddy3noHHOMY
yPaBHEHUTO. AHAIOTMIHO IIPOUCXOIAT PETAKCAIUS COCTOSI-
HHsI CHCTEMBI K 3HAYEHHIO o = 4/6|a|/A mpu a < 0.

3amava 5.4.6. Hadmu ypasHeHue, KOmopoe ONUCHLEAEN
npubauscenue ¢ K @ npu a < 0 u onucamo ez20 pe-
uLerue.

IMomumo munumyma ¢ = o dynkuuonan (5.43) ume-
€T MUHHMYM ¢ = —pg. MOXKeT CIIy9uThCsl, 9TO B PA3HBIX
00/TacTSIX MPOCTPAHCTBA ¢ PETAKCUPYET K PA3HBIM 3HAUE-
HUSIM, (0 = Qg U © = —(py. B 9TOM clIy9ae KOHEYHBIM pe-
3YJIBTATOM 3BOJIONUN SBJISAETCS BOSHHUKHOBEHWE T'DAHUIIBI
MeXK Ty 0DJTAaCTSMHE, IJIe  MEHsIeTCsS 0T —@o 10 +qo. Haii-
JIeM CTPYKTYDPY 3TOii rpaHulpl (JOMEHHON CTEHKH), CUuTasi
ee mwmockoii. Ilocreanee MOTHBUPYETCST TEM, YTO MMEHHO
JIJIST TIJTOCKOM TPAHMIIHI TOCTUTACTCS MUHUMYM (DYHKIMOHA-
na (5.43) npu ycI0BUHM, YTO 3HAYEHUS ( BIAIU OT MPAHUIIBI
paBHBI £¢g.

B pasroBecunm 9;p = 0, TO €CTb CTPYKTYPYy JOMEHHOIl
creHku oupejensier ypasuenue 0F /dp = 0. st miockoit
IPaHWIIBI OHO TIPHOOPETAET BU,

A
2 3
rae ocb X MEPIeHIuKY/IsIPHA IPAHUIE PA3eNna. ITO ypaB-
HEHUE UMEET IEPBbI UWHTerpaJi, KOTOPLIH 3alliChIBAETCS B
BUJIE
A
2 _ 2 2\2
(Oxp)” = 5 (" —0)"
12
TJIe MBI Y9JId, 9TO TIPU T — 00 TOJIE ¢ BBIXOIUT HA OTHO-
pozHoe 3HadeHue +pg. Mbl cauTaem, 9To Mpu & — 00 MoJe
© — o. Torma

Do =/ A/12(05 — ©%).

Perierme 3Toro ypaBuenusi umeer Bu,

© = g tanh [\/W (z— xo)} , (5.46)

rJIe To ONPEJIEJISAET TOJIOKEHNE IPAHUIIBI PA3IEa.

ITpu nobGasnenuun k dbyuxuonany (5.43) m1oHOIHUTEb-
HBIX YJIEHOB JOMEHHAasl CTEHKAa [epecraer ObITh crarude-
CKUM DELICHUEM, a HAYUHAET JIBUIATHCH C KOHEYHON CKO-
pocthio. PaccMoTpuM ciieIyomuit JOTTOTHUTETHHBIH HIeH

§F = — / v he. (5.47)

IIpu h > 0 munumym F ¢ ¢ = @4 > 0 cranosurcs OoJiee
TIyOOKUM, UeM ¢ ¢ = ¢_ < 0. DTO O3HAYAET, ITO JTOMEH-
Has CTeHKa, pa3essiomnas oomactu ¢ ¢ > 0 u ¢ < 0, Oyzmer
JIBUTATHCSI B CTOPOHY obnactu ¢ ¢ < 0, Tak KaK MpPUA ITOM
Besmanna J ymenbinaercs. Haiinem coornomenue, omnpe/ie-
JISIOIIEe CKOPOCTh 9TOr0 JBuKeHus. B cuity ogHOpoHOCTH
3aauu perienne ypasaenus (5.41) MOXKHO NPEJCTABUTH B
Buzie ¢ = ¢(x+vt), rme ¢ — @4 Ipu T — 0O U ¢ — Y_ TIpH
r — —infty. B arom ciaygae mpu h > 0 qOMeHHas CTEHKA
JIBUYKETCs BJIeBO, TO ecTb v > 0. B sToMm pexnme dbynxum-
onain (5.43) me MeHsI€TCH, TO €CTh U3MeHeHHe JF CBA3AHO C
ynenom (5.47). JIjs 3TOr0 BKJIAJA HAXOIUM

—0y0F = /dV ho:¢p = /dV hvdy¢ = Shv(ot — p-),

ge S — mmomaap goMenHoit crenku. C Apyroit CTOpOHBI, B
cuny (5.42)

—OF = /dV (0r0)* = sz/do: (0:9)2.
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HpI/IpaBHI/IBaH JAaHHbIE BETUYIHUHDBI, HAXOIUM COOTHOIIIECHHE

+oo

Mer—p) = [ de(@uoP, (a9

— 00
KOTOpPOE W OIpeaesisieT CKOPOCTh JIBUXKEHHUsI JIOMEHHOI
CTEHKH.

3amada 5.4.7. Halmu cropocmov deusicenus 0omennot
CEeHKU NPU Masvls h, xKozda ewpasicenue (5.46) ocma-
EMCA TOPOWUM NPUDAUNACEHUEM OAA PYHKUUU O.

Vpasuenue (5.44) npu a < 0 uMeer perieHue, KOTOPOe
ONUCHIBAET pacnpocrpanerue GppPOHTA, MEPE], KOTOPBIM II0-
J1e ¢ umeer Heycroitumpoe pemenue ¢ = 0, a 3a ppoHTOM
H0JIe (¢ BBIXOJUT Ha, PABHOBECHOE DEIIEHUE ¢ = pg. Byaem
paccMaTpuUBaTh IIOCKUN (DPOHT, NEPIEHIUKYIAPHBIA OCH
X. B cuny ogHOpOAHOCTH 330a9u (DPOHT PACIIPOCTPAHSIET-
Cs1 C MOCTOSTHHOM cKopocThio v. Torma mone ¢ mpeacras-
agercs B Bune ¢ = pou(r — vt), upugem u(§) — 0 upu
& = +oomu(€) = 1 mpu & — —oo. Ioacrarnsisi npuBe-
JIeHHOE TIpesicTaBieHre B ypasHenue (5.44), Haxomum

v0eu + 3§u + lal(u — u®) = 0. (5.49)
Ypasuenue (5.49) umeer pewenue

1

=17 exp(kg)

(5.50)

IMoxacrasiss 1o Beipaxkenue B ypasaenue (5.49) u upupas-
HuBas KO3GMOMUIKMEHTBL IPU PA3JIUYHbIX creneHsx exp(k),
HAXOIWM

—vk + K%+ |a| =0,

—vk — K%+ 2la] = 0.

Pemenue 31oil cucrembl ypaBuenuil naer k£ = +/|al/2, v =
3v/]al/2.

3amava 5.4.8. Hatmu memn youeaHus GYHKUUOHANG
(5.43) na edunuuy naowadu npu dsusiceruu GpoHma.

o cux mop MBI pacCMaTpUBaINA CKaJIIpHOE moje. Pac-
CMOTPHUM TENEPh BEKTOPHOE moje . Mbl paccMarpuBaem
tor k€ (pyHknuoHasn (5.43), KOTOPBIA NPUBOJUT K ypaBHE-
HUIO

A
dp = Ve —ap — 297, (5.51)

KOTOpOe siBjisiercst 0600ienueM ypasaenus (5.44). DBoJiro-
WS TIOJISA (P, KOTOPast OMUCHIBaeTCs ypaBuenueM (5.44), mpu
a < 0 mpoxomuT B nBa srana. CHauana 3a BpeMs MOPsAIKA
la|~! mpomcxoauT penakcanus abCOMIOTHON BEIWINHBI MO-
JIsl ¢ K PABHOBECHOMY 3HAYEHHIO (g, IOCJE YEro TOJE (P
npuobpeTaeT BUI ¢ = oM, TJAe N — €IUHUYHBIA BEKTOD.
Ha 66sbimux BpeMeHax MPOUCXOIUT PETAKCAIMSA €IMHNI-
HOTO BEKTOPA 7 K OJHOPOIHOMY 3HAUEHHUIO.

Haiiem ypaBHeHHe, KOTOPOE OIUCHIBAET 3TY BTOPYIO
crazuto. s aroro mojcraBuM @ = |p|n B ypaBHeHue

(5.51), cupoekTupyeM pe3ysibTar Ha HAIIPABJIEHUE, [IEPIIEeH-
JUKYJISPHOE Ty, U LpeHebpeKeM LPOU3BOAHBIMU OT |@| A2
0. B pesymprare HaxoImM

Ona = Vna + na(Vng)®. (5.52)

D10 ypaBHeHMe, KaK U II0JI0XKEHO, COXPAHAeT ycIoBue n’ =

1, TO ecTb HPOM3BO/IHAL IO BPEMEHU OT 12 B COOTBETCTBUM
C 3TUM ypaBHeHHeM paBHa Hys0. OTMETHM, YTO U3 ypaB-
Hennsi (5.52) BBIMAJM YJEHBI C @ W A, OTBETCTBEHHBIE 3a
peJlakcaluio abCoMOTHOTO 3HAYEHNs apaMeTpa MOPsIKa.
O6parum BHEMaHME HA TO, 4TO ypaBHenue (5.52) saBisercs
HEJIMHEHHBIM.

Bagaua 5.4.9. Hatmu pewenue ypaswenus (5.52) oas
08YTKOMNOHEHMHO20 NAPAMEMPA NOPAOKG, K0200 KOM-
NOHEHMBL M MOHCHO 3aNucamv 6 eude nmp = cosb,
no = sinf.

Bamaua 5.4.10. Hatimu pewenue ypasherus (5.52) dan
MPETKOMNOHEHTMHO20 TAPAMEMPA NOPAJKE, K0204 NPU
t = 0 KOMNOHEHMBL T MOJHCHO 3ANUCAMD 6 6ude Ny =

s cos(qoz), n2 = sosin(goz), ng = /1 — s3.

PaccmoTpuM HEyCTONYMBOCTDL HAa KOHEYHOM BOJIHOBOM
BEKTOpE, KOTOPYIO MOXKHO OMUCATH (DYHKITHOHATIOM

_ T S NRT S ST S SR
}'—/dV {8qg[(v + )] +2ago +24>\g0 , (5.53)

rae A > 0, a ¢o — HEKOTOPbIH BOJIHOBOM BEKTOD. Y DaBHEHUE
(5.41) nns dyuxmmonana (5.53) nmeer B

1

A
102 (VP +q3)%¢ —ap — Z¢°. (5.54)
40

Op = — 6

Obparmaem BHEMaHue Ha AuddEpeHnnaIbHbIN OMePaATOD
YeTBEPTOrO MOPSIKA B 9TOM YPABHEHUH.

IIpu a > 0 Mmunumym dyuxiuonasa (5.53) pocruraer-
ca upu ¢ = 0, a upu a < 0 370T MUHEMYM COOTBETCTBYET
HEHyJIeBOMY . B cuity Toro, 4To rpaanenTHbIN dieH QyHK-
nuonasa (5.53) uMeeT MUHUMYM IPU KOHEYHOM BOJIHOBOM
BEKTOpE ¢ = qg, pu a < ( mojie ¢ B MUHAMYME HEOIHO-
POJIHO, €r0 MOXKHO 3aIMCaTh B BHUJE

¢ = ¢ cos(qo), (5.55)

rJie ¢ He 3aBUCUT OT KOOP/IMHAT, & HAIIPABJIEHHE OCH X IIPO-
usBosibHO. Ilozgcrasnss Boipaxkenue (5.55) B dyHKIMOHAT
(5.53), HaxXOIUM

1 1
F=V <+4a¢2 + 64)\¢4) , (5.56)

rae V — obbem cucremsl. Boipazkenne (5.56) mocruraer mu-
HUMYyMa IIpU ¢ = ¢g, Ta€e P = +/8|a|/A.

Boobue rosopsi, dopmyna (5.56) gaer upubiukentoe
BhIpasKeHUe st MUHUMyMa, dyHKuonama (5.53), Koropoe
paboraer mpu yciaosuu qa > |a|. Honpasku k (5.56) Mox-
HO HaliTu U3 yciaoBus skcTpemyma d.F /dp = 0. Boipaxenue
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st —O0F [ BBIINCAHO B paBoii YacT ypasHeHus (5.54).
ITpupaBuuBas 9TO BbIpAXKEHUE K HYJIO, Mbl HAXOJMM, 4TO,
BO-TIEPBBIX, B TOJIE ( TMOSABIAIOTCS BBICTIIAE TADMOHUKHA BH-
Ia ¢y, cos[(2n + 1)gox], BO-BTOPHIX, BO3HUKAIOT MOMPABKH K

3HAUEHUIO g = /8|a|/A.

3amaua 5.4.11. Hatimu nepeyo nonpasky ¥ 6bipartcenuto

(5.55) ¢ o = /8la]/X.

Haiiiem 3aKOH pesTaKCaliy CHCTEMBL K COCTOSHHIO (5.55).
Huist aroro smneapusyem ypasaenue (5.54) 1o dp = ¢ —

¢o cos(qox):

b

O =
! g2

(V2 + ¢2)%6¢ — adyp — 2|a|[1 4 cos(2q2)]d¢.

Paccmorpum  penakcanmio d¢ ¢ BOTHOBBIME BEKTOPAMH,
6u3KKUMU K ¢o. B 9r0M ciryuae mHoxkuress cos(2goz) nopo-
IIUT BKJIAJ B 0 € BOJTHOBBIMHA BEKTOPAMU, TAJIEKWMHA OT g,
KOTOpPBIH OyaeT MaJs u3-3a OOJIBIIOrO B 3TOH 00JACTH I'pa-
JIUEHTHOrO 4jeHa. 11osToMy MBI mpeHebperaeM MHOKHTE-
aeM cos(2qoz). Hepexonst kK Pypbe-rapMoOHUKE ¢ BOJHOBBIM
BEKTOPOM M PACKJIaIbIBas [PAJUEHTHBIA YIEH 110 ¢ — (o,
HAXOIM

0ip = —(q4— 0)*¢ — lalg. (5.57)

3amada 5.4.12. Hatimu I'punosckyro @yuxyuio ypasHe-
nua (5.57).

5.5 Teopusa Bo3MymIEeHMIL.

Kaxk npasuio, pemrenns auddepeHnuaibHbIX yPaBHEHMIT
HE MOTYT OBITH HAWIEHBI B aHAJUTHYIECKOM Bujae. B sTom
CIydae JJIs WX MCCJIETOBAHUS CJIEIyeT MPUMEHSAThH YHCJICH-
Hble MeTOAbl. B TO ke Bpemsi CyIecTByeT OrpaHUYEHHbBIH
Habop “6asmcHBIX’ 3a/ad, PElIeHrs KOTOPBIX MOT'YT OBITH
Haiimenol aHauTudecku. Paccmorpum ciy4aii, korma aud-
depeHnmaIbHOE yPABHEHWE IJIsI BEJIUYUHBI U YPABHEHUE
CBOIMTCS K BUIY

F(x,u,0zu,...)+ eG(x,u,0pu,...) =0. (5.58)

Mpbr onaraem, 9To pemrenune ypaBaenus F = (0 u3BecTHO
AHAIMTUYECKH, & € <K 1 — MaJbrit mapameTp. B aTom ciiydae
pererue ypaBhenus (5.58) MOXKHO UCKaTh B BHJE Psia 110
€, WIEHbI KOTOPOr0, HAYMHAS C MEPBOrO, MAIOT MOMPABKH
Kk pemenuto ypasuenns F = 0. Kak npasuso, psg 1o e
SABJIAETCHA ACUMIITOTHIECKUM.

Bynem cumrars, uro dyukiua F jauHeiiHa mo craprieit
IPOU3BOIHOI O 1, & TAKIXKe SBJISIETCS PEryJIsIPHON (DY HKITH-
eif CBOMX MEePEeMEeHHbIX, He UMEIOIeil 0 HUM OCODEHHOCTeit
B MHTEPECYIOINell Hac O0JACTH MapaMerpoB. DTOro BCEria
MOXKHO 100uThCs npeobpazosanuem ypasaenus F' = 0. Ilo-
CTPOEHME BO3MYIIEHHOrO perienus ypasHenus (5.58) cBo-
JUTCS K caeayromemMy. Mbr OepeM HEKOTOPOE pEIeHue Uy
ypaBHenns F' = ( um moacTaBisgeM ero B MPaBYIO YacTb

ypasuenus (5.58). Ilocne sroro caemyer Haiitu nomnpasky
U] K Ug, KOTOPYIO MOKHO HAHTH, KAK PELICHHE yPABHEHUS

oF

OF
—u + ——0yu; + - = €G,
ou

9(0u)

KOTOpOE IOJIy4aeTCsd JuHeapu3anneil JJeBoi 9acTu ypaBHe-
aud (5.58). B mpoussozusie OF /Ou, OF /0(0,u) 31ech HAO0
MIOCTABIATE Ug. lIpuBeeHHOEe TNHEAPU30BAHHOE ypaBHE-
HHE CJIEJIyeT PEeIaTh C y9eTOM MPAHUYHBIX yCjIoBuil. B pe-
3y/bTaTe PelleHus MOJydaeTcsd MOIPaBKa Uy X €.

3agaua 5.5.1. Halimu Hy.ae60tl u nepsvill mo € YAEHbL Pe-
wenus ypasrenus Ozu + yu + exu = 0 ¢ epanuHbM
yeaosuem u(0) = 1. Cpasnums e2o ¢ mounvim peuse-
HUEM IMO20 YPAEHEHUS.

Yrob6b! HAKITH MOIPABKY BTOPOrO MOPSAIKA IO €, Ug, CIe-
AyeT TMOIACTABUThL CYMMY U = Ug + U1 + Uz B JE€BYIO YacCTh
ypasuenus (5.58) u yaep:KaTh B HEil WieH, KBAIPATHIHBII
1o €. st aToro F' cinemyer pa3ioKHATD JI0 IEPBOTO MOPSTKA
110 Ug W JO BTOPOTO MOPSIIKA 1O 1. B mpaBoit 9acTu ypas-
Henus (5.58) TakKe cienyer HAfTH BKJa, KBAIPATHIHbLIL
1o €. st aroro B G ciiefyer mojCTaBuTh U = Ug + U1 4
yIepKaTh 4JIeH, TUHEHHbIH 110 u1. B pe3ynbrare momyduTcs
JIMHEHHOe ypaBHEHUE Ha, Uy, PEIleHre KOTOPOro (C ydeTom
PAHUYHBIX YCJIOBUI) U JACT BKJIAJ BTOPOrO IO € HOPSJIKA
B U.

O6061menne 3Toit mporeaypol Ha 60Jiee BHICOKHE TOPSIJI-
Ky 04eBu1HO. Mbl JOJKHBI KaXK/Iblii pa3 3alUChIBATD U B
BUJZIE U = Ug + U1 + U2 + ... U TOCTIEAOBATEILHO HAXOIUTH
U1, Usg, . . ., PEITIas JIMHEWHOE yPABHEHNE HA OYE€PETHYIO 10~
MIPaBKY, KOTOPOE MOJIyIAeTCs B PEe3y/IbTaTe YIEePKUBAHUS B
JIeBOIi  1paBoil yacru ypasHenus (5.58) 4ieHOB coOTBeT-
cTByIOIIEro nopsjaka 1o €. HecMorps Ha HEKOTOPYIO IpO-
MO3JIKOCTh, 3T TPOIEAYPa TO3BOJSIET MPSIMBIM BBIUUCIIE-
HUEM HAWTH Pa3JIO’KeHUue U TI0 €.

OpHako mpsiMas Teopusi BOSMYIIEHUH TI0 € OKA3bIBAETCS
HEMPUMEHNMOM BOJM3W OCOOBIX TOYEK, T/e KO3 HUImeHT
MIpY CTapIeil Tpom3BOAHON B ¢yHKIUKH F obparmaercs B
nosib. OHa TakKe HENPUMEHHMA P AHAJIM3E IIOrPAHMY-
HBIX CJIOEB, KOTOPbIe (DOPMUPYIOTCS B CIydae, KOTIa UjIeH
CO CTapimeil MpOM3BOIHOM OTCYTCTBYET B F', HO IPUCYTCTBY-
er B G, TO eCTh MMEeT MAJIOCTh €. Jlasiee MbI pa3bupaem 31tu
CHeIraIbHbIE CIIy9aHn.

5.5.1 Pemenne BO6amu3u ocob0ii TOYkm OC-
HOBHOT'O YPABHEHUS

Mps1 Oynem Ha3BIBATH OCOOBIMU T€ TOYKH, T1e KOIDDUIUEHT
Mpy CTapIreil Tpou3BOAHON B F' 00OpaInaercs B HOJb. JTO
ABJIsIeTCsT 0000IEeHneM TIOHATHST 0COD0H TOYKHU, BBEICHHOE
B paszesne 2.1.1. Ilpu nanuuum ocoboit Touku (KOTOPYIO
MbL 6€3 norepu obwHocTu Oynem nomewars B © = 0) Hy-
JIeBoe mpubinKenue ypasaenus (5.58) JTOIKHO CTPOUTHCS
caemyomumM 06paszom. OHO 33aeTCsT PEIIEHNEM YPABHEHW S
F' = 0 Be3ne, 3a UCKIIOUEHNEM Y3KOH OKPECTHOCTH TOUYKH
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x = 0. Urobsr HaiiTu noerenre MYHKIUHU % B STOH 00sa-
cru, B yHkiuax F u G cielyer COXpAHUTH [JIABHBIE 110
2 YJIEHBI W PEINUTh MOJIyYnBINeecs ypasuenue. Ero perre-
HU€ BHE PACCMATPUBAEMON 00JIACTH BBIXOIUT HA PEIICHUE
ypasaenuss F' = 0, a BOu3u 0c0o00i TOYKM PETYJISAPHO IO
x.

[IpomemonCcTPUPYEM CKa3aHHOE HA IPUMEPE CIIELYIOMIEro
ypaBHenusi uepsoro nopsaka (Jlairxuir)

(x 4+ ew)dpu + (2 + x)u = 0. (5.59)

IIpenebperas 31ech YIEHOM C €, HAXOAUM ypaBHeHne r0,u-+
(2+z)u = 0, koropoe umeer ocodyio Touky = = 0. Peinenue
9TOrO ypABHEHUS UMEET BU/L

C
u= 3 exp(—x), (5.60)

rae C' — MpOM3BOJIBLHAS KOHCTAHTA. DTO PEIeHne odpara-
ercs ipu £ — 0 B OeCKOHEYIHOCTh. UTOOBI MCCIIETIOBATD TIO-
BEJIEHNE UCXOAHOrO ypashenus (5.59) Ipu Majblx T, Ciie-
AyeT y4eCTb 4YJIeH C € U COXPAHUTb B yYPABHEHUW IJIaABHbBIE
9JIEHBI 110 MAJIOMY I, 9TO CBOAMUTCHA K MPEHEOPEKEHUIO0 T B
dakrope 2 + x. B pesyaprare mogydaem ypaBHEHHE

(x + eu)Oyu + 2u = 0. (5.61)

CpaBrenue (GaKTOPOB & W €U MO3BOJSET HANTH IIAPUHY
obyractu, TJe CymEeCTBEHEH YJeH C €, 9Ta HIMPUHA PaB-
na (Ce)'/3. Toncranoska u = 27)/€ TPUBOMUT ypaBHeHwe
(5.61) X ypaBHEHUIO HA 7) C PA3IEJAIONIUMUICS EPEMEHHDI-
mu. Ero permrenne maet

u(z + eu/3)? = C, (5.62)

aro npu x> (Ce)/3 commures k u = C/x?. Takum obpa-
3oM, pemenusa (5.60) u (5.62) cCOBIaIalOT B MPOMEXKYTOU-
noit obmactu (Ce)'/? < x < 1. Ilpu = < (Ce)'/? pemenue
u BBIXOMMT Ha KoucTanTy ug = (9C/e2)'/3. Obpamaem pru-
MaHHe Ha HEAHATMTHYECKYTO 3aBHCUMOCTD Uy OT €.

3amaua 5.5.2. ITocmpoumsd myaesoe npubaudcerue pe-
WeHUSA YPABHEHUA

(x + eu)Opu + (34 x)u = 0.

PaccMoTpuM crezyrommee JHeHOE ypaBHEHHE BTOPOTO
nopsaka (e > 0)

(2% + €)%02 + 2(2® + €)20, + 1] u =0, (5.63)

upu nosiozkuresbubix x. Ilpenebperas € B (5.63), nosyua-
eM ypaBHeH¥e, perenus: kotoporo cos(1/x), sin(1/x) semyT
cebs cuarynspuo mpu x — 0. Yiensr ¢ € B (5.63) craHOBSAT-
Csl CyImeCTBeHHbIME TIpu T ~ +/€. IIpn oz < € mexommoe
ypasuenue (5.63) cBOAUTCH K yPABHEHUIO

(20% + 1)u = 0,

petienusi Koroporo cos(z/€), sin(x/€) Beayr cebs peryssp-
HO pu © — 0. Mo2KHO HaliTH peIeHnst HCXOHOrO ypaBHe-
uus (5.63)

arctan x] , (5.64)
€

KOTOpBIE TIOKPHIBAIOT 00€ acHMITOTHIeCKHe obaactu. Ilpu
2 < /€ Mbl Ionyuaem u3 (5.64) cos(z/€), sin(z/€), Tak Kak
arctan(y) ~ y npwm mMameix y. llpw x >> /€ curyanus 9yTh
CIIOKHEE.

Bagayga 5.5.3. IIpocaedums, xax pewenus (5.64) nepexo-
dam 6 pewenus cos(1/x), sin(1/x) npu x > /€.

B paccMOTpeHHBIX BBITIIE TPUMEPAxX yIaBaJIOCh aHAIH-
THYECKW HAHTH BBIPAYKEHUST, KOTOPHIE ObIIH CIIPABEIJINBI
cpa3y B JBYX acCHMITOTHYECKHX obiactsax. Kak mpasuiio,
9TOTO CIEeNIATh HE YJAeTCA, U B JIyUIIeM CJIydae pPeIneHue
MOKHO HaiiTu gucyeHHo. OQHAKO i ODIIEero aHaIm3a pe-
LIEHUs] JOCTATOYHO UCCIIEI0BATH €r0 MOBEJIEHHE B KAXKION
ACHMIITOTHYECKOI 061aCTH 1 MOTPeGOBATH CITUBKH (TO €CTh
PABEHCTBA 110 NOPAIKY BEJIMIMHBI) HAMIEHHBIX PEIIEHUIT Ha,
rpamure obnacreit. Jlnsa ypaBHeHs TOPSIKA BBIIIE TEPBOTO
CIUBATh HAJO KaK caMu (DYHKIIUU, TaK W UX MPOU3BOHDIE
(kpome crapuieit). 10 jgaer upeicrasiedue o6 obwEeM xa-
paKTepe penieHust 1 MO3BOJISIET ONPEEINTh ero N3MEHEeHU st
TIPU BapHAIUSX €.

Bamaua 5.5.4. [locmpoumb aCUMNMOMUYECKUE PEULEHUA
ypasnerus (x> 0,6 >0)

(z + €)02 + 20,u + 2u = 0,

U NPocaedums, Kakx OHU neperodam dpye 6 dpyeaa.

5.5.2 Ilorpanmunsblii cJioit

[TorpanuvHblii CI0M BO3HMKAET B CiIydae, Korma mudde-
peHInaIbHOE ypaBHEHWe, KOTOPOMY IOmYMHAeTCs (PyHK-
WS WK TI0J1e, UMEeT MaJiblii Ko pumuenT mpu crapimeit
mpom3BoaHOM. [Ipenebperkenrie WIeHOM CO CTapIlei mTpon3-
BOJHOW yIPOIIAET YPABHEHUE, UTO B e CJIyIaeB MO3BO-
JIIeT penuTh ero anajutudecku. Ho 310 amanmmrTuueckoe
pellieHre He MOXKET YAOBJIETBOPUTD I'PAHUYHBIM YCIOBHUSIM,
[TOCKOJIbKY IOPSIJIOK YCEYEHHOI'O YPABHEHUS HUXKE, YeM UC-
xoznubtit. Ilosromy 3amady npuxogurTcs pemarb OTIEIbHO
JIJIsT OCHOBHO# 00JIacTH, rJe paboTaeT yCcevdeHHOe ypaBHe-
HUE, U JJIs Y3KOrO CJIOs BOIM3U TPAHUIbI (IOMPAHUIHOIO
cJi0d), TJie y4deT Bbiciieil npou3BoaHoil obsa3aresnen. Obiiee
pelene HaxXOAUTCA CIIUBKOW HAWJIEHHBIX BbIPDAKEHUN Ha
rpaHure 3Tux obsacreit.

Ilomobnas curyarusi BOSHHKAET, HAIIPUMED, IIPU aHAJIH-
3¢ TUAPOJAVHAMUYIECKUX YPABHEHWI TIPU OOJIBINNX YHCIAX
Peitnonpaca. Torma Baskum djaenom B ypaBHeHun Habbe-
Crokca MOXKHO TIpeHeOPEeYh IPU AHAJIN3E TeYeHNsT B OObeMe
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(ucKJIIOYAs TEYEHUS C OYEHb MAJILIMU MACIITa0aMu), U Mbl
[PUXOJIUM K YPABHEHUIO DMjiepa, KOTOPOE MMEET MEPBbIi
MOPSITOK TO rpaaunenTy. OIHAKO perreHnsi ypaBHeHusT Dif-
Jiepa He MOTYT Y/OBJI€TBOPUTH MPAHUYHBIM YCJIOBAAM (HY-
JIEBOMY 3HAUEHHUIO CKOPOCTH Ha, rpanure). Ilosromy BOIM3U
I'PAHULBI UMEeTCA BA3KUI NMOTPAHUYHBIA CJIOH, TeYeHHe B
KOTOPOM MOXKET OBITH TPOAHAIUIUPOBAHO TOJIBKO B PAMKAX
ypasuenusi Hapbe-Crokca, cOmepKaIiero Bropyio Creinetb
TpaJUEHTA.

[IpounmiocTpupyem ckazanHOoe Ha MPOCTEHIIeM TpuMepe
YPpaBHEHUSA

€2u + Opu+u =0, (5.65)

rae € < 1. Bymem uckarh perienne ¢ TpAHUIHBIMEA YCJIO-
Busamu u = 0, Op,u = 1 upu x = 0. Ilpenebperas deHom
c € B ypasaenuu (5.65), naxogum ypasaenue J,u + u = 0,
obuiee penrerre KOToporo uMeer Bui u = aexp(—z). Oue-
BUIHO, 3TO PEIIEHNE HE MOYKET yIOBIETBOPUTEH TPAHNIHBIM
ycaosusaM. 1103TOMy TIpw MasIbIX T permenue Tpedyer Kop-
pekmuu. Ilockombky v = 0 mpu z = 0, MBI MOYXKeEM TIpH
MAaJIbIX T IpeHebpeds YWIEHOM ¢ u B ypaBHenuu (5.65), 4ro
naer €02u+0,u = 0. Permenue 3T0ro ypaBHeHHs ¢ TAHHBIMH
IPAHUYIHBIMU YCJIOBHAMU umeer Bug u = €[l — exp(—x/€)].
VcioBue NMPpUMEHUMOCTH 3TOTO TPUOJIUKEHUST WMEET BU]L
Ozu > u, 910 Jaer HepaBeHCTBO = <K €ln(1/€), KoTopoe
OIIpEeIe/ISeT TOJIMHY norpanudnoro ciaod. Ipu eln(1/¢) >
2 >> € HAliZIeHHOE PEleHne BBIXOIUT HA KOHCTAHTY, PABHYIO
€. CpaBHuBasg 3Ty KOHCTaHTY C U = aexp(—x), HAXOIUM
KOHCTaHTy a = €. Takum 06pa3oM, MBI HAXOINM PEIICHUE
u = eexp(—x), KOTOpoe PabOTAET NPH YCIOBUH T > €.

Banaga 5.5.5. Ypasnenue (5.65) pewaemea mowno. Hadi-
MU €20 peweHue ¢ 2paruvHbMY Yycrosuamu u = 0,
Oxu = 1 npu x = 0 u cpasnums €20 ¢ HatideHHvim
NPUONUACEHHBIM PEUEHUEM.

Ilepexonum Temepb K HETUMHEHHBIM ypaBHeHusM. B 3Tom
Clydae BO3MOXKHO CYyIIECTBOBAHUE HECKOJIbKUX PEIIeHUN
YPABHEHUSI U JlazKe IIOCTPOEHUE PELICHUsI, KOTOPOe 3a/ia-
€TCs PA3JINYHBIMU BBIPAYKEHUSIMU HA PA3HBIX WHTEPBAJIAX.
Ha rpanunax maTEpBaja JOIKHBI OBITH BBITIOJHEHBI YCJIO-
BHUA “‘CKJIEHKH: HEIPEPBIBHOCTDL (DYHKIINKA U €e ITPOU3BOI-
HBIX BIUIOTH JIO IPOU3BOIHON, HA €MHUILY MEHbBIIE TOPs /-
Ka ypasHenus. Hanpumep, /s ypaBHEeHUsI IEPBOIO HOPSs/I-
Ka JOCTATOYHO MOTPEOOBATH HEMPEPBIBHOCTH CaMOM (hyHK-
WU, & JJI8 yPABHEHWS BTOPOrO MOPSIIKA IOJIKHBI OBITH
HEMPEPBLIBHBI caMa (DYHKIWMSA W €e MepBas IIPOU3BOIHAS.
IIpu sToM BO3HHMKaET “KOHTPUHTYUTUBHAS CHTYAIlHsi, KO-
[Jia, CKaXXeM, [ yPABHEHWs MMEPBOTO IOPSAJIKA B TOYKE
CKJIEHKN TTpOon3BOAHAsT (DYHKIIMYA MOYKET WCIBITHIBATH CKa-
40K. [loHATHE MOTrPAHWYHOrO CJIOS TMO3BOJISET TPOSICHUTH
3Ty CHUTYaIHIO.

PaccmorpuM B KadecTBe IpHMepa ypaBHEHHE MEPBOrO
nopsaxa (9,u)> = 1. Ono umeer pemenne u = |z, xo-
TOPOE YIAOBJIETBOPSIET YCIOBUIO HEMPEPHIBHOCTH, HO MMEET
CKavOK Mpou3BonHOil B Touke x = 0. CuparmmBaercs, Kak
BO3MOXKHO BO3HMKHOBEHHE TAKOTO PA3PBIBHOTO DEIIEHUS !

7151 BBISICHEHHS STOTO BOIPOCA BBEAEM B yKA3AHHOE yDaB-
HEHUsl BTOPYIO IIPOM3BOAHYIO C MauibiM KO3 duunenrom:
€02u+ (9,u)? = 1. DT0 ypaBHeHNe JETKO PelaeTcs aHau-
THYECKH, JIJIs1 Ier0 CJIeAyeT BBECTH HEPEMEHHYIO w = O, u,
JIUIs1 KOTOPOI IPHBE/IEHHOE YPABHEHHUE SIBJISETCS YPABHEHN-
€M TIePBOrO TOPAJIKA € PA3IE/AIOMIUMUC TEPEMEHHBIMU.
Ero peumienuem (¢ TOYHOCTBIO /10 CABHUIA 110 &) SABJSAETCS
w = tanh(z/€). laTerpupoBanmne 3Toro BbIPaXKEHUs JAET

u = elncosh(z/e).

910 pemrerne 6eckoHEIHO TUGHEPEHIIUPYEMO U HE UMEET
HUKAKHAX OCOOEHHOCTEH Ha JeHCTBUTEILHON ocu. B To ke
BPEMsI MbI CTATKUBAEMCS C TIOTPAHUYHBIM CJIOEM TOJIIUHON
€, BHE KOTOPOI'O, TO eCThb LpU x| > ¢, QyHruus u ~ |x|.
IMonsrHo, yro B upedene € — 0 Mbl nosaydaem u = |z|, ¢
pas3pbhIBOM TTpon3BOaHOM. O000IIAs 9TO HAOIIOAEHNE, MOK-
HO CKa3aTh, YTO PEIIEHWs] ¢ PA3PbIBAMU B MPOU3BOIHBIX
SIBITSIIOTCS CJIEJICTBUEM HAJWYHUS MOTPAHUYHBIX CJIOEB, TOJI-
IIIHA KOTOPBIX YCTPEMJISIETCS K HYJTIO.
[Ipoananu3upyeMm HeJmHEHHOE ypaBHEHUE

€0?u+ (1 +u?)dpu —2 =0, (5.66)

rae € < 1. CuoBa OymeM WCKATh PEIEHWe C TPAHUYIHBI-
mu yeqosusivu u = 0, O,u = 1 mpu x = 0. IIpenebperas
4yjleHOM C € B ypashenuu (5.66), HaXouuM ypaBHeHUE, pe-
IIeHre KOTOPOTO OIPe/IesAeTCs COOTHOMEHneM U + u? /3 =
2(x — xp), KOTOPOE, OYEBUJIHO, HE MOXKET YJOBJIETBOPUTD
obenM TpaHIIHbIM yesoBusM. B cury Toro, uto u = 0 mist
x = 0, mpu MaJLx x uieHoM ¢ u’ B ypasHenuu (5.66)
MOXKHO TIpeHebpedb. B pesyibrare Mbl HAXOIUM ypaBHe-
mne €d?u + O,u — 2 = 0, pemeRre KOTOPOro ¢ MPHHATHI-
MU FPAHUYHBIME yCJOBUSIMHA HAXOJUTCS M3 COOTHOIIEHHS
€0zu + u = 2x + €. Pemenue, yaoBnersopsoliee JaHHbIM
IPAHWYHBIM YCJIOBUAM, UMEET BUT,

u=2x — €+ eexp(—z/e). (5.67)

Kpurepuem npumenumvoctu (5.67) apisercs u < 1, 10 ecTb
z < 1. B 1o xke Bpems yxe npu x > € pemenue (5.67)
BBIXOIUT HA 22 — €, OTKY/a CJenyer To = €/2.

B paccMoTpeHHBIX mpuMepax yJIaBajioCh AHAJIUTUYECKH
HalTH BBIPAYKEHUS, KOTOPbIE OBLIN CIPABEIJIUBBI CPA3Y
B JIBYX aCHUMIITOTHYECKuX ObjacTsax. Kak mpaBujo, 3Toro
CIeNaTh HE YJIAeTCs, U B JIYUIIeM CIIydae PerieHne MOXKHO
maiitu gucienno. OQIHAKO Jjis ODINEro aHAIW3a PEIeHust
JIOCTATOYHO UCCJEOBATDH €ro MOBEJICHUE B KAXK/IOW aCHUMII-
TOTUYECKOi 061acTH U MOTPe0OBaTh CIIUBKE (TO €CTh pa-
BEHCTBA MO MOPAIKY BEJUYMHBI) HANJIEHHBIX PENICHUN Ha,
rpanwure objacTeit. JTa IPOIEeaIypa JaeT IpeaCcTaBIeHne 00
o0IeM xapakTepe pPerieHus W MO3BOJISeT HAWTH ero u3Me-
HEHUS [IPU BaPUAIHAX €.

3amaua 5.5.6. IIpoanasuduposams peusenue ypasHerus
€02u + Opu + 1u = 0 NPu MaAuT €.

TlorpanudnbIil CI0#f MOXKET COIEp>KaTh HECKOJBKO TOI-
cioeB. PaccMoTpuM B KadecTBe MpUMepa ypPaBHEHUE

302u + 230,u + (2% — e)u = 0, (5.68)
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rae x > 0,e > 0, € < 1. Ionaras B (5.68) € = 0, Haxoxum
ypasuenue xd,u + u = 0. Ero pewenue « 1/, ono peasnu-
3yeTcst B ocHOBHOM obmactn x> €'/2. TIpn €2/3 « x < €'/?
MOYKHO TIpereGpedn TiepBbiM usenoM B (5.68) u 22 mo cpas-
HEHWIO C €, 9TO MPUBOIMT K ypaBHeHuio r°0,u — eu = 0,
perrerne Kotoporo o exp[—e/(222)]. Hpu 2 < €2/ B (5.68)
CJIEIyeT OCTABUTD TOJBKO YIEHBI C €, 9TO IPUBOIUT K yPaB-
nenuto €292y — u = 0, pemenus xKoroporo exp(+z/e). Ta-
KM 00pa3oM, MOJIydaemM

u:Del/z/x, x> /2,
u = Cexpl—e/(22?)], /3 <z < €V?,
u = Aexp(z/e) + Bexp(—z/e), =< e?.  (5.69)

OTHU BbIPaXKEHHd JOJZKHBI 110 LOPSAJIKY BEJIUYUHBI COBIA-
JaTh Ha TPAHUIAX objacTeif, 4TO JaeT IBa YCIOBHS HA
koucTauTbl A, B, C, D. Eme mBa COOTHOIIEHWS TAal0OT Ipa-
HugHble yerosus. Ecmu, ckaxem, u(0) ~ 1 u(l) ~ 1, o

A~B~1,InC~e /3 D~ C.

3amadga 5.5.7. IIpoaHaau3uposamsd peuweHue YpasHEHUS
€302u + e sinh ud,u + r0,u + tanhu = 0 npu maanz €.
Pacemompems cayuati eparuvnozo yeaosus u = 0 npu
z = 0.



73

6. Ilpubam>keHHBIC U CICIIHAJIBHBIC DEITCHHIS

T'nasa 6

IMPUBJ/IN2KEHHDBIE N CITEITNAJIBHBIE

PEIITEHN A

B anasmze pazaungyHbix GU3NYECKUX SBJIEHUH, KOTOPHIE
onuchIBalOTCA AudpepeHnnanbHBIMA YPABHEHUAMT, OOTb-
IIyI0 POJb WUIPaeT IOBeJeHUE PElIeHUl 3TUX ypaBHEHUI
BO/IM3HM 0COOBIX TOYEK. TaKMMHU TOYKAMU SBJIAIOTCS TOYKH,
rre xkodddurment npu crapiieil mpou3BonHoil muddepen-
[IHAJIFHOTO ypaBHEHUs1 obparmaercs B HOJMb. OcoOeHHOCTSI-
Mu 00/1aIaI0T TakKe perienus: AudHepeHnnaabHbIX yYPaB-
HEHWi, Y KOTOPBHIX KO3 PUIMEHT TPy CTapIiei Mpon3Bo/I-
HO¥1 SIBJIeTCH aHOMAaJIbHO MaJibiM. Kak mpasusio, 310 Beer
K BO3HMKHOBEHWIO TAK HA3BIBAEMBIX MOTPAHUYHBIX CJIOEB.
Mpbr oOcyzkaaeM TakXke “MeIeHHyr’ IUHAMWUKY (bunde-
CKOIl CHCTEMBI, YCPEIHEHHYIO IO OBICTPHIM OCIIUJIISIIIUSIM.

6.1 Ilapamerpudeckass HeyCTOWYIU-
BOCTb

B mpocreiinrem ciydae mapaMmerpudecKas HEYCTOWIHBOCTD
HabJIIO/IaeTCdA B CUCTEME C OJHOM CreleHbio cBoboabl. Pac-
CMOTPHUM OCIIUJIJISITOP, 9aCTOTA KOTOPOTO 33 CUET BHEIITHETO
BO3EMCTBUS EPUOANIECKN MEHSETCS CO BpemeHeM. Torma
JI7IsI OIIUCHIBAIOIIEH KOTEOAHMS TIEPEMEHHOM - MOXKHO ¢hOop-
MyJIMPOBAThH CJIEAYIOIIee yPaBHEHUE

0w + x — 2f cos(2wt)z = 0, (6.1)

KOTOPOe Ha3bIBaeTcd ypaBHeHmeM Marné. Mbl mosjaraem
f > 0.IIpu f = 0 ypaBuenue (6.1) onuchiBaeT OCUUILISIIUY
¢ 9acTOTOil, paBHO# emuuwnie. B manbHeHIIeM Mbl CIATA-
eM ¢akrop f MaJIOf BEIMYUHOM, 4TO O3HA4YaeT CjaabOCTb
BHEITHETO BO3JeiiCTBUI.

IIpun HEKOTOPBHIX YACTOTAaX w BOMWU3W €IWHUIHON ypas-
Henue (6.1) IpUBOAUT K HEYCTOWYMBOCTU. YCTAHOBUM KPH-
Tepwii 11 €e BOSHUKHOBeHUs. HeyCTONIMBOCTh BO3HUKAET
Ha MOJIOBUHHON 9aCTOTE BHEITHErO BO3/IeiICTBUA, TO €CTh W.
B sroM cityuae © MOXKHO ammpOKCUMUPOBATH BHIPAYKEHUEM
x = acos(wt + ), K KOTOPOMY UMEIOTCs IIONPABKH, MAJIbIE
o mapamerpy f WM, 9TO TO XKe camoe, no OJU30CTH Ya-
CTOTBI W K exuuune. AMiuryia a u ¢asa @ MEHSIOTCH CO
BpPEMEHEM MEJJIEHHO, TO €CTh Ha BPEMEHAaX ropa3mno 00sb-
mre eqununbl. [logcrasisas = acos(wt + @) B ypaBHEHUE
(6.1) u coxpaHsisi B HEM TOJIbKO [EPBbIE IPOU3BOAHBIE OT @
U @, HAXOJUM

(1 — w?)acos(wt + ) — 2wdsasin(wt + @)
—2awdp cos(wt + @) — facos(wt — ) = 0. (6.2)
MBI cOXpaHWUIN 371eCh TONBKO PE30HAHCHBII YJIeH TTPON3Be-

nenus 2f cos(2wt)x. Usen ¢ TpoitHoi YacTOTON 3w TpouUs-
BeIeT MaJIbIi BKJIaJd B I, IIOCKOJbKY BMECTO MaJIOrO MHO-

xurensd 1 — w? B (6.2) Ipu aMIIIMTYIe UJeHa ¢ TPOWHOM
9aCTOTOH 3w GyIeT CTOATH He MAJbLIH MHOKHTETb 1 — 9w?.

YpaBuenue (6.2) uMeer HeTPUBHAJIBLHOE DPEIIEHHE IIPU
bukcupoBannoit (ne 3asucsieii or Bpemenu) daze . To-
[JIa, YYUTBIBAsL OJIU30CTH 9ACTOTHI W K €IUHUIE, HAXOJUM
COOTHOIIEHNUE

20wa cos(wt + @) + 20ra sin(wt + @) + facos(wt — @) = 0,

rie 0w = w— 1. [IpupaBHuBas K Hy110 KO3(pPUIMEHThI IPU
cos(wt) m sin(wt), HAXOANM CHCTEMY ypaBHEHWH

(20w + f)acosp + 2sin pdia = 0,
(—20w + flasiny + 2 cos pdia = 0. (6.3)

YcaoBue CyIecTBOBAHUS PEIIEHUs 3TOW CUCTEMBI ypaBHE-
Uil 17151 a, Oya TMOAydYaercs Npu YyCIOBUU PABEHCTBA HYJITIO
JETEPMUHAHTA, UTO JAET

20w + f cos(2¢) = 0. (6.4)

Perrrenue 5T0ro ypaBHeHUs JJist (© CYIIECTBYET, ecau 2|dw| <
f, 91O M ABIsieTCd ycmoBHEM HeycToiumBOCTH. Takmm 00-
pa3oM, HEyCTOHYUBOCTb JOCTUTAECTCH B Y3KOU OKPECTHOCTH
exuuu4HOll yacrorel. Jasnee, mbl Haxoxum u3 (6.3) Bbipa-

JKEHWE
Olna=a, a=+/f2/4—(éw)?. (6.5)

Takum 00pa3oM, aMIIATYZA ¢ IKCIOHEHIUATIBHO PACTET CO
BpeMeneM, a X exp(at), TO ecTb (v ABJISETCS MHKPEMEHTOM
HEYCTOMYUBOCTH.

Nuxpemenr neycroiausoctu o (6.5) okasbiBaercd Tem
60JIbINIe, YeM MeHbITe dw W JOCTUTAeT MAaKCHMyMa B yCJIO-
BUSAX TOYHOrO pe3onanca dw = 0. B sTtom ciyuae o = f/2.
Kaxk cnexyer u3 ycioBus (6.4), B yCJI0OBUSIX TOYHOIO Pe30-
nanca cos(2¢) = 0. ITockosibKy MbI paccMarpuBaeM pacTy-
uyto co BpemeneMm moay, O¢Ina > 0, 1o u3 cucrembl (6.3)
CJIeJIyeT, 9TO B YCIOBUSIX TOYHOTO pe3oHaHca ¢ = 37 /4.

3agaua 6.1.1. Yemy pasen cdeuz a3 p na epanuyax uH-
mepeaaa neycmotuusocmu?

Ypasuenue Marbé (6.1) OTHOCHTCA K YHCTBIM KOJIEOA-
HUsM 0€3 3aTyXaHusi. YdUeT 3aTyXaHws, KOTOPOe MbI Oy-
JIEM CUMTATh CJIA0BIM, HECKOJIBKO MEHACT CAEJIAHHDIE BBIIIE
BbIBOJIbI. BBeZIeM JIEKpEeMEHT 3aTyXaHus 7y, KOTOPBIA B CO-
OTBETCTBHH CO CIETAHHBIM IIPEIIIONOKEHNEM MHOTO MEHb-
me exauauibl. POpMAaTbHO 9TO O3HAYAET BBEJECHUE B ypaB-
sHenre Marsé (6.1) gononuurensuoro wiena 2y0ix. Ilpo-
JIeIbIBag T€ YK€ IMard, 9TO W BBINIE, Mbl HAXOIUM BMeE-
cro (6.5) ypashenue Orlna = « — 7. Takum obpaszom,
IPH ydeTe 3aTyXaHust O0JAaCTh HEYCTOHYMBOCTH, KOTOPAs
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XapaKTEPU3YeTCsl HATMIUEM PACTYIIEro CO BPEMEHEM pe-
menusi, Oglna > 0, cyxkaercsa. HeycroitauBocrs Habiiio-
JIAeTCsT TONBKO TIPU YCJIOBUH f/2 > 7, TO eCTh BHEITHee
BO3IEHCTBIE JOJYKHO MpeosioseTh 3aryxanne. Ona peasn-
3yeTcsl IpU OTCTPONKAX 0w, YJIOBJIETBOPSIONINX YCJIOBHUIO
(0w)? < f2/4 =2

B pamkax sawmHEHHOr0O NPHOJIUKEHUsT HEYCTONINBOCTD
[PUBOJUT K HEOIPAHUYEHHOMY POCTY aMILIATYBL G CO Bpe-
MereMm. OHAKO 1pU POCTE AMIIMTY/bI HEUM30EXKHO CTa-
HOBSATCS CYIECTBEHHBIMU HeIuHENHbIEe 3(deKTh, KOTO-
pble MPUBOIAT K CTAOUIN3ANNY AMILIUTY/IbI HA, HEKOTOPOM
ypoBHe. PaccMorpuM ciydait KyOnaeckoi HeTHHEHHOCTH, C
yderom Koropoii ypasuenue Marbé (6.1) npeobpasyercs B

02z 4+ x + 2% — 2f cos(2wt)x = 0, (6.6)
rJie MbI BBIOPAJIN €IHHIYHBIM KO3(MQUINEHT Tph >
BCera MOXKHO JOOUTHCS IMepeMacIITabHPOBKOM T .

CHoBa mpojesiaeM MPUBEIEHHBIIN BBIIE aHATU3, TOICTAB-
naa ¢ = acos(wt +¢). B aroM caydae x® Gymer conepkaTh
YACTOTHI W W 3w. MBI COXpaHUM TOJIBKO YJIEH C W, TTOCKOIIb-

, 9eTo

Ky, KaK ¥ BBIIIE, WIeH ¢ 3w JACT Majble monpasku. Torga
BMECTO ypaBHEeHUs (6.2) MBI MOTy9uM

(20w — 3a?/4)a cos(wt + @) + 20,asin(wt + @)
+2a0pp cos(wt + @) + facos(wt — @) =0,  (6.7)

rze Mbl y4iu 6J1130CTh W K efguauie. Mbl BuauM, 910 €/1uH-
CTBEHHbIM OT/iM4YueM ypasHenus (6.7) or JmMHEHHOro ciy-
dag sABjIAeTcs 3aMeHa ow — Ow — 3a?/8. DTo cBA3aHO
C HEJMHEHHBIM CIBUTOM KB3JIPATa COOCTBEHHON YaCTOTHI
1— 1+ 3a?/4.

Takum 006pa30M, CTAIMOHAPHBIE PEIIEHUS CYIIECTBYIOT,
Korma ow — 3a2/8 HAXOIWTCA Ha TPAHUIAX WHTEPBAJIA
HeycroifuusocTu, 10 ecrb pasua +f/2. Eciu dw sexur
BHYTDHU WHTepBasa JNHEHOI HeycTolunBoCTH, |dw| < f/2,
TO TOJIbKO OJIHO 3HAYEHWE COBMECTHUMO C MOJIOKUTETHHO-
CTLIO @2, a IMEHHO CABHHYTAS YACTOTA JOJKHA JEXKATDH
HA HUKHEN I'PaHulle UHTEPBAJIA HEYCTOHNYUBOCTHU JIUHENHON
3asaan. B pesysibrare Mbl HAXOAUM CTAIMOHAPHYIO aMILIU-
TYIY

3a2/8 = f/2 + dw. (6.8)

OTmerum, 9TO CTAlMOHAPHAS aMILIUTYIa ag (6.8) masa B
CUJTy MPEIOIOKEHHONR MajocTu f. 9TO ONPaBIbIBAET WC-
[OJIL30BAHUE TOJILKO IIEPBOrO HEMCYE3AMOIIEro HEJTMHENHO-
ro uieHa (Kybuueckoro) B ypasHenun (6.6).

3agaua 6.1.2. Heaunetinocms 6 ypasuenuu (6.6) mo-
orcem Gbimb U UHOZ0 3HAKG:

O2x +x — 23 — 2f cos(2wt)z = 0.

Kaxoso 6 amom cayuwae bydem ewipasicenue das cma-
YUOHAPHOT amnaumydos a ?

3amaua 6.1.3. IIpoanasusuposams Junamuyeckuti pe-
JHCUM BOAU3U CNAYUOHAPHO20 pewerus (6.8).

Yurem Tenepb 3aryxanue, nob6asuB B ypashenue (6.6)
uyen 270 x. B arom cayuae ypasuenue (6.7) npespatuaercs
B

(20w — 3a® /4 + 20y p)a cos(wt + ¢)
+2(0ta + ) sin(wt + @) + facos(wt — ) =0,  (6.9)

rJe Mbl y9IM OIW30CTh w K eaunnne. [IpupaBHMBas Ko-
s dunmentst pu cos(wt) u sin(wt), HAXOINM CJIETYIOILY IO
CTAIMOHAPHYIO CHCTEMY ypaBHEHHI

(20w — 3a? /4 + f) cos p + 2ysing = 0,
(—26w + 3a%/4 + f)sinp + 2ycosp = 0.

Orcroma HaXoIuM pelleHne

3a2/8 = \/f2/4 — 42 + dw, (6.10)

Bmecto (6.8). Pemenne (6.10), kak 1 pambiine, COOTBETCTBY-
€T HUXKHell TpaHnlle MHTepBAJIA HEYCTOWYMBOCTHU JWHENH-
HOU 3aJIa9mW g CABUHYTON YacTOoThl. Kak m ciemoBasio
OXKU/JIaTh, 3aTyXaHNUe PUBOJIUT K T0/IABJIEHUIO Gg IO CPaB-
HEHUIO ¢ 0e33aTyXaTesJbHbIM CIydaeM. YTOJ (o B JTAaHHOM
ciIydae MEHBINE T, er0 3HaYeHUe OMPeNesaeTCa yCIOBUEM

sin(2p0) = —2v/f.

3agaua 6.1.4. IIpoanasusuposamv Junamuveckus pe-
oHCUM B0AU3U CTNAYUOHAPHO20 pewerus (6.10).

6.2 Merom ycpenHeHUsS W MeJIEH-
Had IBOJIIOIULA

CuoBa oOparumcs kK auddepeHnraaIbHOMy YPaBHEHUIO
(5.58), KoTOpOE MbI OyJeM paccMaTpuBaTh B PaMKaxX Bpe-
MeHHGH 3Bostoun. [loaToMy He3aBUCUMOI TTEPEMEHHOM Te-
uepb Oyuer Bpems t, a ypasuenue (5.58) uepeuuiiercs B
BUIE

F(t,x,0x,...)+eG(t,x,0ux,...) =0. (6.11)

VYpasuenue (6.11) MOKHO peniaTh MO TEOPUU BO3MYIIECHHUIA,
KOTOpasi 3aKjIiodaercs B caemyiomeM. CHadama Mbl HAXO-
JuM pelienue ypasHenuss F' = (0, 3areM nojcraBiisieM 31O
HyJeBoe perienne B G W HaxXomuMm m3 ypapHenusi (6.11)
MIEPBYIO MO € TIONPABKY K HYJIEBOMY DEITeHHIo, U TaK Ja-
see. Tem campiM perienne OymeT HANRIEHO B BUIE PAIA IO
€. ITa Mporeaypa MOXKeT ObITh OCYIIECTBICHA aHATUTHAYE-
cku, ecu Gyukiuu F, G nocrarodno npocrbl. B mporus-
HOM CJIy49ae €€ MOXKHO OCYIIECTBJIATH TOJIBKO YHCIIEHHO.
OHako B psifie CIydaeB pPa3JioyKeHHE 110 € MOXKeT pas-
pymiaTbes Ha OONBIMAX BPEMEHaX t. ITO MPOUCXOIUT, €C-
Jn peuienue ypaBHenus F' = (0 uMeeT OCHU/LIATOPHBIN Xa-
pakrep, a dbyuknua G IPUBOIUT K PE3OHAHCY € ITUMH OC-
muLagnuamMu. B arom ciydae B permenun ypasaerus (6.11)
BO3HMKAIOT TaK HA3BIBAEMbIE BEKOBbIE (CEKyJIADHbIE) djie-
HBI, KOTOPBIE PACTYT CO BpeMeHeM ObICTpee, 9eM HYJIeBOe



75

6. Ilpubam>keHHBIC U CICIIHAJIBHBIC DEITCHHIS

pelieHue, TO ecTh pemnierue ypasHenust F' = (0. 910 mpuso-
JUT K TOMY, 9YTO CO BpEMEHEM CEKYJIsSPHbIE YJIEHbI, HECMOT-
psT HA MAJIOCTD TIO €, MOTYT CTaTh CPABHUMBIMHU C HYJIEBBIM
pelenneM, 9TO U MPUBOJUT K €ro pa3pyirnerunio. Poin ceky-
JISPHBIX 4JIeHOB B auddepeHImaibHbIX yPABHEHUAX UCCITe-
noBasack eme B 18 Beke B paborax Jlarpanxka u Jlammaca
[IPU pacyere IBOJIONUH [LJIAHETHBIX OPOUT.

B kagecTBe mpocreiiiieit wiIOCTPAIIMH CKA3AHHOIO Pac-
CMOTPHUM ypaBHEHUE

Ofr +x = ex®. (6.12)

IMpu ¢ = 0 pemenune ypasuenus (6.12) umeer Bum rg =
acos(t — T), Toe T — Npon3BoOJbHAsS KoHcTaHTa. ITomcras-
Jisgsl 9TO BbIpakKeHWe B MPABYI0 4YacTh ypasHenus (6.12),
MBI HAXO/JUM ypaBHEHHe JiJls IepBOil HOIPaBKHU 1 K Tg :

1
Ofxy + a1 = Zea‘n’ [cos(3t —37) +3cos(t —7)].  (6.13)

Bropoe cnaraemoe B mpasoit 9actu (6.13) mmeer gacrory
OCHOBHOI'O PellleHNusd, TO eCTh HAXO/UTCA B PE30HAHCE C Jie-
BO#T 9acTbio 3T0r0 ypasHenus. OHO MOPOXKIAET CJIETYTONTUI
CeKyJIAPHBII BKJIAT B Z1:

x = geaB(t — 7)sin(t — 7).
O4eBnIHO, 9TO HA JOCTATOYHO GOJBITAX BPEMEHaX, KOTIa
t ~ (ea?)™!, npuBenenHas TONpaBKa CTAHOBUTCS MOPSIKA
HYJIEBOTO PEIeHHusI, YTO U O3HAYAET HAPYIIEHNWE ITPUMEHN-
MOCTH Pa3JIOKEHH II0 €.

MOKHO CyIIECTBEHHO yCOBEPIICHCTBOBATH CXEMY pelle-
HUs ypaBHeHust (6.12) mo cpaBHEHWIO ¢ TPSMOii Teopweit
BO3MYIIEHNiA, TOCTPOUB TPUOINKEHHOE PEITEHHIE, KOTOPOe
paboTaer Ha Bpemenax t MHOro 66abmmx (ea?)~!. Bymem
UCKATh PellleHre ypaBHeHus B BHJE T = a cos(t — T), rue
a U T ABIAIOTCA MeJIeHHbIME ByHKIuaAME Bpemenn. ITo-
craBiissl 910 Bblpaxkenue B ypasuenue (6.12) u coxpausis
TOJILKO TIEPBbHIE TIPOM3BOIHBIE TIO BPEMEHW OT @, T, HAXO-
JIUM CJIEJIYIOIIEe YPABHEHNE

3
—0asin(t — 1) + OyTacos(t — 1) = geag cos(t — 1),

rjae Mbl OCTAaBUJIA B IIPABOl Y4aCTU TOJBKO PE30HAHCHBII
qiied. OnyuieHnblii (He PE30HAHCHBIN) YJI€H JaeT HOIpPaB-
KU, MaJible 10 €, HA BCeX BpemeHax. I[IpupaBHuBasg K Hysio
K03 DUIHUEHTHI TPYU CUHYCE U KOCHHYCE, HAXOIUM CHCTEMY
yPaBHEHUN

3
Oa=0, OT= geaz. (6.14)
OueBnanbiM pemtenneM cucrembl (6.14) aBnsercs a =

const, 7 = 79 + (3/8)ea’t, rae 79 — MPOM3BOIBbHAS KOH-
cranTa. TakuM 06pa3oM, MBI IPUXOIUM K DPEIIeHHIO

x = acos[t — (3/8)ea’t — o), (6.15)

KOTOPOE TIPEICTABJISAET CODON OCIMILIANNN C YACTOTON w =
1 — (3/8)ea?. TlonpasKka K eJWHHUIIC HA3BIBAETCSA HeIUHEii-
HbIM CIBUT'OM YaCTOTBI.

VYeranosuMm — KpuTepuil IPUMEHUMOCTH — BbIPayKeHUs
(6.15). Ilpu BbIBOme ypasuenust (6.14) Mbr orGpocuin
agensl ¢ 027 u ¢ 9fa. MaabiM mapamMeTpom, Mo KOTOPO-
My 3TO MOXKHO CIeJIaTh, ABJIAeTcCS ea’. VIMEHHO C 3TOil
OTHOCHTEJIbHON TOYHOCTHIO HAal/IEHO BBIparKeHue IJist OyT,
[O3TOMY [ONpaBKA K 3TOMY BBIPAYKEHUIO MOMKET ObITh
orenena, kak e>a’. TaxuM 0O6pa30M, HOMPABKA K aPryMeH-
Ty KOCHHYCA B BBIPAXKEHUU T = @ COS(t — T) MOXKeT ObITh
omenena, Kak teZa?, To ecth pemenme (6.15) pabortaer mpu

yeaosun t < (e2at) L.

Bagaua 6.2.1. Cpasrums pewenue (6.15) ¢ mounvim pe-
wenuem ypasuenus (6.12) u nposepumv Kpumepui
nNpUMeRUMOCIU svipascenus (6.15).

IIpuBeeHHYO BBIIIE CXeMy MOXKHO ODOOIIUTH Ha, CTydaii
MIPOU3BOJIBHOTO MAJIOTO BO3MYIIIEHUsT YPABHEHUS TAPMOHU-
YECKOTO OCIHUJLIATOPA. A MMEHHO, PACCMOTPUM ypaBHEHUE
OCIMJLIATOPA C 9acTOTO# 1 1 106aBUM B MPABYIO 9ACTH ITO-
IO YPaBHEHUA NIPOU3BOJIBHBIA MAJIBIN 4JIeH, 3aBUCAIIUNA OT
T n Oux:

0?x +x = €G(x, Op). (6.16)

Criocob mpub/IMyKEeHHOTO PEIIeHNsT TAKOTO yPABHEHWS Ha-
3biBaeTcsa Meromom Borosrobosa-Kpseuiosa. Beemem Bcmo-
MOraTebHY0 IEPEMEHHYT0 2 = & + i0yx. B repmunax sToit
dbyukuuu ypasuenue (6.16) upuobperaer cienyoryio dhop-
My

Opz = —iz + ieG(Re z,Im z2). (6.17)

Beoaum abcosornoe 3Hadenue u dazy z: z = aexp(ip).
Torua ypasuenue (6.17) uepenucbiBaercs B BUJE

Ora = esin pG(a cos p, asin ),

COS('DG(a cos ¢, asin p), (6.18)

T =€

roe o = —t+T.

Jlo cux mop mpeoOpa3oBaHUsi OBLIM TOYHBIMH. UTOOBI
[POJBUHYTHCS JIAJbINE, 3aAMETHM, 9TO [IPUPAIIECHUS G U T
3a TIEPHUOJT MAJIBI B CHITY MaJIOCTH €. [losTomMy Tipw BhIamce-
HUM 9TUX MpUpAIleHuil B mpasoit uactu (6.18) a u 7 MOXKHO
CYNTATH KOHCTAHTAMU, YTO AET

2
Aa = e/ dp sin G (acos v, asin @),
0

2w
AT = e/ dy g
0 a

O6paruM BHUMAaHHUE HA TO, YTO T BLIIAJIAET U3 BbIPAXKeHUH
JUIsl 9TUX pupalieHuil (B Cuily TOro, 4T0 HA4ajI0 OTCYera
eproJia MPON3BOILHO). TakuM oOpazoM, JJIst MeJIIeHHOM
sBosony (Ha GOJIBITMX BPEMEHAX) MbI HAXOIMM CJIE/LYTO-
mue 3¢bdeKTUBHBIE YyPABHEHUS

G(acosg,asingp).

27
Ora = 2i dy sinpG(acosp,asing), (6.19)
T Jo

e [* cos

T = — d
tT o7 J, ¥

SDG(a cos @, asin ). (6.20)
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JIerko mpoBepuTh, 9TO 171 TPOAHATH3NPOBAHHON HAMU 3a-
nauan (6.12), korma G = 23, ypasrenus (6.19,6.20) cBonar-
cs K ypasHenuam (6.14).

3amaua 6.2.2. Hatimu nosedenue Ha 60ADUWUT 8PEMEHAT
AMNAUMYoL KOAEOAGHUT OCUUAAATIOPE C HEAUHETHDIM
samyzanuem 02x + x = —e(0,x)> npu marom e.

3amada 6.2.3. IIpoaHaiu3uposamsv NOGEIEHUE DEUEHUS
ypasrenus 0rx + x = —edyx|0pz| npu masom e.

Paccmorpum ypasuenne Bam nep Ilons ¢ mamabim MHO-
JKUTEJIEM B TIPaBO# dacT, € K 1:

Olr +x = e(1—2?)opx. (6.21)
Ypasuenus (6.19,6.20) fist 9T0r0 Cilydas CBOAATCA K

Ora = %a(l —a?/4), Ot =0. (6.22)

VYpapuenue (6.22) onucbiBaer NpUOIIMKEHUE AMILIUTYIbL G
K YCTOWYHMBOI (PUKCHPOBAHHON TOYKE G = 2, KOTOpas CO-
OTBETCTBYET ACHMIITOTUYECKOMY PEXKUMY ABTOKOJeOaHMii
(pesIeNbHOMY TIUKITY ).

3amaua 6.2.4. IIpoanasusuposamsv mnosedenue peweHus
ypaenenus 0rx + x = —e(1 — 22)20,x npu marom e.

3amada 6.2.5. IIpoanaausuposamsv NOGEIEHUE DEUEHUS
ypasnenus 07z +x = e(1 — 22)0x + ex® npu marom e.

Meton Boromobosa-KpbumoBa Moxker ObITH 0000IIEH HA
ciay4aii siBHOH 3aBucmmoctn (yHKmmn G B ypaBHEHWH
(6.16) or Bpemenu npu ycjiosuu, uro dbyukius G ocraer-
csl TPpUOIUBUTETHHO IEPUOIUTECKON (DYHKIINEH BPEMEHH C
nepuogom 27. s penieHust 3a1a9u B 3TOM CJIy4ae CHOBA
ucxonauM u3 ypasuenuii (6.18), rme B mpaBoii YacTH mOsAB-
JIeTCs TBHAS 3aBUCAMOCTDH OT BPEMEHN:

Ora = esin pG(t, a cos p, asing),
COSSDG(t,acos Y, asing), (6.23)

atTZE

rje ¢ = —t + 7. CHOBa MHTErpupys MO MEPUOIY U HAXO/S
npupaIienus a u T, HaxoauM 3P deKTUBHbIE YPABHEHUS

2w
Ora = QL do sin pG(t — ¢,acosp,asiny), (6.24)
T Jo
27
o = 2i d¢o COS('OG(t — ¢,acosp,asing), (6.25)
T Jo

rae ¢ = 7 — t + ¢. ObparuMm BHUMAaHHUE HA, TO, 9TO TEMEPH
T SIBHO BXOJMT B PEIICHHE.

3agaua 6.2.6. Hatmu pewenue ypasuenut (6.24,6.25)
das pedonancnot nakauku G = cost.

3agaua 6.2.7. Hatmu pewenue ypasuenut (6.24,6.25)
oas pesonancholi napamempuueckoli nakauku G =
x cos(2t).

Bagaua 6.2.8. Hatmu pewenue ypasnenuti (6.24,6.25)
oas ocyuarsmopa Ban dep Iloas ¢ mnaxawkoi G =
(1 — 2%)0x + K cost.

Jlo cux mop MBI NPUBOMUIN BbIPAXKEHUS I TPUOJIH-
JKEHHBIX yPaBHEHUU KOJI€OAHWIT BO3MYIIEHHOIO OCITUJLISI-
TOpa C eINHUYHONW YacToToi. Bee HalimeHHbIe BBIpAXKeHUsT
JTIETKO 0D00IIAIOTCS HA CJIyYail KOHEUHOM IaCTOTHI OCIIUIIIS-
Topa w. llpuBemeM cooTBeTCTBYIONINE BhIpazKenns. Bmecto
ypasuenus (6.16) ciemyer paccMoTperb ypaBHeHue

0fx + w?z = G, (6.26)

r7e w — COOCTBEHHAS 9acTOTa OCHUJLIATOPA. ByneMm uckarh
pellleHne 3TOr0 YPaBHEHWS B BUJIE

x = acos(—wt + 0), (6.27)

rae a, § — meanenubie PyHKIUU BpeMeHH. Y DABHEHUS HA
9TU (PYHKIUH ABIAIOTCS MPAMBIM 0000IIEHHEeM ypaBHEHMIT
(6.19,6.20)

2m
Ora = E/ dp sin(p)G, (6.28)
w o 27
2m
€ do
0 = va )y 2n cos(p)G. (6.29)

ITpu BBIYUCIEHUY UHTETPATIOB B MPaBbIX YacTax (6.28,6.29)
B dyukiuio G cjenyer MOACTABUTL U — @ COSY, Oy —
wsiny. Ypasaenus (6.28,6.29), 04eBHIHO, CBOIATCH K
(6.19,6.20) mpu w = 1.

B kadecrBe TpMBHAJBHOIO IMpUMEpPA PACCMOTPHUM JId-
HEHHBIN OCIUJIIATOP C 3aryxanueM. B stom ciayuae G =
—20;x, a € ABAdgeTCa NeKpeMeHTOM 3aryxanus. [lomcras-
JIsist 9TO BbIpayKeHUe B cooTHoIleHns (6.28,6.29), naxoaum
00 = 0, 0;a = —ea. Kax u cieyer, aMIinTy1a a 3aTyxaer
CO BPEMEHEM C JIEKPEMEHTOM €.

6.2.1 YVYcpenHeHHbIE ypaBHEeHUd OJd BOJI-
HOBOT'O JBUKE€HUI

Meros ycpenuenus, pa3BUTbHINA BbIIIE jIs KOJI€OATETHHOTO
JIBUKEHMU ST, HELIOCPEJICTBEHHO 0000IaeTCs U /1151 BOJTHOBOI'O
apukenns. Kak u 1j1st KoJ1e0aTeIbHOTO JBUKEHST, MBI 0y-
JIeM CYUTATh, 9TO B IVIABHOM MPUOJINKEHUN BOJTHOBOE JIBU-
JKeHHe ONUCHIBAETCA JIMHEWHBIMHU BOJIHOBBIMH yDABHEHUA-
M, u OyZeM m3ydarTh POJIb MAJBIX MMOMPABOK, CBI3aHHBIX
C HEJMHEWHOCTBHIO, BHEIIIHUM BO3EUCTBUEM, HEOOHOPOIHO-
CThIO U TaK JIaJiee.

PaccmoTpuM BOSTHOBOE JBUIKEHWE, KOTOPOE ONUCHIBAECTCS
nosieM u(t, ), ypaBHEHHE HA KOTOPOE UMEET BUL

O2u + ?u = €G. (6.30)

Baecy oneparop w = w(—iV) oupejesercs 3aKOHOM
mucnepcnn w(q) BOMHOBOTO apuxkenus, a G — HEKOTOpas
byHKIINS OIS U, €r0 MPOU3BOIHBIX, 8 TAKXKE, BO3MOXKHO,
BpeMmenu u koopamuart. [lapamerp € B mpaBoii YacTu ypas-
Henus (6.30) cuuraerca MaibiM. B HysesoM npubiuzkeHuu,
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korpa € = 0, ypasuenue (6.30) cBOAUTCS K YUCTO BOJHOBO-
My JHMHEHHOMY ypaBHEHWIO, KOTOPOE€, B 9aCTHOCTHU, UMEET
perrienvie B BUIe OEryImeil mIOCKOM BOJHBI C BOJTHOBBIM BEK-
TopoMm q: u = acos(—wt + qr + 0), tne w = w(q), a § —
MPOM3BOJIbHAS KOHCTaHTA. ByJIeM MCKaTh pEIIeHue ypaB-
Herus (6.30) B ToM xe Buge u = acos(—wt + qr + 0), rue
Terepb (€ y4eroM JOLOJIHUTENbHOro Yiena ¢ () napamer-
pbl a u 6 ABAAIOTCS MeIeHHbIMU (DYHKIUAMU BPEMEHU U
KOOPJIMHAT.

Ucnonb3yeMm TOT Ke TpHeM, KOTOPBIN MO3BOJIUI HANTH
YCPEIHEHHBbIE YPABHEHUS ISl BO3MYIIEHHOTO TAPMOHHYE-
CKOTO ocuyasgTopa. s aToro BBoauM PYHKIUA U1 U W:
Oruy = wu, w = u + tu;. Torpa ypasuenue (6.30) ueperu-
MEeTCS B BUIE yPABHEHUS TIEPBOTO TTOPSIIKA,

Oyw = —icow + iew 'G. (6.31)

TMoncrasass ciona w = aexp(—iwt + igr + i6), HaxoAUM
Ora + ia0i8 + vVa + iavVe = “a exp(—iyp),
w

rae v = Jw/0q — TpynmoBast CKOpPOCTh BOJHBL. IIpn BBIBOMIE
MBI HCTIOIB30BaH cooTHOMmenne (1 = ae')

w(—iV)[exp(iqr)y] = exp(igr)w(q —iV)y,  (6.32)

U COXpaHWIH B tw(q — iV) HyJIEBOIl U MEpBBIil YWIEHbI pa3-

Joxkenus 10 V/q. Mbl Tak:ke 3aMeHUIM B IPaBOil 4acTu

@ — w1, 9TO CHpaBeAMBO B IITABHOM MOPSAJIKE IO €.
Bobrjensst B HOJIyYeHHOM yPaBHEHUU JEHCTBUTEILHYIO U

MHUMYIO 9aCTU, HAXOJINM

Oa +vVa = £ sin(p)G,

S

00 +vVo = £ cos(p)G.
wa

Vcepeusis 3T ypaBHEHUs 1O MEPUO/Y, Mbl HAXOJAUM yDaB-
HeHud /I Me/IJIEHHbIX [IePEMEeHHbIX

2
Oia+vVa = < / dp sin(p)G, (6.33)
w g 27
8,0 + vV = 2wd£cos( )G (6.34)
i Cwa )y 27 vl '

B aprymenre dyukiuu G B Bbipaxkenusx (6.33,6.34) cie-
JIyeT TONCTABIATh U — GCOSw, Vu — —qasing, dyu —
wa sin . Tlocename BbIpayKeHUs TOTYYAIOTCS B TJIABHOM
NpHUOJIMKEHUH] TIO €, 9TO JOCTATOYHO B CHJIy TOTO, 9TO TPa-
Basd 4acTb Bbipaxkenuii (6.33,6.34) yKe COIEPKUT MAIOCTh
1o €.

Vpasuenus (6.33,6.34) aBagiorcsa npaMbiM 0000IIeHIEM
ypasuenuii (6.28,6.29). Enuncreennasa pa3sHulia 3aK/i0ua-
€TCA B HAJIMIUH MEPEHOCHOTO YJIeHA ¢ TPaaueHToM. MoXKHO
cKa3zaTh, 4To ypasHenus (6.33,6.34) coBmasaioT ¢ ypaBHe-
nusivu (6.28,6.29) B cucreme orcuera, KOTopast JIBUKETCS
¢ rpynnosoii ckopocrbio v. Cremyer, 0JHAKO, IIOMHUTH O
TOM, 9TO MBI IMEEM JEJIO C TOJIEM, 3aJaHHBIM B MTPOCTPaH-
crie. I noromy ypasuenus (6.33,6.34) HeoOXOAUMO periarh
C y9€TOM TPAHUYIHBIX YCJIOBHIA.

B kagecTBe TpUBHAIHHOI UILTIOCTPAIMU CKA3AHHOTO PAC-
CMOTpHUM cJiydail 3aryxaromieil Bosubl. B atom ciydae G =
—20¢u, & € IBJISIETCST IEKPEMEHTOM 3aTyXaHus BOJHBI. [1o/-
CTaHOBKA 3TOrO BBHIPDAXKEHHs B cooTHOineHus (6.33,6.34)
MPUBOANUT K yPaBHEHUAM

O:a +vVa = —ea, 00+ vVH=D0.

Perrerne ypaBHeHWs Ui aMIUIATYAbI @ HEOJHO3HAYHO.
Hanpumep, pemennsMm 9TOTO ypaBHEHWs ABISIOTCA G X
exp(—et) (a He BaBUCHUT OT KOODAMHAT), WJIU G X
exp(—evr/v?) (a me saBucur or Bpemenu). Haiitu ncrun-
HOe pellieHne YPABHEHNUST [JIsT aMTIIINTYIbI @ MOYKHO TOJIBKO
C Y9E€TOM TPAHUYHBIX YCIIOBHIl.

Ilepeiinem Temepb K ypaBHEHWIO Ha OTHOAIOIIYI0 ) =
aexp(if). B srom ciyuae ypasuenus (6.33,6.34) nepenu-
CHIBAIOTCA B BU/IE

. 2m
oY + vV = ad exp(if) / dp exp(—ip)G.  (6.35)
w 0o 27

Hanpumep, ana G = u® ypasuenne (6.35) cBomuTea K

O + vV = %ww. (6.36)

Ecau nepeiitn B cucremy orcdera, ABUKYIIYIOCS C IPYIIIO-
BOU CKOPOCTBIO ¥ U y4e€CTh CAEAYIOIINNA YJIeH PA3JI0KEeHUdA
w(q —iV) no V/q B (6.32), T0 MBI HOJIy9UM HeIHHEHHOE
ypasuenne [IIpéaunrepa.

3agaua 6.2.9. Hatimu ypashenue Ha 02ubatowyro 1 0t
G = u(Vu)?.

3agaua 6.2.10. Halmu ypasrenue Ha 02ubarowyro ) ois
neaunetinozo samyzranus G = —0yu(Vu)?.

6.3 ChernuaJjbHble peIleHnusd

31ech MblL OyleM pPacCMATPUBATH CIENUAJbHBIE DEIIeHUS
s depeHuabHbIX YPABHEHUI B YACTHBIX [IPOU3BO/IHBIX,
KOTOpbIE CBOIATCS K (yHKIuW OnHOil mepemenHoi. Cy-
IIIECTBOBAHIME TAKOTO COPTA PEIeHniT 00si3aHO CUMMETPUN
ypaBHeHusi (OIHOPOAHOCTH, U30TPOIMS, MHBAPHAHTHOCTD
OTHOCHTEJIHHO MEPeMaCIITAONPOBOHUST BPEMEHH, KOOPJIH-
HAT U UCKOMOro 1oJist). OraesbHbIl BOLPOC CBA3aH CO Cra-
TYCOM TOMOOHBIX PEITIeHN: OHM MOTYT MPEICTABJISATH YHU-
BepCaJIbHYIO ACUMITOTUKY HA OOJIBINNX BPEMEHAX WJIN, Ha-
000pOT, SBJIATHLCH Cenmaparpucoil (abCONIOTHO HEyCTONYu-
BbIM pelieHueM). BoisicHeHue 3Toro BOnpoca JI0JIKHO IIPO-
BOJIMTHCS IJIsi KAXKJOIO0 KOHKPETHOro ypaBHeHus. Mbl co-
CPEeIOTOYNMCST 3/I€Ch HA HAXOXKIEHUU COOCTBEHHO aBTOMO-
JEeJIbHBIX DEITeHu.

6.3.1 ABTOMOAEJBbHBIE PEIEHUST

Mper Gyzem caurarh, 9To 1oJe u(t, ) TOMINHSIETCS HEKOTO-
pomy nuddepeHIaIbHOMy YPABHEHNIO B YACTHBIX MTPOU3-
BOJHBIX, KOTOPOE OJHOPOIHO (110 BPEMEHU U IIPOCTPAHCTBY )
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7 m30TPOnHO. B 3TOM ciryuae BO3MOXKHO CyIIIeCTBOBaHUE aB-
TOMO/IEJIbHBIX pellleHuil, KOTOpble UMEIOT BU/L

= tl £ ), (6.37)

rae a u b — Hekoropele yuciaa. Apryment GyHKuun f, TO
€CTb r/tb, Ha3BbIBAETCS aBTOMOJIETbHOM mepeMenHoi. Uro-
ObI ypaBHEHNE NMeJI0 ABTOMOJIEThHOe perenne (6.37), oHo
JTOJIZKHO OBITH MHBAPUAHTHO OTHOCUTEIHLHO TTEPeMaciiTabm-
POBKH

t— Zt, r— 2%, u— Z %, (6.38)

rie Z — upousBoiibHblil pakrop. Ouesuno, pemenue (6.37)
MHBAPUAHTHO OTHOCUTEJILHO npeobpasosanus (6.38).

MpbI y2ke CTATKMBATHCH C ABTOMOENBHBIM TTOBEICHUEM.
Hanpuwmep, dyuknus Ipuna ypasuenus: quddysuu dyu =
V2u, KoTopas yioBIerBopsaer ypaBHeHIIO

(9, — V)G = 6(t)é(r), (6.39)

uMeeT aBroMozenbHbIi Buz (6.37)

G(t,r) = (47077(;;31/2 exp (—L) ) (6.40)

e d — pa3MepPHOCTh MPOCTPAHCTBA. B maHHOM caydae aB-
TOMOJEIbHON TIepEeMEHHON ABJIAeTCd r/ \/f HeicTBUTEH-
HO, ypasHenne muddysmm O,u = V2u WHBAPHAHTHO OTHO-
curensro t — Zt, v — ZY2r. Yro xe Kacaercs moKa-
3aresid a B Bbipaxkenuu (6.40), To OH CB#A3aH C IPaBOii Ya-
cTbio ypasuenus (6.39): o6e yacru 3TOr0 ypaBHeHus J10JIK-
HBI OJIMHAKOBO BecTH cebsg mpu mpeobpaszoBanuu t — Zt,
r— Z12p,

Ilpu ¢t > 0 dyskuusa Tpuna (6.40) sBuserca perneHu-
eM ypaBuenns quddy3un ¢ HyI€BO# IPABOil 9aCThIO0 U MO-
JKET PaCCMATPUBATLCS, KAK €r0 aBTOMOJEIbLHOE pPellleHue.
OrmernM, 9TO B CHIIy JIMHEHHOCTH ypaBHeHne Juddy3un
camo 1o cebe He dukcupyer nokaszarenab a B (6.37). Ox-
HAKO 3TOT MMOKa3aTe/lb (DUKCUPYETCS 3aKOHOM COXPAHEHUsI
J dV u = const, koropslit ciaeayer u3 ypasnenus auddy-

s3un O — V2u = 0 1719 JTOKAJIM30BAHHOTO B MPOCTPAH-
cTBe oJsA. V3 3aKoHA COXpaHEHUS CJIEAYyeT COOTHOIIEHUE
db — a = 0, KoTopoe B COBOKymHocTH ¢ b = 1/2 naer
a = d/2, 9TO M COOTBETCTBYET ABTOMOJEIbLHOCTH Ppellie-

nusi (6.40). Pasymeercs, He BCsiKOe pelleHue ypaBHEHUs
mubdysun du — Viu = 0 umMeer aBroMOJIe/IbHBIH Xapak-
rep. OgHako Ha GOIBIIAX BPEMEHAX PeNieHne ypaBHEHWS
muddysun ¢ IOKATH30BAHHBIM HAYAIBHBIM YCJIOBAEM CTa-
HOBUTCS OJIU3KAM K TIOBEIEHHI0 (QyHKIUHA | prHA, TO €CTh
ABTOMOJIE/ILHOCTD PEIIEHUS] BOSHUKAET ACHMITOTHIECKH.

3agaua 6.3.1. Hatimu aemomodeabroe A0KAAU306AHHOE
PEWEHUE YPABHEHUSA,

Opu + 02u = 0.

Paccmorpum ommoMepHOe HenuHeHHOe ypaBHeHne Iud-
dy3un
Opu = Oy (udpu). (6.41)
Byzem uckarh aBTOMOEIBHOE PEIEHUE TOr0 yPaBHEHHUS
Buza (6.37). Ypasuenue (6.41) HHBAPDHAHTHO OTHOCHTEIHEHO
upeobpasosanus (6.38) upu ycaosuu a + 2b = 1. Tonosnu-
TeJILHOE YCJIOBUE HA TIOKA3ATEIH a4, b TOIy9IaeTCst, eCIH Mbl
paccMaTpUBAEM MOJIE U, JOCTATOUYHO OBICTPO CTPEMSIIIEeCs
K HyJI0 Ha GECKOHEYHOCTH. B 3TOM ciyuae mosydaem u3
ypasuenus (6.41)

8t/dxu:0—>/dacu:const.

Orciona naxogum a = b. Takum obpaszom, a = b = 1/3, u
aBTOMO/IeIbHOE perenue (6.37) uMeer BUJ

u=t"Y3f(xt™1/3). (6.42)

IMoncrasnsisa seipaxenue (6.42) B ypaBrernue (6.41), Haxo-
JAM

0c(f0ef) + 306(6]) = .

rae & = xt~1/3 — apromoznenbuas nepemennasi. arerpupys
9TO ypaBHEHHE, HAXOIUM

FOcf + %g F=o. (6.43)

[MOCKOJIbKY KOHCTAHTA WHTErPUPOBAHMS PABHA HYJIO B CH-
JIy TIPEIITOIAraeMOro OBICTPOrO CTPeMJIeHNs [ K HYJIIO TIPH
crpemiiennu £ K OeckonewHoctu. Haxomum npa perenwus:
f=0muf=0C-¢2/6, tne C — NponusBoIbHASA KOHCTAHTA.
Pemenne, crpemsineecs K HyIi0 HA OECKOHEIHOCTH, CKITEH-
BAeTCs W3 ITUX JIBYX PEIIeHuil:

_ _ 2 2
19={ 752050t e (6.44)

Bo3MOXKXHOCTH CKJIEiKM CBSI3aHA C TEPBBIM  TOPSIIKOM
nuddepennuanbHoro ypastuenus (6.43), koropoe Tpedyer
HEMpPepPbIBHOCTH (DYHKIWHU f, HO JOMYCKAET CKAYOK B €e
MPOU3BOIHOM.

Bagaua 6.3.2. Halimu A0KAAU308GHHOE AETNOMOJENbHOE
PEWEHUE YPASHEHUSA,

Opu = Oy (u0pu).

Paccvorpum ypaBuenune
Opu = —0,[(0,u)?). (6.45)

Byzem uckarh ero JOKaIu30BAHHOE aBTOMOJEIBHOE Dere-
Hre BUa (6.37) . VIHBapMaHTHOCTH OTHOCHTENBHO TPE0s-
pasoBanusg (6.38) B COBOKYNHOCTH C 3aKOHOM COXPaHEHHUsI
f dzu = const naer a = b = 1/4. lloncrasusisa Boipaxkenue
(6.37) ¢ aruMmu noKazaresssMu B ypasuenue (6.45), Haxoqum

De(&f) = 40¢[(9¢ f)?)-
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VuTerpupys 3T0 ypaBHEHHE, HAXOIAM
&f = 4(8: ),

MOCKOJBKY KOHCTAHTA WHTEIPUPOBAHWS PABHA HYNIO B CH-
JIy TIPEATIOaraeMoro ObICTPOro cTpeMiieH st f K HYJIIO TIph
crpemnennn £ K OeckomedHocTu. [loMuMO TpwBHAIBHOTO
pemenus f = 0 Hali/leHHOE ypABHEHUE UMeEeT PelieHne, Ko-
TOPOE MOYXKHO HA#WTH HOCTE Pa3/ejieHus IepeMeHHbIX [ =
(1/36)(£3/2—C)?, rme C' — nponsBoILHAS TOCTOAHHAS. Y UH-
THIBast, ITO f JIOKAJTM30BAHO, HAXOIANM

_ /2 _ 2 2/
f@:{ f=(1/36)(€%> - C)?, €< C?3,

P20, escnn (6.46)

3agaua 6.3.3. Hatmu A0KGAUS08AHHOE AGTIOMOOEAbHOE
peusenue YpasHerus,

Opu = —0,[(0yu)?].

Briimie MbI paccMaTpUBAIN ABYUICHHBIE YPABHEHUS, WH-
BAPUAHTHOCTh KOTOPBIX OTHOCHUTEIHHO TpPeodpa30BaHUs
(6.38) maBasia OIHO COOTHOILEHUE MEXKJy IOKa3aTeJsaMu
a u b. JIONMOJHUTENbHYIO CBA3b MEXKIy MOKA3ATENSIMU G
U b yraBajioch HANTU 3a CYET 3aKOHA COXPAHEHUs. DTO U
dbukrcrpoBasIo BeIUYUHLI ¢ U b. Berpedaiores u TpexdiieH-
HbIE yPABHEHWS, MHBAPUAHTHOCTb KOTOPHIX OTHOCHUTEIHHO
npeobpasoBanus (6.38) maer cpasy JBa yCIOBHs, KOTOPbBIE
dukcupyior a u b. PaccmorpuM B KadecTse mpuMepa Hesu-
HeiiHoe ypasHenne aud@y3un ¢ HCTOIHUKOM

Opu = O, (u" 0z u) + u®. (6.47)

NusapuantHocts ypashenus (6.47) OTHOCUTENBHO Mpeod-
pasoBanus (6.38) naer aBa ycJioBUsl, KOTOPbIE IPUBOIAT K
1 k—n-—1

a=— b=—\ 6.48

-1 2(k — 1) (6.48)

VYpapuenue Ha GYHKIMO f B TEPMUHAX aBTOMOJIEJIBHOI Te-

pemenHoit £ = 2/t° B maHEOM CTydae MOKeT ObITH PeIeHo
TOJILKO YHUCJIEHHO.

3amada 6.3.4. Bunucams ypasnenue wa gyuryuro [ 6
MEPMUHAT GEMOMOIEALHOT Nepemennoti & = :v/tb ora
ypasnerus (6.47).

Sagaua 6.3.5. Hatmu A0KGAUS08GHHOE ABTIOMOOEAbHOE
peusenue YpasHerus,

Ou = 8z(u_16mu) + Opu.

6.3.2 IBmkenume cpoHTa

OpHOPOIHBIE IO BpEMEHN W TPOCTPAHCTBY auddepenim-
aJibHble ypaBHEHWs JOIYCKAOT perenus Buga u(t,r) =

w(r — V't), KOTOpbIe OMUCHIBAIOT SBOJIIOLUIO M0JIs U, KOTO-
pasi CBOAMTCA K JBHXKEHUIO HEKOTOPOro mpoduis co CKO-
poctbio V. MbI OymeM rOBOPUTH O TAKOW IBOJIIOINHU, KAK
0 JBUKEHWH (PPOHTA, KOTOPBIA ONpEeNensercs yCIOBUEM
r = Vi, ecau pajieko Brnepeau (nepes GPOHTOM) U JIATIEKO
no3au (3a GPOHTOM) TIOJIE U CTPEMUTCS K HEKOTOPBIM KOH-
craaTaM. Pazymeercs, 3Th KOHCTaHTBI CAMHE I10 ce0e T0K-
HbI ObITH PEIIEHUSAMY UCXOHOIO yPABHEHUSI.
IIpoanamu3upyem ypasaenue Quinepa

O = 0%u 4 u(l — u), (6.49)

KOTOPOE BCTPEYAETCA B PA3NIMIHBIX KOHTEeKcTax. Hampw-
Mep, OHO MOJEJUPYeT Tporecc roperus, Toraa u = 0 co-
OTBETCTBYET HCXOJHOWU CMeCH TOPIOYero M OKUCIUTENd, a
u = 1 — monHOCTBIO cropesiieit cMecu. Ypasrenue (6.49)
WMeeT JIBA CTAIMOHAPHBIX OTHOPOJIHBIX pertenusd, u = 0 u
u = 1, mepBoe N3 KOTOPBIX HEYCTOMNYINBO, & BTOPOE YCTONYIN-
Bo. IIpeamonaraercs, 9To BO BceM mpocTpaHcTBe 0 < u < 1.
9TO CBOWCTBO MOJJIEP:KUBAETC ypaBHeHueM. Hampumep,

I1oJiarasd
exp(n)

14 exp(n)’
HAXOIUM ypaBHEHHUE

O = 931 — tanh(n/2)(9:0)* + 1,

KOTOpPOe He MMeeT OCOOEHHOCTEH Mo 7) Ha Beeil nelicTBu-
TenbHOU ocu. Takum 06pa30M, SBOJIONKSA 1) HE IPUBOIUT K
BbIXO/Y U 3a upesesst uarepsaia (0,1).

Ypasuenue (6.49) orHocurcs K THIY PeJAKCALMOHHBIX
ypasuennii (5.41), OHO MOXKeT OBITH 3aNMUCaHO B Buje Jiu =
—0F [bu, toe

1 1 1 .

F= /dx {2(83@)2 - §u2 + 3u3] : (6.50)
Benencrsue ypasrenus (6.49) dyuxnuonan (6.50) mono-
TOHHO yObIBAET CO BPEMEHEM, LOCKOJIBKY €r0 IIPOU3BOAHA
MO BpeMeHH

O F = — / da (0F/5u)? = — / dz (Ou)?,

OoTpHIATETHHA. DTO CBOHCTBO COOTBETCTBYET HEOOPATHUMO-
CTH IIPOLECCa TOPEHUS.

Ypasuenue (6.49) gomyckaer pelieHue B BUJE PACIPO-
crpansiormerocst bponra u(t, ) = w(z — Vt), Korma nponc-
XOJIUT TIEPEXOM, OT HEYCTOHIMBOro cocTossuusa u = 0, KOTO-
poe peanm3yeTcs mepen (ppoHTOM, K YCTORIMBOMY COCTOSI-
HHAIO u = 1, KOTOpoe peanu3yercs 3a ¢pporrom. Kak ciemy-
er u3 ypasaenus (6.49), ypaBuenue Ha (QYHKIHMIO W UMEET
BUJL

Vopw + 02w + (1 — w)w = 0. (6.51)

Nmeercss orpanuvenuve CHU3Yy HA CKOPOCTb JIBUKEHUS
dponTa V > 2, KOTOPOE MOKHO TOJIYIUTDh U3 AHAIN3A TTPHU-
Gavrkennst ypasHeHnst (6.51) K HyJeBOMY 3HAYEHHIO MDH
T — 00, Korjga w Maio. B ciydae V' < 2 ypasuenue (6.51)
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MPUBOAUT K OCIHIISITOPHOMY XapaKTepy MPUOTHKEHU W
K HYJII0 IPU T — 00, 9TO HPOTHBOPEUUT ycjaoBuio w > 0.
IMpu V > 2 ypasuenue (6.51) uMeer perrenue, yI0BIETBO-
pamoriee yciaosuio ) < w < 1, KOTOpoe ONMMCHIBAET pac-
npocrpansiomnuiics ¢hpout. B obmem ciaydae 310 pernenue
MOXKHO HAHATH TOJBKO YHCJIEHHO.

3agava 6.3.6. Hatmu pewenue ypasnenus (6.51), komo-
poe umeem eud w = [1 + exp(cx)]~2. Kaxomy snaue-
Huro ckopocmu V' ono coomeemcmeyem.?

Bagaua 6.3.7. Hatmu npouseodnyio Oy F npu deusicenuu
dponma, komopoe onucwvieaemcs ypashernuem u(t, x) =
w(zx — V).

CrparmBaercsi, KaKOMY 3HAYEHUI0 CKOPOCTH V' COOTBET-
CTByeT perieHne peasnbHoil 3amadn Kommu? OTBer 3aBucuT
oT HavaJbHBIX ycaoBuit. Kak mokazanu Koamoropos, Ilet-
poBckuit u [Iuckymos, HadaabHbIe yeaous v = 0 mpu x > 0
uu = 1npu x < 0 OpUBOAAT K BO3HUKHOBEHUIO (HPOH-
Ta, KOTOPbLA JABUXKETCA ¢ MUHUMAJIbHO BO3MOXKHOI CKO-
poctbio V' = 2. 9TO CBA3aHO C HYJEBBIM 3HAYEHUEM U B
TOIt 0bJTacTH, KyAa pacupocTpansercsa GporT. MoxHO obec-
Me9IuTh U OOJBINYI0 CKOPOCTH PACIPOCTPaHEHHsT (PPOHTA.
Ho gma sToro B obmactu, KyZa pacnpocTpansaercsa (ppoHT,
HEeOOXOAUMO 00€eCIIeYnTh HEHYJIeBOe 3HAYEHHE U, KOTOPOe
OyIeT MOAIepKUBATH PACITPOCTPaHEHNne (PPOHTA CO CKOPO-
creio V' > 2. Hampumep, B 9T0it 00/1aCTH MOXKHO CO3/1aTh
u(x), Koropoe onpee/saerca peiieauem ypasaenus (6.51).

Pasobpannoe namu ypasuenue (6.49) uMeer TOIbKO aBa
cTalmoHapHbIX ofHOpomHbix pemrenus, 0 u 1. Coorer-
CTBEHHO, PACIpoCTpaHeHne (PPOHTA 3aAKIIOYAETCS B Iepe-
xof7ie OoT HeycToiramBoro pemrenns (0 x ycroitamBomy 1. B
TO K€ BpPeMs MMEETC KJIACC ypaBHEHHUI, KOTOPHIE JIOMyC-
KAlOT B KAYECTBE CTAIMOHAPHOIO PEIEeHUs MPOU3BOJIHHYIO
KOHCTaHTy. B KadecTBe mjumiOCTpaliyd MPUBEIEM XOPOIIO
uzBecrHoe ypasHenue Bioprepca

O + udyu = dru, (6.52)

KOTOPO€, OYEBUHO, UMEET CBOMM DEIIEHUEM IIPOU3BOJIb-
HYI0O KOHCTAHTYy u = const. B momobmHOM ciydae pacripo-
crpanenue (PPOHTA MOKET 3AKJIHOUATHCS B IEPEXOE O O1-
HOW KOHCTAHTHI K APYTOW.

IMpowsiocTpUpyeM CKa3aHHOE Ha TPUMEpe yPaBHEHUS
Broprepca (6.52). Byaem uckarh ero pemieHue, KOTOPOE
3aK/TIOYAETCA B PACHPOCTPAHEHMH (POHTA, TEpes, KOTO-
PbIM 3HAYEHHE U PABHO HY/I0, a 3a (PPOHTOM — HEKO-
ropoit koucraure. Ilogcranoska u(t,z) = w(z — Vi) B
ypasuenue Bioprepca (6.52) maer coornomenue —V dyw +
wd,w — 0%w = 0, KOTOPOE TPUBOIUT K MEPBOMY HHTErPaJTy
—Vw + w?/2 — 0,w = C. MbI paccMaTpuBaeM pelieHue,
KOTOPOE CTPEMHTCS K HYJIO IIPU T — 00, B ITOM CJIydae
C = 0. Pasnensas nepeMeHHble B OCTABIIEMCS yPABHEHHUU
MepBoTo TopsiaKa, HaxoanM V(x — xg) = In[(2V — w)/w],
rje ro — NpOU3BOJIbHAsS KOHCTaHTa. OTCI0Ma HAXOIUM

B 2V
1+ exp[V(x —z0)]

w(z) (6.53)

O6parum BHUMAaHUE HA TO, 9TO 1pu & — —oo w — 2V. Ta-
KUM 00pa30oM, Hal/IEHHOE DEIIEHUE OIMKMCHIBACT JBUXKEHUE
dpoHTa, Tepes KOTOPHIM U PABHO HYJIIO, 8 33 KOTOPBIM
paBmo 2V.

3apgauva 6.3.8. Hatimu dopmy dpornma, neped xomopvim
u =0, daa ypasnenus dyu + 3u’d,u = d2u.

3agaua 6.3.9. Hatimu @dopmy  aHmMUCUMMEMPUYHO20
dporma daa ypasnenus Opu + 3uyu + O3u = 0

IIpusenem upumep, KOrja pa3HoCTb 3HAYEHUN 110JId U 11e-
peax HGPOHTOM U 3a HUM HE CBSI3aHA CO CKOPOCTHIO €r0 JIBU-
xenus. PaccmoTpum ypaBHeHue

2udiu = 0, [(0,u)?], (6.54)

KOTOPOE TaKXKe JIONYCKAET B KAYECTBE CTAIIMOHAPHOTO De-
[IeHHsT IPOM3BOJIBHYIO KOHCTAaHTY. [loncranoska u = w(x —
Vt) B ypasuenue (6.54) gaer

2Vwd,w + 0,[(0,w)?] = 0. (6.55)
9TO ypaBHEHUWE UMEET, OUEBU/IHO, TIEPBBIA WHTETrPaJI
Vw? + (0,w)? = C, (6.56)

KOTOPBIi TOJI7KeH ObITh moIoKuTeIbHBIM Tipu V' > 0. Haii-
JIeHHBI1 epBbIit nHTerpast (6.56) ©MeeT CMBICT 3aKOHA CO-
XpaHeHus JiJisd OCHUJLISATOPA, KOTOPBIH NPUBOAUT K pelle-
HUAM B Buje rapmonudeckux Gynkuumii. Eciu mbl xorum
HOJIYyYUTDh perienne B Bujae (bpoHTA, TO MBI JOJKHBI CKJIe-
UTH €ro C KOHCTAHTAMHU, KOTOPBIE SABJIAIOTCS DEIICHUTMU
ypasuenus (6.55). Ilockosbky (6.55) saB/s€TCsS ypaBHEHU-
€M BTOPOr'o MOPAJKa IO MPOU3BOIAHOI, TO B MeCTe CKJIEHKN
JIOJKHBL ObITh HEIPEPbIBHBL KAK caMa (DYHKIMsl, TaK U ee
npoussognas. OTCioma MoJydaeM perenne

w(z) = —/C/V, < ——

2V’
w(z) = /C/Vsin(VV z), Wi <z < Wi
w(z) =+/C/V, T > m

OdeBugHO, YTO apPTyMEHT X B 3THX BBIPAKEHUSIX MOKET
ObITH CABUHYT Ha IPOM3BOJIbHYIO KOHCTAaHTY. Bosee Toro,
MOKHO TIOCTPOUTH U 0OJIEe CIIOXKHBIE PElIeHns, KOTr1a MeK-
JIy ACHMITOTUYECKAMHU KOHCTAHTAME ITPOUCXOJUT MPOU3-
BOJIBHOE YHUCJIO TIOJYTEPUOOB, a HE OJIMH, KaK PUBEe-
O BbIme. OrMmerum, uro npu V' < 0 pemieHuil ypaBHEHUs
(6.55), Koropble gaBaju Obl (DPOHTHI, HET. DTO CBIAZAHO C
rem, 9To npu V < 0 pertenus ypasuenus (6.56) Bbipaxka-
0TCs Yepe3 runepOoInIeckue KOCHHYC U CHHYC, KOTOPbIE HE
MOrYT OBITH IMOJKJIEEHBl K ACHMITOTUIECKUM KOHCTAHTAM.

3agaua 6.3.10. Kax ceasanvt mescdy coboli acumnmo-
MUYECKUE 3HAYEHUA W OAL Hponma, KOmopuLl onu-
cosaemces  ypashenuem (6.55), ecau meocdy HUMU
ecmasaer 00ur nepuod?
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7. Hemnmnnertapre mojieBbre ypaBHEHIS

Tnasa 7

HEJIMHENHBIE ITOJIEBBIE YPABHEHUA

Henuneiinbie siBjeHUS WTPAIOT BECHMA, BAXKHYIO POJIb B
coBpeMeHHoM ¢usnke. B HACTOsIIIEM pa3esie MBI paccMaT-
pUBAaEM OCHOBHBIE CBOMCTBA HETUHEWHBIX IIOJIEBBIX yPaB-
Herwit. B yacrHOCTH, MBI PACCMATPHUBAEM CJIydad, KOIJA
3a CHeT HEeJIMHEMHON 3BOJIIONNA B MOJIE 38 KOHEYHOE BpPeMs
dbopmupyeTcs 0COOEHHOCTD, WJIH, KAK TOBOPSIT, IIPOUCXO/IUT
KoJutarnc. Mbl m3ydaeMm TakzKe COJIMTOHBI, KOTOPBIE COOT-
BETCTBYIOT JIOKAJIM30BAHHBIM B MPOCTPAHCTBE PEIIEHUSIM,
JIBHZKYIIMMCSE C TOCTOSIHHONW CKOPOCTHIO.

7.1 VYpasHeHnuda Xonda u Broprepca

Mpb1 HaUMHAEM U3y YE€HNE HEJIMHEHHDBIX SIBJICHUH C aKyCTUKH.
Cuadajia MBI PACCMOTPHUM OJTHOMEPHBIH CITydaii, KOTJIa BCe
XapaKTEPU3YIOIIne aKyCTUIECKOE [10JI€ BEJTUINHBI 3aBUCAT
TOJIBKO OT OfHO# KoopauHnarsl . Hac Oyayr uaTepecoBarh
SIBJICHVSI, CBSI3QHHBIE C BOJTHAMU, PACITPOCTPAHSIONTUMUCS B
onHOM HampasjeHnu. Kak m3BeCTHO, B JIMHEHHOM TPUOJIU-
KEHUU DPeIIeHne OIHOMEPHOTO BOJHOBOIO AKyCTUYECKOTO
yPaBHEHUSI TOBOPUT, YTO B CUCTEME OTCYETA, [ABUKYIIEHCS
¢ (JMHEHOM) CKOPOCTBIO 3BYKA, XapaKTEePUCTUKKU aKyCTH-
YECKOTO TOJIsd HE MEHSIOTCsS. YUTeM Tereph HeJInHEeHHbIe
3¢ deKThI, KOTOPbIE MbI OyIeM AHAJIU3UPOBATH B TOH Ke
cucreme orcyera. Hesuneiinbie acpdekrst OyayT cuntarsh-
cs cjaabbIMM, TO €CTb MbI OyieM TPUHUMATH BO BHUMAHUE
TOJIBKO I[VIABHBIE HEJIMHEHHbIE YJIeHbl B yPDABHEHUAX.

7.1.1 VYpaBuenume Xonda

Beesem xapakTepu3yIOIIyl0 aKyCTUYECKOe MOJIe BEeJIHYu-
HYy U, KOTOpasi, HALIPUMED, MOXKET OIKUCbIBATH OTKJIOHEHUE
MJIOTHOCTH BEINECTBA OT €ro PABHOBECHOTO 3HadeHwusi. B
JINHEWHOM TpPUOJINKEHNN B BBIOPAHHON CHCTEME OTCUeTa
MbI WMeeM TpuBHasibHOe ypaBHenue Oyu = (. Ydurem re-
epb HEJTMHERHOCTb. B MIaBHOM HOpsKEe 3TO KBaIpaTHd-
Hasi HesmHeTHOCTh., OJHAKO Mbl HE MOXKEM BBECTH B yDPaB-
HeHNUe |JIeH, MTPONOPIMOHAILEEI u2. Jlel0 B TOM, 9TO O
HOPO/THOE B ITPOCTPAHCTBE T0JIe U COOTBETCTBYET OJTHOPO/I-
HOMY K€ W3MEHEHWIO JABJICHUsI CPEIbI, 9TO HE MOYKET BbI-
3BATH IBOTIONHUIO U. [[03TOMY MBI JIOIZKHBI BBECTH B yPaB-
HEHWE YJIeH, COJAEPKAIIUN MPOCTPAHCTBEHHBIE MTPOU3BO/I-
Hble. B TyTaBHOM MOPSIIKE OH MPOMOPIUOHAIEH U0, U.

Takum 06pa3oM, TOCIe COOTBETCTBYIOIIErO MePeMacIiTa-
OUPOBAHUS MbI IPUXOIUM K YPABHEHUIO

— +u— =0, (7.1)
KoTOpoe HasbiBaerca ypasuenue Xorda (Hopf). Moxkwuo

CKa3aTh, YTO HEJUHEHHBIN YjIeH B ypaBHeHwn Xomda OT-
paxkaeT 3aBUCHMOCTH CKOPOCTH 3BYKa OT ILJIOTHOCTH (MJiu

nasjienus). JlelicTBuTeibHO, B J1a6OPATOPHON CHCTEME OT-
cuera ypasrenue (7.1) umeer Buzm Oyu + (co + u)Ozu = 0,
IJI€ ¢y — CKOPOCTH 3ByKa B JMHEHHOM ypasHenun. OTcCroaa
BH/IHO, 9TO U — IOIPABKA K 3TOH CKOPOCTH.

Vpasuenune Xomnda (7.1) conepKuT TOILKO MEPBBIE TIPO-
U3BOJHBIE OT U M JIMHEHHO MO 3TUM MPOM3BOAHBIM. Takoe
yPaBHEHUE MOXKET ObITh PEIEHO METOIOM XapaKTEePUCTHK,
cmorpu paszest 4.4.1. A uMeHHO, MOXKHO HAWTH ypaBHEHUS
JIUIsI W3MEHEHHUsI T0JIsL U BJOJb CHENUAJbHBIX TPAeKTOPuil
(XapakTEePUCTUK ), KOTOPBIE OMPEIEISIOTCA YPABHEHUSIMU:

du 0 dx
dt ’ dt
Takum 0O6pa3oM, HaYAIbHBIE 3HAYEHUS TTOJIS U, HE MEHSSCh,

HEPEHOCATCS CO CKOPOCTBIO . Ilome u BerencTeue ypashe-
Huit (7.2) HESABHO OLpEIE/IAeTCs U3 COOTHOIICHHI

u=u(0,y), (7.3)

U. (7.2)

r =1y + ut,

rae, Kak u Bbine, u(0, ) — HaYaIbHOE 3HAYEHUE IOJI.

Ecnu u(0, z) aBasiercss MOHOTOHHO pacryiieii dbyHKIueit
Z, TO IBOJIIOLMS, KOTOpas olucbiBaercs (7.3), 3aKJiodaercs
B HEPrpPAHWYEHHOM ‘PACTITUBAHUM TOJS U BIOJH OCH X,
6e3 M3MeHeHus 3HaYeHuil 3TOro nojst. Takum 00pa3oMm, J10-
KaJIbHO TTOJIE€ U CTAHOBUTCSA BCe 0OJIee MOXOXKUM Ha JIMHEl-
HBIA POPUIb, a8 HAKIOH 3TOTO TPOMUIA YMEHBIITAETCS CO
BpeMeneM. JIerko ycraHoBUTb 3aKOH 3TOro yobiBanus. s
9TOTO Hafi/ileM ypaBHeHMe Ha MPOU3BOAHYI0 s = Ju/dx, Ko-
Topoe mnojtydaercs u3 ypasaenus Xorda (7.1) mocne qud-
depeHImpOBaHNSI:

0s 0s 9

— tu—=-s". 74
ot or (74)
Takum 006pa30oM, MBI JOJKHBI PEIMIaTh BIOJb XapaKTEpH-
cTHKM ypapHenue ds/dt = —s?, pernienre KOTOPOTO MMeeT

Bun s = (1/sg + )71, tae sgp — 3HAYEHHE TPOU3BOIHOM S
upu t = 0. Ecim sg > 0 (4T0 cOOTBETCTBYET MOHOTOHHO
pacrymeit byHKIME 1), TO Ha GOIbIINX BpeMeHax s &t~ 1,
TO €CTh HAKJIOH Ha BCEX XapPaAKTEPUCTHUKAX CTAHOBUTCS OJIN-
HAKOBBIM. JTO U 03HAYAET (DOPMUPOBAHUE JIUHEHHOTO TIPO-
dbuns.

OrMerum, 9T0 METOJOM XaPAKTEPUCTUK MOKHO DEIIUTh
u GoJtee obITiee ypaBHEHHE

ou ou

KOTOPOE OTJIMYaeTCst OT ypasHuenus Xomda (7.1) momosHu-
TEIPHBIM 9YJIEHOM B TIPABON dWacTw, ‘Hakad4koil’ f, KOTO-
pasi MoxkeT ObITh IPOM3BOJBHOI (DyHKIIMEH BpeMeHu t u
[IPOCTPAHCTBEHHOM KOOpArHATEL . Torga BMECTO CHCTeMbl
(7.2) mazo pemarh ypaBHeHUST

du dz

i (t,x), priak (7.6)
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OHako AUHAMEUKA, KOTOPas OMKCHIBAETCS yPABHEHUEM
Xomda, OOBITHO MPUBOIUT K BO3HHKHOBEHHUIO OCOOEHHO-
creit B osie u. OHYU CBA3aHBI C TEMU YYACTKAMHU B HAYAII -
HOM Tipoduie, rue HakioH u(0,x) oTpHIaTeTIeH. JBOIIO-
A0 9TOTO HAKJIOHA, MOXKHO HANUTH MPU MOMOIIM TOTO Ke
ypasuenus (7.4), koropoe npusomut K s = (1/so+1t) 1. Ec-
au sg < 0, To 3HaveHue s obpaiaercs B 6eCKOHEIHOCTH IIPU
t = —1/sg. Takum o6pasom, eciu B HAYAILHOM npodue
$(0, ) MMerOTCS YIACTKY C OTPUIATEIBHBIMY 3HAUEHUSAMI
S, TO 3a KOHETHOE BpeMs MPOM3BOIHAA § = O, u oOparmaer-
¢ B OECKOHEYHOCTH. BhICTpee BCEro 3TO MPOMCXOIUT JIIst
HauOOJIBIIETO 10 ADCOMIOTHON BEIUYINHE 3HAYEHUSA S, KOTO-
poe onpegengerca yeaosuem 0s/0x = 0%u/0x? = 0. Umen-
HO HA XapaKTEPUCTHKE, KOTOPAs CTAPTyeT W3 TON TOUKH,
KOTOPYIO MbI 0003HAYUM )y, BIEPBHIE 0OpAIAETCs B OECKO-
HEYHOCTD S.

[MpoananusupyeMm moBejeHHE DpEIeHUs]  ypABHEHWs
Xomda BOMM3KM XapAKTEPUCTUKH, CTAPTYIOMEHl W3 TOYKH
yo- Packmameisast dbynkuno u(0,y) B pan Teiimopa Bomn3mn
TOYKH Yy, MBI HAXQIUM

u(0,y) ~ ug — c1(y — yo) + c2(y — vo)°,

[J€ ¢ M C2 — MOJOKHUTENbHbIE KOHCTAHTHI. 110I0KATEN b
HOCTB €] O3HAYAET OTPULATEIBHOCTH § BOJM3M TOUKH Yo,
& LOJIOZKUTENBHOCTL Cy O3HAMAET, YTO 3HAMEHUE S MAKCH-
MaJIBHO 110 abCOJIIOTHOH BeJMIHEE B TOUKe Yo. Jamee, pe-
mast ypaBHeHuUs (7.3), MBI HAXOIUM

u =g — c1(x —ut — o +ug/c1) + ca(x —ut — xg +ug/c1)?,

rje Mbl BBesin obo3HadeHue ro = Yo + ug/c1. B arom ciy-
Jae B MOMEHT BpeMmeHu ¢ = 1/¢1, KOTODBIA u ABIAETCH MO-
MEHTOM, KOT/Ia, S 00paInaercss B 6eCKOHEYHOCTh B TOYKE T,
MIPUBEIEHHOE COOTHOIIEHNE CBOIUTCI K

co(u — uo)?’ = —c‘ll(x — o),

rJie MBI OIMYCTUJIN JTUHEHHOE TI0 & — To CIAaraeMoe B 9jieHe
C TPEeTheil CTeneHbio, KAK JAOIee MaJjble HOIPABKU IIPU
MaJIbIX & — Tg. TakuM 00pa3oM, MbI MPUXOIUM K MpOdu-
JTIO U — g, KOTOPBIA TIponopimonaen (x — xg)'/3, 1o ects
SIBJISIETCS] CHUHTYJISIPHBIM B TOUKE T = Tg. DTa CHHTYIISIP-
HOCThb W SABJsIeTCs (pOPMATbHON MPUIHHON, IO KOTOPOH S
obparaercsa B 0ECKOHEIHOCTb.

Takum 00pa3zoM, mayke eciu HEJIMHEWHOCTH cjraba, OHA
3a KOHEYHOE BpeMsi MPUBOMUT K OOPA30BAHUIO OCOOEHHO-
ctu B moJie u. [Ipu npubsmkennn K OCOOEHHOCTH ypPABHEHHE
Xormda CTaHOBUTCS HETPUMEHHMBIM, TaK KAaK PAaCTeT BTO-
pad npou3BogHad OT U, U IOTOMY JJId aHAJIu3a JaJbHelei
9BOJIIOIUN ypaBHeHwe Xorda caeayer MoaudUIpOBaTh.
Wmenno HA TOM IyTH BO3HWKAET ypaBHeHHe Broprepca.

Bagaua 7.1.1. Pewenue ypasnenus Xondga (7.1) ¢ na-
YANLHBMU YCAOBUAMYU U = —C1T + CoT>, NoAYUeHHOE
€ MOMOUDLI0 MEMOOd TAPAKMEPUCTIUK, MOIHCHO HOp-
MAALHO NPOJoANCUMD U Ha 6pemena t > ', wmo
npusodum ¥ neodnosnawnomy pewenuto u(x). Hatimu
06AaCTb CYWECME06aHUs IMOT HEOOHO3HAYHOCTIY U

3HaueHUA PYHKUUL U 8 IMOoTl obaacmu.

Sagaua 7.1.2. Hatmu pewenue ypasnenus Xonga (7.1)

C HAYANOHBIMU YCAOBUAMU U = —C1X + 621'2.

Bagayga 7.1.3. Hatmu pewenue ypasuenus (7.5) ¢ nyae-
B8HMU HAYAADHOMU YCAOBUAMU U HAKAUKOU, KOMOPAA
asasemcs Konemanmot fy na unmepsane —xrg < xr <
To U PABHA HYAIO 6He 3MO020 unmepsanas. Kax 3aeucum
omeem om 3naxa fo?

Bagaua 7.1.4. Hatmu pewenue ypasuenus (7.5) ¢ nyae-
B8HLMU HAYAALHOLMU YCAOBUAMU U HAKAUKOU, KOMOPAA
pasra hox ma unmepsase —rog < T < Ty U PABHA HY-
A0 8He amozo unwmepsaaa. Kax 3asucum omseem om
anaxa ho?

7.1.2 VYpasHenme Broprepca

VYpasuenue Broprepca (Burgers) orsinvaercst or ypaBHeHUs]
Xomuda (7.1) BBeJeHUEM JOIOIHUTENHHOIO YJIEHA, KOTOPbILIl
OTTMCHIBAET INCCUTIAIAIO, CBA3AHHYIO C BA3KOCTHIO, W TTOTO-
My TPOMOPIIMOHAIHLHOTO BTOPO# mpou3Bomuoii. B Ge3pas-
MEPHBIX ITEPEMEHHBIX MBI IIPUXOIAM K yPaBHEHHUIO

Ju ou  0*u

KOTOpOe W Ha3bIBaeTcsa ypaBHenmem bBroprepca. Ilomuepk-
HEM, UTO 00JIACTh MPUMEHUMOCTH ypaBHeHust Broprepca oT-
HIOJb HE OrPAHUYUBAETCH AKYCTUKOW, OHO BO3HUKAET BO
MHOTHUX (PUBUIECKUX 3aTa9aX.

Ha campix OoMbIuX BpeMeHax Ji000e pelleHne ypapBHe-
uus (7.7), crpemsinieecst K HyJl0 Ha 00 [0 &, CTPEMUTC
K Hymio, u — 0. [de#icTBuTensro, B cuty ypaBHenus Biop-

repca
0 u? ou\”

Takum 00pa3oM, MOJIOKUTEIHHO OILPE/IEIEHHAS BEJTHINHA,
[ dz u? yOpIBaeT co BpeMeHeM u, IPH JOCTATOMHO GOJIBITOM
t, cTaHOBHUTCS CKOJb yromauo maubiM. OTCiofa u ciemyer
MIPUBEIEHHOE yTBEPK/IeHHE.

Jlerko HaTH aCHMITOTAYECKOE 110 BPEMEHU IIOBEIEHUE
pelenusi ypaBHeHusi Bioprepca w, KOTOpPOe CTPEMHTCH K
Hyao npu x — +oo. Torma mpu OonbmIUX { 3HAYEHWE U
CTAHOBUTCST MAJIbIM U MBI MOXKEM TTPEHEOPEUb HEJTMHEHHBIM
4jieHoM B ypashenuu (7.7). B pesysbrare Mbl IPUXOAUM K
qucto nudy3noHHOMY ypaBHEHHIO. JIOKaIn30BaHHbIE Pe-
[IEHUS 3TOr0 YPABHEHUS MMEIOT BU/I

(z — xo)Z] ’

1
U X —= exp [ y

t1/2

T — T (x — )
Y TEr P T

BTOpasi aCUMITOTHKA, peaju3yercs upy yciaosuu [ dz u =
0.

B ciygae cunbHOM HETMHEHHOCTH, KOTOPBIA peaan3yer-
csdl, ecad JJid HavaiabHbIX yciaopuit UL > 1, rue L — xa-
pakTepHbIii MacmTad (KOppeasaIuoHHas JIJINHA) HAYaIbHO-
ro cocroguus u(0,z), a U — xXapakTepHoe 3HAYEHUE IO-
s u(0,z). B arom cirydae HadaTbHAS IBOTMIONHS HOMS U
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MOKeT ObITh OIMKMCAaHA B MpeHeOperkeHne BTOPOil MPOn3BO/I-
HOit B ypaBaenuu (7.7), KOra OHO CBOAUTCS K yPABHEHUIO
Xonda (7.1), KOTOPOE, OAHAKO, BEIET K CHHTYJISPHOCTH.

Ypasuenne bBroprepca TMO3BOJsIeT TPOAHAIUZUPOBATH
CTPYKTYDPY, KOTOpasi BOSHUKAET TIOCJI€ BOSHUKHOBEHUSI CHUH-
Iy/IApHOCTH B ypaBHenuu Xomda. [locie HekoToporo me-
PeXoIHOrO mporecca (POPMUPYETCs CIIEIUATBLHOE PEIIeHuE,
KOTODOE JIBUTAeTCsi CO CKOPOCTBIO g, TO ecTb Ju/0t =
—ugdu/Ox. TlomcraBasiss 3TO COOTHOIIEHWE B yPaBHEHHE
Broprepca (7.7), Mbl HAXOZMM 3aT€M €r0 IMEPBBI UHTErPAJI
(u — up)? — 20u/dz = const. Pemenue sroro ypaBHenus
UMeeT B/

u = up — 2atanh [a(z — )], (7.9

KOTOPOE€ HA3BIBAIOT MIOKOM. JTO PEIIEHWE COOTBETCTBYET
TOMy, 9TO B OOJIACTH IMIHPHHEI ¢~ ' MOJe U HCILITHIBAET CKa-
490K 4a. Pemenne (7.9) naer yuusepcaibayio dopmy mio-
KOB, KOTOpble (popmupyrorcs upu ycaosuu UL > 1, Torpa
a ~ U. BamMeTrnm, 9T0 CTAIMOHAPHOCTH 3TOTO PEICHAsS He
MPOTUBOPEYNT CAETAHHOMY BBINIE YTBEPKICHUIO O CTPEM-
JIEHMM U K HYJIO Ha OOJBIIMX BPEMEHAX, IMOCKOIBKY MO-
CJIeJIHEE CIIPABE/TABO TOJBKO I PEIIEHHHA, CTPEMSIIIIXCS
K HYJIO 1Ip & — £00, B TO BpeMs Kak Bbipaxkenue (7.9)
9TOMY YCJIOBUIO HE Y/IOBJIETBOPSET.

[MostcHnM 061y 10 CTPYKTYPY TIOJS U, KOTOPask BOSHAKAET
MIPY 3BOJIIOIMHA HEKOTOPOTO XapAKTEPHU3YIOMIEroCs CAIbHON
HEJIMHEHHOCTBI0 HAYATBLHOTO YCIOBHS. 38 KOHEYHOE BPEMS
U3 y9IaCTKOB U C OTPHIATENHHBIM HAKIOHOM (hOPMUPYIOTCS
LIOKH, & M3 Y4YaCTKOB C IIOJIO?KUTE/NbHBIM HAKJIOHOM (DOp-
MUPYIOTCS TTPOMEKYTKH MEXKIy TIOKaMu. B mamnHeitem
MoJIe B 3THX MPOMEXKYTKAX CTPEMUTCH K JMHEHHOMY TPO-
U0, MOCKOIBKY €0 3BOJIIONUS YIPABIAETCA yPaBHEHN-
em Xonda. Kak caemyer u3 soipaxkenus (7.9), mox apura-
€TCsi CO CKOPOCTBIO Ug, KOTOPYIO MOXKHO ONPEJIETUTH, KaK
MOJyCyMMy 3HAYEHWI MO © Ha Kpasx IMoKa. JTO O3Ha-
YaeT, 9TO BPEMsl OT BPEMEHM MPOMCXONAT COOBITUS, KOTIA
GOJILINION TI0K (CO 3HAYUTENLHON AMILIUTYIO0N @) JOrOHSIET
MEHBIIHUH MOK. DTO KOHYAETCS MOTTIOMEHNEM MAJIOTO MIOKA
6ospminM. [losToMy KOJIMYeCTBO IIOKOB B CHUCTEME IIOCTE-
[IEHHO yObIBaeT.

Jleramm 3TUX TPOIECCOB MOXKHO MPOCIEIATH € TIOMOIIBIO
npeobpasoBanus Koyna-Xomnda (Cole-Hopf)

U =exp(—h/2), u=0h/0x. (7.10)

Ono upusopur ypasuenue Broprepca (7.7) K uucro aud-
Gby3noHHOMY yPaBHEHHIO

oW /ot = 9*V /02, (7.11)

KOTOpOe u3y4asoch B paszeie (4.2.1). Perienue ypaBuenus
(7.11) moxer ObITH BBIPA’KEHO B BHJE HHTerpaia OT Ha-
YaNBHOTO 3HAYEHMUSI

\y(t,x)z/ﬁ%exp [_(a:;ty)T v(0,y),  (712)

B coorBercTBrH C (4.36).

Beipaxenue (7.12) Moxer GbITb HCIOIL30BAHO IS ITIO-
JyYeHus DPsAAA TOYHBIX DeureHuil ypasHenus Broprepca.
PaccMorpuM B KadecTBe TIpUMepa HAYaJIbHOE YCIOBHE
U(0,z) = cosh(az), koropoe coorBercrByer oKy (7.9) ¢
uy = xg = 0. B aTO0M MOXXHO ybeauThCsi, TpOn3BO/Is 0OpaT-
Hoe 110 orHomeHnio K (7.10) nmpeoGpasoBanune

u=—20(InV)/0x. (7.13)

IMoncrasnsas soipaxenne ¥(0,x) = cosh(ax) B ypasHe-
aue (7.12) u BBIYUCIAS MHTErpajg 10 Y, Mbl HAXOAUM
U (t,z) = cosh(ax)exp(a?t). lloacTaBass 3TO BbIpasKeHue
B coorHomenre (7.13), MbI HAXOZMM TO YK€ BBbIDAKEHHE
u = —2atanh(ax), HOCKOIbKY JOIOJIHUTENbHbII BPEMEH-
HOIl MHOYKUTENb BBIMAJAET U3 OTBeTa. TaknuM 00pasom, Mbl
JIPYTEM CIOCO0OM yOeJuIuch B TOM, 9TO Bhipazkerue (7.9)
JIAeT CTaIMoHapHOe pernenne ypasuenus Bioprepca. O6pa-
THM BHAMAHHWE HA TO, 9TO MbI ITOJyIHIU PACTYIIEE CO BPe-
MeHeM perierne ypaBHenus nudy3un. ITO CBI3aHO C TeM,
410 11016 ¥ HEOrpaHWIEHHO PACTET MpU L — +00.

Bagaga 7.1.5. Hatmu pewenue ypasuenus (7.11) ¢ na-
waavrvim yeaosuem (0, x) = cosh(ax) + B cosh(bx).
Buuucaums  coomeemcemesyrouee nose u. Ilpocae-
dums, Kax boavwol wok “noedaem” masenvrul, cuu-
maab>au B <K1.

Bagaua 7.1.6. Hatmu pewenue ypasuenusa (7.11) ¢ na-
wanvrvim yeaosuem V(0,z) = 1 — Aexp(—z?). Bui-
YUCAUIG COOMEEMCMEYIOULEE TIOAE U.

7.2 Henunneiinoe ypaBHenue IIIpé-
JAUHTEPA

Henuneitnoe ypasuenue Ilpéauarepa (HYI) onwuchisa-
€T BOJTIONHI0 OTUOAIOIINX JTEKTPOMATHUTHBIX BOJIH, TLIA3-
MEHHBIX KojebaHuii, m Tak gajee. JIpyrumm croBamu,
HVYII ornocurcs K yHHBEPCAJIbHBIM BOJIHOBBIM YPaBHEHU-
sIM, KOTOPbIE TMPUMEHWMbI B CAMBIX PA3HBIX (DU3NIECKUX
Caydasx.

Kak mbl y2ke ycranosusu B pazzese (4.1.3), B auneiiHom
MpUOJIMKEHNH yPaBHEHNE HA OrUOAIOIIYIO 1) MOKHO CBECTH
K cBoGogHOMY ypasuenuio IIpénunrepa (4.60) (Mbr HE pac-
CMATPUBAEM BO3HUKAIOINIUI WHOTIA THUIEPOOJINIeCKuil CIry-
qait). Temepb Mbl yuTeM HEJMHEHHOCTH B yPABHEHUU st
aMmmuTyabl . st pspa ciydaeB 3Ta HEJTMHEHHOCTH MO
du3mIeCKIM COOOPAIKEHUSIM MOXKET OBbITH TOJTBKO TPETHErO
mopsinka. Hampumep, mpu pacnpOCTpaHEHWH 3JIEKTPOMAr-
HATHBIX BOJH B MATEPUATHHBIX CPEJAX OCHOBHBIM HMCTOY-
HUKOM HeJnHeHHOCTH siBjsgercda 3dderT Keppa, To ecTh
3aBUCUMOCTD JUAJIEKTPUIECKON MPOHUIIAEMOCTH CPEJIbl OT
HANPSXKEHHOCTH JIEKTPUIECKOro noJisd. Jluarekrpudeckast
[IPOHUIIAEMOCTD PACKJIA/IBIBACTCS 110 YETHBIM CTEHEHSM Ha-
MPSIYKEHHOCTHU TOJIsA. [JIABHBIM WJIEHOM PA3JIOXKEHUS SBJIsI-
eTCs KBAIPATUIHBIN, OTCIONA U KyOMd9ecKas HeJIMHEIHHOCTD
B YPABHEHUHU HA OTHOAIOIIYIO.
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Hemuueitnocts momkHa OLITH A00aBIE€Ha B ypaBHEHHE
IIpénunrepa (4.60), oHa nponOpUMOHAJILHA TPETheill cre-
nenn . Ecam cucrema oIHOPOIHA TIO BPEMEHH, TO MUMeEeT-
Cs JOTTOJTHUTEIbHOE TTPABUJIO OTOOPA HEJMHEHHOrO |JIeHa.
Kak cienyer uz (4.20), caBur 1o BpeMeHU SKBUBAJIEHTEH
nobasaennio ¢aswl K Y. [losTomy ypaBHeHne Ha 1) JOTKHO
OBITH MHBAPUAHTHO OTHOCUTEIBHO CABUTA (Pa3bI 1), 9TO O
HO3HAYHO OIllpeJie/ideT BUJl HEJIMHEHHOrO 4JjleHa, KOTOPbIi
NOJT3KeH ObITH Tporopruonaen |1|%y. Eme oxaum momos-
HUTEIBHBIM TTPABUIOM OTOODPA SBJISIETCS OTCYTCTBHUE JIHC-
CHTIAINN, ITO (PUKCHPYET AeHCTBUTEILHBIN KOIMDPHUITIEHT
npu [1|?¢ B ypaBHenun.

N3mensist macrrabbl M3MEpPeHnsT BPEMEHH W KOOPIWHA-
ThI, MOXKHO MEHHATH COOTHOIIIEHUsI MexK/y Koddduimenra-
MW TIPU HEJTMHEHHOM W JucTnepcuoHHoM caaraembrx HYIII,
HO He WX OTHOCHUTeIbHBIH 3HaK. llosromy HVII moxer
OBITH TTPUBEIEHO K JABYM KAHOHUIECKUM THUIIAM:

104 + V21 + 2> = 0, (7.14)

i0st) + V2 — 2|h|*1p = 0. (7.15)

Mbr BuamM, 9TO 004 3THX yPABHEHUS UMEIOT BUJ KBAHTOBO-
mexanuveckoro ypasuenus Ipénunrepa (4.54) ¢ norenu-
amom U, pasubim —2[Y|% B cayuae (7.14) u +2|¢)? aas
(7.15). Tlockonbky ypasuenue (7.14) cOOTBETCTBYeT TpH-
TACUBAIOIIEMY MOTEHIIUAJY, TO 3TOT CJydail HA3bBIBAETC
‘HYIII ¢ nputrskenuem’, u, COOTBETCTBEHHO, ypPaBHEHWE
(7.15) — ‘HVYII ¢ orrankusanuem’. Kaxk Mbl 3HaeM U3 KBaH-
TOBOIl MEXAHUKH, BOJHOBbIE (DYHKIMU B HPUTACMBAIOIIUIX
U OTTAJKUBAIOIIUX TTOTEHIMAIAX UMEIOT KAIeCTBEHHO Pa3-
Hble cBoiicrBa. [Tosromy w pemenusi ypapuenwii (7.14) u
(7.15) orsmuaroTcs pajukaibHbiM 00pasom. Camblie MHTE-
pecubie 3 PHeKTh BOBHUKAIOT B IPUTATHBAIOIIEM CIIydae
(7.14), KOTOPBIiL, K TOMY K€, 4YaCTO PEaIu3yercs B OLUTHYE-
CKUX MPUJIOKEHUAX. [[03TOMY B JATbHEHIIIEM MBI COCPEIO0-
TOYUMCS UMEHHO HA HEM.

Henuueitnoe ypasuenue Ilpénunrepa (7.14) smngercs
CJIE/ICTBUEM BAPUAIMOHHOTO IIPUHIUIIA. A MMEHHO, OHO TI0-
JIydaeTrcs, KaK 9KCTPEMyM ‘meificTBust’

sz/mwg
L = ip*0pp — Vp* Vo + [|* (7.16)

ITpu Bapuarwu S yno6HO paccMaTpuBaTh MoJist ¥ U *, Kak
HE3aBUCUMbIE [IMHAMUYECKHE [IEPEMEHHBIE, 9TO BO3MOXKHO
B CHJIy TOTO, 94TO 1) UMEET JBe CTETIeHN CBODOIHI.
Vpasuenue (7.14) BeferT K 3aKOHAM COXPAHEHWs Psa
BEJINYWH, KOTOPBIE CBSI3AHBI C OOIUMU CAMMETPUSME ITO-
IO ypaBHEHUS: HHBAPUAHTHOCTHIO IO OTHOIIIEHUIO K CIABUTY
$da3br ¢, a TaKKe IO OTHOIIEHNTO K CABUATY HAYAJIA OTCIETa
BpEMEHU ¥ Hadasa KoopauHat, cmorpu paszaen 7.5.1. Coor-
BETCTBYIONIMMYI WHTEIPAJIAMU J[BUXKEHUS [PU ITPOU3BOJIb-
HOM YWCJIe M3MEPEeHWi [JIsT JIOKAJN30BAHHBIX B MPOCTPAH-
CTBe perreHnii aBagioTcd ‘auciao gactuir’ N, ‘9ueprus’ F u

‘umnyssc’ P, to ectb dN/dt = 0, dE/dt = 0, dP/dt = 0.

Beipaxkenus g srux (HérepoBckux) MHTErpaios JBuzKe-
HUA

N:/mwﬁ (7.17)
E:/mwww”4w57 (7.18)
P:%/WWW% (7.19)

MOryT OBITH IIOJIy4€Hbl B PaMKax OOIIeil HpOolemsypbl u3
Jlarpanxwuana (7.16), cmoTpu Beipakenus (7.82,7.84,7.87).

Hnsa nenuneitnoro ypasuenus lpéaunrepa mmeeTcs 3a-
MeJaTebHOe COOTHOIIeHne — Teopema TajaHoBa, MO3BO-
JISIONIEee C/IeJIaTh Ka4eCTBEHHbIE BBIBOIbI O MMOBEIEHUU Pe-
mennit HYIT quis mmpokoro kjiacca Ha4aaIbHBIX YCJIOBHI.
s BeiBosia Teopembr TastanoBa paccMoTpuM hyHKITHOHAT

I:i/drrﬂ¢P. (7.20)

Jl1st BOJIHOBOTO TAKETa, HMEHTPHPOBAHHOTO BOKPYT HAYa-
JIa KOOPJMHAT, 3TOT (PYHKIMOHAT MOMKHO OINEHUTH, KaK
I ~ NR?, rne R — pasmep maxeta. Jlaa uarerpana (7.20)
CHIPABEJIMBO COOTHOLICHUE

2o , d
dﬁf—8/ﬁr0vw —2W|>, (7.21)

KOTOpOE fABJigeTCs cieacrBueM ypasuenus (7.14). 3mech d
— Pa3MEepHOCTDb IPOCTPAHCTBA.
B aBymepnom ciyuae B npasoit yacru (7.21) Bo3Hukaer
BBIPAKEHHE:
d2
dt?
ITockonmbky F He 3aBHCUT OT BPEMEHH, TO OOIEe pelleHue
ypasuenus (7.22) JIErKO BbIIUCHIBACTCH:

I=8E, d=2. (7.22)

I(t)=1(0) + Ct + 4E¢*,  d =2, (7.23)

rae koucTauTol C' v F/ onpeensioTcs Hada bHbBIMU yCIOBHU-
smu. [lycrs onu takossr, uro E < 0. Torma mpu 10661x KO-
seunbix [(0) u C HACTYIUT TAKOW MOMEHT BPEMEHHU {4, YTO
I(t.) = 0. U3 onenku I ~ NR? crenyer, uto R B MOMeHT
t = t, obparurca B HOIb. CoxpaHeHue ke dncia dactut, N
BJIEYET 3a CODOI CHHIYISPHOCTD 1) B 9TOT MOMEHT.

Takum obpazom, B n1Byx m3mepenusx npu F < 0 mpowuc-
XOJIAT KOJLJIAIC — SIBJICHKUE, B HEJIMHEHHOM ONTUKE HA3bIBAae-
Moe camoOKYCHPOBKON CBETOBOTO Ty4Ka. KoJramnc Moxer
npousoiitn u ipu E > 0, ogHako mpu F < 0 oH Hen30erKeH.
Konnarnc o3nagaer, uro B MyHKIUM 1) 33 KOHEIHOE BPEMS
BO3BHHUKAET CHHTYJISPHOCTH B HEKOTOPOI TOYKE. DTO MOXKET
MIPOU30MTH B TOUKE, OTJIIMIHOM OT T = (), B MOMEHT BpEMEHHI
Oosiee pannuii, gem t = t,. To, 910 MBI cefivac moOKa3aJIH,
O3HAYAET, 4YTO HA BpPEeMEHHOM wuHTepBaje t < t, KOJJIaIC
mpu F < 0 B Kako#-HUOYIb TOYKE MPOCTPAHCTBA 00s3a-
TEeJbHO TIPOU30MIeT.



85

7. Hemnmnnertapre mojieBbre ypaBHEHIS

B rpexmepnom npocrpancrse ypasuenue (7.21) mua I(t)
LIPUBOAUT K HEPABEHCTBY:
d? 4
ﬁl =8F —4 [ dr|y|* < 8E. (7.24)
TTosromy BMecTO paBeHcTBa (7.23) MBI MTPUXOANM K HEpPa-
BEHCTBY

I(t) < I(0) + Ct+4Et*,  d=3. (7.25)

OTO HEPABEHCTBO MO-TIPEXKHEMY O3HAYAET HEN30EKHOCTH
Kosutarnca ipu F < 0.

Sagaua 7.2.1. IIposepums nenocpedcmeeno 3ax0mb. CO-
Tpanenus unmezpanros (7.17,7.18,7.19), ucxods u3
ypasnerus (7.14).

Bagaua 7.2.2. Buwsecmu coomnowenue Taranosa (7.21).

7.2.1 VYpasuenue I'pocca-IIuTaeBckoro

Vpasuenuem I'pocca-IluraeBckoro Ha3piBaeTcs ypaBHEHUE
00 + V2 = 2l *y + K2 = 0, (7.26)

KOTOPOE OMUCHIBAET, HAMPUMED, JIUHAMUKY CBEPXTEKYdeit
CHUCTEMBI XOJTOJHBIX aTOMOB. MBI paccMaTpuBaeM mpocTeii-
it ogHOPOAHBIH ciay4dail. OObIYHO K€ XOJIOAHBLIE aTOMbBI
HAXOJATCH B OIITHYECKUX JIOBYIIKaX. L onmcanus 3roro
ciydas B ypasHenue (7.26) cjeayer BBECTH BHENIHWUI T10-
TEHIAAJI, KOTOPBINA CO3JAeTCA ONTUYECKON JIOBYIIKOM.

VYpasuenue (7.26) MOXKeT MOJYYEHO U3 HEJUHEHHOIO
ypaprenns IIpémuarepa (7.15) capurom daser ¢ Ha k>t
Hecmorpst na 3ro, pewenus: ypasuenuit (7.15) u (7.26) cy-
IIECTBEHHO OTJIMYAIOTCS. JTO CBSI3aHO C TEM, UTO MPHU pe-
e HesmHeitnoro ypasuenus Ipéaunrepa (7.15) oObru-
HO CYATaercs, 4T0 (DYHKIHUS 1) CTPEMUTCS K HYJIIO HA
OECKOHEYHOCTH, B TO BpeMsi KaK IMPU PEIIeHUH ypaBHe-
uust pocca-ITuraesckoro (7.26) oObI9HO canTaeTCS, 9YT0 HA
OECKOHEYHOCTH 1) CTPEMHUTCH K CTAIMOHAPHOMY PEIIEHUTIO
ypasuenus ['pocca-Tluraesckoro (7.26), KOTOpoe 3amuchi-
Baerca B BHje 1 = Ype¥°, e 1y = k/V2 u dasa ¢
MPOU3BOJIbHA.

Kak u menuneitnoe ypasuenne IlIpénurarepa, ypasuenne
Ipocca-Tluraesckoro (7.26) moxer OblTh [OJIYYEHO, KAK
YCJIOBHE 3KCTPEMyMa JeUCTBUSA

S = /dter,
L =iyp*0pp — V"V — [|* + K2[y]2 (7.27)

ITo cpasuenuio ¢ Beipaxkenuem (7.16) B ‘geiicrsum’ (7.27)
IIPOTHBOMO/IOKEH 3HAK Tepes [¢|* u mmeercs 1onoHuTE b
HEBIH 9yeH ¢ k. TakuM 06pa3oM, MBI TTPAXOIAM K 3aKOHAM
COXPAHEHUs BOJIHOBOTO JIEHCTBUS, SHEPTHA U UMITYJIHCA

N = /dV\W, (7.28)
= [av (VoP + ol - ). (7.29)

P=—i / AV * V. (7.30)

cMoTpu pazzaen 7.5.1.
Jluneapusyst ypasuenue (7.26) OKOJIO CTALMOHAPHOIO Pe-
menns 1y = k/v/2, MBI HAXOIMM

10,00 + V201 — K261) — k20¢* = 0, (7.31)

rae 01 = ¢ — g. Ypasuenue (7.31) onucbiBaer BOJIHBI,
KOTOpPBIE BO3OYKIAIOTCA B CHCTEME MPHU OTKJIOHEHHUHU 1) OT
PABHOBECHOTO perienus g = K/ V2. Hepexonss k Pypoe-
MTPEICTABJIEHIIO, MBI HAXOIWM 3aKOH JUCIEPCUU ITUX BOJH

v =12k2+q¢*q. (7.32)

ITpu Mambix ¢, ¢ < K, 3aKOH auctepcun (7.32) aBigercs
3BYKOBBIM, @ X ¢. IIpm GombIux ¢, g > K, 3aKOH TUCIIEP-
cun (7.32) mepexomut B @ = ¢°.

Ypasuenue (7.26) gouyckaer pewenus ¢ puxpsmu Deii-
uMmana. Buxpesoit muHuel gBsieTcsa JUHUS, HA KOTOPOH 1
obparaercss B HOJIb, a ¢a3a ¢ MoJsd P Tpu 00X0AE BOKPYT
BUXPEBOH JIMHUU MEHSIEeTCS Ha, 27 WId —27T. DTO BOZMOKHO
B CWJIy TOrO, 49TO npu m3MeHneHuu ¢a3bl @ HA 27 3HAYE-
HUE 1) He MeHAeTCsd. 3aMeTuM, 9T0 u3dMenenue (asbl Y npu
00X0/1e BOKPYT BUXPST MOYKET OBITH OTJIMYHO OT HYJIST TOJIh-
KO B CHJIy TOTO, 9TO HA CaMOi BuUXpeBoi juaum ¢ = 0, u
moromy ¢a3a Y Ha ITOH JMHWK HE OmpejeseHa. B mpuH-
nure u3MeHenre has3bl  MOXKET ObITh PABHO 27N, TAE N
— npousBoJbHOe HeJioe uucio. Ho Buxpb ¢ |n| > 1 B upo-
IIecce DBOJIIONNN, KAaK TPABUJIO, PA3BATUBAETCS HA BUXPU
¢ eIuHUYIHOM 1upkyssnueil. [losromy Mbr cocpenoTounmcs
HA PACCMOTPEHNHN BUXPEN C eJUHUYHON NUPKYJIAIUEN.

WN3menenne da3wl ¢ mpu 06X01e BOKPYT BUXPEBOIl TUHUU
MO2KET OBITh 3aIMCAHO B BHJIE KOHTYDPHOI'O MHTEIPAJIA

%dr Vo =27, (7.33)

IJI€ WHTErPAJ HWJAET 110 HEKOTOPOMY 3aMKHYTOMY KOHTY-
DYy, HayleMy BOKPYr BuxpeBoil jiunuu. Murerpan (7.33),
3HAYEHHE KOTOPOro B cuiy TeopeMbl CTOKCA HE MEHSAETCs
IPY HENPEPBIBHBIX JedOpManusiX KOHTYPa MHTErPUPOBa-
HUS, MOXKET OBITH OTJIMYEH OT HyJs B CHJY TOTO, 9TO KOH-
TYp HE MOXKET OBITh CTSHYT B TOYKY, MOCKOJbKY BHYTPH
9TOr0 KOHTYpa mMeeTcs ocobas nuHusd, rae das3a @ nMeer
cunrynsapaoctb. OTCoa ciieayer, B 9aCTHOCTH, 9TO BUXPe-
Basl JINHUS HE MOXKET MMETh TOYKY OKOHYAHUs, IIOCKOJIbKY
TIPY €€ HAJIMYIWN KOHTYP, MY BOKPYT BUXPEBOI JINHAMN,
MOYKET OBITH HENPEPBIBHO CTSHYT B TOYKY 34 TPEIEIaMU
BuxpeBoil manK. Takum 00pa3oM, BUXpeBas JIMHUS JHOO
SIBJIAETCSA 3aMKHYTOMH, JTMOO €€ KOHIbI YXOJAT B OECKOHEY-
HOCTb.

JIpyTuM CIemCTBAEM CKA3AHHOTO SBJISETCA HEBO3MOIK-
HOCTH MTHOBEHHOTO MCYE3HOBEHWS] BUXPEBOW JINHAW B TIPO-
necce dBOTIONMU. Kak roBOpsAT, BUXpeBast JIUHHUS TOIOJIO-
rudeckn 3amumena. OIHAKO B Tpomecce 3Boonan (pop-
Ma BHXPEBOM JIMHUM W3MEHSeTCs. 1103TOMY BO3MOXKEH IIPO-
LECC, KOrJa aHHUTMJIMPYIOT /IBE BUXPEBbBIE JIMHUU C IPOTHU-
BOTIOJIOKHBIMU IAPKYIAIUAMA. BO3MOKHO TaKke HCIe3-
HOBeHUe (MJIM BO3HMKHOBEHWE) 3aMKHYTON BUXDPEBOUH Jiu-
HUW, CBA3AHHOE C YMEHBIIEHUEM €€ PA3MEPOB.
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[Ipoanammsupyem mose ¢ = [i)]e’¥, KoTopoe cooTser-
CTBYeT CTAIMOHAPHOMY IPAMOJMHEHHOMY BUXPIO. By/em
CYNTATh, YTO BUXPEBAs JIMHWS HAMPABJIEHA BIOJb OCH Z .
B cuny cummverpun daza w COBIAIAET C MOJISAPHBIM YTJIOM
B Tockoct X — Y (Mim oTaMYaercst OT HEro 3HaKOM), a
abCoMIOTHAST BEJIMYWMHA, [t)| 3aBUCHT TOJBKO OT /22 + y2.
Ipu /22 + y?2 — oo abcomoTHas BesuuuHa |1)| crpemur-
cs K Y. Haitnem nosenenue |¢| npu masnbix x,y. B sTom
ciydae B ypapuenuu (7.26) riaBHbIM 4J€HOM sBJsiercs Jla-
MJIACUAH, TO €CTh MBI JIOJIYKHBI HAWTH PEIEeHUs YPABHEHST
V2 = 0. O4ueBHIHO, UTO MHTEPECYIONIHE HAC PeITeHns
uMeroT Bung Y x x £ iy. Takum obpa3om, mpu MajbIX T,y
1| oc /x? + 32

Haitnmem ckopocTh aBuxkKeHusi BuxpeBoit junuu. Ha ma-
JIBIX PACCTOSHUSIX €€ MOXKHO CINTATH IpsaMoanaeiinoit. Ha-
[paBJisisi BJIOJb BHUXPEBON JIMHUU OChb 7, HAXOIUM, 9YTO
BOJIM3M BUXPEBOH JIMHUHU IOJIE€ 1) MOXKHO AIIIPOKCHMUPO-
BaTh, Kak X (x +iy —()e'?, rae ((t) — KOMTIeKCHOe THCITo,
KOTOPOE OIPEIEIISIET N3MEHEHNE MOJIOXKEHUsT BUXPEBOI JI-
HUM CO BpeMmeHeM, “BHemHsas (a3a i), He CBA3aHHAas HEmo-
CPeJICTBEHHO ¢ camMuM BuxpeMm. llojcraBisst TpuBeIeHHOE
BbIpakeHue B ypasuenue (7.26) u nosnaras 3arem x+iy = ,
0" = 20,0, 0,¢" = 20,0, tne ¢ = ¢’ +i¢”. O6obmas 310
HAOJIIOEHNe, MBI 3aKJ/I0YaeM, YTO BUXPEBAs JIMHUS IBU-
xKercsd co CKopocThio 2V¢. IloHaTHO, 4TO HAOIIOIAEMBIM
SIBJISIETCSL TOJIBKO JIBUXKEHWE B HAIIPABJIEHUU, MEPIIEHTUKY-
JISIPHOM BUXPEBOIl JINHUH.

Macmra6, Ha koropom |1)| BOIM3M BUXPEBOIi JIMHUU BbI-
XOJIUT HA ACHMIITOTHIECKOE 3HAUEHUE 1)), MOKET OBITH OIIe-
nen, kaxk £~ L. Ha 66abmmux macmrabax [1h] Majio ormmda-
ercs or ty. B ToO ke Bpemsi Ha 3THX MacmTabax dasza ma-
paMeTpa MOpsiIKa (o OCTAETCs ‘KUBON’ MEPEMEHHOI, KOTO-
pasg obmamaer cBoeil cOOCTBEHHON mWHAMHUKONW. Pazmesss
B ypasuenuu (7.26) NeHCTBUTEIbHYIO U MHUMYIO YacTH U
cuuras || 6iamu3KUM K )9, HAXOIUM

VZp =0, (7.34)
Oyp + (Vep)® + =0, (7.35)

rae u = 2[1|?> — k. B xonTekcTe ypasHenus Ha bazy p He
SIBJIAETCSA IUHAMUYECKON IEPEMEHHOIA, & SIBJISETCS BCIIOMO-
raTejbHbIM II0JIeM, IPUCY TCTBUE KOTOPOIO JI0JIZKHO obeciie-
4uTh BblnoaHeHue ycaosud (7.34).

VYpasuenwe (7.34) B coBokymHoctu ¢ yciosueMm (7.33)
[I03BOJIsieT HAWTH “BUXPEBYIO” 4acThb (DA3bL Py, WHIYIU-
POBaHHYIO BUXpSIMHU. 1711 OIMHOYHOTO BUXPST

V@por = %/ds [nx (r—¢)]|r —¢| 5. (7.36)
31ech MHTErpupOBaHUE UAET BIOJIb BUXPEBON JIMHAU, TPH-
qeMm ds — muddepeHnuan ee IIUHBI, T € TMHIIHbIIT
BEKTOD, KacaTesbHbll K BuUxpepoii Juuuu, a ((s) 3aua-
€T II0JIOZKEHUE BUXPEBOIi jiuHuu B npocrpancrse. OaHo u3
IBYX BO3MOKHBIX HANPABICHWH 70 ONPENEIAeTCS 3HAKOM
mupKyasuuu B Beipaxkenun (7.33). Hecsio:kHO npoBepuTs,
910 BhIpaxkenue (7.36) yznosierBopsier O0EUM YCIOBHUIM

(7.33,7.34). Boipaxkenue (7.36) apusiercs pakTuiecku pas-
noBuaHOCTHIO hopmysibl Buo-Casapa-Jlamnaca. [lpu nanm-
9NN HECKOJIBKUX BUXPEH V0,0, ABIIETCS CyMMO#t MHTETPA-
0B (7.36), B3ATHIX /JIs Ka’KJIO0TO BUXDS, YTO OObLICHAETCS
JIMHERHOCTHIO cooTHOMIEHN# (7.33,7.34).

3agaua 7.2.3. Hatimu epaduenm @Paso,, unoyyupyemviis
KoAbUE8UM suTpem paduyce R na e2o ocu cummem-
puu.

B paccmarpuaemom npubiuzkenuu, Korjaa || asisgercs
samep3iuumM, sueprug (7.29) u umiyisc (7.30) upuobpera-
IOT BUI

I€2
E= /dvg(w)z, (7.37)
l€2

B Boipaxkenuu (7.37) u3 sHEpPruu BbIYTEHA KOHCTAHTA, CBS-
3aHHas ¢ HasuuueM ¥y. Ormerum, uro sueprus (7.37) co-
XpaHsercs Bejeicrsue ycaosus rapmonuanoctu (7.34).

Haiinem sHepruio mpsaMOJUHEHRHOTNO BUXDsl, HATPABJICH-
HOTO BJIOJTb OcH Z. B 3TOM ciydae, KaK MBI yCTAHOBUJIH
soime, |Vo| = (22 4+ 3?)~1/2. Tlostomy Mbl HAXOTHM U3
(7.37) sHepruio Ha €JMHUILY JJIMHBL

2

E / dx dy ;

2 2% + y?
OTOT WHTErpaJl ABJISETCS JIOTAPUMDMUAIECKUM, TO €CTh PaC-
XOAUTCS KAK HA MAJBIX, TAK U HA OOJIBITUX PACCTOSHUIX.
On jomKen GBITH OFpAHHYEH CHE3Y MacmTaboM k', 1Io-
CKOJIbKY Ha, MEHBIIUX MAaCIITa0aX He PabOTaeT HAIlle MMPH-
onmkenne. CBepXy »Ke OH JOJIZKEH ObITh OTPAHUYEH Mac-
mTaboM [, KOTOPBIii SIBISETCS PA3MEPOM CHCTEMbI MJIA Xa-
PAKTEPHBIM DPACCTOSHUEM MEXKy BuUXpsiMu. B pesysbprare
HAXOWM B TJIABHOM JIOTApu(DPMUIECKOM MPUOIUKEHUT

E = mk? /dz In(xl), (7.39)

rJe MHTerpaj 10 z JaeT IJIUMHY BUXPs, KOTOPOMH IIPOIOp-
nuoHaanbHa ero sueprusi. C gorapndMUIecKoi TOYHOCTHIO
Bhipazkenue (7.39) crpaBeyIuBO [jif BUXPs TPOU3BOJIBHOI
dopmbI.

3agaua 7.2.4. Hatlimu sHepauto xK04b4e6020 6UuITps padu-
yea R.

[Tosyunm Tenephb BhIpaskeHUE IS UMITYJIbCA 3aMKHYTO-
ro Buxpst Ha ocHoBe (7.38). ITockombKy ¢ m3MeHsiercs Ha
27 npu 06x07ie BOKPYT BHXPEBOW JIMHHUHU, (© HE SBJIAETCS
ONHO3HAYHON (yHKIHEH B mMpocTpancrBe. Ke MOXHO cae-
JIATh OJHO3HAYHON’, €CIM BBECTH HEKOTOPYIO TIOBEPXHOCTh,
ONMPAIOIILYIOCS Ha BAXPEBYIO JIMHHUIO, HAa, KOTOPOH (¢ MCIIBI-
TBIBaeT CKa4doK B 27. Mcmonb3ys Temeps Teopemy Laycca,
MbL cBOAMM uHTerpas (7.38) K MHTErpasy 1o JBYyM CTOPO-
HAM 3TO¥i IIOBEPXHOCTH, UTO JAET

P = nx? / ds, (7.40)
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rae dS — ssnement noeepxHocTH. BbiOop mHanpasienus dS
3aBHCAT OT 3HAKA H3MeHEeHHs (Pa3bl Mpu 00XOIe BOKPYT
BHUXPEBOH JINHUN.

3amada 7.2.5. Halimu umnyabe Koab1ue020 6UIps paou-
yca R.

3amaga 7.2.6. Hatmu ckopocmbv deudtcenus koabye6020
suxpa paduyca R. Ybedumnca, wmo ckopocms deudice-
Hus Koavya paena OE/OP.

7.3 YpaBHeHus Oiiiepa u HaBbe-
Crokca

31ech MBI PACCMATPUBAEM YPABHEHWUs, KOTOPHIE OMUCHIBA~
0T TUHAMUKY HECXKUMAEeMO# KUIKOCTU. 2KMIKOCTh MOXK-
HO CYUTATh HEC)KMMAEMOi, ecan mMajo unciao Maxa, KoTo-
poOe paBHO OTHOIIEHWIO XapaKTEePHOU CKOPOCTH YKUJIKOCTH K
CKOPOCTH 3ByKa. B 9TOM ciiydae mI0THOCTH MaCChl KU TKO-
CTH p MOXKHO CHHUTATb OJTHOPOIHON (He 3aBUCALIEd OT KOOp-
JIAHAT), & CKOPOCTb JKUJIKOCTU ¥ YAOBJIETBOPSET yCIOBUIO
Vv =0.

B 6e3auccunaruBHOM Tpeaese IBUXKEHNE KU TKOCTH OIIH-
CBIBAETCSl ypaBHEHUEM Jilnepa

0w + (vV)v + Vp=0. (7.41)

34ech v — CKOPOCTh XKUAKOCTH, & P — ee jaBjienue (Ha eiu-
HUIly Macchl). JlaBienue p He ABIAETCA IUHAMUYIECKON Te-
PEMEHHOM, OHO ‘TTOACTPANBAETCsI’ MO, CKOPOCTH TaK, ITOOBI
BBINOJHAJIOCH ycyaoBue Vv = (. Bepsa nuBepreHnuio ypas-
uenns (7.41), HaxomuM ycaoBue

DiviOxvi + V2p = 0, (7.42)

KOTOPOE CBS3BIBAET JaBJeHHE U rpajueHT ckopocru. -
HAKO CBsI3b 9TA HEJTOKAIbHA: YTOOBI HANITH P, HAJIO PEIIUTH
ypaBHenue Jlammaca ¢ TpaBoil 4acThio.

Vpasuenue Jiinepa (7.41) npexacrasisier coboii 3aKOH CO-
XpaHEHUs UMITYJIbCA KUJIKOCTH, KOTOPbIA paBeH

P=) / v . (7.43)

Bcenencreue ypaBHeHus Jiijiepa COXpPAHSIETCS SHEPTUS

E= p/dV v? /2, (7.44)

KOTOpAasi SIBJISIETCS] KMHETHYECKOH dHeprueii xumkoctu. B
npesiesie  HeCKUMAEMOH JKHMIKOCTH BHYTPEHHSIST IHEPIHst
JKUAKOCTH POJIM HE UTPAET.

VYpasuenue Jitnepa (7.41) MOXKHO 3aIECATh B BAIE

d
L+ Vp= 4
P + Vp =0, (7.45)

Baecy d/dt = 0, + vV — npoussopnas Jlarpamzxka, Tak-
K€ U3BeCTHadA KaK Cy6CTaHHI/IOHaHbHaﬂ IPOU3BOIHAA HJIA

mMarepuanbHas npousBogHas. OHa ompesenser u3MeHEeHne
CO BpPEMEHEeM BEIWYMH BJOJb JIarpamKeBbIX TPAEKTOPHit
(TpaekTopuii wactur xugkoctr). 13 npencrasnenns (7.45)
caenyer reopema KeyibBuna, KOTOpasi riacut, YTO COXPaHs-
€TCS MUPKYJIANUS CKOPOCTH TI0 3aMKHYTOMY KOHTYPY, KO-
TOPBI TEPEHOCUTCS KUIKOCTHIO (TO €CTh KaXKIAd TOUKA
KOTOPOTO JIBUKETCS CO CKOPOCTBIO ¥):

d
—I'=0, I'=@drwv. 7.46
2 ¢ (7.46)

Beps porop or ypaBrenus Ditsepa (7.41), Haxomum ypas-
HEHME 1T 3aBUXPEHHOCTH w = V X v:

Ow = —(vVWV)w + (wV)v =V X (v X w). (7.47)

[MojuepkHeM, YTO JABACHUE BbINAJACT M3 3TOIO ypaBHe-
uus. U3 ypasuenus (7.47) ciemayer, B 4aCTHOCTH, 9TO SAB-
JISTIOTCSL CTAIMOHAPHBIME DEIIEHUSIMA YPaBHEHUs Jiepa
(7.41) nosst CKOPOCTH vV, KOTOPBIE YAOBJIETBOPIOT yCIOBHIO
w X v.

3agauva 7.3.1. Hatlimu nepuoduveckue pewenus, ypasHe-
nus w X v (Arnold-Beltrami-Childes).

OJHMM W3 CTaIMOHAPHBIX PEIIEHWH ypaBHEHWs Oiise-
pa (7.41) aBisercs TBEPAOTEJBLHOE BPAIIEHUE C YIJIOBOIL
CKOpPOCTBIO €2, B TOM CJlydae CKOPOCTH JKUIKOCTH PaB-
Ha v = ) X r. 3amMeruMm, 4TO 3aBUXPEHHOCTb ITOrO II0-
ags V x v = 20. Kak cmeayer u3 ypaBHeHus iiiepa
(7.41), npu TBEpIOTENHLHOM BPAIICHUU BO3HUKAET JABJIE-
e p = (2 x r)2/2, oHO cBA3aHO C MEHTPOOEIKHOMN CUIIOI.
VYpasuenue Ditnepa (7.41) momyckaer u Gosiee obiiee cra-
IMOHAPHOE PEeIleHne, KOTOpoe saBjsgeTcs auddepeHuab-
HBIM BpaIlleHueM BOKPYT HEKOTOpoil ocw. B sTom ciydae
oJIe CKOPOCTH MOXKHO 3amucaTh B Buge v = fQ X r, rae f
— MPOM3BOJIbHASA (DYHKIIMS PACCTOSTHUS 0 OCH BDAICHUS.

Sagaua 7.3.2. Hatlimu 2paduenm dassenus 0as cmayuo-
HAPHO20 NOAS ckopocmu v = fQ X r.

Jluneapusyem ypasuenue (7.47) uwa dome TBepmoTeIbHO-
ro Bpamenns. O6o3nagas v = X 7 + dv, HAXOIANM

Odw =V x (V x dw) + 2(2V)dv.

ITepBbIit 91eH B IPABOil 9aCTH ITOTO yPABHEHHU OMUCHIBAET
[EPEHOC BO3MYILEHHUIT IOTOKA TBEPAOTEIbHBIM BPAICHUEM.
On nucuesaer mocse nepexoaa BO BPAIIAIOIIYIOCS ¢ YIVIOBOM
CKOpOCTBIO €} cucTeMy oTcuera. B 9T0i cmcreMe oTCUeTa
HAXO/TM

OV x dv = 200, 0v, (7.48)

rJIe MBI HATTPABUIN OCh Z Baoab . Wmewm pemenne ypas-
HeHus (7.48) B Buze miockoil BonHbl dv = Aexp(ikr). B
cuny meckumaemoctn kA = 0. Haxomum w3 ypaBHeHHsd
(7.48) 0i(k x A) = 2k, A. Umetorcs iBe nossipu3anuu, JJisi
koropbix k X A = +ikA, 1o ecrb kO; A = Fik,A. Takum
00pa3oM, MBI HAXOIAM 3aKOH JUCTIEPCHT BOJIH, KOTOPHIE Ha-
3BIBAIOTCS WHEPITUOHHBIMH

@ = 20k, /k. (7.49)
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3amaua 7.3.3. Iloxazamv, umo ypasuenue k X A = A
npu yeaosuu kA = 0 umeem pewenus npu A = tik.

3amava 7.3.4. Hadmu 2pynnosyro ckopocmsd UHEPUUOH-
HOLL BOAH.

Temepb MBI ydTeM BA3KYIO JUCCHATIAINIO, KOTOPAs MpPH-
BOJIUT K TMOCTENEHHOMY MEPEXOy KHHETHYECKOH IHeprum
JKHJIKOCTH BO BHYTPEHHIOI, YTO COIPOBOXKIAETCA POCTOM
SHTponMu M HarpesoMm xkmiakocru. C yderom guccunanyum
ypasuenue Ditepa (7.41) upuobperaer cjieLyomuii Byl

0w + (vV)v + Vp = vV, (7.50)

rae (PaKTOp vV HA3BIBAETCS KOIMDPHUIUEHTOM KHHEMATHIE-
cKkoil Bazkocru. Ypasuenue (7.50) Ha3bIBAETCH yPABHEHU-
em Hasre-Crokca. Hanuume Jlanjnacuana mpu CKOpOCTH B
Bsa3koM ujieHe B ypasaenun Hasbe-Crokca (7.50) cBsazaHo
C TEM, YTO OHO IO-TIPEKHEMY UMEET CMBIC/ 3aKOHA COXPa-
HEHUsI UMITYJIbCA JKUJAKOCTH, W TOTOMY Oy JIOJIZKHO OBIThH
JIUBEPreHnueil moTOKa XKUIKOCTH.

Kak u ypasuenue Diinepa (7.41), ypasuenue Hasbe-
Crokca (7.50) mpeamosiaraer MajocTh uuciaa Maxa u mo-
TOMY JIOJIZKHO OBITH JOTOJIHEHO YCIOBUEM OE3IUBEPreHTHO-
ctu ckopoctu Vv = 0. Kak u B ypaBuenuu itsepa (7.41),
B ypasuenuu Hasbe-Crokca (7.50) mapiienue p He sBjig-
eTcs TMHAMHUIECKON IepeMeHHOMH, a8 00eCIeInBaeT yCI0BUe
Vv = 0. Bepsa auseprennuio ypasuenus Hasbe-Crokca
(7.50), maxomum TO e ycmosue (7.42), KOTOpOe CBSI3bI-
BaEeT JABJIEHUE C TPAJUEHTOM CKOpoCTH. OTMETHM TaKIiKe,
YTO TPAHUYHBIM yCJIOBHeM miist ypaBHenus Hapwbe-Crokca
(7.50) Ha TBepAOIl CTEHKE ABISETCS HYJIEBOE 3HAYEHHE CKO-
POCTH. 3TO YCJIOBME YaCTO HA3BLIBAIOT OTCYTCTBUEM IIPO-
CKAJTb3bIBAHMUS.

s XapaKTEepUCTUKY TUAPOAUHAMUYECKOTO JBUIKEHUS
ucnob3yercsa uuciao Peitnonbiaca  (Reynolds), oropoe
onpegensiercs, Kak Re = VL/v. 3gecs V' — xapakrepHas
CKOPOCTH THIPOJAMHAMUIECKOrO JBHMXKEeHUs, a L — ero xa-
pakrepublii Macuirab. Ypasaenue Jiinepa (7.41) coorser-
crryer npeneny Re — oco. Ilpn mamwix unciax Peitnonnaca
MbI BO3BpaIlaeMcs K juHelinomy ypasuennio CTokca, cMOT-
pu pazzaen 4.2.2.

ITpu Gosbinux yucsaax PeitHobaca JBUKEHUE KU IKOCTH
nproOpeTaeT OOBITHO XAOTHYECKHUIT XapaKTep, 3TO COCTO-
sSIHME HA3BIBAETCSA TypPOYJIE€HTHOCTBIO. AHanu3 TypOyseHT-
HOCTH JIEZKUT BHE PAMOK HACTOSILIErO 110CO0Ms. 3/€Ch 2Ke
MbI OTMETHUM, 4TO B PAJIE BAKHBIX CIIyYaeB yIaeTcs HANTH
anajurTuyeckoe pemienne ypasuenus Hasbe-Crokca (7.50)
Jaxke pu 60bIKX grcaax Peitnonbaca. OOLIYHO 3TO CBs-
3aHO C HAJIMIMEM BBICOKOH CHMMETPHH DPEIICHUS.

3amayva 7.3.5. Hatmu 3a6ucumocmsv om pemenu meye-
HUA, OASL KOMOP020 6 HAYAALHBLT MOMEHM BPEMEHU
UMEEMCA MOALKO NOAAPHAA KOMNOHEHMA CKOPOCTU
v, = Qrexp(—ar?), r* = 2% + y*

BaxabiM TpuMepoM THUIPOAWHAMUYIECKOTO TBUKEHUS
apsiercs Tederne I[lyaseiitss, KOTOpoe ONMCBHIBAET MPOTE-

KaHue KUJKOCTH 0 TpyOe nuamHApudeckoit ¢popmbl. Ha-
[IPaBJIsisi OCh Z 110 OCHU IHJINHIPA, HAXOIUM CJIeIYIOIIee CTa-
monapHoe pemenue ypasuenus Hasbe-Crokca (7.50)
2,2
e 4y
0,p = —4V/R, (7.52)

vy =0, vy =0, ’UZV<1

JUIsl KOTOPOro HenwHeHHbIH wien (vV)v obpamaercs B
HOJIb. 371eCh V' — CKOPOCTh KUJKOCTH HA OCH [HJIUHIPA,
a R — ero paguyc. ITose ckopocru (7.51) ynosiersopsier
TPAHWYHOMY YCJIOBUIO HA, CTEHKE IWJIMHPA, TIe CKOPOCTH
TedeHust obparmaercs B HOJIb. OOpaTuM BHHMaHWE Ha TO,
qaro Tedenue Ilyazeiiis mpeamonaraeT HAJIWYWe TPAJIAEHTA,
nasiienus (7.52) Baosb TpyObl, KOTOPBI U BbI3BIBAET TEYe-
HUE.

Bagaua 7.3.6. Halimu momox orcudkocmu uepe3 mpyby
das mevenua Ilyaseting.

7.4 UVHTerpupyeMble YpaBHEHUS

B macrosimem paszese Mbl aHATTU3UPYEM TaK HA3BIBAEMbIE
WHTErpUpyeMble YPaBHEHHsI, KOTOPhIe 00a1af0T OECKOHET-
HbIM HAOOPOM MHTErpasioB JBuKeHus. Kak npaBusio, K HUM
OTHOCSITCSI CJIy9Yau, KOTJA TIOJIsI 3aBUCST OT BPEMEHU U OJI-
HOW KoopAmHATHI. B cmiy Hanmuunsi GeckomevdHOro uabo-
pa MHTErPAJIOB JIBUKEHUS PEIIEHNs] HHTErPUPYEMbIX YDPaB-
HEeHMiI 00JamaloT BechbMa CIernuIecKoi auHaMuKoi. B
YACTHOCTH, Yy HHUX CYIIECTBYeT ODIIMPHOE CeMeHCTBO Tak
Ha3BIBAEMBIX COJIMTOHHBIX PENTEHUIA.

7.4.1 VYpasHeHue KopreBera-ne-®Ppusa

Kak wmbr yke ormedasu, B OOIIEM CIIydae PeIreHne ypas-
nenus Xomnda (7.1) nupuBoaut K GopMUPOBAHKIO OCOOEHHO-
CTH B IIOJI€ U 33 KOHEYHOE BpeMs, U Ha O0/IbIINX BpeMeHax
9BOJIIOIHS [TOJIs U B PaMKaX ypaBHeHusi XoIida HCCIe10Ba-
Ha ObITH HE MOXKeT. B TO ke Bpemsi ypaBuenue Bioprepca
(7.7) maer pemenue 3BOJIIONUOHHON 3a/a4u JJisl TOJIS U HA
BCEX BPEMEHAX. DTO CBA3AHO C MPUCYTCTBUEM B YPABHEHUU
Broprepca gonosnurenbHoro (0 CPABHEHUIO C yPABHEHHU-
em Xonda) wieHa co Bropoil HPOM3BOAHON, HANMYUE KO-
TOPOrO MPUBOIUT K YCTPAHEHUIO OCOBEHHOCTH B moje U (K
KOTOpO#i nmpuBoauT ypasHerue Xonda). g oqHoMepHOit
c7a00 HEJMHENHHOW 3BYKOBO# BOJIHBI UJI€H CO BTOPOH MPO-
M3BOIHON MpecTaBseT auccunamnuio. B psme 3amaa 60mee
CYILECTBEHHBIM OKa3bIBAETC IPYroi 3(pQeKr, CBA3aHHbIA
C IUCTIepCcueil CKOPOCTH 3BYKA, TO €CTh C €€ 3aBUCUMOCTHIO
OT BOJIHOBOT'O BEKTOPa k. ITOT 3dpdekT aBusercsa Oe3amc-
CUTIATUBHBIM.

Byaem cuurarb, 4ro guccunainueil 3ByKa MOXKHO IIPEHe-
Opedb, a JUCIEPCUsi CKOPOCTH 3BYyKa CyIecTBeHHA. B 06-
IEM CJIy9ae CKOPOCTh 3BYKA SIBJISETCS HEKOTOPOil (hyHK-
nueit k2, Ipu IOCTATOYHO MaJbIX k IepBas 3aBUCAIIASA OT
k mompaBKa K CKOPOCTH 3BYKa IPOHOPIHOHATLHA k2. DTO
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o3navaer, 4ro K ypasuenuto Xomda (7.1) ciaexyer noba-
BUTh 4/IeH C TpeTbeil mpous3BoaHoit. B pesymbprare momy-
JaeTcd Tak Ha3biBaeMoe ypasHenme Kopresera me ®@pusa
(Korteweg de Vries), kanonuueckas $hopMa KOTOPOTO 3a-
IHUCBIBAETCA, KaK

= +6u=— + =— =0. (7.53)
X X

9o ypaBhenue cBoaurcs K ypasuenuto Xomda (7.1) B upe-
HeOpeKeHne TPeTheil IPOU3BOIHON U IOC/IE IEPEMACIITAOU-
poBaHus mosd 6u — u.

B cuny aBromomuoctn ypaBHenHue Kopresera me ®@pusa
(Ka®) momyckaer peiieHue B BUJE BOJIHBI, PACIPOCTPAHSI-
fomeiicst co ckopocrbio Vi u = w(x — V). oacrasnss sro
BbIpakenue B ypasuenue (7.53), Haxoaum

Ow ow = Pw

9710 ypaBHEHHE, OUYEBHHO, UMEET NEPBbIl HHTerpas
~Vw 4+ 3w? + 0%w/0x? = C.

ITonyuusiieecss cooTHOIIEHNe WMeeT By ypaBHenus Hbio-
TOHA, JJIs1 “BpeMeHn”’ T 1 “KOOPIUHATHI W C MOTEHITHATHHOM
cuwioii. [losromy oHo umeer nepsbiit uarerpasn (“suepruto”
E), 1o ecrb

2
<d“’) =2F + 2Cw + Vw? — 2uw?, (7.54)
dz

riae F u C' — n1pousBO/IbHbBIE KOHCTAHTBIL.

Mo»KHO paccMaTpUBATh PA3IUUHBIE PEIIEHHS yPABHEHNST
(7.54). Ecm Mbl MHTEpeCyeMcst JIOKATN30BAHHBIMU (COJIH-
TOHHBIMU) pemeHusmu ypasuenus (7.54), o E = C = 0,
[OCKOJIBKY TOJIBKO IIPH 9THX YCJIOBHAX CYIIECTBYET Delile-
HEe, cTpeMsleecsd K Hy o npu ¢ — £oo. Torma Mbr naxo-
MM u3 ypaBHenusi (7.54)

dw/dx = +wVV — 2w.
DTO ypaBHEHUE UMEET PEIeHue
14
2 cosh? [\/V (x —Vt— xo)/ﬂ 7

u(t,z) = (7.55)

r7ie x¢ — TPOM3BOILHBII MapameTp. Takum obpa3oM, MupH-
Ha COJIMTOHA, KOTOPBIH ABMKETCA CO CKOPOCThIO V', paBHA
1/VV.

Hpyrum ciaydaem SBASIOTCH MEPUOIUIECKHE PEIIeHust
ypasuenusi (7.54), KOTOpble HA3BIBAIOTCH KHOUIAJIbHBIMU
BorHaMu. UTOOBI TaKoe perieHne CyIecTBOBAIO, HeoOXo-
JMMO HaJIIdHe Tpex KopHeil ypasuenus 2E +2Cw + Vw? —
2w = 0. O61aCTh U3MEHEHHST W JEXKHUT MeKIy BTOPbIM I
TPEeThbeM pPEeIIeHusiMEU 3TOro ypasuenus, rae 2FE + 2Cw +
Vw? — 2w? > 0. Torna

J:—Vt—xo:i/ dw

(2E +2Cw + Vw? — 20°) /* (7.56)

rjie Tg — OPOU3BOJIBHBIN Mapamerp.
Ypasuenue Kopresera ne @pusza numeer nHTErpasbl A8u-
JKEHUST BUIA

I, = /dx P, (u,0,u,02u...), (7.57)

rae P, — MOMMHOMBI OT (DYHKIIVH U W €€ TPOCTPAHCTBEHHBIX
ITPOM3BO/IHBIX, B YaCTHOCTH:

Py=u, P=u* P,=2u’— (0u/or)?
Py = 5u* + 5u?0%u/02” + (82u/83€2)2 . (7.58)

ITockosIbKY 9KCJIO MHTErpaJIoB ABuxKeHus [, GeCKOHEdYHO,
roBopaT, uro ypasaenue Kn® (7.53) sapigerca uarerpupy-
€MBbIM.

Ypasuenue Ku® (7.53) moxker ObITh 3a1UCAHO, KAK YCJIO-
BHUE 9KCTpPEMyMa AeiHCcTBUA

10hon  [(on\® 1 [82h\>
S:/dtdx 10h0h () 1 () . (7.59)

2 Ot Oz ox 2 \ Ox?
rje, Kak u Jiis ypasuerus Bioprepca, u = 0, h. B cuny ox-
HOPOJHOCTH 3TOrO JEHCTBUS 10 BPEMEHH M IIPOCTPAHCTBY
OHO IPHMBOJIAT K 3aKOHAM COXPAHEHUS SHEPIMU U MMILYJIb-
ca (cmoTpu pasgen 7.5.1), KOTOpble BIYUCIAIOTCS B COOT-
BeTcTBUU C Bhipaxkenusvu (7.82,7.84). HecioxkHO yBUIETD,
YTO IJIOTHOCTH YHEPIMU U MMIIYJIbCA COBIAAAIT (C TOYHO-
CThIO JI0 MHOXKHTEJIs) C BbIpaxkenusiMu st Pp u Py, co-
orsercrBento, cmorpu (7.58). Takum o6pa3om, nepsbiii He
Héreporcknuit waTerpasn apuxkenus ypapuenns Ka® ompe-
nesnsiercst Ps, emorpm (7.58).

VYpasuenne Kn® (7.53) MHBAPHAHTHO OTHOCHTEIHHO
“npeobpaszosanus Lamunes” u(t,x) — v + u(t, x — 6vt), rue
¥ — HEKOTOpas KOHCTaHTa. MOXKHO HPOBEPHUTDH, UTO Jeii-
craue (7.59) HHBAPHAHTHO OTHOCUTEJILHO COOTBETCTBYOLIE-
ro npeoGpasosanus ajst h: h(t, x) — ve—2v2t+h(t, z—60t).
NudunnresemanpHoe mpeodpa3oBanue jisi h UMEET BHUI
0h = va — 6vtd, h. JleiicTBys qamee, Kak u B paszgene 7.5.1,
TO €CTh MoJjiaras v IPOU3BOJIbHON (pyHKIWEH t U T, BHIUNC-
Jisisl Bapuauuio jeiicrsus (7.59) u upupaBHuBas ee K HyJIIO,
HAXOINUM 3aKOH COXPAHEHUST

Oy (zu — 3tu?) + 0,[3xu® — Opu + x0%u
—12tu® — 6tud?u + 3t(0,u)?] = 0.

Bapgaua 7.4.1. Hatimu O;P3, e2de P3 onpedeasemcs
(7.58), 6 coomsemcmeuu ¢ ypashenuem KoD (7.53)
u Yybedumuves, wmo pesysbmam ceodumcs K noanot
npou3eodHoti no x.

7.4.2 VYpaBuenume cunyc-l'opgon
Vpasuenunem cunyc-l'opoH HA3BIBAIOT ypaBHEHUE
02p — 0% +singp = 0. (7.60)

Takoro copra ypaBHEHWE BO3HWKAET A9 JUHAMUKHW CH-
cTeM, KOTOPbIE ONUCHIBAIOTCS MTEPEMEHHON (o, KOTOpasd uMe-
er cMbIcs (ha3bl HEKOTOPOI BEJIMYUHBI U, COOTBETCTBEHHO,
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OTHO3HATHO omnpeaenena Ha naTepsase ot 0 mo 27. Yao0Ho,
OJTHAKO, CIYUTATH, YTO Y MEHSETCS OT —00 JI0 +00 C TeM,
9TOOBI M30eKaTh CKAYKOB . IIpu 3TOM cocTosHusa cucre-
MBI, OTJIMYAIOIIAECH Ha 277 (N — HeJI0e YUCI0) (PU3NUECKH
SKBUBAJIEHTHBI.

Vpasuenue cunyc-T'opmon (7.60), kak u Ka®, npusogur
K OeckonedyHOMY HA0OPYy 3aKOHOB coxpanenwus. [losTomy
OHO OTHOCHUTCSI K HHTETPUPYEMbIM YPABHEHUSIM.

[Ipumepom dbusnaeckoit CHCTEMBI, OMTUCHIBAEMONI ypaBHE-
aueMm (7.60), ABIAIOTCS TPOBOAIINE OJHOMEDPHbBIE HEIOYKH,
B KOTOPBIX MPHU JOCTATOYHO HU3KUX TEMIEPATYPaX BO3HU-
KAeT TaK Ha3bIBAEMasi BOJIHA 3apsiJOBOIl ILIOTHOCTU. DTa
BOJTHA XapakTepusyercs (a3oil ¢, ¢ BapHaAlUsIMUA KOTOPOI
CBsi3aHa TaK Ha3biBaemas DPpENTMXOBCKAs MOIa, KOTOpas
omnuceiBaercs ypasaenuem (7.60), mpu moaxogiinemM BbiGO-
pe eJIMHMUI, W3MEPEHUsT BPEMEHU ¢ W KOOPAMHATHI X BJIOJb
HEMOYKH.

ITpu neboubiux Bapuaiusax dassl, |p| < 1, Mbl MOXKeM
samenurb B ypasuenuu (7.60) sine na @. B pesynbrare
MBI TIOJIy9YaeM JIMHEHHOE ypaBHEHWE, KOTOPOEe OMUCHIBAET
COBOKYTHOCTDH pacmpocTpangiomuxca Mof. Hemasg @ypoe-
npeodpa3oBaHWe MO BPEMEHW W MPOCTPAHCTBY, MBI IPHU-
XOmuM i JAHHONH @yphe-KOMIOHEHTHI K COOTHOIIEHUIO
w? = ¢?> + 1, rae w — yacrora, a ¢ — BosHOBOIT BekTOp. Ta-
KM 00pa30M, 9acTOTa W HE MOYKET ObITH MEHBIIIE €IUHUIIHI.
B T0 e Bpemsi TpymmoBasi CKopocTh Ow/dq = q/+/q* + 1
CTPEMUTCH K HYJIIO IPXA YMEHBIITEHUU BOJTHOBOT'O BEKTOPA (.

Paccmorpennbie BbIlie KOJIe0AHWS OTHOCATCS K MAJIbIM
BapualusaM OKOJIO CTAI[MOHAPHOrO cocrosuus ¢ = 0 (uiu
© = 2mn). B To ke Bpems ypasuenue (7.60) umeer, ouenui-
HO, eIlle OJIHO CTarmoHapHoe perenue ¢ = 7. OHO gBJseT-
cs, OMHAKO, abCOMIOTHO HeycToidmBbIM. [l mokasaresib-
CTBa 3TOTO YTBEPIKIEHUST PACCMOTPUM MAJIbIE OTKJIOHEHVIST
OT 9TOTO COCTOSHMS, KOTOPBIE OMUCHIBAIOTCS MO (pa3oit
¢: p =7 + ¢. B nuneiinom mo ¢ npubauKeHNN ypPABHEHUE

(7.60) naer
0 — 07— ¢ =0. (7.61)

Ilepexomsa tenepp K @ypbe-IpeacTaBICHAI0, MbI HAXOIAM
w = ++/q¢% — 1. Takum obpazom, pm ¢ < 1 wacTora ABIA-
eTcsl YUCTO MHUMOIM, ¥ MHOKUTEIb exp(—iwt) SKCIOHEHIH-
aJILHO PACTET CO BpeMeHeM (JjIf COOTBETCTBYIOMIErO 3HAKA
KBAJ[PATHOIO KOPHs ). DTO 03HAYAET, YTO JaKe UCXOIAHO Ma-
JIble BO3MYIIEHHs! CTAIIMOHAPHOrO COCTOSIHUS (0 = 7 CTAHYT
€O BpeMeHeM OOJIBIIUMU U PA3PYIIAT 3TO COCTOSHUE.

IToMuMO TpUBUAILHBIX OJHOPOIHBIX CTAIMOHAPHBIX Pe-
mennit ypasuenue (7.60) momyckaer mupokuii Habop HeOI-
HOPOJHBIX CTAIMOHAPHBIX PEIIEHHUIH, CYyIIECTBOBAHUE KOTO-
pbix (HOPMAJIBHO CBA3aHO C HEOMHO3HAUYHOCTHIO (ha3bl (.
Paccmorpum mpocreiiimee Takoe pemenne, KOTOPOe Xapak-
TEPU3yeTCs MPEJEIbHBbIM IOoBeneHneM ¢ — 0 mpm z —
—oou p — 27 upu x — —+o0o. Cranumonapuoe yciaosue
—02¢ +sin ¢ = 0 umeer Bu ypauenus Hutotona st (tie-
PEBEPHYTOr0) (PU3UUECKOr0 MAATHUKA U MMEET, OUEBHUJIHO,
nepsbiit uaTerpan (0,p)%/2 + cos ¢, KOTOpbIii B CHIy rpa-
HUYHBIX YCJIOBHH HAJIO NPUPABHATDH K €JINHUIIE.

B pesynprare MBI NpUXOIEM K YPABHEHHWIO 0@ =

@) f(2) |

6)

Puc. 7.1: Kunk u anTuUKuHK.

2sin(¢/2), KOTOpOE WMeeT pereHne
¢ = 4arctan [exp(z — zo)], (7.62)

rJie o — NPON3BOJIbHAs KOHCTaHTa. Pemenne (7.62) Ha3bI-
BaIOT KUHKOM, a T( ABJSETCS MOJOKEHneM KnHKa. U3 BbI-
paxenus (7.62) caenyer, uro daza ¢ mengercs or 0 no 27
B OKPECTHOCTH TIOPSIJIKA eIUHUIIBI OKOJIO X, & BHE €e SKCIIO-
HEHIMAJIBHO OBICTPO CTPEMUTCS K CBOUM MPEJEJIbHBIM 3HA-
YEHUAM, CMOTPU pUCyHOK 7.1. Jlerko mHaiitu perienue (aH-
TUKWHK ), KOTOPOE COOTBETCTBYET yObiBanuio (Gasul ¢ or 27
mo 0:
© = 21 — 4 arctan [exp(x — zg)] ,

CMOTPH PUCYHOK 7.1.

IMomumo npocreiimero pemenus (7.62), ypasuenue (7.60)
JoIycKaeT u 6osee CI0XKHBIE CTAIHOHAPHBIE pernerus. Ha-
npuMep, OeCKOHeUHbIH HabOp KHUHKOB. JIjas TOro, 9ro0bI
HAWTH 9TO PEIIEHUE, Mbl MOXKEM BOCIOJb30BATHCS TEM K€
nepBbIM uHTErpaniom (9,p)? /24 cos ¢, KOTOpHIit Tereph Mbl
npupaBHsieM K 1 + €. Torga MbI npugeM K ypaBHEHUIO

Duip = 1/ 2€ + 4sin’(¢/2), (7.63)

KOTOPOE OIUCHIBAET MOHOTOHHO PACTYIIYIO MIPH yBEJIAYe-
uun x Gasy . Eciau € Majio, To 3T0 perieHne CoOTBETCTBY-
eT 6EeCKOHEYHOH COBOKYIHOCTU KUHKOB, PA3/IETEHHBIX PAC-
crosinuem In(1/€) (uro cupasennuBo, eciu 3ror sorapudm
aBisgtercs 60/bm0# Besmaunoil). Eciu B Boipazkenuu (7.63)
B34Th OTPUIATE/IHHBIN 3HAK MEPE] KOPHEM, TO MBI TIOJTy UM
pellerre ¢ MOHOTOHHO yObIBaomeil (hazoii.

Jlo cux 1mop MbI pacCMaTPUBAJIH HEIIOABUKHBIN KHHK. HO
ypasuenue (7.60) IOMycKaeT pENIeHUs U B BUJAE JIBHXKY-
merocss KuukKa. Irodbr HaiiTH ero mpoduib Ijisd CKOPOCTH
JIBUYKEHUS U, MOKHO TIOJICTaBUTh B ypasuenue (7.60) obiee
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BBIPAKEHHE I PABHOMEDPHO JIBHKYIIErOCs JIOKATN30BAH-
HOro obbekTa ¢ = f(x—wvt) u HPOBECTH T€ 2Ke BHIYUCIICHHS.
OHAKO OTBET MOYKHO BBIMUCATH U (€30 BCAKUX BBIYUCTIC-
HU, BOCIIOJIb30BABIINCH TeM, 4TO ypasuenue (7.60) aBjig-
ercd “peIITUBUCTKY WHBAPUAHTHBIM' ), U TIOTOMY DEIIEHHE
JUIST IBAKYIIErOCs CO CKOPOCTBIO ¥ KMHKA MOXKET OBITH MO~
JlydeHo u3 bipaxkenus (7.62) npeobpasosanuem Jlopenua.
B pesyabrare momydaem

r—x9— vt
= 4 arct =l J I 7.64
® arctan [exp < Nigee ﬂ (7.64)

Orcioma cremyer, B 9aCTHOCTH, UTO KHHK HE MOXKET IBH-
raTrbCsa CO CKOPOCTBIO 0OJIbIIE eIUHUIbI. AHAIOIUHIHBIM 00~
Pa3soM MOXKeT ObIThb Hali/IEHO pelleHHe JJis JIBHKYIIEroCs
AHTUKWHKA'!

5 Larch { (x—mo—vtﬂ
=21 —4darctan |exp | ——— | | .
® p 1= o2

Vpasuenune cunyc-I'opnon orHocHTCH K KJIaccy ypaBHe-
HUH, KOTOPBIE MOIYT ObITh MPOAHAIU3UPOBAHBI B PAMKAX
MeTo/1a 00paTHOM 3a1a9n PACCesTHUsT, KOTOPBII TTO3BOJISIET
HaWTH cepuio ropas3ao 6ojee CIOXKHBIX PEIeHuil ypaBHe-
aus (7.60), ueM OpUBEIEHHBIE BBIIIE DEIIEHUS JJI OJUHOY-
HBIX JIBUXKYIIWXCS KAHKOB U AHTUKWHKOB. DTH PEIEHUs]
PEACTABIAIOT COOON CUCTEMBI JBUNKYIIUXCA C PA3TUIHbI-
MU CKOPOCTSIMM KMHKOB M AHTUKUHKOB, KOTOPBIE B CHJLY
PA3JIMYHBIX CKOPOCTEH IBWKEHUsT BPEMsI OT BPEMEHU CTaJl-
KHBAIOTCSI MEXKIY cOoDOil. 3aMedaTeIbHO, YTO TOCTe TAaKOTro
CTOJIKHOBEHUSI KHHKH PACXOJISTCS U TPOIOIKAIOT JBUTATE-
Cs C TEMH K€ CKOPOCTSIMH, 9TO U JI0 CTOJIKHOBeHus. [Ipu
9TOM HE MPOUCXOJUT HUKAKOIO W3JIy9eHUsl BOJIH, OOCYZK-
JIABIITAXCS BBIITIE.

IIpuBenem pelrienne, KOTOPOE HA3BIBAIOT OPHU3EPOM
(breather)

sin(t cos 0)

¢ = 4arctan |tan 6 (7.65)

cosh(zsinf) |-

ITposepka Bbiioinenust ypasaenus (7.60) ays dyHkuuu
(7.65) ocymiecTBIsIeTCS MPSIMBIM BBIYHCIEHUEM MTPON3BOJI-
HBIX OT BbIpaxkenus (7.65). Pemenne (7.65) coorBercrByer
CBSI3aHHOMY COCTOSIHUIO KUHKA U aHTUKMHKA, PACCTOSHUE
MEXK/ly KOTOPBIMHU OCIMJIIUPYET CO BPEMEHEM. DTO Pelle-
HUE OIMCBIBAET IOJIE , IEHTP TAXKECTH KOTOPOrO IHOKO-
urcsi. Coenap mpeobpaszoBanue JIOpeHIa, JIErko MOy IuTh
nojie ¢ g Opusepa, JBUXKYINErocs ¢ IMPOU3BOJILHON CKO-
pocThio v < 1.

IMepexons B Boipakenuu (7.65) k nupexeny 0 — 7/2, na-
XOIUM cJiesytoliee peinenue ypasaerus (7.60)

¢ = 4arctan (7.66)

coshz’
Pemenue (7.66) onucbiBaer cOMMKeHne KHHKA 1 aHTHKAHKA
¢ ux nocjenyromuM pacxoxiaenueM. IIpu ¢ = 0 Mbl umeem
¢ = 0, OZHAKO CKOPOCTb M3MEHEHHd NOJIA Oip HYJIIO HE
paBHa, OHA COCPEJIOTOYEHA HA PACCTOAHUAX MOPAIKA €/Id-
HUIBL OT Hadasa Koopamuar. IIpu ¢ > 1 pa3mep perneHus

(7.66) onenuBaercs, Kak Int. DTa BeTHYNHA UMEET CMBICIT
PACCTOAHUSA MEXK/ly KHHKOM U aHTUKUHKOM. IIOHATHO, 9TO
HAYAJIO KOOPAMHAT ¥ HAYAJIO OTCUETA BPDEMEHU MOTYT ObITh
BLIOPAHBI TPOM3BOJILHO, TO €CTh (7.66) ocTaercs pereHuem
npu 3amMene t =t — tg,x — * — Zg.

Ypasuenue (7.60) MoxkeT ObITH HNOJIYYEHO, KAK YCJIOBUE
3KCTPEMYMa JIeHCTBUA

1 1
Takum 06pazom, B coorsercrBuu ¢ pasgeiom (7.5.1) Mbl
HAXOIUM CJCAYIOMAE WHTETPaJhl IBUKCHUS, WMEIOIINe
CMBICJI SHEPTUU W WMITYJIHCA CHCTEMBI

E= /da: [;(6,5(,0)2 + %(830@)2 —cosp + 1} ,  (7.68)

P= /d:c OOy p, (7.69)

cmorpu (7.82,7.84).

Ypasuenue (7.60) MoxkeT ObITH HEPEIUCAHO B TEPMHUHAX
HepPeMEHHBIX BJOJb “cBeTOBOro Komyca” £ = (x +1)/2, T =
(x —t)/2:

0-0gp = sin g, (7.70)

MOCKOBbKY O¢ = Oy + O, 0, = Oy — 0;. Becrkoneunsrit Ha-
00Op 3aKOHOB COXPAaHEHUs YI00HO (hOPMYTUPOBATH UMEHHO
B TepMuHAX nepeMmeHHbIX & u 7. [lepBblit HeTpUBHATHLHBII
3aKOH COXPaHEHHA NMEET BHU/

0-[(De )" — 4(00)°] + 40¢[(9ep)* cos ] = 0,
KOTODBIii JIErKO MpoBepseTcs, ucxoas u3 (7.70).

Bagaua 7.4.2. Juneapusys ypasuenue (7.60) na done
KaK020-AUOO €20 PeweHUs ©, Mbl HATOOUM OAsd GO3-
mywenus ¢ ypasnenue 02p — 02¢ + ¢ cos p = 0. Ume-
em AU IMO YPABHEHUE AOKAAUOBAHHBLE PEULEHUA P HA
pone wunxa (7.62)7

Bagaga 7.4.3. Hatmu snepauto u umnyavce xunka (7.62)
u pewenus (7.66).

3amaua 7.4.4. Halimu 3aK0H COTPAHEHUA, KOMOPHIT CO-
omeemcmeyem JIopeHy-uH8apuaHMHOCTIU YPABHEHUSA
cunyc-Topdow (7.60).

Bamaua 7.4.5. 3anucamv 3aK0Hb COTPAHENUA IHEP2UL U
UMNYALCE 8 MEPMUHAT nepemernnr £ u T. YKazanue:
B0CNOABI0BANBCA BHPAHCEHUEM AR DeUCTNEUS 68 Mmep-
munaxr € u T.

7.4.3 OaroMepHOe HeJIMHEliHOe ypaBHEHUE
HIpémunrepa
KagecTrBenno nnasi curyanus peagu3dyercsd B OJJHOMEPHOM

cayqae. Torna coornormenne Tananosa (7.21) mpuHMMaer
BUI:

d? 9
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YTO 03HAYAET HEBO3MOXKHOCTH KOJLIATCA. JefCTBUTENBHO,
ec/ju pa3Mep BOJIHOBOrO nakera R(t) ymenbluaercs, To co-
xpanenue uncia gactur, N Tpedyer, 4To0bl KBaIpaT MOLY-
7T aMIIHTYIB TTakeTa poc Kak |2 ~ R™1(¢). Ipu stom
HOJIOXKUTeNbHAST 100aBKa B mpaBoil yacTu B (7.71) Takke
pacrer:

/d;v |Vy|> ~ NR™2.

IIpu ymenbiiennun R 3Ta BemdnHA HEM30€KHO CTAHOBUT-
cs 110 aOCOJTIOTHOM BesimdIuHe OOJIbIIEe OTPUIIATETHBHOTO, HO
MOCTOSHHOTO —F. DTO mpuBeneT K CTabuIn3aIun Mo 1.
Taxum 0Opa3om, mpu JOCTATOIHO OOJBIMON AMILIATYAE Ha-
9aJIbHOTO 3HAYEHHS 1P CO BPEMEHEM BO3HUKHYT JIOKAJIU30-
BaHHbBIE OObEKTHI, HA3BIBAEMbBIE COJTUTOHAMHU.

Mbi HaYHEM C MPOCTEHIIEro CIydasi HOKOSIIErOCs COJIH-
TOHA. BymeM ncKarh JIOKAJIN30BAHHOE B TIPOCTPAHCTBE pe-
menne ypasHennst (7.14) B Buze

G(t,z) = e (10) g (). (7.72)

Vpasrenne na bynkmuo g(x) umeer sun g” + 2g° —n?g =
0, 9TO sABIAETCA ypaBHeHWeM HBIOTOHA B CTAIIMOHAPHOM
HOTEHIHAJIE U TIO3TOMY €T0 MOPSIOK MOMKET OBITH HOHHUIKEH
B CHJIy COXPAHEGHHUs SHEPTUH. Y MHOXKAs ypaBHEHHUE IS ¢
Ha ¢’ U UHTErpupys IO T, MbI HOJydaeM

(7.73)

n
dg
I 2 2 —
g =—gvn*— g% /7—:6—930.
/ gvn? —g?

31ech To — KOHCTAHTA MHTErPUPOBAHMSA, 3HAK MHHYC JIJIst
KODHsI BBIOpaH [jisi yObIBaHWst g ¢ pocroM |z|. IlepBoo6-
pasHas B ypasHenuu (7.73) ¢ mMOMOIIBIO 3aMeHBI g = 7)/y
OPUBOIUTCA K TaOJUYIHON M MBI IPAXOIUM K TPeXIapaMer-
PUYECKOMY CEMECTBY PelleHuit:

. 2
t,x) = e (tfto)é. 7.74
¢( ) ) COSh[’I](J? — 370)] ( )
Teneps 3amerum, uTo ypasuenue (7.14) uHBapUAHTHO OT-
HOCHUTEIbHO ‘mpeobpasoBanust Lanuines’. A mMeHHO, eciu
Y (t, ) — pemenue (7.14), To u

W(t, z — 28t)e T8t (7.75)

oymer permernem HYIIIL. Ilpumenss 31o mpeobpa3oBanue K
(7.74), MbI Oy YMM ceMeCTBO OHOCOJUTOHHBIX PEIleHuid,
3aBHCAIIEE OT YEThIPEX MapaMeTpos tg, xg,1, 8. lpu x¢ =
to = 0 310 pelieHue uMeeT BU/L

b(t,x) = 1

i(n? — B° iBx]. (7.
cosh [(x — 251)] expli(n® — %)t + iBz]. (7.76)

B omgaomeprom npocrpancrse HYIII apisercs “unrerpu-
pyeMbiM”. DTO O3HAYAET, YTO MOMUMO cTaHmapTHbrx (Hé-
TepOBCKUX) uHTErpasios asuxenuns, HYII sexer Kk aomos-
HUTEJILHOMY OECKOHEYHOMY HaOOPY WHTErPAJIOB JBUKEHUS.
TlepBbiM mpeacTaBUTEIEM STOrO HAOOPA SIBISIETCS

R= [ dr {am*aiw Swrewy|.  @m

Wurerpan (7.77) yxe He cBA3aH C IPOCTPAHCTBEHHO-
BpEMEHHBbIMU WyiH (Ha30BOi CUMMETPUSIMU yPABHEHUS, €r0
COXpaHeHue ABJISETCS CICACTBUEM WHTETPUPYEMOCTH OIHO-
mepuoro HVIII.

3amaua 7.4.6. Buuucaums 3uauenus Hémeposckur um-
mezparos deusicenus N, E, P 6 00HOM USMEPEHUU
ons deusrcyuwsezocs coasumona (7.76).

Bamaua 7.4.7. Ioxasams, wmo evipasicenue (7.77) aena-
emcs unmezpasom deuscenus HYIII.

7.5 CrmpaBo4dHBbIe MaTEPUAJIBI K TJIa-
BE

B HaACTOAIIIEM Pa31€Jji€ MbI IIPDUBOJIUM CIIDABOYHBIE JTaHHBIE,
HeO6XO,HI/IMbIe JJId IIOHUMaHUA HU3JI02KEHHOI'O B HaCTOHH.[efI
TJIaB€ MaTepuaJjla U PEIIEHuA IIPUBEACHHBIX 3a/1a4q.

7.5.1 HeérepoBckue MHTErpaabl ABUKEHU

Msmuorue sBostonnonube auddepeHnaabHble YPABHEHUS
MPUBOAAT K COXPAHEHUIO HEKOTOPBIX BEJIUYUH, KOTOPBIE
HA3bIBAIOT WHTErpajaMu JABuKeHus. Hamwane wHTErpaion
JIBU2KEHUST ODJIErvdaeT aHaJn3 PEIIEHUI COOTBETCTBY IOIIErO
YPABHEHUWSI, U TMOTOMY WX HAXOXKIEHUE SIBJISETCS BAYKHOM
3a/adeii. 31eCh Mbl M3JIOKHUM CIOCOD HAXOXKIEHUS WHTE-
IPAJIOB JIBM2KEHUsI, CBSI3AHHBIX C HEMPEPBIBHON CHUMMETPH-
eif ypaBHeHHNsI, KOTOPbIH ObL1 pa3padoran Hérep. IToaTomy
COOTBETCTBYIOIIME UHTEIPAJIBI JBUKEHUs Ha3biBatoTcs Hé-
TEPOBCKUMU.

HérepoBckue uaTerpasibl BO3HUKAIOT B TOM CJIy4ae, ecJiu
HCCTIEyeMOe YPABHEHNE SIBJISETCs CIEICTBUEM BaPUAIMOH-
HOrO HpHuHIHANA. A UMEHHO, paccMOTpuM nud depeHnaib-
HOE ypaBHEHHUE JJIs TOJs U, KOTOPOe MOJydaeTcst, KaK IKC-
TpeMyM (PYHKITHOHATIA,

§— / dt dr L{u, 1, V). (7.78)

O6b14HO 3TOT PYyHKIIMOHAT HA3bIBAIOT JIEICTBUEM. YCJIOBHE
9KCTPEMyMa IefCTBHS €T ypPaBHEHUE

0 0L c oL 0L 779
ot (1) o(Vu)  ou’ (7.79)
KOTOPOMY HOJIYUHSETCS TIOJIE U.

Ypasuenue (7.79) wumu npeiicrBue (7.78) OZHOPOLHBI B
MPOCTPAHCTBE U BPEMEHU, TO €CTh WHBAPUAHTHBI OTHOCH-
TEJIbHO CIBUTa HAYAJIa OTCYETA BPEMEHW UJIM CIABHUCA, Ha-
vgaja Koopauuar. [Ilpn nHpUHATE3MMAILHOM CIBATE HaYa-
JIa OTCYeTa BPEMEHHU IIOJIE U M3MEHSIeTCS, 9TO M3MEHEHUe
paBHO du = TOiu, T/I€ T — BEJIUIMHA, CABUTA. JIErKO mpoBe-
PUTHb HEIOCPEJCTBEHHO, 410 JeficrBue (7.78) He MeHsiercs
OpU TaKOM 1peodpaszoBanuu. IIpemnonokuM Ternepb, 9To T
— HeKOTOpas (BPYHKIMs MPOCTPAHCTBA U BpeMenu. Torga Ba-
puanus AelictBus S npu npeobpazoBaHuu du = TOU yKe
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He OyIeT paBHA HYJIIO, €e MOXKHO 3alACATh B CJIEIYIONEM
BU/jle

oL . oL
0S = /dt dr [(%u - L) T+ MUVT:| ) (7.80)

e MBI UCIIOJIB30BaJIM HHTErPUPOBaHUE 10 9aCTAM U COOT-
HOIIIECHUEe

oL oL oL
O = Gt Griit o, Ve

C apyroit CTOPOHBI, [T TIOJIS U, KOTOPOE MOIMHSIETCS
ypaBHeHu1o apukenus (7.79), sapuanus npedicrsus (7.79)
npu J11000i BapUAIINY TIOJIA U, B TOM YHUCJIE U PU BAPUAIIUH
ou = TOyu, NOKHA ObITH PaBHA HYO. JIpyrumMu cjoBaMu,
IS TIOJISL U, KOTOPOE MOAYUHSIETCS YPABHEHUIO JBUIKEHUS
(7.79), pasuo nymo Bbipaxkenue (7.80). ITockosbKy 1osie
7 B Bbipaxkenuu (7.80) sBjsieTcs NPOU3BOJILHOI byHKIMENT
BPEMEHHU U [IPOCTPAHCTBA, Mbl IPUXOJUM K COOTHOILIEHUIO

oL . oL .\

KOTOpDOE WMEeT BHJ JIOKAJILHOIO 3aKOHA COXPAHEHHS.
O6bruno 3akon (7.81) Ha3bIBAIOT 3AKOHOM COXPAHEHUS
SHEPIWHU, & COXPAHSIONMHCS BCJIEICTBUE STOTO YPABHEHHS

uHTerpa
or
FE = —u—L 82
/dr(%u ) (7.82)

HA3BIBAIOT SHEprueil. 3aKOH COXPAHEHUsI SHEPIHUH HMEeT
Bug O F =

C ¢dbopmanbHOil TOUKHM 3peHnsi, 3aKOH COXPAHEHUsI YHEP-
run (7.81) caemyer u3 Toro, uro B BhIpaxkenuu (7.80) mis
BApMAIINK NIEHCTBAA TIPUCYTCTBYIOT TOJBKO MPOU3BOIHBIE
(1o BpeMeHu ¥ MPOCTPAHCTBY) OT 10Jis T, HO He camo 7. B
CBOIO OYEPEJIh, ITO CBOMCTBO CJIEAYyeT M3 WHBAPHUAHTHOCTH
JefiCTBHUs 110 OTHOLIEHWIO K CABUTY HA4YaJa OTCYETa Bpe-
MEHM, KOTOpOe COoOTBeTcTByer 7 = const. ITosTomy mpm
HE 3aBUCAIIEM OT BPEMEHM W KOOPIWHAT TIOJIE€ T BAPUAIAS
JeficTBUs 00si3aHa 00paIaThCs B HOIb, ITO U OODBSICHSIET
orcyrcrBue 4wieHoB ¢ 7 (6e3 HpOoM3BOAHBIX) B BapUaluu
(7.80). ITonsTHO, YTO TakuM K€ 06pa3oM OyuyT HOJLyd4aTh-
Cs1 3AKOHbBI COXPAHEHMsA B TOM CJIydae, eCJIM JefiCTBUe MHBA-
PHAHTHO OTHOCUTEJIHHO MPeobpa3soBaHUs TOJS U, KOTOPOEe
XapaKTepU3yeTCss HEKOTOPHIM HENPEPBIBHBIM MapaMeTpOM
tuna 7. IloaTomy muorma rosopsar, aro HérepoBckue mH-
Terpasbl JBUXKEHUS SABJSIFOTCS CJEJCTBUEM HEIPEPBIBHON
cummerpuu zeiicrBust. JJuckpernas ke cummerpus (Tuia
WHBAPUAHTHOCTH JEHCTBUS OTHOCUTENIHHO W3MEHEHUS 3HA-
Ka TIOJIsl 1) 3AKOHOB COXPAHEHUs HE Jaer.

PaccMOTprM 3aKOH COXpAHEHWS, KOTOPBIH TOIyYaeTcs
W3 WHBAPUAHTHOCTH NEHACTBUS OTHOCUTEILHO CIBUTA Ha-
yasna KoopauHar. IIpu nHGUHATE3NMATEHOM CIBATE HAMA-
JIa KOOPJMHAT IOJIE U M3MEHSIETCsI, 9TO M3MEHEHHE PABHO
du = &€Vu, rue € — Besmuuna casura. Cauras Temnepb, 4To
¢ ABISIETCSA MTPON3BOIBHON (DYHKIMEH BpDEMEHU W TPOCTPaH-
CTBA, BBIYUC/IAs Bapualmio jaelicrsus (7.78) npu Bapuanuu
du = £0,u v npUpaBHUBas Pe3yJIbTAT K HYJIIO (4TO CIpa-

BEJUIUBO Il TIOJISA U, TOAIMHAIONIEMYCs yPABHEHUIO JIBH-
JKEHHs ), HAXO/IUM

0L Ou 0L Ou oL
<8u 896) +v<8Vu8x) _%:O' (7.83)

Anasornysbie ypaBHeHUsI CIPABEIJIUBBL U JJIsi OCTATBHBIX
KooparHaT. TakuMm 0Opa3oM, MbI MPUXOIUM K 3aKOHY CO-
XPAHEHUST BEJININHBI

oL
—/dr %Vu, (7.84)

KOTOPYIO OOBIYHO HA3BIBAIOT UMITYJIbCOM (momentum). 3a-
KOH COXpaHeHusT UMITyibca umeeT Buz Oy P = 0.

YTo6bl MPOULTIOCTPHPOBATL BO3HUKHOBeHHE HéTepos-
CKMX UHTErPAJIOB JIBUXKEHHUsI, HE CBABAHHBIX C OJHOPOIHO-
CTHIO B POCTPAHCTBE W BPEMEHU, PACCMOTPUM CJIyUail, KO-
T/ HHTEPECYIOIIEEe HAC TTOJIe SIBJITETCS KOMILIeKCHBIM. 000~
3Ha4YMM ero . B arom cirydae neiictBue S MOXKHO 3anucaTh
B BHJIE

S = /dter(w,w*,w,w,w,w*). (7.85)

MpbI 3amucann 3aBECEMOCTD L OT 1) U COLPSKEHHOTO €My
oIt P* OTHENbHO, TMOCKOJBKY B CHJIy TOTO, UTO TOJIE 1)
UMEET JIB€ KOMIOHEHTHI (IefiCTBUTENbHYI0 U MHUMYIO 4Ya-
CTH) ypaBHEHHUsI JABUXKEHUs HA 1) WM ¥* MOXKHO OJIy4aTh
HE3aBUCHMBIM BapbUPOBAHUEM II0 ) WU P*.

Teneps npeanonoxum, 4o jeiicrsue (7.85) uHBapuant-
HO OTHOCHUTEJIbHO ¢ABUra, Basdbl (4TO CLPABEIJIMBO, HALIPU-
mep, gy HYII). [Ins uadbuHUTE3nMAIBHOTO CIBUTA 3TO
npeobpa3oBanne uMeer Buj 0y = i), Y* = —iap*. Un-
BAPUAHTHOCTH IEHCTBUS OTHOCHTEIBHO ITOTO IPeobpazo-
BaHUs O3HAYAET, 9TO

oL ., OL ., 0L
o o aver

¢+ 1/)+

a¢ Py avqp V-

oS VY=
CunTas Tenepb, 9TO o ABJIAETCS MTPOU3BOJIBHON (DyHKIMEH
BPEMEHH W TPOCTPAHCTBA, BHIYUC/IAS BAPUALNUIO JCHCTRUS
(7.85) tipu Bapuarmu 6v) = i), 61* = —iq)* u npupaBHU-
Bas pe3y/bTaT K Hymo (C UCHOIB30BAHUEM MDPUBEJIEHHOTO
BblIl€ BbIPAXKEHHUS ), HAXOJUM 3aKOH COXPAHEHHUs!

oL
( o' o )

oL .\ _

Takum 00pa3oM, MBI MPUXOIUM K 3aKOHY COXPAHEHWS Be-

JIMYUHBI
oL  OL
N = /dr ( b — 81/}*7’[} > (7.87)

KOTOPYIO HA3LIBAIOT YUCJIOM YACTHUI[ WJIM BOJHOBBIM Jeii-
cTBUeM. 3aKOH coxpaHenus: umeer Bug Oy N = 0.
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Bamada 7.5.1. Halimu COTPAHAIOUUECA BEAUNUHDL OAS
0bobuennoz0 ypasrenus Kod

Dru + 9w+ D, (Of /) 0] = 0,

2de f, g — npousseoavHbie GyrKUUY U. YKasanue: Hali-
dume deticmeue, IKCMPEMYMOM KOMOPO2O ABAALMNCA
danroe YpasHeHue.

Bamada 7.5.2. Halmu COTPAHAIOWUECA BEAUNUHDL OA
0600wenH020 ypasrenua cunyc-Iopdon

e — e+ fp) =0,

2de f — nepuoduueckasn Pynryus ¢ nepuodom 27w, ydo-
2

BAEMBOPANULAA YCAOBUND fo dy f(p) =0. Yrazanue:

Hatidume deticmeue, IKCMPEMYMOM KOMOPO20 AEA-

emcsa dannoe ypasrenue.

3amada 7.5.3. Halmu mMomeHm umMnyaibea noas u, 0uHa-
MUKG KOMOPozo daemcs deticmeuem

S = /dt d*r B(atu)z - %(Vu)2 —Fu)|,

2de F' — mpouseoavHan Pywkuus u. Yrazarue: det-
CMBUE UHBAPUGHMHO OMHOCUMEALHO UHPUHUMESE-
MAABHOZ0 TO60POMA HA Yeoa O, mpu Komopom no-
Ae u  npeobpasyemcs caedyrowum obpazom Ou =
—0;€iknTEOnu, 20€ €jpp — GOCOAOMHO GHMUCUMMEM-
PuuHBLT MEH30P, a T — paduyc-6exmop.
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8. UnarerpaipHble YpaBHEHUS

T'nasa 8

NMHTEI'PAJIbHBIE YPABHEHIU A

I[Momumo nuddepennmaabHbIX ypaBHEHU, B unKe
BCTPEYAIOTCS CATYalWu, KOrmaa (DYHKIUS 3aJaeTCsd WHTE-
rPabHBIM YPABHEHHUEM, TO €CTh yPaBHEHHWEM, B KOTOPOM
nckoMmas (PYHKIUsI CTOMT IIOJ 3HAKOM WHTerpasa. B Ha-
CTOSIIIEM PA3JeJie MBI PACCMOTPUM HECKOJIBKO THUIIOB WH-
TEerpajibHbIX yPABHEHWUIT, BCTPEYAIOIINXCS B MPUIOKEHUSIX,
PEeIlieHrs KOTOPBIX MOTYT OBITH HAlJIEHBI B SBHOM BHJIE.

8.1 VYpaBHeHusa ®Ppearoabma

Mbi y2Ke CTaJIKMBAJIUCH ¢ MHTErPAJIbHBIMU YPABHEHUSIMHU,
910 ypasHenus Bosbreppsr, cmoTpu paszgen 1.3. 31ech Mbl
paccMOTpUM WHTErpajibHbie ypaBHeHus Dpenrosabma, Ko-
TOpBIE SABJISIOTCS IMTUPOKAM 0000IIeHneM ypasaennit Bosb-
teppol. Unrerpanpibie ypasaerus @pearosbma ompeaese-
ubl st byuxuuu f(t), 3a1aHHO0 HA HEKOTOPOM MHTEPBAJIE
(a,b), a <t < b. YacTHBIME CJIyYasiMU SIBIISIETCST BCST TIPSI-
Masag —oo < t < 400 uan noaynpamaa 0 < ¢ < 4oo.

WnarerpanbabiM ypaBHeHueM ®Ppearogbma mepBoro pojaa
HA3BIBAIOT yPABHEHHE

b
/ ds K(t,5) f(s) = g(t), (8.1)

rae aapo K (t,s) u dynkuus ¢g(t) nupeosaraiorcs u3Bect-
HbiMu, & Halitu Tpebyercsa dyukuuo f(t). Uurerpaibubiv
ypaBuerueM DpenrosibMa BTOPOTO POJA HA3LIBAIOT yPaB-
HEHUEe

b
£(t) A / ds K (1, 5) f(s) = g(t), (8.2)

rjae A — Ipou3BOJIbHBIA mapamerp. Kak u mjig ypaBHeHus
nepsoro poja, aapo K(t,s) u dyakuusa g(t) npeamosiara-
I0TCsl U3BECTHBIMU, & HailiTu Tpebyercs dyukuuio f(t).
Vpasuenne (8.2) moxno samacars B suge f — AKf =
g, rie K obo3magaer (urypupyomyii B 5TOM ypaBHEHMN
UHTErPAJILHBIA OnepaTop. 9TO ypaBHEHUE MOXKHO DPEIlaTh

II0CIe10BaTEIbHBIMU HpI/I6HI/I}KeHI/IHMI/I 10 )\, 49TO JaeT
=g+ Kg+ K% +....
Haiinennoe perienne MOXKHO IEPEIUCATD B BAIE
f=g+ ARy, (8.3)

rae R HA3BIBAIOT pe30sibBeHTOl ypasHeHus (8.2). Ee MoxKHO
3amucaTh B BHJE PATA

R=>) A\'E" (8.4)
n=1

Kak n K, onepatop R sBIseTCS MHTErPAJTbHBIM OIEPaTO-
pom Ha uHTepBae (a,b), AP0 KOTOPOro MPECTABIIETCS B

BHUIE PALA
b
R(t.s) = K(t,s) + A / dp K(t,p)K(p, )

b b ‘
+/\2/ dp / dqg K(t,p)K(p,q)K(q,s)+ ... (8.5)

Kak mpaBuito, 3T0T psam Mo A mMeeT KOHEUHbBIH PAIIyC CXO-
JuMOocTH. PacupocTpaHuTh BbIpayKeHUe s PE30JTbBEHTHI
HA [POU3BOJIbHBIE KOMILIEKCHBIE A MOXKHO B PE3yJIbTare
AHAJIUTUYECKOTO TTPOIOIYKEHUS.

Bamaua 8.1.1. Hatmu pesosveenmy dasn adpa K(t,s) =
t/s, sadannozo na unmepsane (0,1)

Bamaua 8.1.2. Hatmu pesoaveenmy dasn adpa K(t,s) =
exp(t — 2s), sadannozo na unmepsase (0,00)

Bagaua 8.1.3. Hatmu pesoaveenmy das adpa K(t,s) =
ts, aadannozo na unmepsase (0,1)

OTMeTnM HEKOTOPBIE CBOMCTBA Pe30bBeHTHI. 3 BBIpa-
kenud (8.4) cienyer, 4To onepaTop R kommyTupyer ¢ ome-
paropom K. I3 3TOro zke BbIpazKeHus CJIELyeT ypasHeHne
R=K+ K I:E, KOTOPOE TIEPETNUCHIBAETCST B BHUIE

b
R(t,p) = K(t,p) + A / ds K(t,s)R(s,p).  (86)

Takum 00pa3oM, PE30JIbBEHTA ABJISAETCH PEIIEHUEM HCXOJI-
Horo ypasHenus (8.2) ¢ dynkwmeit g(t) = K (t,p) B upasoit
gacru. Ilycrs y(t) — coberBennas GyHKIms oneparopa K:
K Y = Ky, TIe Kk — cobcTBeHHOE Iuca0. B aTom ciaydae

~ K

Ry = .
4 1—)\/$y

Takum 00pa3oMm, y SBISETCS TAKXKe W COOCTBEHHON (hyHK-
ueil pe30JbBEHTHI.

Paccmorpum ciydait Tak HA3bIBAEMOTO BBIPOXKIEHHOTO
saupa K(t,s), Korua OHO LPEeCTaB/IseTCs B BUIE KOHEUHOI
CYyMMBI

K(t,s) =Y yi(t)i(s), (8.7)
rue x;(t), y;(t) — nekoropsie uszBecrubie dbyHkuuu. B sT0M

cayudae ypasaenue Ppexrosbma Broporo poia (8.2) cso-
JIATCSA K BUIY

O-AYu) [ dsanfo =g, 8

Takum obpazom, QyHKms [ LPEACTABISIEICA B BUIE

f =g+AZCz-yi. (8.9)
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IMoncrasnsas Beipaxkenue (8.9) B ucxoguoe ypasxenue (8.8),
HAXO/JMM CHCTEMY JIMHEHHBIX ypaBHeHuil /1711 Koaddurpen-
ToB Cj:

S (05— AMy)C; = @, (8.10)
J

b b
P; = / dt zi(t)g(t), Mi; = / dt z;(t)y;(t). (8.11)

Pemas anreGpandeckyio cucremy ypasaenuii (8.10) u moj-
cTaBJiss Pe3y/ibTaT B Bbipazkenue (8.9), Mbl HAXOAUM pellie-
HHUE HUCXOJHOU 3aIa4Mn.

3amadva 8.1.4. Hatlmu pewenue ypasuernus Ppedzosvma
6mopozo poda (8.5) na unmepsase (—oo,+00) daa
caynan K = exp(—t? — s?), g(t) = t2.

3amauva 8.1.5. Hatlimu pewenue ypasuenus Ppedzosvma
6mopozo poda (8.5) na unmepsanre (—1,+1) das cay-
wan K =252, g(t) = t2.

3amada 8.1.6. Hailimu pewenue ypasuenus Ppedzosvma
emopozo poda (8.5) na unwmepsane (0,+1) daa cayuan
K =1+1t%s2, g(t) = 2.

3amada 8.1.7. Hatlmu pewenue ypasuenus Ppedzosvma
emopozo poda (8.5) na unmepsase (0,400) das cay-
waa K = (14 ts)exp(—2t — s), g(t) = exp(t/2).

Paccmorpum citydail, KOrja MHTEPBAJ WHTEIPUPOBAHUS
B coorHorenusx (8.1,8.2) pacupocrpansercs Ha BCIO Tps-
MYIO, OT —00 710 +00, a saapo K (¢, s) 3aBUCHT TOJBKO OT
pasnoctu t — s. B arom ciyuae B ypasuenusx (8.1,8.2) Bos-
HHUKAET CBEPTKA:

+oo
/ ds K(t —s)f(s) = g(t), (8.12)

_:_Ooo
flt) - )\/7 ds K(t —s)f(s) = g(t). (8.13)

ITocne npeobpaszoBanuss @yphe 3TH ypaABHEHUST CBOISATCS K
anrebpanvecKknM ypaBHEHUSIM

=

~
Il

@

(8.14)
(1=XK)f =3, (8.15)

e flw) = J exp(iwt)f(t) u rak manee. Takum oGpa-
30M, Jyisd pemienus ypasuenwii (8.12,8.13) cieayer uaii-
™ Dypbe-npeodbpa3zoBaHuUsI K, g, Haiitm f u3 ypaBHe-
auii (8.14,8.15), a 3arem BLIMOJHUTL Ob6paTHOe Dyphe-
npeobpasoBanue, 9To0bl HaiiTu f(t).

B paccmarpuBaeMoM ciiydae pe3osibBeHTa TAK¥Ke Xapak-
TEPU3YETCS SIAPOM, KOTOPOE 3aBUCHT TOJBKO OT PA3HOCTH
t — s: R(t — s). denas upeobpazopanue Pypbe ypaBHeHus
(8.6), HAXOMMM

R=K(1—-\K). (8.16)

Anpo R(t) moxHO HaiiTu, eciu caenarb ooparHoe Pypbe-
npeobpasosanue or (8.16).

Sagaua 8.1.8. Hatimu pewenue ypashenus Dpedzosvma
nepeozo poda

+oo
/ ds exp(—[t — s|) f(5) = g(t).

— 00

3agaua 8.1.9. Hatlimu pesoaveenmy ypasuenus Pped-
204bMA 8MOPO20 POJa

+oo
£(t) - A / ds exp(—|t — s[)(s) = g(t).

— 00

IIpssmoe 0606ITIeHIE U3TOXKEHHON MPOIEIYPhl HA KOHEY-
HBIIT MHTEPBAJ BO3MOXKHO, ecyn dbyHkums K (t — s) spisier-
Cs TIEPUOAMYECKO (hyHKIHEl ¢ mepruoaIoM, COBIIAIAOIIAM
¢ aymmHOl maTepBaia (a,b). B arom ciyuae passioxkeHue B
naTerpan @ypbe 3aMmeHsieTcs Ha pasioxkenue B pang Py-
poe. g onpenenennoctn OymeM CYUTATb, 9YTO 4 = —T,
b = 7, 4ero Bcerma MOYKHO JOOMUTHCS CABUTOM W TI€pEMac-
mTabupoBKo# nepemennoii. Pazmoxkum dyukunn f, g, K B
pan @ypobe

+oo
f®) = Z frnexp(—int).
n=-—o0o
HamomuuMm, uTo s JeficTBUTeIbHBIX DyHKIM f_,, = f1.
Torna ypasuenus (8.1,8.2) cBeayTces K

2 Ky fr = g, (8.17)
(1 =27AK,) frn = gn- (8.18)

PezonnrenTa ypapuennsa @pearombma BTOPOTO POIA TaAKKe
SIBJISIETCS IEPUOIUIECKON byHKIHEit, nsd K03 duimenTos
pa3yiokeHust KOTOpoii B psan @ypbe CnpaBejinBO COOTHO-
IeHe

R, = K, /(1 = 21)\K,). (8.19)

Ilpu pemernyu MHTErpaILHOrO ypaBHeHuss Ppearoabma
TEPBOT0 PO MOYKHO CTOJIKHYThCH C TPODJIEMOM, CBI3aH-
HOIl ¢ HammumeM Hyme# cpeam nabopa K,. Kak cremyer
u3 coornoiienus (8.17), pelienue CyliecTByeT TOJIBKO B
TOM CJIydae, ecjii B KOI(DDUIUEHTHI ¢, PA3IOKeHnsT PyHK-
MU ¢ PABHBI HYJIO JJIsI TeX 7, IJIsT KOTOPBIX PABHBI HYJIIO
K,,. Anajiornanas mpobjieMa BO3HUKAET JIJIsl HHTErPaIbHO-
ro ypasuenust OpearosibMa BTOPOro poja MpH 3HAYECHUIX
mapamerpa A, yAOBJIETBOPSIONEro ycaosmio 27 K, = 1,
cmorpu coorrouenue (8.17). O6parum BHUMaHue HA TO,
YTO TIPU ITOM 3HAYEHWM COOTBETCTBYIOIMI KO3 duiment
Pa3JIoKEeHUs Pe30bBeHThl B psij @ypoe (8.19) mmeer mo-
JIOC.

3agauya 8.1.10. Hatlmu pewenue ypashenus Ppedzosvma
nepeozo poda

+
/_ ds |sin[(t — 5)/2][(s) = g(t).
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3amauva 8.1.11. Hatimu pewenue ypasuenus Ppedzosvma
nepeoz0 poda

+
ds In|sin[(t —s)/2]|f(s) = g(t).

—T

3amadga 8.1.12. Hatmu pesosveenmy ypasuenus Dped-
20AbMG BIMOPO20 PO,

+m
£(t) A / ds |sin{(t — 5)/2)1f(s) = g(t).

—T

3amada 8.1.13. Hatmu pesosveenmy ypasuenus, Dpeo-
204bMA 8MOPO20 POJa

4+

ft) =X ds In|sin[(t — 5)/2]|f(s) = g(t).

—T

ITpoussosbHOE (HEBBIPOXKIEHHOE) PO HA KOHEYHOM HMH-
TepBaJie MOXKHO 3alucarb B Buje, aHajorudHom (8.7), HO
¢ GECKOHEYHBIM YUCJIOM ME€PEMEHHbIX. B 9ToM cirydae s
ypapaeanss OpearoapmMa BTOPOTO POAa MBI IPAXOIAM K CH-
creme ypasrenuii (8.10) ¢ Geckoneunoit marpuneit M, ;. Pe-
MIATH TAKYIO 3189y B OOMIEM BHJE HE IIPEICTABIACTCA BO3-
MOXKHBIM.

8.1.1 VYpaBHeHHd C CHUMMETPHUYHBIMHU /-
paMu

Paccvorpum cydait, KOrga WHTErPaIbHBIA OTEepaTop K
nMeer cummMerpuyHoe sapo: K (t,s) = K (s,t). Uccnenyem
cobcTBenHbIE (DYHKINHU Omeparopa f, KOTOPhIE yIOBIETBO-
psieT yCIOBHUIO Kf = kf, TO ecTh

b
/ ds K(t,s)f(s) = sf(t). (8.20)

JI1s1 HEBBIPOXKIEHHBIX SA/IEP 9HCIO0 COOCTBEHHBIX (DYHKITUIL
GECKOHEYHO. DTO MOKET ObITh KaK JUCKPETHLIA Habop, Tak
U HENPEPBIBHAS MOC/IEJI0BATEILHOCTD (€C/IU MHTEPBAJl UH-
rerpupoBanus OeckoHeueHn). /lajiee Mbl uMeeM B BUIY T€p-
BBII Cay4aii.

Cobcrsennble Gyukiuu f;, fj ¢ pa3HbIMU COOCTBEHHBIMU
BHAYEHUSAMU K4, Kj YJIOBJIETBOPSAIOT CBOMCTBY OPTOIOHAJIb-
HOCTHU

b
/ ds fi(s)f;i(s) =0. (8.21)

g  noxkasarenbcrBa (8.21) uCHONb3yeM  OIpEIEIeHHE
(8.20) u cummerpuio sapa:

b
s / ds fi(s)f(s) = / dt ds K(s,0)f:(0);(5)
b
=y [t 10500

3 HaiimeHHOrO COOTHOUIEHHS B CIEAyeT OPTOrOHAILHOCTD
(8.21).

Cob6creennas dyukuusa f onpenensiercsa (8.20) ¢ TouHO-
CTBIO J0 MHOXKHUTENSA. MBI BHIOMpAEM MHOMKHUTENIb TaKAM
obpa3om, aTobbI coOcTBeHHbIE DYHKINY f; OBLIN HOPMHUPO-
BAaHBI HA, €IUHUILY:

b
/ ds f7 =1. (8.22)

B couerannn co cBoiicTBOM oproroHasibHocTH (8.21) MBI
NPUXOANM K YCJIOBHIO OPTOHOPMHUPOBAHHOCTH

b
[ s 1565)505) = 3 (.23)

Orcrona cienyer yciosue jinHeiinoi Heapucumocru fj. o-
KazKeM 310 cBoiicrBo or obparnoro. Ilycrs f; suneitno 3a-
BUCHMbI, TO €CTb CYLIECTBYIOT Takue Koddduuuenrsr c;,
91O Zj ¢jfj = 0. YMHOXKas 3TO COOTHOINEHNE Ha, fj, W WH-
TErpupysi M0 HHTEPBAIY (&, b), HAXOIUM C UCIOIB30BAHNEM
(8.23) ¢ = 0. Taknm obpasowm, coorrouenue » . c;f; =0
BBIILIOJTHAETCS TOJIBKO IIPU HYJIEBBIX C;j.

15 HEeBBIPOXKJIEHHBIX sJ1ep cucreMa QyHKiui f; apiis-
€TCsT TIOJIHOM, TO €CTh 10 Heil MOYKeT ObITh Pa3JIOXKeHa, TTPO-
usBosbHasa pyuaruua ¢(t), 3agannaga na uarepsae (a,b):

b
o0 =S ahl, o= [ dpwen. (520

Bropoe pasencrso B hopmyiie (8.24) HeloCpesCTBEHHO Bbi-
TEKAeT U3 yCcJ10BUs OproHOpMupoBanuocTu (8.23). Auasio-
TUYIHBIM 00PA30M MOYKHO TIPEJICTABUTH U caMo siipo K (t, s):

K(t,s) = ijfj(t)fj(s). (8.25)

Coornorenne (8.25) 1Mosydaercsi, €CJIM BBIYACIUTE KOI(D-
unuenrsr pazmoxenus K(t,s) no f;(t) ¢ momompio dop-
myibl (8.24), umes B Bugy oupenenenue (8.20).
Coornoutenne (8.25) no3Bosser HANTH AHAJIOIUYHOE
IIpe/ICTABICHHE [/Is PE30IbBEHTHI ormeparopa K. Mexomum
u3 ypasaenus (8.6). [logcrasisia B nero pasnoxenue (8.25)
U AHAJIOTHYHOE PA3JIOKEHNE [IJIs PE30JIbBEHTHI, HAXOHUM

R(t.5) =3 ;5o HO6,  (620)

rjie Mbl UCIOJIB30BAJIU OPTOHOPMUpPOBaHHOCTH (8.23). Mbl
BUJMM, YTO PE30JIbBEHTa, KaK (PYHKIHA A\, HMEET IIOJIOCHI

TIpW 3HAUYEHUAX \ = Ky Boruersr B 9THX TOMIOCAX OMpe-

JIeJTSAIOTCsT COOCTBEHHBIME (DYHKITUSMU OIEPaTOPa K ¢ cob-
CTBE€HHBIM 3HAaY€HHUEM Hj.

TpuBna bHBIM MPUMEPOM IMOTYIEHHBIX COOTHOITECHMH
ABJISIETCS CIydait, KOraa sapo K 3aBHCHT TOJBKO OT PA3HO-
CTY TIEPEMEHHBIX U SBJISIETCS TEPUOIUIECKO (DyHKIHe ¢
mepuooM b—a. B aTom cirydae cobcTBeHHbIME (DYHKIMAMY
AIpa ABIAIOTCH KOCHHYCBI U CHHYCBI C TEM 2Ke€ IEePUOIOM,
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a aHaJIoroM mpejcraBieHus (8.25) ABIAETCA PA3IOXKEHHE
cuMmmerpudHOro saapa K B pam @ypbe

+oo
) = Z Eyp [cos(wnt) cos(wps) + sin(wnt) sin(wy,s)],

K(t—s

wp, = 2mn/|b— al|. Cieayer TOMBKO UMETH B BHJLY, 94TO COO-
creennbie Gbynknun exp|—2mnit/(b— a)] He aBAAIOTCA HOD-
MHPOBAHHBIMH, TIO3TOMY Ky, = (b — a)kn /2, ko = (b — a)ko.

Paccmorpum Tenepb 3amanHoe Ha wHTepBase (—1,1)
CHMMETPUYIHOE SIIIPO

1 1+t 1-—s
K(t,s)==ln— +1 t
(t,s) 4(n1_t+n1+s>, > s,

1 1-t¢ 1+s
K(t,s)=-Iln——+1 t 8.27
=1 (nipem) rs )

KOTOpoe sBjsiercs ['puHOBCKO# dyHKIMEH omeparopa

Bt(l - tz)ﬁt:
O [(1=t*)0K(t,s)] =6t — s). (8.28)

Ims ompenenenns cOOCTBEHHBIX (DYHKIHI OIEpaTopa K
npumMensteM K ypasrennuio (8.20) onepatop 0y (1 —t2)d;, ato
Jaer

RO(1 = 2)0] = f. (8.29)

Pemenusivu 3T0ro ypaBHeHusi, KOTOPbIE OCTAETCS KOHEY-
HbIM Ha uHTepBajie (—1,1) aBisorca noauHoMbl JIexxani-
pa, KOTOpbIe yIOBJIETBOPSAIOT YPABHEHUIO

A1 — £2)9,Py] = —n(n + 1) Py,

rIe n — HaTypaJIbHbIe Ymcia. TakuM obpasom, Habop cob-
CTBEHHBIX 3HAYEHUil umeer Bui Kk, = —[n(n + 1)]7*, cob-
CTBEHHBIMH (DYHKIMAMU SBJIAIOTCA MOJUHOMBI Jlexkanapa
P, (t). Ycaorust oproronambrocTH (8.21) ma0T XOpOIIO n3-
BECTHBIE YCJIOBHsI OPTOTOHAIBHOCTH JJIsi TOJIMHOMOB Jle-
kanapa. OTIeNbHO HAZ0 PACCMOTPETHh CJlydail OJHOPOJI-
HOIl PYHKIMH, KOTOPasi sIBJASIETCS HyJIeBOH MOION omepa-
topa O;(1 — t2)d;. Hec/10:KHO IPOBEPUTD, 9TO

+1
/ dt K(t,s) =1In2.
-1

Takum o6pa3om, ogHOpOAHAS (YHKIWS SIBJISETCS COD-
CTBeHHO!N (DYHKIMEH omepaTopa K ¢ cOGCTBEHHBIM 3HAME-
auem In 2. Takum obpasom, passoxenue (8.25) mia QyHK-
nuu (8.27) umeer Bu

K(t,s) = 1“72—223””111 (OP(s).  (8.30)

Mpu1 ucnonb3oBagn 31€Chb U3BECTHOE COOTHOIIICHHNE

/ S = 2

. 2n+ 1’

9TOOBI OTHOPMUPOBATH COOCTBEHHBIE (DYHKIIMK OMEPATOPA
K.

3amaua 8.1.14. Hatimu pe3osveenmy unmezpasbho2o
onepamopa ¢ sadpom (8.27).

N3noxennyo cxemy J€erKO OOOOIMUTHL [ SAep BHUIA
K(t,s) = p(s)L(t,s), rue aupo L(t,s) sBasiercs cummer-
PUYHBIM, a (S) — HEKOTOpasi MONOKUTeTbHAsT PYHKIWS.
Beenem nosble dbyukimuu ¢ = /uf. Torna 3amzaga (8.20)
Ha COOCTBEHHBIC 3HAYCHUSA MEPENUIIeTC B BHIE

b
[ s VEOVRILE () =m0 (831

Taxkum 06pa3oM, MbI IpUTILIK K 3a1a4¢ (8.20) Ha cobCTBeH-
HBIE 3HAYEHNS C CAMMETPUIHBIM SIPOM, K KOTOPOH TTPAME-
HHUMBI BCE TIPUBEIEHHBIE BBIIIE COOOparKeHus . IToObI HARTH
cobcrBennbie PyHKIuE f(t), MOXKHO MCXOIUTH HEHNOCPEI-
CTBeHHO U3 ypasHenus (8.20).

8.2 HekoTopbie HeJMHeiHbIE WHTE-
rpaJjibHble ypaBHEHUd

O61ux MEeTOIOB pEeIlleHns] HEJUHEHHbIX WHTEerPATbHBIX
ypaBHeHHUI He cymiecrByer. K perieHre Takoro ypas-
HEHUS YAAeTCsd HAfTH, TO 3TO BCErJa CBA3AHO C KOHKPET-
HBIME OCOOEHHOCTSIMHU ypaBHEHWil. 31eCh MbI PACCMOTPUM
HECKOJIBKO THUIIOB HEJIMHEHHBIX WHTErPAJIBHBIX YPABHEHUH,
KOTOPbIE JIOMYCKAIOT PEIIeHUs .

O/HUM W3 TAKUX TUIIOB SBJSIOTCS YPABHEHUS] COIEPIKA-
ume cseprky. llocie npeobpazosanus @ypre wiu Jlamna-
ca CBEPTKA Mpeobpa3yeTcs: B MPOU3BEIEHNE. JTO MO3BOJISI-
€T PeInTh HEKOTOPBIN KJIACC HEJIMHEWHBIX WHTErPaJIbHBIX
ypasuenwuit. Hike npuBesen psi TUIIOB TaKUX yPABHEHUIA.

Paccmorpum ypaBHeHHe THIA CBEPTKH HA BCEH MPAMO

+oo
/ ds F(s)(t—5) = a(t). (8.32)

— 00

910 ypaBHEHHE MOXKHO PEIUTh, ecjiu npoussecru @ypbe-
npeobpa3oBanne obenx yacreii. B pe3ymbraTe Haxomum

[f(w))? = §lw). (8.33)

3Biekas KOpeHb KBaAPaTHLIH, HAXOIUM /B3, PeLICHUs 115
f(w), ormmuaromuecs 3nakom. Urobbr maiitu f(t), ciemyer
Haiitu obparnoe @ypbe-rpeodpa3oBaHuE.

Bagaua 8.2.1. Hatimu pewenue ypasnenus (8.32) c
g(t) = exp(—t?)

WNuorma Tem ke CrocobOM yoaeTcs PemuTh 0000IIeHne
ypaBHeHus (8.32)

400
/_ ds L()f(s)f(t— ) = g(t),  (8.34)

rae L(s) — mommuom. B stom ciaydae mocsie mepexoma K
Qypbe-mpeICTABICHUI0 HAXOIIM

Fl)L(=id.) f(w) = §(w). (8.35)

Taxkum obpa3zom, 3a1a49a CBOAUTCS K AuddepeHinanbHOMy
YPaBHEHUIO, KOTOPOE B pAJe CAYy4aeB YIAeTCHd PEIIUTh.
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3amaua 8.2.2. Hadmu pewenue ypasHeHUus

+oo
/ ds (14 %) f(s)f(t —s) = 1.

— 00

PaccmoTpum ypaBHeHMEe THTIA CBEPTKU Ha, MOJTYTPIMOIt

/0 ds f(s)(t - 5) = g(t). (3.36)

IIpousBonum mpeobpaszoBanue Jlamraca 3TOro ypaBHEHUS,
9TO JTaeT

[f(p)* = 3(p). (8.37)

Uspiekas KOPEHb KBAIPATHDLI, HAXOMM [Ba, PELICHU [Ts
f(p), ornuuatomuecs 3maxoM. Urtobnl Haiitu f(t), crexyer
HaiitTm obparHoe mpeobpasopanwe Jlammaca.

3agaua 8.2.3. Hatimu pewenue ypasnenus (8.86) ¢
g(t) =sint.

WNuorma Tem ke crmocobOM yIaeTcs penuTh 0000IIeHne
ypasHenust (8.36)

| s 1) )10 =) = gt (8.39)

rae L(s) — mosunoM. B 3rom ciyuae mocsie mepexona K
npezcrasiaeHnio Jlammaca Haxonum

F()L(=0,)f(p) = 4(p). (8.39)

Takum obpa3oMm, 3a1a9a CBOAUTCS K AuddepeHnnaIbHOM
)
YPaBHEHMIO, KOTOPOE B PAJE CIYIaeB yIAeTCS PEITUTh.

3amadva 8.2.4. Halmu pewerue YpasHEHUS

/ ds sf(s)f(t—s)=t.
0

st nepuopudeckux yHKIME ypaBHEHUsI TUIIA CBEPTKU
MOTYT ObITH B psifie CIy4YaeB PEIeHbl TepexoaoM K PsIy
Oypre. Paccmorpum ypasuenmne

“+m

ds f(s)f(t—s) = g(t), (8.40)

—T

rae g(t) — nepuopmyeckas HyHKIWs ¢ nepuogom 27. Pere-
uue ypapuenus (8.40) TakkKe CJjeyeT UCKATH B KJIACCE Ie-
puoauueckux byukuuii. Packnanpisas dbyuxuuu f(t), g(t)
B pan @ypbe, HAXOAUM aaredpanIecKoe ypaBHEHHE

27 [fn]?® = Gns (8.41)

KOTOPOE MMEET JBa KOPHS, OTIAIAIONIAEC 3HAKOM. UTOOBI
naittu f(t), caenyer npocymmupoBarh psg @ypee ¢ fi,.

3agaua 8.2.5. Halimu delicmeumenvHoe peweHue ypas-
nernus (8.40) ¢ nepuoduneckot pynryued g(t), xomo-
paa wa unmepsase —m < t < W onpedesena caedyro-
wum obpaszom g(t) = /2 — |t].

ClleyIommm THTTOM WHTErPAIBHBIX YPABHEHWI, KOTOPHIE
JIONyCKAIOT PEIIeHNUsI, ABJISIOTCS YPABHEHHUS C BBIPOXKIECH-
oM gapom (8.7). Torma dyHKuMOHANbHAS 3aBUCUMOCTD
pelIeHHs MOXKET OBbITh YCTAHOBJIEHA HEIIOCPEICTBEHHO M3
BU/IA, yPABHECHUS.

B mpocreitmem caydae Takoe ypaBHEHWE WMEET BU,

b
() = / ds p(Bn(s) " (s) +9t).  (8.42)

Henocpeacrsenno u3 Buga ypasuenus (8.42) ciemyer, 4To
f = Cu(t) + g(t), tne C — KoHCTaHTa, KOTOpas MOJJIe-
KuT onpenesennto. Iloacrapiss HalieHHOE HpPEJCTABIe-
Hue B ypasuenue (8.42), naxonum ypasuenue Ha C:

b
c= / ds 1(s)[Cu(s) + g(s)]", (8.43)
KOTOPOE SIBJISIETCS YK€ anreOpamdecKnM.

3amaua 8.2.6. Halimu pewenue ypasHeHnus

1
f(t) :/O ds stf?(s) + %t,

20e Ppynxyua 3adana na unmepsaae (0,1).

3anaua 8.2.7. Halimu pewenue ypasrerus
4 [T

ft) = 5 ds cos(t —s)f3(s) + 2cost,

HO KAGCCE NEPUOOUNECKUT PYHKUUT.

OTMmeTnM TakIKe YpaBHEHUE

1(t) = / ds p(tn(s)f7(s) + g(t),  (8.44)

KOTOPOE SIBJISIETCS HEJUHEeHHBIM OOOOIIEHneM ypaBHEHUS
Bosbreppst. Ilpeobpazosanue Jlamraca B 3rom ciydae e
OdYeHb II0JIE3HO, IOCKOJIbKY IpeoOpa3oBanue Jlamiaca or
f™(s) He mmeer mpocroro mpejcrapienusi. Tem He MeHee,
ypasuenue (8.44) unorma moxer 6bITh perreno. Iloacranos-
koii f(t) = u(t)e(t) ono npuBoaUTCH K BUILY

o(t) = / ds 1(s)e" ()" (s) + g(t)u~ (1),

ITocne nuddepennupoBanus Mo t 3TO HHTETPATLHOE yPaB-
HEHME CBOJUTCH K ypaBHEHHUIO JuddepeHimaabHOMy

Bup(t) = n(t)g" ()" (t) + Delg(t)u ™" (2)],
KOTOPOE B PdA/Jie CIydaeB yIAETCs PElIUTb.
3amaua 8.2.8. Halimu pewenue ypasrenus

£(t) = / ds f3(s)

cos? s 1

cost  cost’
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8.3 CuHryasapHbIe
ypaBHEHUS

nmHTEerpaJibHbIE

CHHTYISIPHBIMA WHTErPAJBHBIMUA YPABHEHUAMU HA3BIBAIOT
yPaBHEHUs, B KOTOPHIX (DUTYPUPYIOT HMHTEIPAJIBL B CMBICTIE
rTaBHOTO 3HaveHwusi (cMoTpm paszaen 8.4.1). B macrosiem
paszesie Mbl pACCMOTPUM CIIOCOOBI PEIIEHUS IBYX TPOCTEH-
X TUIIOB CHHTYJIAPHBIX MHTEIPAJbHBIX yPAaBHEHUH.

IlepBbrit TUTT ypaBHEHUT, KOTOPBII MBI TPOAHAIU3UPYEM,
nmeeT BUJ,

+o00
o) +][ WeW) _ fi, (8.45)

—0o0 y—x

/1€ IePEIEePKHYThIH MHTErPaT O3HAYAET MHTErPAJ B CMBIC-
Jie rJIaBHOrO 3Havenus (cmorpu paszen 8.4.1), a A — upo-
M3BOJIBHBIN mapamerp. TpeGyercs Haiitn dbyHkumo ¢(x),
ecan n3BectHa yHukiwms f(x). IIpennomaraercs, 9410 GyHK-
i @(z) u f(x) 3amaHbl Ha BCeil OCH U JOCTATOYHO OBICTPO
CTpeMsTCd K HYJO Ipu £ — £00.

Yrobbl HaliTu pemnenue ypapHenus (8.45), nepenuriem
€ro, UCIOJIb3ys cooTHoIeHue (8.57):

+oo
(A + im)p(z) + / m = f(z), (8.46)

re moapasymeBaercs mpemnesn € — +0. YMHOKEM 00e da-
cru coornommenust (8.46) na (x — g + €)' u npounrerpu-
pyem 1o x 1o BemecTBeHHO# ocu. B nmBoitHOM mHTErpase,
KOTOPBIIt TTPU 3TOM BO3HWKHET, MEHSEM TIOPSAI0K MHTETPHU-
POBAHUSA MO T M Y W UCIOIB3YyEeM PABEHCTBO:

—+oo

dz 21
e . 8.47
/(y—x+ie)(a:—a:o+ie) Y — xo + 1€ (847)

—00

Coornomenve (8.47) MOXKHO MNOJIYYUTh, HATPUMED, 3a-
MKHYB KOHTYD B BEpXHEil MOJIYILIIOCKOCTH U CBEIS €r0 3aTeM
K BBbIYETY B TOUKe & = Y + i€. OTMETUM, 94TO MbI 3aMEHUJIN
B Bbipaxkenuu (8.47) 2ie Ha i€, YTO BO3MOXKHO B IIpeJeJie
e — +0.

B pesysbrare unrerpupoBanus ypasHenus (8.46) Mbl ¢
ucronb3oBanueM (8.47) mOIyYUM COOTHOIIEHHE

+oo +oo
. dyely) dy f(y)
()\_m)_/y:cqtie__/szrie

Bripazkas ¢ ero moMoInpio uHTerpaJ B cooromenun (8.46),
HOJIyYUM OTBET:

(8.48)

+oo T
() = 1 f dyfly) | M)

N4 ) o y—z | N4

Kak u ciiemoBajio oxXuaarh, Bce (paKTOpPhI B 9TOM BbIpaskKe-
HHUHU BeIleCTBEHHBDI.

BosBpamasce K IpecTaBIeHUIO C €, ML MOXKEM IIepelu-
carb BbIpakeHue (8.48) B AByX 9KBUBAJICHTHBIX BUIAX

+o0

1 dy f(y) f(@)

X242 / y—x+ie+)\+i7r
“+o0

_ 1 / dy f(y) N f(@)

T X+ y—T—ie A—im

— 00

p(r) =

. (8.49)

rge noapasyMmesaerca npegpen € — —+0. Vmenno coorno-
menns (8.49) HawGosee YIOOHBI JJisi PEATBHBIX BBIUNCIIE-
HUIf, TOCKOJIBKY MHTErpaJibl B HUX aHAJNTUYHBI B BepxHei
1 HUZKHeHl TOJTyIJIOCKOCTH IO Y, COOTBETCTBEHHO.

Sagaua 8.3.1. Hatmu gynxyuro o(x), komopas sersem-
CA PeUWEeHUEM YPAEHEHUSA

][+°° dy p(y) cos T

y—x 142

—0o0

Bamaua 8.3.2. Hatmu gynxyuto ¢(), xomopas asisems-
CA PEUEHUEM YPAGHEHUS

+oo d
ye(y) 1
)\ p— .
o(x) +f Y —a 1122

— 00

BTopoit THII CHHTYJISPHBIX MHTETPAJLHBIX YyPABHEHWI,
KOTOPBIH MBI U3Y4YHM, COJEPIKUT WHTEIPHPOBAHME IO KO-
HedHOMY uHTepBasy (a,b), Ha KOTOPOM U 3a/1aHbl Bee (DYHK-
. OYeBHIHO, YTO CABUTOM W TIEPEMACIITabUPOBAHUEM
apryMeHTa MpPOM3BOJbHBIN WHTepBasn (a,b) Moxer OBITH
npespaiter B uarepsai (—1,1). Ilosromy B masbheiinem
MBI PACCMATPHBAEM MMEHHO 3TOT nocaenumii. O6masa cxe-
Ma pPelleHus ypPaBHEHUs HA KOHEYHOM WHTEPBAJE Ta K€,
9TO U HA DECKOHEYHOM MHTEPBAJIE, OJHAKO PACCMATPUBAE-
MBIl caydait Tpebyer Gosiee N3OIMPEHHBIX MAHUITYISITN.

[Ipoanamu3upyemM MHTErpaabHOE ypaBHEHHE

+1 d
ye(y)
][ WeW) _ py. (8.50)
-1 y—x
3nech TpebyeTcss HAKTH DYHKIUIO (0, €CIAU TaHA (DYHKITHS
f- Hepenumem ypasuenue (8.50), UCIO/Ib3Ys COOTHOIICHUE
(8.57):
+1

dy ¢(y)
; —_— = , 8.51
(o) + [ AU p@), )
5
TIe mogpa3yMeBaercs npeaea € — +0. YMHOXUM ypaBHe-
uue (8.51) na [(x — 2o + i€)v/1 — 22]~! u npounTerpupyem
mo x or —1 mo +1.
Jlamee MBI BOCIIOJIb3YEMCsi COOTHOIIIEHUEM

+1

dz
/1 (y — x +ie)(x — xo + ie)V1 — 22

T 1 1
= — - + . 8.52
Yy — T + i€ <\/1—x8 \/1—y2> ( )
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Ye

U
A
Ry,

Puc. 8.1: Kontyp, K KOTOPOMY CBOJMTCS WHTEIPUPOBAHUE
B 33/1a9aX C KOHEYHBIM WHTEPBAJIOM. 2KWpHBIE TOUYKH TIO-
Ka3bIBAIOT TIOJIOYKEHUST MOJIIOCOB.

YTo06bl MOMYYIATH 3TO COOTHOIIEHHE, CJAEAyeT IMePEernncaTb
unrerpai (8.52), Kak LOJIOBUHY UHTEIPAJIA, MIYLIErO 110
Geperam paspesa (—1,1) dyukmmn 1 — 22, T0 ecrb, 1O
3aMKHYTOMY KOHTYDY, cMOTpu pucyHoK 8.1. PazBopaunBas
9TOT KOHTYP, MbI CBOJMM HHTErPAT K BbIYETAM B MOJIOCAX
r=y+icux=uxy—ic. I[lomoc x = y + i€ TEKUT BBEPXY
paspesa, TaM KOPEHb MOJIOZKUTEJIbHBII, OJIOC XKe T = Lo —
i€ JIEKWT CHW3Y pa3pe3a W TaM KOPEHb OTPHUIATETbHBII.
Beruersl B MOMIOCAX W TAIOT TPABYIO 9acTh (8.52).

Mensis nopsiZlok uHTErpupoBaHust B ypasaenuu (8.51),
YMHOMKeHHOM Ha [(x — zg +i€)v/1 — 2] 71 u npounTerpupo-
BAHHOMY 110 %, HAXOJHUM C IOMOIIBIO COOTHOIIeHHd (8.52):

/ dy (y _]1 dy f(y)
\/l—m2 —x + i€ (y—z+ie)\/1—y2'

CHoBa ncnonb3yem cootHotnenne (8.57), a TakKe HCXOIHOe
ypasuenue (8.50). B pesysibrare naxoaum pemniexue

1/ 2 o+l

Bripazkenue (8.53) naer permenue 3amaqn (8.50). [Ijis npax-
THYECKUX BBIYHMCJIEeHUH nHTerpas B (8.53) yao6HO mepern-
caThb B BHJIE

][“ dy f(y) :}yg dy f(y)
1 (y—2)V1-y? AT (y—a+ie)y/1-y?

+1§1§ dy /() , (8.54)
1P G eV
rje 3aMKHYTBII MHTErpaJ HWAET BIOJIb OeperoB paspesa
dyakmum /1 — y2, cmorpm pucynok 8.1.

IIpuBenenHbIe BhIle TPEOOPA3OBAHNS IPEIITOIATATIN CY-
uiecrsoBanue pemenus ypassenust (8.50). Opuaxko 310
YCJIOBME HAKJIA/bIBAET HE BIIOJHE TPUBUAJIBHOE OTpAHUYE-
aue Ha pynkuuio f(x). JdeiicrBurenbo, yMHOKUM 06€ da-
cti (8.50) ma (1 — 22)~'/? u npomnTerpupyem mo dx 1o

unrepsaiy (—1,1), upeanonaras, 4ro ¢(z) He umMeeT OCo-
OEHHOCTEH He TOMBKO BHYTPH, HO M Ha KpasX HHTEPBAJIA
(B IPOTMBHOM CJIy4ae MHTErpajbl MOTYT HE CYIIECTBOBATH
uau ObITh HENepecTaHoBouHbI). Mcnosb3ys npeobpa3oBa-
Hre (8.54), Haxoaum

][deo (8.55)
R '

HeiicrBurenbro, npu f = 1 mHTErpanm B IpaBoil dacTu
(8.54) cBomuTCs K CyMMe BbIYETOB B TOYKAX Y = & * i€,
KOTOPBbIE B CYMME JAIOT HOJb., Takmm 0Opa3oM, perneHue
3amaun (8.50) CymIecTBYeT TOJIBKO TPH BBITOJIHEHUH YCJIO-
BUS ‘OPTOTOHAJIBHOCTH :

Ty )
N

Bagaua 8.3.3. Hatmu gynxuyuro o(x), komopas saersem-
CA DeUWeHUEM YPAEHEHUSA

][1 dyoly) _
1 Yy—x ’

Bagaua 8.3.4. Hatimu dynryuo o(x), Komopas aeasem-
CA PeUEeHUEM YPAGHEHUS

1
d
][ yoly) = C <az<l.
L Y-z 1+ a2

= 0. (8.56)

IIpuBeeHHBIE BHIME ApryMEHTHI OTHOCHUIACH K CIIyYalo,
korga (byHKIHS ¢ HE WMeeT OCOOEHHOCTEH Ha WHTEPBAJe
(=1,41). Ecau ke jpomycruTh CyliecTBOBaHUE OCOOEHHO-
creil pyHkuuu @, To pemenue 3axa4u (8.50) MOKHO HANTH
U B TOM ciy4ae, korja yciaosue (8.56) e sbiiosineno. To-
rJIa perenne umeeT (KOPHEBYI0) OCOOCHHOCTD HA OHOM W3
Kpaes WHTEpBaja. Takoe pemenne MOXKHO HANTH, €CJIN BOC-
MOJIL30BATHC MOAA(DUKAIAEH M3/IaraeMoro MeToa.

8.4 ChnpaBo4HBbIE MaTepHUaJbl K IJia-
BE

8.4.1 ®opmyna Coxoukoro-Ilnemessa

®opwmyna Coxonkoro-Iliemens nmeer Bu

b b

i dx f(x dx f(x )

i [ _02S@) e f@) e (8s7)

e—=+0 ) T — g+ 1€ o T — T
a

rae xo € (a,b), a dbyuknus f(x) npemosaraercs aHaju-

TUYHOM BOJIU3W TOYKH T = Xg. 3/J€CHh MEPEYEPKHYTHIN WH-

TerpaJj O3Ha4Ya€eT MHTErpaJjl B CMbBICJIE IJIABHOI'O 3HAY€HUI,

KOTOpBIi sBJisiercs upejeaoM upu 6 — +0 cymmbl

xo/_éci:m—f(x?‘L /b mﬁ]ﬁbm. (8.58)

a o+
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Ecnu dyukuus f(x) anasuruyana BOIM3u TOYKH T = T, TO
upezen (8.58) cyiiecrsyer.

Jis mokasaresibctBa COOTHOMIEHUs (8.57) MOXKHO Jie-
GopMHEPOBATH KOHTYp MHTETPUPOBAHUSA HO T, NPEBPATHB
UHTEPBAJ 10 MajoMy uHTepBaiy (—d,+J) B II0JyOKPY K-
HOCTb, WAYIILYIO IO BepxHeil mosyminockocru. Iocae sToro
MOXKHO Tiepeiitu kK npeneny ¢ — 0. Ilpu crpemienuu § K
HYJII0 MHTErpaJibl [0 OPSIMBIM yYaCTKAM JAQIYT HWHTETrPaJI
B CMbICJIE [VIABHOIO 3Havenus (8.58), a uHTErpaJl mno moJy-
OKPY?KHOCTH JACT JONOJTHATEIbHBIA BKJIA, B IIPABON 9aCTH
coorsomenus (8.57). Y10 COOTHOLIEHHE MOKHO 3aLHCATH
TakkKe B ‘auddepeHnnaabHoM’ BUIE

. 1
lim — =
e—+0 1 — Tg + 1€ x* — Xo

—imd(x — x9), (8.59)

e cuMBOJI P 0003HAYaeT ‘B CMBICJIE IJIABHOIO 3HAYCHUSI .
OrmMernM, 9TO MHEMAas 4acTh cooTHomeHus (8.59) moxer
OBITH TOJTydeHa U3 (POPMYJIbI

€

. 1 .
lim Im — = lim -
e—+0 r+1€  e=>+0 x4+ €

= _Wd(x)a

KoTOpast obcykmaercs B pazzesne (1.5.2).

8.4.2 IIpeobpazoBanue I'manbepra

IIpeobpazoBanue ['manbepra ompenensercs, Kak CIeIyIO-
U1 UHTErpaJt

“+oo
() =+ f W_ty). (8.60)

TS o Y—=
ITpeo6pazosanue (8.60) MOXKHO 3anKCATH, KAK TP

e U y(y—x)2—|—62

teod 1 1

: Y

-1 . (8.61
e (y)<y—x+ie+y—x—ie> ( )

Bropoe Bbipazkenune mnpencTaBiaser mpeodpa3oBamne I'nib-
Oepra, KaK CyMMYy HHTEIPAJIOB IO KOHTYPaM, OOXOIAIIAM
MOJIIOC Y = & CHW3Y W CBEPXY. DTO TPEICTABIEHUE TTO3BO-
JsieT 3aTeM JedOpMUPOBATH KOHTYDPHI MHTEIDUPOBAHUS 1
HCIIONIb30BaTh aHAJIMTHYECKHe cBoiicTBa dbyHKunu f(x).

3amauva 8.4.1. Hatimu  npeobpaszosanue  T'uavbepma

Pynryuu f(z) = (1 +2?)7!
Ipencrasnenne (8.61) mosBosiAeT [OKa3aTh BasKHOE

CBOHCTBO npeo6pa3013aHHs{ T'unbpbepras: H? = —1. st aTo-
ro Hajo 3amucars H2 B Bume ABOIHOrO HHTErpasa,

H2f( / / + L
e%+0 z—x+1€e z—x—1€

1
(y—z+ze+y—z—ie)f<y)’

1 BOCIOJIB30BAaTHCA COOTHOHICHUAMM

/dz 1 B i
o (z —x +ie)(y — z +ie)  y—x+ 2ie’

[
2w (z —x +ie)(y — z —ie)

o
2w (z —x —ie)(y — z +1ie)

dz 1 {
2 (z —x —ie)(y — 2z —i€) Yy —x — 2ie
KOTODBIE MOJIYyYaIOTCA CBEJICHUEM NPUBEJIECHHBIX HHTErPa-

0B K BbraeraMm. Ilocse 3Toro mcmosb3oBaHue (OPMYIIbI
Coxonkoro-ILnemesns (8.59) u npusoaur k H2 = —1.

3agaua 8.4.2. V6edumwca, wmo npeobpazosanue Iunv-
bepma, npumenennoe K pPe3ysbmamy, HaldeHHoMYy 6
sadaue 8.4.1, daem — f(x).

C ucnosnb30BaHUEM NpeJeabHOro nepexona (8.61) mox-
HO JIOKa3aTh, 4T0 JJis JI0ObIX AByX GyHkumit ¢1(x), wo(x)
CITPABEIJINBO COOTHOIITEHNE

H(p1Hepa + 02Hpr) = HorHeps — 0103. (8.62)

CHp aBEIJINBO TaKzKe COOTHOIIICHHE

+oo +o0
/ dx o192 = / dr Hp1Hps. (8.63)

— 00 — 00

Coornorenus (8.62,8.63) BechbMa, [0JI€3HbBI IPU OOpAIIEHUN
¢ 3amadaMu, rae purypupyer npeodpasosanue I'miandbepra.

Bagaua 8.4.3. Joxasamov coomnowenue (8.62).

Bamaua 8.4.4. Jloxasame coommowenue (8.63).
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9. Teopus rpynn

T'nasa 9

TEOPUSA I'PVYIIII

CuMMmeTpusi UTPAET IPE3BHIYANHO BAXKHYIO POJIb B COBPE-
MeHHO# (usnke. PaKTUIECKNA, UMEHHO HA CUMMETDPUNHHOM
sA3bIKe (POPMYIUPYIOTCS OCHOBHBIE (DU3UIECKUE SIBJICHUS.
B nmacrosimiem pasiesie Mbl IPUBOAUM OCHOBHbBIE IIOJIOXKE-
HUS TEOPWW TPYII, KaK JUCKPETHBIX, TAK M HEMTPEPBIBHBIX
(rpynm JIu), a TakKe UX MPUJIOKEHUS. DTU CBEICHUS 103~
BOJIAIOT OCO3HATH OCHOBHBIE CBA3U, KOTOPBIE HAKJIQIBIBAIOT
Ha (PU3UYIECKYI0 CHCTEMY TpeOOBaHUs CUMMETPHH, W Ha-
YUUTbCH PellaTh CBA3aHHbBIE C IIOHATHEM CUMMETDUU 3a/a-
4y.

9.1 KoHedHble TPYIIIbI

B macrosimeit riraBe Mbl OyZeM TOBOPHTHL O TPYIIIAX CHM-
verpun G, KOTOpBIE TPEACTABIAIOT COO0H COBOKYIHOCTH
peodpa30BaHKl, COBMEIIAMMIUX O0bEKT ¢ caMuM CODOIL.
O0BbEKTHI MOTYT OBITH PA3HONW TPUPOILI: TEOMETPUIECKIE
Tejla, MOJIEKYJIbI, KPUCTAJLIBI, auddepeHualbHbe ypaB-
HeHns, PYHKIUHA, MATPUIBLI U T.0I. B 9uCI0 3THX Tpeod-
pPa30BaHUil Ceyer BKIIOYUTh U TOXKIECTBEHHOE Tpeobpa-
30BaHKe, IMOCKOJIbKY OHO, OY€BUJIHO, COBMEIIAET OOBLEKT C
camuMm coboit. IIpeobpazoBamst OBIBAIOT INCKPETHBIMH WJIH
HETMPEPBIBHBIME, B TIOCJIETHEM CJIydae OHU 3aBUCST OT Tapa-
Merpa (I1apaMerpoB) U3 HEKOTOPOrO WHTEpBaJia Uju obJia-
cru. Ecim npeobpa3oBatusi TPl JUCKPETHBI U WX 9HC-
JIO KOHEYHO, TO IPYIIIIa Ha3bIBaeTcsd KonedHoit. Kosmyecrso
9JIEMEHTOB B KOHEUHOH rpymnmne G HA3LIBAETCS MOPSIKOM
rpymmbl ¥ 0bo3Hadaercss cuiMBosioM |G.

B kagecrBe mpocToro mpuMepa KOHEYHOM TPYMIbI Pac-
CMOTPHUM TPYIMILy CAMMETPHU HPABUJIBHOTO TPEYTrOJbHU-
ka. OH MHBAPUAHTEH OTHOCUTEJBHO BPAINEHUIT HA yIJIbI
27/3 m 47 /3 OTHOCWTENLHO OCH, TIPOXOZSIIEN Yepe3 ero
[EHTP U MEPHEHIUKYISIPHON MIOCKOCTH Tpeyrojbuuka. O
TaKOW CHMMETPHUU TOBOPAT, KaK 00 OCH TPEThEro MOpsii-
ka (3. JlonmosHuTeIbHBIMU TPEOOPA30BAHUSIMU, [IEPEBO/Is-
[IIME TPEYrOJbHUK B Ce0s, SBIAIOTCS OTPAXKEHHS OTHO-
CUTEJIFHO TPEX TIJIOCKOCTEH, TPOXOISIINX Yepe3 OCh CHUM-
METDPUU U OIHY W3 BEpIIUH TPEYroJibHUKa. TakuM obpa-
30M, TPYMIa CUMMETPUU TPEYTOJbHUKA BKJIIOYAET B CeOs
[IIECTh JIEMEHTOB: TOXKIECTBEHHOE MPe0OpPa30BAHUE, TOBO-
porbl Ha yroa 27/3 u yroa 47/3 (unm, 9410 TO XKE caMmoe,
yroa —2m/3) BOKPYLI OCH TPEThero HOPHAIKA U OTPAXKEHUs!
OTHOCHTEJILHO TPeX IJIOCKOCTEH. DTy Tpyminy 0O03HAUAIOT
006brar0 D3.

O603Ha9UM 3T€EMEHTHI KOHEYHOM Ipynmbl g;. [Tockombky
obparHoe K ¢; Ipeodpa3oBaHue, KaK U ¢;, COBMEIaeT 00b-
eKT ¢ camum coboit, oo (obparHoe K ¢; 1peobpazoBaHue)
TaK¥Ke SIBJISIeTCs 3JeMEeHTOM rpymnnbl. [locienoBareanHoe
MPUMEHEHNE JIBYX 3JIEMEHTOB I'PYIIILI, KOTOPOE MbI OyIem
HA3bIBATH WX IIPOU3BEJeHMEM U 0DO3HAYATH ¢;g) (CHAYA-

JIa, IefiCTBYeT g, a 3aTeM ¢;), TAK¥Ke COBMENIAET OOBEKT C
caMuM CO0O#, TO eCTb sIBJIsSIeTCs djeMeHTOM rpymmbl. llo-
9TOMY CIpaBeJInBa TAOJIUIA YMHOXKEHUS (;Jk = (m, D€
gm — TAK2KE JIeMEHT IPyubl. TabIuily yMHOXKEHUS MOXK-
HO 3aIUCaTh B BUJIE

9igk = Ti1.9n, (9.1)

[JI€ 10 UHIEKCY N [MOAPa3yMeBaeTCsd CyMMHUPOBaHue. dnciia
i ABJIAIOTCA, OUYEBUIHO, HYJIAMU U €JIUHHUIAMHU, MTPUIEM
TIpY JAHHLIX ¢, k cpean 1)), WMeeTcs BCero OfHa eINHNTA, a

OCTaJIbHBIE ABJIAIOTCA HYJTAMHA.

Bapgaua 9.1.1. Iocmpoums mabauyy YMHONCEHUA O
2PYNNBL CUMMEMPUL NPABUALHO20 Mpey2oivhuka. Ka-
KUue U3 IMUL INEMEHMOE ABAKOMCA 00PaMHbLMY OpY2

dpyey?

Paccmorpum  reneph  1IpOM3BE/IEHME TPEX  JIEMEHTOB
9igkYm, OHO SIBJISIETCS 3JEMEHTOM, KOTODPBIH TOIydaeTcst
I0CJIeI0BATE/ILHBIM IIPUMEHEeHNEM K 00beKTy CHadaJsa mpe-
00pa30BaHUA (,,, 3ATEM (i, & 3aTEM ¢;. B CHIy TOro, 9To
MIPY KakKJI0M IpeoOpPa30BaHUKM CUMMETPHUU OODBEKT COBME-
IAETCS € CaMUM CODOM, Mbl MOXKEM I0-PA3HOMY [DyIIIIH-
pPOBATDH JIEMEHTHI B TMPOU3BEIACHUN §; Gk Jm, 3AMEHsIS 100
gigk, 0O GGy B COOTBETCTBHM C TAOJIMIEH YMHOKEHUSI
(9.1). 1o cBOICTBO HA3BBIBAETCA ACCOIUATHBHOCTHIO TDYII-
mbl. B cuny sToro coiicTBa nMeeT MEeCTO COOTHOIIEHUE

KOTOPOE TMOJIy9aeTCsl, eCIH B IIPOU3BEICHAN §;Jk Jr, CHATA-
Jla pacnucarb g;gi upu nomoinu (9.1), u 3aremMm HpUMEHUTD
(9.1) K gnGm, U UPUPABHATH PE3YJIbTAT K TOMY, KOTODbIi
HOJIYYUTCS, €CIU PACIUCATD (i gy, Tipu noMomwm (9.1), u 3a-
rem npumenuts (9.1) K g;g,.

MoxkHO pPacCMATPUBATH MPOU3BOJIBHBIE MTPOU3BEIEHUS
9JIEMEHTOB I'PYIIBI, KAaXK/I0€ U3 KOTOPBIX CAMO SIBJISETCS
9JIEMEHTOM IPYIIbL. B 4acTHOCTH, MOXKHO BBECTH CTENEHH
HEKOTOPOTO 3JIeMeHTa, ¢, g"'. ToxkmecTBeHHOe Tpeobpa3oBa-
HHUE eCTeCTBeHHO 0003Ha49aTh 1. [TocKOMbKY YnciIo 3meMeH-
TOB TPYMIIIEI KOHEYHO, TO CPEeIU CTemeHei ¢, g2, ¢°%,...,q"
upu n > |G| wmaiigyrcs oxmuHakoBble ssemeHTbl. IlycTh
g® = ¢™, rorma g™ * = 1. Takum obpazoM, s T06O-
TO dJEMEHTa TPYTIbl ¢ HARIETCS TeIast CTeNeHb S TaKas,
urto ¢g° = 1. HammenbImast Takasi CTEeHb ONpeIesIsdeT Tnc-
JIO 3JIEMEHTOB I'PYIIIIBI, KOTOPbIE SIBIAIOTCSA CTENEHIME JaH-
HOrO 37eMenTa. Hanpumep, 1/st OTpazkeHnst OTHOCHTETHHO
IJIOCKOCTHU § = 2, & JIJid HOBOPOTA HA yroJl 27 /1 BOKPYT OCH
n-ro nopsaaka s = n. Ecau rpynma cocrout TONIbKO U3 Cre-
TeHeii HEeKOTOPOTO 3JIEMEHTa, €€ HA3BIBAIOT IUKJINICCKON.
[Mukmyeckyo rpymnimy, KOTOpas COCTOMT W3 CTEermeHed r'™,
rjie T — MOBOPOT HA YroJl 27 /N OTHOCUTEIbHO HEKOTOPOIt



I'maBa 9. Teopmust rpynm

104

ocu, obozuagaior 06brano C,,. Ee asiementsl (BritoOuas enu-
HUYHbBIA) — I0BOPOTHI HA yIJIbl 2mm/n.

Koneunyo rpymmy MOKHO 33aTh TPU TIOMOIIY TTOPOK-
JTAIONIIX SJIEMEHTOB. DjeMeHThI rpynnbl G HA3bIBAIOTCS €e
MTOPOK JAIONIUMH, €CJIM BCE HJIEMEHTHI IPYIITbI MOTYT OBITH
MIPEICTABIEHBI B BUJE MPOU3BEIEHUS CTEIeHeld MOPOXKIa-
onmx daeMeHToB. X KosimdecTBO MOXKeT OBITh Pas3iind-
HbIM, HO B JIIOOOM CJIy4ae OHO MEHbIIE YHCJIA SJIEMEHTOB
rpymmst |G|. Hanpumep, mias rpynmst C,, MOpoXK Jarormmm
9JIEMEHTOM CJIYXKUT 7 — TOBOPOT Ha, Yrojl 27 /M, TMOCKOJIb-
Ky TpyIIa COCTOUT m3 cremeneit r". g paccMoOTpeHHOi
HAMHU T'PYMIbl CHMMETPUU PABHOCTOPOHHEIO TPEYTOJIbHU-
ka D3 HOpPOXKIAIOIMME SBJILIOTCH ABA 3JIEMEHTA: [IOBOPOT
BOKPYT OCH TPETHEro TOPSIKA W OTPAKEHNE OTHOCUTEh-
HO OIHOI W3 IJIOCKOCTEH CHUMMETDPHUU. DTOT MPUMEpP WUJI-
JIIOCTPUPYET HEOAHO3ZHAYHOCTD BIOOPA MOPOK TAIOIINX JJT€-
MEHTOB. B TO Ke BpeMs UX UHCIIO SIBIAETCA (PUKCHPOBAH-
HBIM Uit 1auHoi rpymnsl G.

3amauda 9.1.2. Mooicho au 6 Kauecmsee noposxcdarou,e2o
anemenma epynns, C,, 6vbpams nogopom na yaoa, om-
AusHoll om 27 /n?

3amada 9.1.3. Iloxazamvb, wmo 0as 2pynnvl Cummem-
PUU PABHOCTIOPOHHEZO MPEY2ONDHUKG TOPOHCOAIOULU-
MU ABAAOMCA 064 INEMEHMA: NOBOPOM GOKPY2 OCU
MPEMBbE2O NOPAIKA U OMPAAHCEHUE OTMHOCUTNENDHO 00-
HOU U3 naockocmets CUMMEMPUL.

I'pynma, mpowusBeneHne 3JIEMEHTOB KOTOPOH TepecTaHo-
BOYHO, TO €CTh ;G = (kg [JI JIOOBIX 3JIEMEHTOB, Ha3bIBa~
erca apenesoit. O6 asreMenTax, yI0BIETBOPSIONHMX YCIOBUIO
Jigk = gkYi, TOBOPAT, 9TO OHA KOMMYTHUPYIOT JIPYT C JIPY-
rom. OueBuaHO, abeIEBOIl ABISETCSA JIIODAST IUKINYIECKAS
rpymnmna. Bojee Ca0KHBIM TPUMEPOM A0eIeBOM TPYIIIbI SB-
JISI€TCs TPYIINa, UMEIOAs HECKOJbKO MOPOXKIAIONINX JJTe-
MEHTOB, KOMMYTHPYIOINAX MeXK1Iy coboii. /leficTBUTENBHO,
eCJIi TIOPOKIAIONINE FJIEMEHThI KOMMYTHDPYIOT MEXK]Ly CO-
60i1, TO KOMMYTUPYIOT B UX CTEHEHH, OTKY/IA CJIEAYeT KOM-
MYTaTUBHOCTD BCEX JIEMEHTOB I'PYTIHI, TOCKOJIHKY BCE OHU
MIPEICTABJISIOTCS B BUJIE TPOU3BEICHUI CTEEHeH MOPOXK 1a-
OIIUX SJIEMEHTOB.

Paccmorpum  Tpynmy  cuMMerpudm  MPABUIBHOLO N~
YIOJIbHUKA, KOTOPYIO 0ObI9HO 0603Hadaor D),. DiemeH-
TaMU CHMMETPHUHU TPABUIBHOTO 7N-YTOJHHUKY, SBJISIOTCS
MOBOPOTHI HA yToJ 271m/n BOKPYT OCH, TPOXOZAIIEH Yepes3
IIEHTP MHOTOYTOJbHUKA, IEPIEeHINKYIAPHO K Hemy. K Hum
HAJI0 JO00ABUTH OTPAYXKEHUs] OTHOCUTEIHHO 7 ILIIOCKOCTEH
CUMMETPHH, MPOXOJAINMX dYepe3 ocb cummerpuu. s
HEYETHOTO 7 3TH ILJIOCKOCTH TPOXOIST Yepe3 BEPIITHHBI
N-yroibuuka (U CepeJuHy TPOTUBOMOJIOKHOTO pedpa).
Il 9eTHOrO 7 MOJIOBWHA, TJIOCKOCTEH MPOXOIWUT dYepe3
mapy BepIIdH, a MOJOBHHA — Yepe3 CePeIuHbI MPOTHBO-
mooKHBIX pedep. Takum obpasom, rpymmna D, comepKut
2n ossemenToB. Kak u Ui TPyUIbl CUMMETPUU Tpe-
yroabuuka D3, TOpOXKIAIONMMEA 3jIeMeHTaMu Tpynnbl D,
OpU HEYETHOM 7. SBJIAIOTCA T, TOBOPOT Ha yroja 2m/n
BOKDPYT OCH, MPOXOIAIIEH dYepe3 IMEeHTDP MHOrMOYyrOJbHUKA

MIEPIIEHINKY/ISIPHO K HEMY, U 0, OTPayKEHNe OTHOCHUTEIHLHO
onHOM m3 miockocted. IIpm deTHOM 7 MOPOKIAIOIIAMEI
SIBJITIOTCSI OTPAYKEHWsI OTHOCUTEIBHO JBYX IJIOCKOCTEM,
OJIHA W3 KOTOPBIX MPOXOIUT U€Pe3 APy BEPIIMH, & BTOPAs
— Yepe3 CepeuHbl MPOTUBOMOJIOXKHBIX pebep. OTmernm,
aro B owmune ot rpynnbl C, rpymma D, ne aBiasercs
abeseBoii, MOCKOMBbKY ITOBOPOTHI M OTPAXKEHUs, BOOOIIE
rOBOps, HE KOMMYTHPYIOT.

Paccmorpum ere oqun npumep — rpyliiily 10BOPOTOB Ky-
6a, mepeBomAINX ero B cebs. VmMeercs Tpu OCH 9eTBEPTO-
r0 TOPSIKA, TPOXOJANINX Yepe3 IEHTPHI TPOTHBOMOJIOK-
HBIX T'PAHEi, 9eThIPE OCH TPETHETO MOPSIKA, MTPOXOISIIIE
9epe3 TPOTUBOIOJIOXKHBIE BEPIIUHBI, U IIECTh OCeil BTOPO-
I'0 MOPS/IKA, IPOXOAAIIUX YePe3 CePeaUHbI IIPOTHBOIIOIOXK-
HBIX pedep. Och YETBEPTOro TOPSIKA JTaeT TPHU 3JIEMEH-
Ta (MOBOPOTHI Ha YIUIbl 7/2,7,37/2), OTINYHBIE OT TOXK-
JIECTBEHHOTO TTPE0OPA30BAHNs, OCh TPETHErO TOPIIKA, TaeT
JiBa v7eMeHTa (IIOBOPOTHI HA yriibl 27/3, 47 /3), ornudHble
OT TOXKJECTBEHHOTO IPEoOpPa30BaHusi, U OCh BTOPOIO IIO-
pSIZIKa, JTaeT OIWH 3JeMeHT (TMOBOPOT HA YTOJ ), OTJINY-
HBIH OT TOXKIECTBEHHOTO mpeobpa3oBanus. Toro moayda-
eMm 1+3-34+4-2+6 = 24 snementa rpymumbt (r1e eIuHAA,
OTHOCHUTCS K TOXKJECTBEHHOMY Ipeobpazosanuio). ITopox-
JTAIOIIUMU K€ JIEMEHTAMHY T'PYIIIbI ABJIAIOTCH TPU 3JI€MEH-
Ta, HAIPUMED, IOBOPOT HA /2 BOKPYT OHOM M3 oceli uer-
BEPTOro TOPsiJIKa, TIOBOPOT Ha 27 /3 BOKPYT OZHOM M3 ocei
TPEThero NMOpAJKa W IMOBOPOT HA T BOKPYT OJHON M3 Oceit
BTOPOT'O TOPSIKA.

Paccmorpum  Temeph Tpymily CHMMETPHH TETPAIPA.
Nmeercst geThIpe ocu TPETHEro MOPsAIKa, KaXKIasi U3 KOTO-
PBIX IIPOXO/UT YepPe3 BEPIIUHY U CePEUHY IIPOTHBOIIOIOK-
HOI TpaHM, IMTECTh MJIOCKOCTEl OTparkeHmd, KaxKIasd N3 KO-
TOPBIX TTPOXOJUT Yepe3 PedpPO U CEepeNHY MTPOTHBOMOJIOK-
HOTO pebpa W TPU 3ePKAIbHBIX OCH 9EeTBEPTOTO TOPSIKA,
MIPOXOJISAIINE 4YepPe3 CEePeInHbI MPOTUBOMIOIOKHBIX pedep.
Ocb Tperbero nopska Aaer ABa 3JjeMeHTa (IIOBOPOTbI HA
yruibt 27 /3, 47 /3), OTIMYHBIE OT TOXKJECTBEHHOTO MPEOdpa-
30BaHMUs, OTPAYKEHNE OTHOCUTEIHHO TJIOCKOCTH CUMMETPUH
SBJISIETCS OTAEJIBHBIM d1eMeHTOM cumMerpun. C 3epKaib-
HOI OCBIO CBA3aH 3JIEMEHT CUMMETPHUU, KOTOPBII ABJIAETCH
HOBOPOTOM Ha yroJl 71/2 € OJHOBPEMEHHbBIM OTPA’KEHUEM
OTHOCUTEJIbHO IIJIOCKOCTH, IepreHauKyaapuoit ocu. Ksas-
pAT 3TOTO dJIeMEHTa SIBJISIETCST IPOCTO TOBOPOTOM Ha, YTOJI T
BOKDPYT 3€pPKaJIbHOI ocH, & KyD — OnsaATh KOMOWHAINEH Bpa-
menus (Ha yros 3m/2) u OTpasKeHns OTHOCHTEIBHO IJIOC-
KOCTH, TMEPIEeHIUKYIAPHONH ocu. Takum 0Opa3oM, 3epKaib-
Has OCb YETBEPTOrO IMOPsIKA JAET TPU JIEMEHTa, OTINd-
HBIE OT TOXKJIECTBEHHOTO Mpeobpas3osanus. VToro moayda-
eMm 14+4-246+3-3 = 24 snemenTa rpymumst (I1e eIuHATA,
OTHOCHUTCS K TOXKIECTBEHHOMY MPEOOPA30BAHUIO).

[IpuBenenHbIe BBIE MPUMEPHI TPUHAMIEKUT K KJIACCY
TPy CAMMETPHUH, KaXK/asd W3 KOTOPBIX COCTOWT W3 KO-
HEYIHOI'O 9HCJIa TEOMETPUIECKUX TPEeodPA30BAHUIA, IO/ Eii-
CTBHEM KOTOPBIX HEKOTOPas reomerpuyeckas hurypa mepe-
XomuT cama B cebs. Bee Takue mpeoOpasoBanus (3/I€MEHTHI
CUMMETDHH) OCTABJIAIOT Ha MECTe MO KpajiHel Mepe OjHy
T04YKy (UEeHTP (DUrypBI), MOITOMY TAKHE IPYIIbI HA3BIBA-
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0T ToyedHbiMu. [lopokgaomuMu 3j1eMeHTaMu TOYeIHOM
IPYIIIBI MOI'YT OBITH TOJIBKO TPH BHA SJIEMEHTOB:

e TIOBOPOT BOKPYT HEKOTOPOI OCH HA YTOI 27 /1, ITY OCh
00b19HO HasbBAOT C),.

e OrpakeHne OTHOCUTEIHHO TIJIOCKOCTH, TMPOXOISIIEi
qepe3 OChb CUMMETPHUU WJIM OTPaKeHWEe OTHOCUTETHHO
IJIOCKOCTH, TIEPIEHINKYAIPHON OCH CUMMETPUH.

e 3epKaJbHBI TOBOPOT BOKPYI HEKOTOPOH OCH Ha YroJl
m/n (TO ecTb MOBOPOT C OTPAYXKEHUEM OTHOCHTEJILHO
IJIOCKOCTH, HEPIEHAUKYISAPHON OCH), 9TY OCh OObIYHO
Ha3bIBAIOT Soy,.

Tlocnenumit a7eMeHT MOJIXKEH OBITH BKJIIOYEH B MOPOXKIa-
IOIIHE JJIEMEHTHI, €CJIM B TPYIIE€ CUMMETPUU OTCYTCTBYET
OTPazKeHue OTHOCUTENHHO IJIOCKOCTH, TTEPIEH UK YIISPHOM
OCH CHMMETPHH: B IPOTUBHOM CJIy9ae 3ePKaJIbHBII [IOBOPOT
pacmajaercs Ha NPOU3BEJEHHUE [IOBOPOTA U OTPAXKEHUs, TO
€CTb HE SBJISIETCS TOPOXKIAIIUM JIEMEHTOM. JTO HAKJIA-
JIBIBAET OTDAHWYEHWST HA YTOJI 3€PKAJBHOTO TOBOPOTA: OH
He MOxKeT ObITh paBeH 27/p, rue p — HEYeTHOe 4Yucjo. B
[IOCJIETHEM CJIy4ae B IPyNIe MPUCYTCTBOBAJ ObI 3JIEMEHT,
KOTOPBI SBJISETCS CTEIEHBIO P OT 3ePKAJIBHOIO IOBOPOTA,
KOTOPBI TTPU HEYETHOM P KaK Pa3 U SIBJISIETCS OTPAYKEHHEM
OTHOCHTEJILHO TIJIOCKOCTH, TEPIIEH UK YJITPHONU OCH CHMMET-
pun.

[IpuBemem mpumep TpyIIbI, HE CBA3AHHOW C CHMMETDHU-
eit reomerpudeckux Gpuryp. PaccMorpum rpyimmy mnepecta-
HOBOK 7. 00bEKTOB (YUCes, TOYEK, APIyMEHTOB (DYHKIUU U
TOMY 110400HO€). DTy IPYyLILYy OObIYHO HABBIBAIOT CUMMEN-
puueckol Tpynmoit u obo3uadaior S,. Ee ssement g; Moxk-
HO ONPEJIETUTh COBOKYIHOCTBIO YHUCEI %1,%2,. .., %y, KOTO-
pble 3aaI0T TO3UINK, B KOTOPHIE P MEPECTAHOBKE TIepe-
Meraercs nepsblii 06bekT (i1), Bropoil 06bekT (iz), U Tak
nasee. [IoHATHO, 9TO COBOKYITHOCTD %1, 49, . . . i CAMA IIO Ce-
Oe sBJIsIeTCsT TIepecTaHoBKOM uncen 1,2, ..., n. Ilockonbky
YUCIO TIEPECTAHOBOK PABHO N!, WMEHHO CTOJIBKO JJIEMEH-
TOB COJEPXKUT CHUMMeTpuYecKas rpymma. [IpaBmiio ymuO-
JKeHHA 37eMEeHTOB ¢; U ¢; BIOJHE IPO3PadHO: CHAYATIa MBI
rnepemeriaeM 1,2,...,n Ha HOBble MECTa B COOTBETCTBUU
C 11,12, ...1n, & 3aTEM IIEPEMEIIAEM YUCJIA [OJIyYUBIIEHCsH
TIOCJIETIOBATETLHOCTH B COOTBETCTBUU C j1, 2, - - . jn- L PYI-
NIOBOM XapaKTep TAaKOU MpOoIeaypbl OYeBUICH.

MOKHO pacCMaTpWBATH OTOOPAXKEHUS OIHONW T'PYIIITHI
cuvmmverpun Ha apyryio G — H, nmpm KoTOpOM KazKIoMy
snmementy ¢; rpynnbl G comocraBisieTcs HEKOTODBIN 3Jte-
mentT h; rpymnnst H. Ecin npu 9T0M mpou3seieHne 31eMeH-
TOB TPYIIBI g;gr OTODOpaykaeTcss B mpousseneHue h;hy, TO
orobpaxkenne G — H wazsBaercst romomopduzmom. Eciu
roMoMOpP(MU3M K TOMY Ke SABJISIETCS B3aUMHO OTHO3HATHBIM
oTOOpasKeHneM, TO TaKoe OTOOparkeHhe HA3BIBAETCS HM30-
Mopduzmom. 3omopdHbIE TPYIIBI B MATEMATHKE OOBITHO
CUYUATAIOTCA OJHOI U TOH 2Ke I'PYLIIOI, TO €CTh I'PYIIIbL U3y~
YAIOTCA C TOYHOCTHIO 10 u3oMopdu3ma. B dusnueckux xe
MPUJIOKEHUAX 3a9aCTYI0 HEOOXOAUMO YUUTHIBATH PA3INU-
HBIH (PU3UIECKUH CMBICT H30MOPQHBIX PYIIIL.

IIpuBenem mapy npumepon. PaccMmorpentast BbImie rpyi-
13, CAHMMETPHH [PABUILHOTO TpeyroabHuKa D3 ndomopdua
CUMMETPUYIECKON TpYIIe S3, KOTOpasi SBJISETCS TPYIITOi
MEPECTAHOBOK Tpex [mces. B coorBercTBuu ¢ n3oMopdus-
MOM COBIQJIAeT 9HCJIO IJIEMEHTOB ITHX TPYII: OHO PABHO
6 = 3!. Insa Toro, 9To0bl yCTAHOBUTH U30MOP(MU3M TUX
JABYX TPYyNI, MOYXKHO PAacCTaBUTh uuciaa 1,23 B Bepmmu-
HaX TPEYTrOJbHUKA U CJAEIUTh 33 UX [1EPECTAHOBKAMH, KO-
TOPBIE TOPOK TAIOTCS IJIEMEHTAMHU CUMMETPUH TPEYTOIhHU-
ka. TouHO Tak>ke cuMMeTpuYecKas rpymmna S, u3oMopdHa
rpyIie CHMMeTPUu TeTpasdapa. B coorsercTBuu ¢ u30MOp-
bu3MOM COBIAAET YIHCIIO FJIEMEHTOB ITUX I'PYIII: OHO PaB-
HO 24 = 4!. 3omopdusM yCTaHABJIMBAETCS TAKXKE, KaK U
JI9 TPEyTOJbHUKA: MOYKHO DPACCTaBUTHL wmciaa 1,2,3,4 B
BEpINMHAX TETPA3apa U CAEIUTHh 3a WX MepEeCTaAHOBKAMH,
KOTOPBIE MOPOXKIAIOTCS JIEMEHTAMU CUMMETPUU TETPAII-

pa.

Bagaua 9.1.4. Cummempuueckasn pynna Sy u30MopPHa
2pynne nosopomos kyba. Kax amo oboctosams?

3aMeTHM, UTO COBOKYITHOCTH HpousBeneHuil h; = g;g
(wmu h; = gg;), Te g — HEKOTODBIA SJIEMEHT TPYIIIIbI
G, a g; — ee yIeMEHTBI, TaKyKe MPeJCTaBIsger cobOo moJI-
HYIO COBOKYIHOCTb 3jiemenToB rpymubt G. deiicrBuresib-
HO, BO-TIEPBLIX ¢;¢ (WU gg;) TPEICTABIAIOT COBOIT 3IeMeH-
ol rpynnbl G. Bo-BTOPBIX, €C/IM M3BECTHA COBOKYITHOCTH
h; = g;g (wma h; = gg;), TO 0O Heil MOXKHO BOCCTAHOBUTH U
HCXOHBIE 3/IeMeHThl IPYTNbE: g; = h;g~ ! (wmm g; = g~ h;).
[Ipeo6pasosanue g; — h; = g;g (wiu g; — h; = gg;) Ha3bi-
BAETCSl CABUTOM TIO TPYTITIE.

TTomMHOXKECTBO JIEMEHTOB IPYIILI, KOTOPOE CaMO SIBJIsI-
eTCs PPYIIOi, HA3bIBAETCS ee moArpynmnoi. Hanpumep, miist
BBEJIEHHON HAMH BBIIE I'PYNIBI CHMMETPUU TPEYTOTbHUKA
MOJIMPYIIION ABJISETCS MUKINIECKAs IPYIINa, BKIIOYAIONIAs
3JeMeHTHI 1,7, 12, TIe r — MOBOPOT HA YTOJ 27 /3 BOKpyT
ocu TpeThero nopsaaka. Q4YeBuIHO, UMEIOTCS TTOATPYIIILL Y
IPYIIBI IEPECTAHOBOK N yucesI. Hampumep, ee moarpynmoi
SIBJISIETCST TPYIIA TEPECTAHOBOK MEPBLIX 1M 9uces, m < n.
Jlpyroii ee MOArPyIIOi ABJISETCs TPYINA UKTHICCKUX e~
pecranoBok. O4eBHIHO, IOBOPOTHL BOKPYT JI000H Ocu siB-
JISIOTCST TIOATPYTIaMU TPYINbI MOBOPOTOB Kyba. A cama
PacCMOTPEHHAs BBIIIE TPYIINa TOBOPOTOB KyDa sIBJISIETCs
MOJPYIIION MOJHOM IPYNIbI CUMMeTpUn Kyba, BKII0UA0-
1eli TakyKe OTPAYKEHUs U WHBEPCHIO.

IIycrs H — noarpynna rpynnst G. O6o3nauum H; muO-
JKECTBO 3JIEMEHTOR rpynmbl G, cocTosiImee u3 Mpon3BeaeHnit
hig; dnemenToB hy monrpynnbl H Ha HEKOTOPBIH 3JIEMEHT
g; rpynnsl G. Muoxkecrso H; Ha3biBaercs MpaBbIM CMEXK-
HBIM KjaccoM moarpynnbl H. AHATOIMYHO MOXKHO BBECTH
JIEBbIE CMEXKHBIE KJIacChl HOArpyIibl H, KOTOpbIe cocTosdT
u3 npoussenennii g;hy. Ormernm, uro ecam npasbiii (se-
BbIii) cMmexubiii knacc H; moarpynust H me cosmazmaer c
3TON NMOATrPYNIION, TO OH MOATPYNIOI HEe ABIAETCH.

Bagaua 9.1.5. Jokasamo, wmo ecau npasoili (aeevii)
emeorcnoiti kaace H; nodepynnoe H ne coenadaem ¢
amoti nodzpynnoti, mo ox 2pyYnnoti He ABAAEMCA.
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Hokaxem reopemy Jlarpanxka: npasbie (JeBble) CMEXK-
HBIE KJIACCHI HE IePeceKaroTcs aubo copmamaror. Ilycrs gp
U go — DJIEMEHTBI, KOTOPBIE OMPEIEsISIOT MPABhIE CMEK-
weie kjacchl Hy u Hy. Ilpeamonosxkum, 94To B 3TUX KJjac-
Cax MMEIOTCS COBIAIAIONINE JJIEMEHTHI, TOTaA h;g1 = higs,
rae h;, hy npunagnexar noarpymnme H. Yvuoxkas 3to pa-
BEHCTBO Ha hjh;1 (hj — MPOU3BOMBHBIA TEMEHT HOATPYI-
bl H), maxomum hjgr = hjhjlhkgg. Orcroona caenyer,
9TO BCe 3JIeMeHTE! h;g; kiacca H; mpmmaaexar xiaccy
H, TOCKOMBKY 3JIeMeHT h; hi_lhk TIPUHAJJIEKUT MOATPYTITIE
H. Ha sToMm mokazarenbCTBO 3aKaHIMBAETCA. VI3 Teopembl
Jlarpamxa ciemyer, 4To 3memenTsl rpynnbl G pacnagamoTcs
Ha IeJI0e 9UCJI0 IPaBbIX (JIeBbIx) KiaccoB. Orcona, B 4act-
HOCTH, CJIEJIyeT, 9TO MOPsioK Tpynmel |G| KpaTeH mopsaxky
cBoeit moarpymms! |H).

3amadga 9.1.6. Yoedumvea 6 mom, wmo mopadox epyn-
noL epauwenudi Kyba Kpamern nopadkam nodzpynn Imot
2pynnot.

oarpynna H rpynmst G Ha3biBaeTCss ”HBAPUAHTHOI, €C-
Jii rpeobpasoBaHus 1000UA ee 371eMeHToB hy — ghpg ™!
HEe BbIBOAAT uX u3 noarpyuibsl H. 31ech g — 1pousBoib-
HbIi dmemenT rpymnnbl G, a hy — NPOM3BOJIBHBIN JIEMEHT
moarpynnsl H. OdeBumgHO, /jisi MHBAPUAHTHON TOATDYIIITHI
JIEBBIE U MIPABBIE CMEYKHBIE KJIACCHI COBIAIAIOT, KAXKIOMY 3
HUX COOTBETCTBYET COBOKYITHOCTH dJIEMEHTOB hig; = gihk.
IIpounrepnperupyem sru cmexubie Kiaacebl G;, Kak 3Je-
MEHTBI HOBOrO MHOXKecTBa [F. Onpemennm Ha HEM TTPOU3BE-
JleAne, KaK KJIAcC 37TeMeHTOB hig;g;. B pesymnbrare moiry-
qurcsa rpynna F, moroMmy 4To B Heif, 04€BHIHO, €CTb ACCO-
[UATUBHOCTD, CYIIIECTBYET €IUHUIHDIN SJIEMEHT U JIJTs KazK-
JI0r0 31eMenTa Hafinercs obparnbii. ['pynna F nasbiBaercs
daxrop-rpymnmoii, ee nopsigok pasen |G|/|H|. Tpymma, ko-
TOpas HE COAEPKUT WHBAPUAHTHBIX MOATPYII, HA3BIBAETCS
NIPOCTOM.

3amaua 9.1.7. Iloxa3amsb, Mo ABAAEMCA UHBAPUAGHIT-
1ot nodzpynna C3 2pynnv. npeobpazosaruti npasuib-
H020 MPEY20AbHUKE, COCMOAWAA U3 NPEOOPA308aHUT
h; = 1,7,72, 2de r — nosopom na yzon 27/3 eokpye
ocu mpemuvezo nopadka.

[psimbiv ipounsBenenvem G X F rpynn G u F HaswiBa-
eTcs MHOXKECTBO map ¢; X fx, rae g; — snementol G, a fi
— aneMeHThl F, omepaiysi YMHOXKEHUsT MEXKJYy KOTOPBIMU
omnpeaenena Hopmyioit

(9i X fi) - (gm % fn) = (gi  gm) ¥ (fr * fn)-

W3 npuBeIeHHOTO OIpesiesIeH sl SICHO, YTO MPSIMOe TIPOH3-
Bemenne G x F rtakxke siBasercs rpynmoit. Ilopsmok aToit
IPYIIIbI sBJIsieTCs pou3BeierreM nopsakoB rpynn G u F.
Takum 06pa3zoM, IpsMOe MPOU3BEACHUE TPYIII MO3BOJISET
JIETKO T€HepHUPOBATH TPYTIHI BCe OOIBINEro 1 OOJIBIIEro Mo-
pAIKa.

OmemeHThI ¢ 1 b rpynnbl G HA3BIBAIOTCST CONMPSIKEHHBIMH,
ecqi HafieTca snemMenT g Tpynmel G, Taxoit uto a = gbg~!.

3amMeTuM, 9TO €Cau b CONPSIKEH @ U ¢ CONPSKEH @, TO € CO-
upaxken b. JleficTBUTe/IbHO, U3 COOTHOIIEHUN a = g1bgy !
na = 926951 cmenyer b = gflggc(gflgg)_l. ITosTomy
OTHOIIIEHUE COMPSIKEHHOCTU PA30MBAET 3JIEMEHTHI TDYTIIII
Ha, KJIACChI — KJIACCHI COMPSI2KEHHBIX JPYT APYTY 3JI€MEH-
T0B. OYeBUIHO, YTO €JMHWYHBIA 3JIEMEHT T'PYIIIbI COMpPsi-
JKeH caM cebe, TOCKOMbKy 1 = ¢ - 1. ¢~ aya moboro sie-
menTta rpyunbt g. Ilosromy enunuynblii 3j:eMenT caMm 1O
cebe cocramisier Kjaacc. BesecTBre 3TOro 4mcio Kiaccos
COTPSI’KEHHBIX APYT APYTY IJEMEHTOB IPYIIIIbI OOJIBIIE €11~
HULBI (€CJAM TOJBKO I'PYINA He COAEPKUT €IUHCTBEHHbII
sj1eMeHT 1).

IIpuBenem psim npumMepos. B nukamgeckoii rpyime, co-
CTOAMIEH W3 CTeneHeil HEeKOTOPOTO JIEMEHTAa, HEeT CONps-
JKEHHBIX JIPYT APYTY 3JIeMEeHTOB. B TO ke Bpemsi B rpyi-
1€ CUMMETPUH PABUIHHOTO TPEYTOJIFHUKA, BCE OTPAYKEHUS
COMPSI?KEHBI JPYT APYLY U COCTABJSIOT oauH Kiracc. Compsi-
JKEHbL JIPYT JIPYI'Y M [IOBOPOTHI Ha yruibl 27 /3 u 47/3, Ko-
TOpBIE COCTABJIAIOT BTOPO#l KJtacc A7 3Toi rpynmsl. Tpe-
Tt Kgacc obpasyer emuauuHOE mpeobpasoBanue. Compsi-
JKEHBI JIPYT APYTY OTPAXKEHWS W JJIsd TPOU3BOJIBHON rpyII-
bl Doy, 11. B 10 ke Bpems B rpymime Do, mmeercs aBa Kiac-
ca OTpazKeHwuii.

Bamada 9.1.8. Ilokasamb, wmo 6 epynne CUMMEMPUY
NPABUALHO20 MPEY2ONLHUKG CONPAdCcEN, OpYye Opyey
6CE OMPAdICENUA, U CONPANCENDB, IPY2 OPY2Y NOSOPOMbL
na yeav, 2w /3 u 4m/3.

W3 onpenenenns BUIHO, UTO TPSAMON CIOCOO TMOMCKA
KJIACCOB CONPSI’KEHHBIX IJIEMEHTOB JIOBOJIBHO CJIOXKEH, IT0-
CKOJIbKY CBsI3aH C 1epebopoM BCeX 31eMeHTOB rpytibl. O1-
HAKO JJIsT TOYEIHON T'PYIIIBI UMeeTcs 60jee MpOoCTOoit CIo-
€00, OCHOBAHHBIN HA HAIVISAHBIX [E€OMETPUYECKUX IIPE-
crapiiennsax. [IpeobpaszoBanus mOgO00HBI, KOL/a 3TO OJHO H
TOXKe MpeoOpa30BaHME, BBIMOJHEHHOE B JIBYX PAa3HBIX CH-
CTe€MaX KOOP/INHAT, IIOBEPHYTHIX IPYT OTHOCUTEIHHO APYTA.
[Ipeo6pasopanme ¢~ ' mepeBOTUT b B HOBYIO CHCTEMY KOOD-
JIMHAT, & PeoOPA30BAHUE ¢ BO3BPAIIAET B CTAPYIO. SHAYUT
[IOBOPOTHL HA OJMH M TOT K€ YrOJI BOKPYL JBYX PAa3HBIX
oceil COMpSIKEeHbI, eCM B TPYTIe ecTh Mpeodpa3oBaHue ¢,
TEPEBOJIATIIEE OHY OCh B APYyryr0. 10 Ke OTHOCHUTCS W K
TJTOCKOCTSIM OTPAXKEHUS.

3anada 9.1.9. Yemanosums KAGCCH, CONPAHCEHHBLT A€~
MEHMO8 0AA 2PYNNbL NOBOPOMOE KYOa.

9.1.1 IlIpexncraBiaeHUST rpynnbl

[naBay0 poab B (DU3MYECKUX MPUTOKEHUSX UTPAIOT MAT-
PUYHBIE MPEICTABJIEHNUS TPYII, KOTOPbIE OOBIYHO HA3BIBA-
FOT TMIPOCTO MPEACTABICHUAMU. MaTpUIHBIM TTpEICTaBIECHT-
eM Tpymnmbl Ha3biBaeTcs romomopdusm rpynnsl G B MHO-
2KeCTBO MAaTPHUIl N X N, KOI/1a KarKJ/IOMY 3JIEMEHTY ¢; I'PYylI-
ubl G conocraBiisiercss MATPULA ﬁi, COBOKYIIHOCTb KOTOPBIX
BOCITPOU3BOJINT TPABUIO YMHOYKEHHS 3JIEMEHTOB TDYTIIHI.
JpyruMu coBaMu, €CJIu MaTpHUIla lA)l COOTBETCTBYET 3JIe-
MEHTY ¢;, & MaTpHUIa ﬁj COOTBETCTBYET 3JIEMEHTY g;, TO
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MPOU3BEJIEHNE MATPUIT ﬁiﬁj COOTBETCTBYET [IPOU3BEJICHUTO
3J1eMeHTOB ¢;¢;. O4eBUIHO, YTO IIPU ITOM TOXKIECTBEHHOE
Mpeobpa3oBaHNe COOTBETCTBYET €AMHUYIHON MaTpHIle, a 0b-
paTHOe Tipeobpa3oBanue — 0OpaTHoO Marpuie. duciio n Ha-
3BIBAETCH PA3MEPHOCTHIO MPEICTABJICHUS.

Tomomopdusm rpymmsr G B MHOXKECTBO MATPHUIL 10 X 1
MOXKeT ObITh HeOOpATUMbIM (HE B3aUMHO OJHO3HAYHBIM).
TpuBnaIbHBIM MPUMEPOM TAKOTO POJIA SIBJISETCS CIIydaif,
KOLJIA BCe MATpUIB! D; ABIAIOTCS enuHIIHbIME. OUeBi-
HO, YTO BCE HEODOXOIUMBIE YCJIOBUS MPU ITOM OKA3BIBAIOT-
Cs1 BBITIOJTHEHHBIMH, HO TakKo# romomopdusm Oeccomeprka-
resied. OObIYHO MBI OyJIeM MMETh JIEJ0 € U30MOPMU3IMOM
rpyiibl G B MHOXKECTBO MaTpull, 1. X 71, KOIJA 110 MaTpu-
e D; OIHO3HAMHO BOCCTAHABIMBACTCS SIEMEHT TPYIIIBL g;.
Taxkoe mpecTaBjeHre HA3BIBAETCA TOYHBIM.

3amadga 9.1.10. IHocmpoumsv deymeproe npedcmasierue
2pynnvL cummempuu mpeyzorvrura Ds.

Kak wmbr yxe ybemwiuch, B CUly KOHEYHOCTH T'DYIIIIBI
IS KAzKJIOrO ee 3JIEMEHTa ¢ MMEETCd CTeleHb § TaKad,
uro ¢g° = 1. [loaToMy A9 COOTBETCTBYIOIIEH MaTPUITHI D
CITPABEITUBO COOTHOTIIEHWE Ds = 1, tme 1 — exwamanas
Marpura. OTcioma HEMEIEHHO CJIEIYeT, 9TO det D = +1.
Hamnpuwmep, misi MaTpuirsl, COOTBETCTBYIOIIEH TIOBOPOTY, e
JETEPMUHAHT DaBeH €IWHUIE, & JJis MAaTPHUIbL, COOTBET-
CTBYIOIEH OTpayKeHWIO, ee JeTepMUHAHT paBeH —1. PaBen
—1 m meTepMHUHAHT MATPUII, COOTBETCTBYIOINIEH 3epKaJlb-
HOMY TOBOpOTY. llockoyibKY AeTrepMuHAHT 0OpATHON MaT-
PHIBL paHeH 0OPATHOMY JETEPMHUHAHTY NPAMON MATPHIEL,
MbI 3aKJII04a€eM, YTO JeTePMUHAHT D1 PaBeH JleTepMUHAH-
Ty D.

[Ipumepom nipencraBenus KoHewHOU rpymnbl G Moxker
CIIlyKUTh ee mpeicrasienue pasmepuocru |G|, xoropoe
omnpegeiserca nabopom |G| marpur D; ¢ KoMmoHeHTAME

T ., BXOAAIUMA B Tabsuiy ymuoxkenus (9.1), u ¢ npasu-
JIOM yMHOKEHUS
(Dk D) =TT,

L€ 10 MHAEKCY 7 MOAPasyMeBaeTcs cymmuposanue. Toraa
COOTHOIIEHNE acconuaruBHOCTH (9.2) HepeLnIIeTcs B BIe

DiD,, =T}, D,. (9.3)

Takum o6pa3om, TPABUIO MPOU3BEICHUS MATPHIL D; soc-
upoussBoauT upaBuio (9.1) juid npousBeneHUs JIEMEHTOB
TPYTIBI U, CAEIOBATENHHO, STH MATPHUILI OCYIIECTBIISIOT
npeacrasjenne rpynmbl G.

JluneitapiMu TPeoGpPA30BAHUSAMY MATPHIIBI JTFOOOTO TP/
CTaBJIEHUsI KOHEYHOM TPYIIbI MOTYT OBITH TPUBEIEHBI K
yHuTapHBbIM. JlJjIsi JOKA3aTeIbCTBa 9TOrO CBOWCTBA BBEIEM
(KOMIIJIEKCHBIE) BEKTOPLI & € YUCIOM KOMIIOHEHT 7, PaB-
HBIM PA3MEPHOCTH MPECTABJICHNS, U OMPEIEINM CKAJISAD-
HOE TIPOM3BE/IeHNE

(z,y) =Y _[D*(g)2"] - [D(g)y], (9-4)

g9

rae ﬁ(g) — MaTpHUIA IPEICTABICHUsH, COOTBETCTBYIOMAL
3JIEMEHTY TPYTIBL ¢, 3BE3709Ka O3HAIAET KOMILIEKCHOE CO-
OpSIYKEHUe, 4 TOYKA — CYMMHPOBAHHE TIO KOMIIOHEHTAM.
Paccmorpum Tenepb (w,ﬁ(h)y), rae h — 3jleMeHT rpym-
bt st Beraucaenus (£, D(Rh)y) noacrasisem D(h)y Bme-
cro y B (9.4). B pesynbrare BO3HUKAET MNPOM3BEIEHUE
D(g)D(h) = D(gh). Janee nepexosum K CyMMHDPOBAHLIO
1o gh, 9TO AT Ty 2Ke CYMMY II0 SJIEMEHTAM, TAK KAK CJBHT
1o rpynme gh nepecTaBfeT 3JeMEeHThI MPYIIbI, HO He Me-
HAeT WX coBoKymHocTu. Ilpu stom D*(g) — D*(gh™!) =
D*(g)[D*(h)]~t. Mpyrumu cioBaMu, 718 KazKI0TO 1eMeH-
Ta TPYTIIBI

(@[DY(h)] ™", y) = (, D(h)y),

rae DT osnagaer spmuToso conpszkenne. OCTagoch TOIBKO
nepeiiTu K OPTOHOPMHUPOBAHHOMY GA3UCY TIO TTPOU3BEICHIIO
(x,y), KOMIIOHEHTbI MATPUIL LIPEJICTABIEHU B KOTOPOM Oy-
JIyT YHUTAPHBIMH.

B pmanprelimeM mompasyMeBaeTCs, 9TO MBI UMEEM JEJIO0
C YHUTADHBIMH IIPEJICTABJICHUAMM, KOIJIA MATPUIIbL IIPe/i-
CTABJICHUSA SABJIAIOTCA YHUTAPHBIMU: Di(g) = D 1(g).
Benowmnnast, aro D~ (g) = D(g™1), mbt naxomam D(g~!) =
ﬁT( ). B ciiyuae, Korma npezcTaBieHne OKa3bIBAETCs Jeil-
CTBUTESTHHBIM, BCE €10 MATPUIIBI SIBJISTFOTCS OPTOTOHATBHBI-
mu, a marpuna D(g~!) nonyuaercs us D(g) rpancnonupo-
BaHWEM.

Bagaua 9.1.11. Ilposepums, wmo das deticmeumesbrozo
08YyMepH020 NPEIcmasreHUA 2PYNIbL epawenuu npa-
BUNDHOZO TMPEYLONLHUKE MATMPULDL D( Y noayua-
emea us D(g) mpancnonuposanuem.

IlBa npencrasienus rpymmnbl G, KoTopble MbI 0003HAYA~
eM MHJIeKCaMH 1 1 2, HA3bIBAIOTCS SKBUBAJEHTHBIMU, €CIIN
OHM MMEIOT OJMHAKOBYIO Pa3MEPHOCTH N U CyIIECTBYET Ta-
Kag marpura n X n (obo3HaduM ee \7), 4YTO JJIA JII000r0
9JIEMEHTa TPYIIIbI § CIPABEIINBO COOTHOIIECHIE

P =vpBy-1, (9.5)

910 mpeodpa3oBaHNE HABBIBAETCS MPEOOPA3ZOBAHUEM IT0/I0-
6usi. MOXKHO CKa3aTh, 9TO SKBUBAJEHTHbIE [TPEJICTABIEHUS
— 9T0 OJIHO M TO K€ IPEJICTABJIEHUE, 3AUCAHHOE B PA3HBIX
6azucax. IToaTomy caemyer u3ydarb MpeaCTABICHUAS IPYII-
bl G ¢ TOYHOCTHIO 0 WX SKBUBAJEHTHOCTH.

IlocraBum 3amady: cyrmmecTByer Jn Ipeobpa3oBaHme
D, - VDV~ L 1pu KOTOpPOM BCe MATPHIILI HPEICTaBIie-
Hust Tpynmbl G TPUBOAATCS K OJIOYHO-IHATOHATILHOMY BU-
ay. Eciu takoit 6a3uc BeIOpATh MOKHO, TO MPEICTABICHUE
rpynnsl G HazeBaeTcs mpuBoauMbIM. Kcnm »xe Takoro Oa-
3UCA HE CYNIECTBYET, MPE/ICTABICHUE HAZBIBACTCS HEITPUBO-
gumvbiM. OIHOM M3 OCHOBHBIX 33/Ia9 TEOPHUH MPECTaBIIEe-
HUH ABJIETC HAXOXK/IEHUE BCEX HEIPUBOUMbIX IIPEJICTAB-
Jrennit qauuoil rpynnbl G, YUCI0 KOTOPBIX OKA3BIBAETCS KO-
HeuHbIM. MOXKHO yTBEp:K/IaTh, 9TO YUCJIO HEIKBUBAJIEHT-
HBIX HEMPUBOJUMBIX PEICTABICHUN PABHO YHUCTY KJIACCOB
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COTPsi?KeHHbBIX ds1eMenToB rpytisl G. Moxkuo Takke yTBep-
2KJIaTh, YTO CyMMa KBaJpaToB pa3dMepHOCTel 11, HelpUuBO-
JIMMBIX TIPEJICTABIEHNIT paBHa MOPsIKY Tpynmsl |G|

> n2 =Gl (9.6)

OTH 1Ba CBOHCTBA HAKJIAJIBIBAIOT BECHhMA CYIIECTBEHHBIE
OrpaHWYeHusl Ha HAOOP N, W B PAme CaydaeB (PUKCHPYIOT
nx onnozunadno. Hampumep, onro3nadHo puKCHpyercsa Ha-
00p N MJIST HEMPUBOAWMBIX MPEICTABIECHUN TPYIILI CHM-
MEeTPHUH TpeyroJjbHuKa. [I0CKOIbKY YMCI0 KJIACCOB B TaH-
HOM CJIydYae PAaBHO TPEM, TO JOJIXKHO CYIIECTBOBATH TPH
HEIIPUBOAMMBIX TPEeICTaBIeHus Ipynnbl. Ix pa3zmepHOCTH
PaBHBI, OYE€BUTHO, 1, 1,2, MOCKOJIbKY TOJBKO B 3TOM CJIy4dae
cymma kBaparos 12 +12 422 = 6 paBHO HOPsKY IPYILILL.

3amava 9.1.12. Kax ycmpoenv, nenpusodumvie npeo-
CMABNEHUS 2DYNNBL CUMMEMPUY, MPEY20ALHUKA?

3amMeruM, 9TO BCE HEMPUBOIUMBIE IIPEICTABIEHUS abesre-
BOI1 IPYTIIIBL ABISIOTCST OMHOMEPHBbIMU. [leficTBUTENBHO, CO-
ornowenue kommyTanuu D; Dy, = Dy, D; o3nauaer, 4ro ecu
MaTpULa ﬁi npuBeJeHa K JUAarOHaJbHOMY BH/Y, TO U MaT-
puna D), sBISeTcs IMaroHaIbHOMN (unu MO¥KeT ObITH MpH-
Be/leHA K JMArOHAJILHON 0€3 HApYIIeHUs NUarOHAJIBHOCTH
Marpunpl D; B cyuae, KOrua ee coGCTBEHHbIE 3HAMCHUS B~
JIAIOTCs BBIPOXKIeHHbIMU). Takum 06pa3om, BO3MOKHA OJI-
HOBPEMEHHAs JIMArOHATIM3AIMs MATPULL aDEJIEBO IPYIIIIbI,
YTO W O3HAYAET CBEIEHWE MPOU3BOJILHOTO MPEICTABJICHIIS
abesieBoit rpynmbl K oHOMEPHBIM. OCODEHHO TTPOCTO TOKA-
3BIBAETCS CICTAHHOE YTBEPKICHUE JJTsl MUKIHIeCKON IpyIi-
b, BCE 3JIEMEHTHI KOTOPO# SIBJISIIOTCS CTEMEHSMU HEKOTO-
poro siementa ¢. Ecou emy coorsercrsyer marpuua D u
MBI IPUBEJIN €€ K IUarOHAJHLHOMY BHUIY, TO U BCE MATPUIIHI
9TOTO MpPEICTABIICHNS, KOTOPBIE ABISIOTCA CTEMeHsMH D),
SABJIAIOTCS TAATOHAJIHHBIMH.

Nwmeercss 1Ba BayKHBIX CBOWCTBA HEIMPUBOIUMBIX TPE]I-
craByienuii, koTopble mokasanbl [Ilypom. Bo-mepBrix, eciun
HEKOTOPAsk MATPULA 1 X 7 KOMMYTUPYET CO BCEMU MATPU-
[[AMHW HEMPUBOIUMOTO MPEICTABIEHNUS PA3MEPHOCTH 7, TO
9Ta MaTPHUIA MPOMOPIMOHAIbHA, €INHUYIHOM. Bo-BTOPBIX,
HEIPUBOAUMbBIE TIPEICTABICHUS OJUHAKOBOM PAa3MEPHOCTH
pPacmaJialoTes Ha KJIACCHI, BHYTPU KaXKJIOTO KJIAcCa Ipe/i-
CTaBJIEHHs CBA3AHBL cooTHOmenueM (9.5), a J1d IpeicTas-
JIGHW U3 pa3HBIX KJIACCOB HE CYIIECTBYET HEHYJIEBOW MaT-
PHITBI M , JIJIST KOTOPO# OBbI

DN — N1H®
DTO OTHOCHTCH KaK K IPEJICTABICHUSIM OIMHAKOBOU pas-
MEpPHOCTH, TaK W K TIPEICTABICHUSM PA3HON Pa3MEpPHOCTH
(B 9TOM CiIyuae MaTpUIA M Gbu1a 66l He KBaIPATHOI).
71T KOMIIOHEHT MaTPWIIbI HEMPUBOJAMMBIX MTPEICTABIIE-
HUH CIIPaBeIINBO BaKHOE CBOMCTBO “OPTOHOPMHUPOBAHHO-
cr’. JIjis ero moKa3aTenbcTBa BO3bBMEM IIBa IpescTaBie-

HUs CPYIIIbI PA3MEPHOCTHIO N1 U Ng, MaTpuily B pazmepom
N1 X Ny M BBEJIEM MATPUILY 11 X Ng

M = ZD BD® (g7, (9.7)

rJe CyMMHUPOBAHHUE UJET MO BCEM JIEMEHTaM rpymmbl. Pac-
cmorpuM npousseenue D) (h)M , TJe ¢ — HEKOTOPBI 3J1e-
ment rpymmst. IIpeoGpasyem DM (h) DM (g) DM (hg)
W TepexoiuM K cyMMupoBanuio no hg. Ilockonbky g—t =
(hg)~th, Mbl HaxXOMUM

DM (h)M = MD® (h).

B cuny nemwmbr llypa my1s pasubIx mpejcTaBieHWi MaT-
puna M jomxkma GbiTh pasua mymmo. Ipu 3roM MaTpuna
B B coorromennn (9.7) mpoussosbHa. 1109TOMY MBI HAXO-
JIUM yCJIOBHE “OPTOrOHATBHOCTH PA3TUIHBIX HEIPUBO/IN-
MbIX IIp€JICTaBJICHUNI

> DD (g™ =0, (9.8)

IJle IPeYecKue MHJIEKChI HyMepPYIOT KOMIOHEHTbI MaTpHIL
D. Hanommnm, uto B cuiy yauraproctn D(—g) = Di(g).
IMosromy (9.8) mepenuchBaeTCa B BUE

ZD (9)DIP(9) =0, (9.9)

PaccMoTpuM Teneps 0HO IPEICTABICHAE TOPAIKA 11, KO-
rma DO u D@ g (9.7) coBnagaror. Torua onpenesienHas B
coorsercrBuu ¢ (9.7) marpuna M KOMMYyTHpYET CO BCeMH
MATPHUIIAMYA HEMPUBOAWMOTO TIPEACTABICHAS W TIO3TOMY B
cury semMbl 1lypa mponopuuoHaAIbHA eIHHATHONR MaTPH-
ne. Haiinem ee caen;:

rme 1 — equHUYHAS MaTpuna n X n. [Io3ToMy J0IKHO BbI-
MHOJIHATHCA ITOKOMIOHEHTHOE COOTHOIIEHNE

Z DaB(Q)DwS(_g)

= " Das(g)Dl5(g) = Gl

g

50504 (9.10)

rJie, KaK ¥ BbIIe, I'PEYECKUE MHIEKCHl HYMEpYIOT KOMIIO-
HenTbl Marpul, D(g).

3amaua 9.1.13. IIposepumsd 6wvinoaneHue cooOmMHOULEHUT
(9.9,9.10) 0 epynnov. CuMMEMPUU MPEYLONLHUKA.

Yrobpl KIACCHPHUIUPOBATH MPEICTABICHUS TPYIIILI C
TOYHOCTBIO JI0 9KBUBAJIEHTHOCTH, HAJO BBECTH WHBAPHAHT
upeobpasoanus 10400us (9.5). Takum uHBapUaHTOM $B-
JISIETCS CJIEJT MATPUIIHI TPEICTABIEHUS, KOTOPBI HA3BIBAIOT
€ro XapakTepoM X:
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Crest OMMHAKOB IS IPEICTABJICHAN, CBA3AHHBIX peodpa-
soBanus 10106us (9.5). Ilosromy nabop xapakrTepoB X;
y’Ke He 3aBUCAT OT KOHKPETHOTO BHIOOpA TPEICTABICHUS
M XapaKTepU3yeT KJACC SKBUBAJECHTHBIX TPEICTABICHWN.
Jpyramu cinoBaMu, HaOOp XapaKTEPOB X; XapaKTepU3yerT
IpyIIy, KaK TakoByto. OTMETHM, YTO COBIAJAIOT Xapak-
TepPbI, KOTOPBIE COOTBETCTBYIOT COIPSKEHHBIM 3JI€MEHTaM
rpyumbl. OTMETHM TakzKe, 4TO Jjid OOpaTHOro K ¢; 3Jie-
MEHTa, JJIsi KOTOPOTO MATPHIA PABHA lA)Z., XapakTep paBeH
Xi -

Ceepuem coorromutenue (9.10) mo uumercam «, 3 u 10 uH-
zekcaM v, 0. B pesysbrare cjieBa mojryaum CyMMy [MpOu3Be-
JIeHUiI XapaKTepoB, a CIpaBa — CJel cuMBoga KpoHekepa,
KOTOPBI# paBEeH Pa3MEPHOCTH IIPEICTABICHHA 1. B pe3yb-
TATe HOJIY4aeTCH

3 bl =[Gl (012)

Jlnsi pa3HBIX Ke MPEJCTaBIeHU TAKUM Ke 00pa3oM HaXo-
UM 13 cootHotneHns (9.9) ycIoBrHe OPTOrOHATIBHOCTH

sz ® =0 (9.13)

Coorromienus (9.12,9.13) yke He 3aBUCAT OT KOHKPETHOI'O
BUJIA MATPHUL, IIPECTABICHU.

3amaua 9.1.14. IIposepumsv 6wvinoanerue coomHouweHul
(9.12,9.13) 0as epynnov. cumMmempuy, MmpeyzoibHUKa.

3amadga 9.1.15. IHocmpoumb cucmemy TapaKmepos 0if
2pynnvt Dy.

9.2 TI'pynnsl u ajgredps Jln

Mpbr ipucTyniaeM K pacCMOTpeHuio rpynt JIu, KoTopbie Xa-
PAKTEPU3YIOTCA OECKOHEYHBIM HADOPOM 3JIEMEHTOB, KOTO-
PbI€ MOXKHO XapaKTE€PU30BaTb KOHEYHBIM YHCJIOM ,I[efICTBH-
TEJIbHBIX IIapaMeTPOB I';. MI/IHI/IMaHBHO HeO6XO,HI/IMoe quUCIJI0
[1apaMeTpoB &;, HEOOXOAUMOE LI IAPAMETPUIIAN T'PY b
JIn G Ha3bIBaeTCs ee pa3MepHOCThIO 1 obo3Hadaercss dim G.
WNuorna x; Ha3bIBAIOT KOOPAWHATAMHU B ITPOCTPAHCTBE Ta-
pamerpos rpynmst JIu. B kagectse npumepa MOxKHO TTpuBe-
CTH TPYIINY BPAIIEHUN TPEXMEPHOTO MIPOCTPAHCTBA. InCIO
[IapaMeTpoB, HEOOXOAUMBIX I 3aIAHUAS JIEMEHTOB ITOi
TPYNNBI, PABHO TPEM: MMEHHO CTOJIBKO YIVIOB XapaKTepu-
3yeT MpOM3BOJILHOE BpalieHue. Hampumep, MOXKHO TOCIIE-
JOBATEJIBHO OCYIIECTBUTH IIOBOPOTHI BOKPYT TPeX OCe# KO-
Op/IMHAT.

3amada 9.2.1. Ckoavkumu napamempamy Tapaxmepusy-
eMmeCs ePYNNa PAWLEHUT N-MEPHO20 NPOCTPAHCMEA?

Hauajio KoopauHAaT IPUHATO BHIOMPATH B €IMHUIIE IPYII-
1bl, TO ecTh £; = 0 COOTBETCTBYIOT €JIMHUYHOMY 3JI€MEH-
Ty Tpymmbl. BmecTo Tabiumpl yMHOMKEHUS HEMPEPBIBHAS
rpymma 3agaercs dpyukiueit 2dim G nepemMeHHBIX, KOTOpas
OIIpeIeJIsIeT IPOLEAYPY YMHOXKEHUs. A MMEHHO, IyCThb IIPH

MEPEMHOXKEHNHU 3JIEMEHTOB € KOOPJAUHATAMU I, Y MOy NI~
csd dsieMeHT ¢ KoopaunHaroi z: g(z) = g(x) - g(y). Torua
z =?(x,y) HazpiBaeTCs YHKINEH YMHOKEHNSI.

Ipynnosbie CBOWCTBA HAKJIAILIBAIOT PsAJ OPAHUYEHUIL
Ha Gyukuuio ¢. Bo-nepsoix, ¢(0,x) = ¢(x,0) = x, uro
CBSA3aHO CO CBOMCTBOM €IMHUYHOTO 37eMeHTa 1-g = ¢g-1 = g.
Bo-BTopnix,

P(p(x,y),2) = P(z, Py, 2)),

YTO CBA3aHO C ACCOUUATUBHOCTBIO: (§192)93 = g1(g293). B-
TPETHUX, HATTMYNE Y KaXKJIOTO JIEMEHTA TPYTITHI OOPaTHO-
ro O3HAYAeT, 9TO /I KaxKJIOro T HAHJIeTcs TAaKOoe Y, ITO
o(z,y) = d(y,x) = 0.

Hac 6ymyT maTEepecoBaTh MaTpwdHBIE TPYMIH! JIn, 371e-
MEHTAMH KOTOPBIX SIBISAIOTCA MATPHIBI 1. X 7 C IEHCTBH-
TEIHHBIMA WJIM KOMILJIEKCHBIMA KOMIOHEHTaMu. VIMeHHO
TaKue TPYNIBl HanbOoJIee 9aCTO BCTPEYAOTCS B IPHJIOKE-
nusax. O4eBuHO, 1efCTBATEbHAS MATPULA 1 X 1 XAPAKTe-
pusyercs n? mapaMeTpaMi, a KOMILIEKCHAS MATPUIIA, 1 X 1
xapakTepusyercsa 2n? mapamerpaMu. Kax mpasmio, Ml Oy-
JIEM PaCcCMATPUBATH MATPHILHI, Ha KOTOPHIE HAKJIAIBIBAIOT-
Csl HEKOTOPBIE OrPAHMYEHHsI, COBMECTUMBIE C TPYIIIOBBIMA
coiicrBamu. IIpuBeIeM OCHOBHBIE TPUMEPDL.

MO02KHO OrpaHUYMTHCsE PACCMOTPEHUEM yHUMO/LY I PHBIX
MATPHI, TO €CTh MATPHI] C eIUHAIHBIM JTeTePMUHAHTOM.
[ToCKONbKY IETEPMHMHAHT TPOU3BEICHAST MATPHI[ DPABEH
MPOM3BEJEHUIO WX JETEPMHUHAHTOB, IPYIIOBAS TMPOLELYPa
HE BBIBOJUT yHUMO/IY/ISIPHBIE MATPHUIBI 13 ux Kaacca. Oqe-
BH/IHO, JEHCTBUTENIbHAS YHUMOY/IAPHAS MATPULA N X N
xapakTepusyercs n’—1 mapaMeTpaMu, a KOMIJIGKCHAS YHI-
MOTyIApHAA MATPHUIA N X N XapaKkTepusyerca 2n? —2 mapa-
mMerpaMu. ['pynna JedcTBUTENbHBIX yHAMOLYIAPHBIX MAT-
pur n X n oboznadaercs SL(n,R), a rpynna KOMILIEKCHBIX
YHUMOJLYJIAPHbBIX Marpull 1 X n oboznagaerca SL(n, C).

U(n,C) nan npocto U(n) o3HavaeT Tpymnmy yHUTAPHBIX
varpur, U, T.e. TAKUX, /IS KOTOPBIX 3PMHTOBCKH COIPSI-
JKeHHas MaTpHI Ut cosnamaer c O6paTHOfI‘ U-t = ot
wm UUT = 1. 10 coornomenue JaeT n? meficTBUTEND-
HBIX YCJIOBUM, MOCKOJbKY MATPHUIIA Ut spmuroBa. Ta-
KuM 06pa3oM, yHUTapHAad MaTpUIa XapaKTepusyercsa n’
napaMerpamMu. JIpyruMu CIOBAMH, PasMEpPHOCTH TPYIIIBI
dimU(n) = n?.

SO(n,R) unu upocro SO(n) o3nauaer rpymniy opToro-
HAJIBHBIX YHUMOJYJISPHBIX Marpun, O, TO eCTh MATPHIL C
€/IMHUHBIM JIETEPMUHAHTOM, JIJif KOTOPBIX OOpaTHAs MaT-
DHIIA COBIAIAET C TPAHCTIOHMPOBAMHOII: 0! =0T u
OOT = 1. 9o coorromenne maer n(n + 1) /2 neficTBY-
TeTLHBIX YCIOBHUiA, TTOCKOTLKY MaTpHITA 00T cummerpuu-
na. Coornomenne 00T = 1 O3HAYAET, UYTO JIETEPMUHAHT
O pasen £1. [TosTomy yciioBue yHUMOIyJISSPHOCTH OTCEKA-
€T MaTPUIbI C JETEPMUHAHTOM — 1, HO HE yMEHbIIAET YuC-
JIO TTAPAMETPOB, KOTOPBIE TPEBYIOTCS IJIs XapaKTEePUCTUKA
varpunpt O. Takum 06pa3oM, OpTOrOHATBHAS MATPHIA, Xa-
pakrepusyercsa n(n — 1)/2 napamerpamu. JIpyrumu ciosa-
MH, pasmeprocTb rpynnsl dim SO(n) = n(n —1)/2.

Bagaua 9.2.2. I'pynna SO(n) usomoppra epynne spawe-
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HUl n-meprozo npocmpancmea. Ilovemy?

SU(n,C) nan mpocro SU(n) o3nagaer rpymimy yHUTAp-
HBIX YHUMOIYJISTPHBIX MATPHUIL, T.€. TAKUX, JIJIsT KOTOPBIX 3P~
MHUTOBCKH COIPSI?KEHHAs] MATPHUIA COBIAJAET C OOPATHOI:
Ut = Ul wm UU = 1, a TakKe eTEPMUHAHT DaBeH
exnaune. CoorHomenue U U T =1 O3HAYaAET, 4TO JeTep-
MUHAHT MATpuipl U M0 MOAYIIO paBeH eauHuie. 1103To-
MY YCJIOBUE YHUMOIYJISIPHOCTH HAKJIAIBIBAET OIHO JOIMOJI-
HHUTEJIbHOE JCHCTBATEIBHOE OrpAHMYEeHHe HA MATpHILy U.
BoranTas 3Ty eqwHHIY n3 9mcIa n? IapaMeTpoB yHHTAp-
HOH MAaTPHIbI, HAXOAMM, UTO yHHTAPHAS YHUMOMYJISIPHAS
Marpuia xapakrepusyerca n? — 1 napamerpamu. JIpyrumu
crosamu, pazmepHocTs rpynmsl dim SU(n) = n? — 1.

ITpusenem napamerpuszanuio rpyunst SO(3), koropas
u30MOp(HA TPYIIE BPAIIEHUHA TPEXMEPHONO MPOCTPAH-
cTBa. Besakyio MaTpuILly 3TOM IpyTTBI MOYKHO TIPEJICTABUTh,
KaK MPOM3BEJCHNE TPEX MATPHII, O = 030201, KOTOPBIE
COOTBETCTBYIOT MOBOPOTAM BOKPYT OCEH KOOPIMHAT:

1 0 0
O1=| 0 cosa; —sinag ,
0 sina; cosaq

cosas 0 sinas
0O, = 0 1 0 ,
—sinas 0 cosas

. cosag —sinag 0
O3 = sinag  cosaz 0 |. (9.14)
0 0 1

Bce yribr 31ech onpeneneHbl Ha MHTEPBAJIE B 27T, HALPU-
Mep, MOXKHO CUATATh —7 < o < 7.

MozkHO BBECTH APYTYIO NAPAMETPHU3AIUIO MATPUIL TPYTI-
bt SO(3). Bynem paccMarpuBaTh mOBOPOT, KAK BPAIIEHHE
BOKDYT HEKOTOPOTO BEKTOPA @, HAIPABJIEHNE KOTOPOTO 3a-
JTaeT HATTPABJIEHNE OCH BPAIIEHUs], 8 ADCOMIOTHOE 3HAYEHHUE
3adaeT yros mosoporta . [lomHoe nepeduncienne moBOPOTOB
B TEPMUHAX BEKTOPOB @ O3HAYAET, 4TO 1) MeHsiercsa ot 0 10
7, IIOCKOJIbKY MOBOPOTBI HA YIJIBL OT 7 0 27 BOKPYT Ha-
MPABJIEHUST @ YKBUBAJIEHTHBI TOBOPOTAM Ha, yIiIbl 0T 0 10 T
BOKDYT HampasjeHus —a. Takum 00pa3oM, B IPOCTPAHCTBE
BEKTOpPOB @ 0bj1acTh mapamerpos rpynmbl SO(3) sasiasgercs
mapom paguyca . OJHAKO MOBOPOTHI HA YIOJM T BOKPYT
HAIPaBJIEHU @ U —a ABJSIOTCS OJIHUM M TeM 2Ke mpeodbpar-
30BAHUEM, TTO3TOMY MBI JOJIKHBI OTOXKIECTBUTH BCE MAPDI
JIMaMeTPaJIbHO TIPOTUBOMOIOKHBIX TOYEK TTOBEPXHOCTH TI1a~
pa. [lomyganBiieecss MHOKECTBO U €CTh MHOTOOOpa3we mapa-
merpos rpymibl SO(3). Muoroobpasue mosy4usioch CBsi3-
HBbIM, HO HEOJHOCBSA3HBIM, IIOTOMY YTO MBI HE MOKEM CTsl-
HYTh B TOYKY ILyTb, NPOXOJAIIMI Y€Pe3 KOHIIbL JUAMETPA
mapa. InamMerpajbHO TPOTUBOMOJIOKHBIE TOUKUA OCTAHYT-
Cs1 IPOTUBOTIOJIOXKHBIMU U HAM HE YJIACTCS CBECTH UX B OIIHY.
Takoe MHOKECTBO MOXKHO OTOOPA3UTDh HA TAK HAZBIBAEMYTO
IPOEKTHUBHYO C(epy B Y€THIPEXMEPHOM MPOCTPAHCTBE.

[IpuBenem Tenepb TMAPAMETPU3AINIO MATPHUIL TPYIIHI
SU(2). DueMenTt 3TOi TPyHIbl MOXKHO 331aTh YeThIPbMsI

JeACTBUTE/IbHBIMY YUCIAMU T1, T2, T3, T4, HA KOTOPbIE Ha-
JIOXKEHO yCJIOBHE ;v% + x% + x% + xi = 1. Torna marpuna

U _ 1 +1re —T3 —1x4
Tr3 — ix4 xr1 — iIQ ’
obagaeT obenMyu HEOOXOTUMBIMKA CBOMCTBAMH: OHA SIBJISI-
eTcsl YHUTAPHON W yHUMOMYsApHOil. MOKHO cKa3arb, 9TO

ycaoBue x% + w% + x% + xi = 1 3amaer equHUYHYIO chepy B
4eTbIPEXMEPHOM ILIPOCTPAHCTBE X1, L2, X3, T4.

9.2.1 Aunrebpa Jlu rpynmnbt JIn

PaccMOTpEM OKPECTHOCTL €IMHUIHOTO 3JIEMEHTa HEKOTO-
poii rpymust JIu G, koropas 3azaerca napamerpamu ;. B
STOf OKPECTHOCTH MATPHIBI IPyIIbl (¢ XapaKTepH3yeTcs
IPOU3BOIHBIMHA

e

Qj =, (9.15)

3xj

YUCJI0 KOTOPBIX COBIJAET C pasmepHoOCcTbio rpynubr G.
IMpoussomambie (9.15) HA3BIBAIOTCA T'EHEPATOPAME TPYIIILI
G, ux uucjao pasao pazmepHocTu rpynmbl dim G. Boau3u
eMHNIIBI CIIpaBeInBO pasyioxenue G(x) = 1 + z;Q;, Tme
IO TIOBTOPSAOIIMMCS HHIEKCAM MOIPA3YMEBAETCS CyMMUPO-
BaHue.

Paccmorpum ofHONapaMeTpUIECKOe CEMERCTBO MATPHIL
T(t) = exp(tijj), r1e Yy; — HEeKOTOpble dYhciaa H IO
TTOBTOPSIIOIIIAMCST WHIEKCAM TIOIPA3yMeBAETCsT CYyMMHUPOBa-
uue. OUeBUIHO, YTO ITO CEMEHCTBO YIOBJIETBOPSIET T'PYII-
nosomy csoiicrBy, mpuaem 1'(ty)T(t2) = T(t1 + t2). Kpo-
Me TOro, npu Magbrx ¢ Marpunpl 1 umeror Bug 1 + z;Q;,
0 ectb npuHaexar rpymmne G. Orcooga ciemayer, 9ro u
IPU TPOU3BOJILHOM ¢ MATPHUILLI T npunayyexar rpynne G.
TakuM 06pa3oM, MbI HAIIA OJHOMAPAMETPUIECKYIO TOJ-
rpynny rpynmbl G. Bojee TOro, Mbl MOCTPOUIIN IKCIIOHEH-
UATBHOE TPEJICTABIEHUE 3TOH TMOArPY L.

IIpu pazau4HbIX 3HAYEHHUAX Y; OJHONAPAMETPUUECKUE
TTOATPYTITHI T(t) MCYEPTBHIBAIOT BCE dJIEMEHTHI Tpymmbl G,
MMOCKOJIbKY KayK bl €€ 3JIEMEHT MOYKET OBbITh AIMTPOKCUMHU-
pOBaH OOJIBINOI CTEMEHBIO 3JIEMEHTA, OJIM3KOTO K eAMHUIIE.
Takum 0O6pa30oM, MBI HAILIA MPEACTABICHUE IS MATPHII
rpynnbt G, Koropoe umeer Bu/1

G(z) = exp(zQ), (9.16)

KOTOPOE HA3BIBAETCSA IKCIIOHEHIMAIbHLIM. B JanbHeimeM
MbI Oy/IEM UCIIOIB30BATH UMEHHO SKCIOHEHIMAIBHOE IIPEJI-
CTaBJICHUE.

Xorst Mbl o0Hapykuau B rpyiie G 6eckonedHoe Kojmde-
CTBO OJJHOTIAPAMETPUUECKUX MOATPYIIIL, €€ 3JIEMEHThI, BOOO-
1e TOBOPA, He KOMMYTHDYIOT MexKay coboif. Paccmorpmm
marpuny G(y)G(x)G ' (y)G (), koropas rakxke npu-
nagnexxut rpynne G. Mcnonmb3ys 9KCIOHEeHIIAIBHOE TIPEe-
crasiienue (9.16) u packiabIBasiCh [0 BTOPOIO MOPs/IKA 110
Zj,Y;, HAXOOUM

G(y)G(z)G ()G (@) ~ 1+ 1:7;(QiQ; — Q5 Qi)
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ITockonbKy BOIM3WM €IMHUNBI TJIABHBINA UJI€H PA3JI0KEHUS
Marpuupl rpynibl G Joszken packiiagpBaTbes 10 (), Mbl
HaXOINM

[Qj;Ql} =@k, (9.17)
I HOAPa3yMeBAeTCs CYMMHPOBAHHUE IIO ITOBTOPAIOIIAM-
Ccd I/IH'HeKCaM. Be.HI/ItII/IHbI t]lk} HaA3BIBAOTCA CprKTyprIMI/I
koHcranTamMu. O4YeBUHO, BEJIUUUHBI ¢, AHTUCUMMETPHY-

HbI 110 IEPBOii mape unaekcos. Ksaaparubie ckobku B (9.17)
03HAYAIOT KOMMYTATOD
(G, ] = G — HC.

_ Takum 06pa30M, MBI IPUXOUM K COBOKYITHOCTH MATPHIL
X = xQ, raoe “ckamsgpHOe TpOW3BeaeHNE’ O3HAYAET CyM-
MHPOBaHUE 10 KOMIOHEHTAM T; U KOMIIOHEHTaM Qj. Ha
9TOM JIMHEHHOM MPOCTPAHCTBE 33JaHbI OMEPAINN CJIOXKE-
st X +Y = (x + y)Q ¥ KOMMYTAI[UH MaTPHI], KOTOPbIE
9TO IPOCTPAHCTBO coxpansoT. Kommyrarop marpur, X mu-
HETHO BBIPAYKAETCS 9e€pe3 ITU MATPUIIBI, SIBHOE BHIPAYKEHUE
KOMMYTATOPA OLPEIEsieTcsi CTPYKTYPHBIMU KOHCTAHTAMH,
cmorpw (9.17). Takoro copra KOHCTPYKITHS HA3HIBAETCS aJl-
rebpoii JIn. Boobire roBopst, anredpsl JIn MOXKHO paccMmar-
puBarh camu mo cebe. Hac, ommako, onu OymyT mHTEpECO-
BaTh UMEHHO B CBsI3W C rpymnnaMu JIu.

Jlerko mpoBepuTh, UTO i JIOOBIX TPEX OMEPATOPOB
X , SA/', 7 BbLIOJHAETCH TOXK1eCTBO SIKOOU

([X,Y], 2]+ [V, 2], X] + [[Z, X],Y] = 0. (9.18)

Honcrapasist B roxaecrso SIkobu (9.18) X = Ql,}} =
Qj,Z = Q) u upeodpazy:d KOMMYTaTOPbL LPU HOMOLIU CO-
orHomtenwnit (9.17), HaxonNUM yCIOBHE

tijntnkm, + tjkntnim + tk,intnjm = 07 (919)

HAJIO?KEHHOE HA CTPYKTYPHbIE KOHCTAHTDI.

Paccmorpum rpymy SU(2), pasmMepHOCTh KOTOPOii paBHA
TpeM. B KaduecTBe reHepaTopoB 3TOH TPYTIIBI UCMOIL3YIOT
obbrano marpunpt [laymu, cmorpu pasmen 9.4.1. B coorser-
crBun ¢ Bbipaxkenuem (9.44) Jjisi KOMMYTATOPOB MaTpUILL
Ilaymnm

[ai,aj] = 2i€;j, 0%, (9.20)

CTPYKTYPHBbIE KOHCTaHThI t;; rpynnbl SU(2) npomnopiu-
OHAJIbHBI AOCOIIOTHO AHTHCUMMETPHYHOMY TEH30DY €;jk.
11 9TUX BEJMYUH JIEFKO HEIOCPEICTBEHHO IIPOBEPUTD Bbl-
nojHenue Toxkaects Akobu (9.19), ucnonb3yst COOTHOIIE-
HUE

€ijk€mnk = 5im5jn - 61n5]m (921)

Okcnonennuaabuoe mnpenacrasiaenue (9.16) s Marpwuir
rpymmbst SU(2) umeer Buz

exp(iz;o;) = cosx + iﬂai sinz, (9.22)
x

rae x — abCoTI0OTHOE 3HaYeHne BeKTopa . Mcmonb3ys sapmu-
rosocrb Marpui aysu u npasuio (9.43), serko uposepurhb
YHATAPHOCTH U YHUMOYJIsipHOCTH MaTpuil (9.22). Kak cie-
nyer u3 Bbipazkerus (9.22), BEKTODBI & JiesKaT BHYTpHU cde-
PbI paguyca 7.

Bamaua 9.2.3. Jloxasams coommowenue (9.22).

Bumecro skcnoneHnpanbHOro npejcrasieHus (9.22) da-
CTO MCHONB3YIOT JAPYTYI0 LAPAMETPU3ALUIO B TEPMUHAX
TPEX YTJIOB:

- e’ cos(0/2) e sin(0/2)
= i - ; . 2
v ( —e~"sin(0/2) e~ cos(0/2) (9.23)
9Ty mapaMerpusanmio OOBIMHO HASBIBAIOT CITAHOPHOH (B y3-
KOM CMBICJI€ 9TOrO CJIOBA).

Huddepentupys marpunpt (9.14) mo yriaaMm «, Mbl Ha-
XOZIUM CJIETYOIIAE TEHEPATOPBI TPYTITIBI BPAIIECHMUIT

R 0 0 O

Jo=10 0 —i |,
0 7 O

R 0 0 14

Jo = 0o o0 0 |,
—i 0 0

R 0 —¢ O

J3 = i 0 0], (9.24)
0 0 O

KOTODPBIE 3a CYeT YMHOXKEHHsS Ha % CJeJIaHbl SPMHUTOBBI-
Mu MaTpuriamMu. [IpaMbIM BRITUCTIEHNEM HAXOIWM TTPABUIIA,
KOMMYTaIluu

[ i, Ji] = i€irn I, (9.25)

KOTODBIE SKBHBAJIEHTHBI TPABHJIAM KOMMYTAIMHA MATPHI]
IMaymn (9.20). ITosromy anrebpsr JIn st rpynn SO(3) u
SU(2) uzomopdust, To ecrs rpyunsr SO(3) u SU(2) B6/m-
31 eMHUIHOTO DJIEMEHTa BeAyT ceOsd OAuHAKOBO. B TO ke
BPEMST 3TH TPYTITHI HE W30MOP()HBI.

3amaua 9.2.f1. IIposepumsb, wmo onepamop Yaa06020 Mo-
merma L; = —i€jrnTi0p ydoeﬂemegpﬂem mem oice
npasusam Kommymayut (9.25): [L;, L] = i€inLy,.

Ucxong u3 npasus kommyramuu (9.20,9.25), MOoKHO Obi-
710 GbI O2KH/IATh, YTO IKBUBAICHTHDI 31EMEHTbI exp(id;J;) i
exp(ix;o;/2). dna rpynnst SO(3) 351€MEHThI TPYIIIIBL JTE2KAT
BHYTpH ChEPBI PAIMUYCA, 7, TPAYEM TIPOTUBOIOIOKHBIE TOU-
KU Ha, 9TOH cdepe sxBuBajeHTHB. OIHAKO, KAK CIEIyeT U3
npescrasnenus (9.22) ans |z| = m snementsl exp(iz;o;/2)
u exp(—ix;0;/2) ornuvarorca 3uakom. Takum obpaszowm,
MOzkHO noctpouth romoMmopdusm SU(2) — SO(3). Ho o06-
parHoro romomMopdu3Ma He CyIIECTBYET, TIOCKOIbKY KarK-
abtit saement O umeer gBa mpoobpasa U (ormmaarommecs
suakom). Ilosromy rpynnst SU(2) u SO(3) ne uzomopd-
ubl. Uuorna rosopsr, uro rpynmna SU(2) sBisiercs npsaMbiM
upoussegenuem rpyui SO(3) u Zs, rue Zs — nuKInIecKas
CpYyIIa, COCTOLAIIAA U3 JIBYX dJjieMeHToB: 1 u —1.

B obmem ciaydae, Korma y KaxKaoW TOYKH 0Opas3a mme-
€TCsl HECKOJIbKO IIPO0OPA30B, OTOOPaKEHNE HA3BIBAIOT Ha-
kpbiTHeM. Takum o6pasom, rpynna SU(2) siBasieTcst HAKpHbI-
tueM rpyunsl SO(3), B manuoM ciydae asyaucraoe. [Tpu-
Mep JBYJTMCTHOTO HAKPBITHS M3BECTEH U3 TeOpUH (PYyHKIMI
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KOMILTEKCHO# mepeMeHHoil. PumanoBa moBepxHOCTH (DyHK-
U +/z TIpencTaBisier cobol IBa IKIEMILIAPA KOMILIEKC-
HOM TIJIOCKOCTH , PA3pE3aHHBIX, HATPUMED, BIOJb OTPUIIA-
TEJIbHOU eHCTBUTEILHOI moyocu. Bepxumii Geper paspe-
3a KaXKJO0r0 IK3EMILISIPA CKJIEMBAETCS C HUKHUM Oeperom
paspesa JApyroro sK3eMmiugpa. Ecim morydeHnyo moBepx-
HOCTb IJIAJIKO OTOOPA3UTh HA KOMILIEKCHYIO IJIOCKOCTD, MO~
JIy9UTCs JIBYJIMCTHOE HakpbiTue. Kaxkpiit jucr coorser-
CTBYeT CBOeil BETBM KB3IpaTHOrO KOpHs. [Ipmmepom Oec-
KOHEYHOJIMCTHOTO HAKPBITHS SBJISETCH OTOOPAYKEHUE UUC-
JIOBO# OCH HA OKPYZKHOCTB, IPA KOTOPOM OCh “HAMATHIBALT-
cst’ Ha OKPYKHOCTH. Kazk10if TOUKe OKPY?KHOCTH OTBEYIAET
OECKOHEYTHOE YHCIO IIPOOOPA30B, IMOITOMY JAHHOE OTOOpa-
KeHne — OECKOHEYHOJMCTHOE HAKPBITHE. [IByMEpHBIM MpHU-
MepoM OECKOHETHOJMCTHOTO HAKPBITHUS CJIYKUAT OTOOparKe-
HUE TJI0CKOCTH HA TOP. [1I0CKOCTD enTCa Ha OJNHAKOBBIE
MPSAMOYTOJIbHBIE KJIETKHU, IPOTHBOJIEXKAIHE CTOPOHBI KaXK-
JIOTO MIPSMOYTOJIbHUKA CKJIenBaroTcst. Kaxkoit Touke Topa
COOTBETCTBYET CUYETHOE MHOYKECTBO JUCKPETHBIX MPOoOpa-
30B HA TIJIOCKOCTH

Omneparopom Kazmmupa Ha3bIBaeTCs KBaApATHIHAS IO
rereparopaM ¢Gpopma, KOTopas KOMMYTHPYET CO BCEMH Te-
meparopamu. JluHeitHbiM npeoOpa3oBaHWEM T'€HEPATOPOB
QZ— 3Ty POPMY BCErIA MOKHO IIPUBECTH K BHIY Q? B stom

ciyaae yenosue [Q;, Q?} = ( o3HadYaeT, 9TO CTPYKTYPHBIE
KOHCTAHTHI 11, AHTHCAMMETPHUYIHBI HE TOJHKO IO TEPBOM
nape WHIEKCOB, HO W MO mocaemnnei. Ipyruvmm cioBamw,
B 9TOM CJIY4ae t;gy, ABASAETCS aOCOMOTHO AHTHCHMMETPUY-
HBIM TeH30poM. Ij1g anredpbl pa3MePHOCTH TPHU aOCOTIOTHO
AHTUCUMMETPUYHBIH TEH30p 00513aH ObITH IPOIOPIUOHAb-
HBIM €;;5. JLIst Tpynm 6ojiee BBICOKOiT Pa3MEPHOCTH CTPYK-
TYPHBIE KOHCTAHTHI Lk, He (PUKCHPOBAHBI CTOJb YKECTKO.
IIpusenem B kKauecrse npumMepa reseparops rpynb: SU(3):

01 0 0 —i 0
=100, Q=i 0 0], (926
000 0 0 0
1 0 0 00 1
Qs=| 0 =1 0 ), Q=110 0 0 ],
0 0 0 100
00 —i 000
Qs=|(00 0 |, Q=0 0 1|,
i 0 0 010
00 0 L (10 0
Qr=10 0 —i |, Qs=—| 0 1 0 |(9.27)
0 i 0 V3lo o —2

IJle [eHePATOPbI ABJIAIOTCA SPMUTOBbIMU Marpuiamu. OHu
Ha3biBaioTcsd marpunamu lemn-Manna. Ins atux renepa-
TOPOB CTPYKTYPHBbIE KOHCTAHTHI A0COJIIOTHO AHTHCHMMET-
PUTHBL.

3agaua 9.2.5. IIposepumv, wmo das mampuy (9.26)
CMPYKMYPHOLE KOHCAHMbL  GOCOMOMHO  GHIMUCUM-
MEMPUUHDL.

3amadga 9.2.6. Yemy pasen onepamop Kasumupa Q? oA
mampuy, (9.26)7

OkcnoHeHnuanbHOe npeacrasienue (9.16) mokasbiBaer,
410 3jeMentbl rpyuibl Jlu G moryr GbiTb CBeleHbI K ee
reeparopam. [103TOMyY ¥ TpaBUJIA TIEPEMHOKEHUS 3IEMEH-
T0B rpyninbl JIu G MOTyT ObITH BHIPAYKEHBI U€PE3 CBOHCTBA,
reneparopoB. OHU BOCCTAHABJIMBAIOTCH U3 KOMMYTAI[MOH-
HBIX COOTHOILIeHUH anre6pbt JIu 3roit rpymmne (9.17). Takuwm
06pa30M, Mbl IPUXOIUM K 33,1a4€ IIOCTPOCHHS MATPHIbL 2,
YJOBJIETBOPAIOIIEH COOTHOLICHUIO

exp(X) exp(Y) = exp(Z). (9.28)

Bnecy marpunpt X,Y, 7 3anuChIBAIOTCH, KAK JHHEHAHDIC
KomGuHamm X = ijj, Y = ijj, 7 = szj reHepaTopoB
(Q; HexoToOpo# anrebpwr JIn ¢ mepecTaHOBOYHBIMU COOTHO-
menusivu (9.17). Xors pererre 9Toil 331241 B IPUHIIATIE
CyTIEeCTBYeT, CMOTpH pa3zaen 9.4.2, ero mpuMeHeHne K KOH-
KPETHBIM 33/1a9aM MOKET BbI3bIBATH DOJIBIITNE TEXHUIECKHUE
TPYAHOCTH.

Bagaua 9.2.7. Hatimu u3 coommowenusn (9.28) z; 60
6MOPOM TIOPAJKE TO Tj, Y;-

3agaua 9.2.8. Yemanosums, K uemy npuodum coOOmHo-
wenue (9.28) daa epynno SU(2).

9.3 IlpencraBienus rpynn Jln

B mpegpiaymmem paszienie Mbl PACCMATPUBAIA MATPUYHBIE
npejcTaBiIeHust TPyl JIu, KOTOpbIe SABIAIOTCS MUHUMAIb-
HBIMHU WJIM, KaK elle ropopsar, pyHJaMeHTalbHbiMu. B 10
ke BpeMmsa rpynnbl Jlu (amrebpsr JIu) momyckaior ropas-
710 OoJtee TUPOKHUiT KJIACC TPEICTABIECHUN, KOTOPbIE MOTYT
UMEThb CKOJb YroJHO GObInoi mopsamok. Bomee toro, ga-
JKe HelpuBouMble rpeacrapienus rpymni Jlu (anre6p Jlu)
MOLYT UMETh CKOJIb yT'OIHO OOJIBINOMH mopsaa0K. IIpogemon-
CTPUPYEM CKA3aHHOE Ha TIPUMEPE TPYIIBI BPAIIEHH Tpex-
MEPHOTO MPOCTPAHCTBA, ajaredpa reHepaTopoB KOTOPOi 3a-
Jaerca npasusioM Kommyraiuu (9.25). Bysem paccmarpu-
BATb MATPHYHDBIE NPEJICTABICHAS [EHEPATOPOB J; IPOU3-
BOJIBHOI'O TIOPSIJIKA.

ITocTpoum omeparopst Jir = Ji +iJy. Kak caencrsue
coorHorenuit (9.25), HaxoauM

[Js, Jo] = Jy, [Js,J ] = —J_. (9.29)

Onepatop J? KOMMyTHDYET ¢ J3, IOITOMY MOKHO BbIOPATH
0a3uc MmpejCcTaBIeHus W3 OOIMUX COOCTBEHHBLIX BEKTOPOB
9THUX OMEPATOPOB C COOCTBEHHBIMHU umcjiamu A u m. O060-
3HAYNM 3TH COOCTBEHHBIE BEKTODPBI CHMBOJIOM |Am), rae A
um:

J2Am) = AAm),  Js|Am) = m|Am). (9.30)
Torma Mbl HAXOIMM € MOMOIIBIO cooTHOMmeHus (9.29), 4ro

JaJ|xm) = (m +1)[xm),
JsJ_|Am) = (m — 1)|Am).
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TakuM 06pa3oM, AefcrBre oneparopos J4 u J_ Ha |Am)
JIaeT BEKTOP, KOTOPBI mMeer COOCTBEHHOe 3HadYeHue Js,
CIBUHYTLIN Ha €JUHHIYy [0 cpaBHeHmIO ¢ [Am). ITosromy
CCTECTBEHHO HA3BIBATE OTEPATOP J4 TOBBIMAIOIAM, 3 OIe-
parop J_ nommxaiouyy. JlanbHeiinee IpuMeHeHne TOBbI-
HIAFOIIErO WM TMOHUZKAOMErO OIEPATOPa MO3BOJISET CABH-
HYTh M Ha IPOU3BOJIBHOE IIEJI0E TUCIIO.

B mamem cayqae J2 — SPMUTOBCKHH HEOTPHIIATENb-
HO ONPEJIENIEHHBI OIEpPaToOp, IIO3TOMY A — BeIeCTBEH-
HOE 110J102KUTesbHOe ducio. Jasee, npoussenenus JyJ_ u
J_J, Tax:Ke SPMATOBBI M HEOTDPUIATEIHHO ONpEIEIIEHBI,
TOCKOJIBKY J4 M J_ SPMHTOBO CONpSZKEHbI ApyT apyry. C
JPYTO# CTOPOHBL

J o =J*—J2—Js, JyJ=J*—Ji+Js,
OTKY/Ia

J_Jedm) = (A —m? —m)|Am),
JoJ_|xm) = (A —m? + m)|Am). (9.31)

IMostomy uncia A — m? & m He MOTYT CTaThb OTPHIIATENDb-
wbiMu. OTcroga ciemayer, 4To ecTh KpaiiHue BEKTOPbI, OJMH
U3 KOTOPBIX |AMypi,) OOpAIAeTCS B HYJb MOBBITNIAIONINM
OTepaTopoM, a APYTOi [AMynqy) — TOHMIKAIONINM:

j+\)\mmm> =0, j,|)\mmm> =0.

U3 coornomenus 9.31) naxonum

maz — Mmaz = 0=X— mgmn + Mymin-
Pemtenne 310t crucreMbl MOXKHO 3aITUCATD B BUAE Mypaz = J,
Mpmin = —J, A = j(§ + 1). Ilockonbky pasHuua mpq, —
Munin = 2J JOTKHA OBITH METBIM YUCIIOM, CAMO j SBIISIETCS
IEJIBIM UJTH TIOJIYIEJIBIM YHUCIOM.

Takum 06pa3oM, MBI MTPUXOAUM K BBIBOLY, YTO WMEIOT-
Cs1 KOHEYHBIE TPeJICTaBIeHus aaredpsr Jlu, KoTopas 3a1a-
eTcd KOMMYTaIMOHHBIM coorHorenueM (9.25). Kaxoe u3
9TUX MPEJCTABICHUNH XapaKTePU3yeTcs MeTbIM WIH Oy~
LesIbIM uucaoM j, J2 = j(7 + 1). Basucom upexcrasie-
HUs ABAATCA 2j + 1 BeKTOpOB |Am), m = —j,..., ], TO
€CTh PA3MEPHOCTH TpeIcTaBienust pasHa 2j+ 1. B atom 6a-
3mce J; AMArOHAJICH (ero cobCTBEHHOE YMCJIO PABHO M), &
Jy+ memmaronanbubl. HajiieHHOE IpeICTABICHEE SBISETCS
HEIPUBOAMMbBIM, MOCKOJIBKY MPUBEJIEHHAS MPOIEYpa M03-
BOJIsI€T JII0060€ KOHEYHOMEPHOE MPEJICTABICHIE IIPUBECTH K
HaliJCHHOMY BU/LY.

Y0661 pa3odbpaTbCs ¢ BOIIPOCOM, BCE JIM 3HAYEHUS j JI0-
MYCTUMBI, MbI BOCCTAHOBUM C TIOMOIIHIO 9KCTIOHEHIMAIBHON
dbopmysst anement rpyrnbsl SO(3), KOTOPHIH ABIAETCS Bpa-
mennem BOKpyr ocu 3 ma yroa 0: exp(ifJs) = exp(imb).
IIpu menbix m momyvaercs mepuogmdeckass mo 6 ¢ mepu-
onoM 27 QYHKIHSA, KaK W JOMKHO ObiTh. Ilpm momyte-
JIBIX M LEPUOJl YABAUBAETCs, [MOCKOJbKY B TOM CJIydae
exp(2mm) = —1. Orcroga caeyer, 9T0 HAGOP MATPHIL YeT-
HOTO TIOPSIJIKA, OTBEYAIOIIMX TMOJIYIEIbIM j, He SBJISeTCs
npezcrasinenunem rpynnbl SO(3). dpyras dbopmynuposka

TOro ke (hakTa: HEIPUBOAMMbBIE YHUTAPHBIE MPEJICTABIIE-
uus rpyuibt SO(3) Becerga uMeT HedeTHy 0 Pa3MEPHOCTD.

Yro Kacaercs MOMYIEIbIX j, OHU COOTBETCTBYIOT HETIPHU-
BOAMMBIM MpescTaBieHusiM yHurapHoii rpynmst SU(2). B
KBAHTOBOI MEXaHWKe 9THU MPEICTABICHUS] OMUCHIBAIOT Ya-
CTHUIy C MOJYIEJbIM CIWHOM W HA3bIBAIOTCS CIIMHOPHBI-
mu. Benomuum npo romomopdusm SU(2) — SO(3), xoro-
pbIil OKa3ascs JBYJIMCTHBIM HAaKpbiTHEeM. JIpyrumu cjioBa-
mu, ssemenTy rpynnbl SO(3) cooTBeTCTBYIOT JBa MPOOOpa-
3a rpynnbl SU(2) ¢ pa3iuvHbIMU 3HAKAMHU. DTO U JOMyCKa-
eT W3MEHEHUe 3HAKa MPHU BparieHuu Ha yroma 27. Ormerum
TIPH 9TOM, 9TO JTI00ast pu3mdIecKass HabI01aeMast BeTUINHA,
HE MEHSIeTCs [IPU BPAIEHUU HA yTOJI 27T, OCKOJIbKY BCE Ta-
KUe BEJIUUMHDI SABJISIOTCS YETHBIMU TT0 CITUHOPHOMY TIPeJI-
CTaBJIEHUIO.

[Ipencrasmenue ¢ j = 0 COOTBETCTBYET OTHOMEDPHOMY Oa-
3HCY, KOTOPBII SIBJIETCs CKAJIAPOM (HJIU IICEBIOCKAJISAPOM,
ecJau OH MeHsier 3HaK upu uusepcuu). [Ipescrasiedue c
j = 1/2 maercs marpuiiavu Ilaynam o;/2, npudeMm TOBbI-
IO 1 MOHMUZKAIOIINN ONIepaTOPhI PABHBI

1 . 0 1 1 . 0 0
2(Ul+202)_<0 O>? 2(01_102)_(1 0>

IIpencrasaenune ¢ j = 1 coorBercrByer marpuiiam (9.24),
IpeodPa3oBAHHOMY K 0A3uCy, Iae

1 0 O
J—100 0 |. (9.32)
0 0 -1
Takoe mIpeacTaBJeHHe HA3BIBAIOT BEKTOPHBIM, IMOCKOJILKY
9KBUBAJICHTHO MPEJICTABIEHUIO, KOTOPOE MOPOXKIACTCS BPa-
menusymu BekTopa A;: A; — O Ag.

amaua 9.3.1. Hailimu 6exmopb,, KOmMOpble AGAAOMCA
cobcmeerHbMU 044 onepamopa Js.

3agaua 9.3.2. Halimu 6 0a3uce, cOOMBEMCMEYOUEM
(9.32), nosviwawul U NOHUNACAOWUT ONEPATIOPDL.
IIposepums ewnoanenue coommouwenud (9.29).

B nanbreitniem BMecto 0603Hadenus |[Am) Mbl Oyaem uc-
[OJIb30BaTh ObIenpuHsaToe obos3uadenue |jm). CoorHore-
mus (9.31) ¢ yaerom J! = J, mossonsior maiita ¢ Touno-
CTbHIO 110 (ha3bl MATPUUHDIE IJIEMEHTHI j+ u J_. lloacranss
A =j(j+1), naxognm

|G = D)1= ljm)| = VGG + 1) = m(m = 1),

|G+ V)14 ljm)| = V3G + 1) = m(m+ 1.

PaCKJIa,,I[bIBaH Ha MHOZKUTEJIN, TTIOJIy9aeM BbIpazKeHUe

|G(m = D1-|jm)| = VG +m)G —m+ 1),

[Gm + DI ljm)| = /G =m)(+m+ 1),

OOBIYHO TIPUBOAMMOE B CIIPABOYHUKAX.
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ITockombKy yrimoBOit MOMEHT L = —ir x V noguunser-
csl TOMY 2Ke npaBuily Kommyramuu (9.25), upencraBienus
L voryT GbITh KIacCHbUIMPOBAHBIL, KAK M BBIIIE, B PAM-
Kax 4ucjaa [, KOTOpOe Ompejesser COOCTBEHHOE 3HAYEHUE
L? = (1 4+ 1). Pasymeercs, 3nadenus | sBISIOTCS TE/BIME.
Basucom mpecraBierus ¢ COOCTBEHHBIMA TUCTAMU [, M, SIB-
JIIOTCs U3BECTHDIE YIJIOBbIe DYHKIMU Yy, (0, ©):

Ormerum, uro (B Tpex udmepenusix) Jlamiacuan HeKOTOPOIt
byukuun f MOxKeT ObITh 3aIMCAH B BUIE

1 1.
v2f = ﬁar(r26rf) - 7’72L2f7

re r — paauyc. VIMeHHO 3TO mpe/icTaBIeHne MO3BOJISAET CBe-
cru ypasHenne IlIpénunrepa B IEeHTPAJIBHOM I0JIE K 3a/a-
9e ¢ OHOI MepeMEeHHON r U MEeHTPOOEKHBIM MOTEHITHAIOM
ocl(l+1)/r%

Bazucamu npesgcrasienuii [, m MOTYT CIIy:KUTb HEIPH-
BOIHUMbIE TEH30PbI, KOTOPbIE ABJISIOTCSI 0000IIeHreM IOHS-
TS BeKTOpP. IIpuMepaMu TeH30pa BTOPOrO PAHra sIBJISEeT-
Csl KBQIPYTIOJIBHBIT MOMEHT WJIM TE€H30P mHepmuu. TeH30p
BTOPOT'O MOXKET OBITh TPEICTABJIEH, KAK OOBEKT C IByMs
ungekcamu: A;. Ilpu BpaleHusx IpocTpaHcTBa OH IIpeod-
pasyercs, Kak

At = 04iOpmAjm.

MokHO CKa3aTbh, 9TO TEH30D MOPOXKIAeT IPeICTaBIeHNe
PYIIBI BPAIEHUH, KOTOPOE SBISIETCs MPSIMbIM TTPOM3BE-
JIEHUEeM BEKTOPHBIX mpejcraBiennii. Ho Takoe mpemcras-
JIEHUE SIBJISETCS IPUBOAUMbBIM. TODBI MIOPOXKIaEMOe TEeH-
30pOM TPEICTABJIEHNE OBIIO HEMPUBOAWMBIM, OH JIOJIYKEH
00/1a1aTh ABYMsI CBOHCTBaMu: OBITH CHMMETPUIHBIM U Oec-
CIe/I0BbIM. B 3TOM Ciiydae TEH30p MMeeT MATh HE3aBUCHU-
MBIX KOMIIOHEHT ¥ MOPOXKIAEMOE MM MPeJICTABIEHNE IKBU-
BAJIEHTHO TIPEICTABIECHUIO C | = 2.

3amava 9.3.3. Halmu, kaxue KOMOUHGUUU KOMTLOHEHIT
HENPUBOJUMO20 MEH3OPA 6MOPO20 PAH2A ABALNOMCA
COOCMBEHHBIMU PYHEUUAMU 2€HEPAOPE 8PAUEHUT Js
¢ cobecmeennvmu wucasamu m = —2,—1,0,1,2.

IIpencraBmennass KOHCTPYKIUS JOITyCKaeT 0000IeHne Ha
TEH30p MPOU3BOJILHOTO PAHIa [, TAKOW TE€H30p mMeeT | uH-
JIEKCOB A;jp... M TpeobpasyeTrcs 1Mo MPSMOMY TTPOM3BETEHNIO
IPYIIBI BpalleHuii:

Aikp... — OijOksOpn .o Ajsn...'

Henpusommmerit TeH30p Ajjp... JOMKEH OBITH CHMMETDPHY-
HBIM TI0 BCEM IapaM HHIEKCOB W ObITH OECCIeIOBBIM, TO
€CTh CBEPTKA II0 JTI00O0H Mape WHIEKCOB MOIKHA OBITH paB-
Ha Hy/10. YKuC/I0 HE3aBUCUMbBIX KOMIIOHEHT HEIIPUBOIUMOLIO
TeH30pa panra | paBHO 2] + 1, 9T0 KaxK pa3 paBHO pa3Mmep-
HOCTH TPEICTABIEHUS ¢ OpouTaabHbiM uncaoMm [. [Tosromy
TaKOM TEH30p SABJIACTCA OA3MCOM TPEICTABICHHUS C OpOH-
TATBHBIM IHCIOM .

3amaua 9.3.4. Jlokazambv, 4mo 4ucs0 He3GBUCUMDLEL KOM-
NOHEHM, CUMMEMPUHO20 DECCALI08020 MEHIOPA PAH2a
[ pasno 21 + 1.

MpbI ycTaHOBUITH HA JIBYX PA3HBIX S3bIKAX HADOP HEMPH-
BoguMbIx npejcrasienuii rpynisl SO(3). Kaxuoe u3 nux
XapaKTePU3yIOTCsA CBOUM LejbiM ducsaom [. JIroboe npuso-
nMoe mipezcrapienne rpynbl SO(3) MOKHO pa3jIokuTh B
MPSAMYIO CyMMY HEIPWBOAUMBIX MIPEACTABICHUI. JTO O3HA~
gaer, 9T0 MATpuna [) HEIPHBOZUMMOrO IIPEICTABICHAS B
pesysbraTe yHUTApHOrO npeobpasosanua D — UTDU (U
— yHHUTApHAs MaTPULA) MOXKeT ObITh CBeJeHa K 0JIOYHO-
JTUArOHAILHON (bopMe, KasKablii M3 OJIOKOB KOTOPOWH Mpe-
obpa3yercsi Mo CBOEMY HEMPUBOAMMOMY IPEICTABJICHIIO.
OueBnHO, B TAHHOM MPUBOIUMOM IIPEICTABIEHUN MOXKET
COZIEPIKATHCS TIEJT0e 9HUCI0 OJOKOB, MPeodPa3yIOIIUXCs 0
HEIPUBOAUMOMY [PEJICTABICHUIO C TUCIOM .

Paszynoxkenne TpUBOAUMOTO TPEICTABJIEHWS TPYIIIBI B
MpPSAMYI0 CYMMY HEMPUBOIWMBIX TPEJICTABICHUN SBJISETCS
CTaHJAPTHON 3ajadeil Teopwm rpynmn. Kak n ajs KoHEU-
HBIX TPYIII, PA3JI0KEHUE HA HEMPUBOJIUMBbIE [TPE/ICTABICHUS
MOKHO OCYIIECTBUTH [IPHU MOMOIIH Xapakrepos. [Ipogemon-
crpupyem cKasanHoe Ha npumepe rpynmbl SO(3).

Haiimem xapakTepbl HETPUBOAUMBIX IPEICTABICHUN
rpymmst SO(3). Mycrs DO — marpuna npeacrasienus
rpyunst SO(3) panra [. Paccmorpum BpailieHue BOKPYT Tpe-
Thell OCH Ha YroJl (v W BBIYUCIUM ero xapakrep. IIporre
BCEro 3To caenarh B 6asuce |lm), rae marpuna DO uaro-
HaJIbHA:

etler 0 . 0
. 0 elt=ba 0
DW(a) =
0 0 ... e i

Boruuciigem XapakTep 3TOro IpeIcTaB/IeHns, KOTOPBIHA CBO-
JIUTCsL K CyMMe 9KCIIOHEHT (reOMeTPUYEecKOli POrpeccuu)

l

X(l)(a) — Z eika —

k=—1

sin[(l +1/2)«
sinf(l + 1/2)a} (9.33)
sin(a/2)
[Tockoapky XapakTep He 3aBHCHT OT BbIOOpa 0a3uca, BbI-
paxenue (9.33) cupaBeiMBO Jjisi TPOU3BOJILHOIO HEIPHU-
BOJIUMOT'O IIPEICTABICHUS.

Bagaua 9.3.5. Y6edumoca, wmo ewpasicenue (9.33) da-
em wapaxmep npedcmasienu, Komopoe noposiciaenm-
CA BPAUEHUEM GEXKMOPA.

CooTHoIITEHNE OPTOrOHAJIBLHOCTH XAPAKTEPOB B HEIpE-
PBIBHO# I'DYyIIIIe B Ka4eCTBE yCPEIHEHUA BMECTO CYyMMUPO-
BaHUA I10 3JIeMEHTaM I'DYIIbI COAEPKUT UHTEIPUPOBAHUE:

27
do
(Ox) = [ 52 = cosal D (@ P(@) = b
0
(9.34)

3agaua 9.3.6. IIposepumsd 6bINOAHEHUE COOTMHOWEHUS

(9.34).
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3 OpTOroHaIbHOCTH XapaKTEpOB MOMKHO BBIBECTH Pa3-
JloXKeHue 1puBoaumoro upencrasienus rpynust SO(3). A
MMEHHO, eCJIN M3BECTEH XapaKkTep MpeicTaBienus x(a), To
KOJIMYECTBO CONEPIKAIMAXCA B HEM HENPUBOIMMBIX TIPE-
craBjieHuil paHra | paBHO

2 dov

Ki= () = [ 520 - cosa) (@ (a). (939)
0 ™

B cuny peiicteurensrocti YV (a) u memoro smavenns K|

3HAK KOMIIJIEKCHOTO CONpsizkeHnst B (9.35) MOKHO OIYCTHTh.

3agaua 9.3.7. Kaxue nenpueodumbie npedcmasierus co-
depotrcamcesa 6 mpedcmasaenuu, 6a3ucom Komopozo A6-
AAEMCA NPOU3BOALHBLT TMEH30P 6MOPo20 panza A ?

Paccmorpum teneps npsmoe mpou3Be/ieHue JIBYyX HelpH-
BoamMBIX Tipescraiennii rpynmst SO(3). OHo He sBisteTcst
HETPUBOAMMBIM ¥ MOYKET OBITH PA3JIOKEHO B MPIMYIO CYyM-
My HenpuBoauMbix npencrapienuit rpynnsl SO(3). Takoe
pazoxkeHne Ha3bIBaeTcsa pasnoxkenuem Kiebdmma-Iopmama.
Haitinem npezcrassienusi, KOTOpPbIe COAEPAKATCH B IIPAMOM
TTPOW3BEIEHNN TTPE/ICTABIEHU D®) g D). XapaxkTep mps-
MOTO TIPOM3BEIEHUST MATPUIL PABEH MMPOW3BEIECHUIO XapaK-
TepoB 3TuX MaTpull,. IlosToMy xapakTep IpsiMOro IIpon3Be-
JIeHUsT PABEH

sin[(k 4+ 1/2)a]sin[(n 4+ 1/2)q] '

x(a) = i (a)2) (9.36)

IMoncrasnsas sro 3uadenue B (9.35), HaxoauM

2
K= /0 dekaH/?)a] sin[(n+1/2)alx®(a). (9.37)

Ananu3upys 9TH HMHTErpasibl, MOXKHO MMOKA3aTh, YTO OHHU
ormmanbt ot Hyns npu |k —n| < 1 < k+ m, npu saTom Bee
K; = 1. Takum 06pa3om, BCe HEMPUBOIUMBIE TTPEICTABIIE-
HUsT BXOAAT TI0 OTHOMY DPa3y-

Bagaga 9.3.8. Iloxasamo, wmo unmezpasv, (9.37) pasro
edunuye npu |k —n| <1 < k4 m u wyaro ene 3mozo
UHMEPBANG.

ITpusenennpiii ananu3s rpyuist SO(3) moxer 6birh B 3Ha-
YUTENBHONW Mepe 0000IneH u Ha apyrue rpymmb JIn. Pac-
cvorpum rpynmny SU(2), dyHIameHTampbHOE MpencTaBie-
HUE KOTOPOi (TO €CTh NpeJCTaB/eHue ¢ HauMeHbInel pas-
MEPHOCTBIO) HpeJCTaBisgercs MarputamMu 2 X 2. Bo3mox-
HA Pa3/IM9Has TAPAMETPU3AIH ITOrO (DYHIAMEHTATBHOIO
OPECTABICHNS, HAIPUMED SKCIOHEHIaIbHoe (9.22) uin
criimropnoe (9.23). Henpusogumbie npecTaBIeHus Iy bl
SU(2) xiaccuduiupyoTes Mo YuCiIy j, KOTOpPOe Jaer cob-
crBenHoe 3Hadenue j(j + 1) oneparopa Kasumupa ua nan-
HOM nipezcraBierun. [Ipu Henbx j mpeacTaBieHus IPY bl
uzomopdubl npeacrasnenusM rpymasl SO(3), a npu mosy-
IeJIOM j TIPEJICTaBJIEHUsT XapaKTepHbl 1jisi rpymbt SU(2).

Jus wenpuBomuMbIx mpencrasiaenuii rpynnst SU(2) ¢
YUCTOM j MOXKHO MOJYYUTh XapaKTepbl MPEICTABICHUM,

MOJTY YAOIHECS IS TIEMEHTOB, KOTOPBIE MOy Ya0TCs TPHU
BPAILIEHUU HA yrOJI & BOKPYT Tperbeii ocu. Onu nmeror Ta-
Koit ke Bz (9.33),

WO(a)= 3 et = Sw (9.38)
[

HO Telepb yIJIOBOE YUCJIO j MOXKET ObITh MOYIIEeJIbIM.

Bagaua 9.3.9. ITposepums evinosnenue (9.38) dasn Pyn-
dAMERMANLHOZ0 TPEICMABAEHUA, 3G0GHHO20 IKCTO-
nenyuarvrol (9.22) uau cnunoprot (9.23) napamems-
pusayuet.

Vmeer MeCTO CBOHCTBO OPTOTOHANTBHOCTH, AHAJIOTHIHOE
(9.34), HO TOJBKO UHTEIPUPOBAHUE TElEPb HAJI0 BECTH [0
4

4m
da
<X(l)X(k)> = / E(l — cos a)x(l)(a)x(k)(a) = 1.
0
(9.39)

3amaua 9.3.10. Ilposepumsd 6biNOAHEHUE COOMHOULEHUS,
(9.39).

Kak u pg rpynnst SO(3), npousBosibHOE HpeicTaBie-
uue rpyuibt SU(2) MOXKHO pPa3jioKuTh HA LUPAMYIO CyM-
My HETPUBOINMBIX TIPEACTABICHWHA. UTOORI MOHATH, Ka-
KHe HeTIPUBOIMMBIE ITPEICTABICHAS COMEPIKATCA B TAHHOM,
MOXKHO HCHOJIb30BaTh ycjoBue oproroHasibHocTu (9.39),
KOTOPOE JaeT JJIsi 9MC/Ia HENPHBOJUMBIX IIPECTABICHUIH
C YIJIOBbIM YHUCJIOM j:

A7 do

K= ) = [0 cosap @), (0.40)

anasiornanoe (9.35). OHO NPUBOAMUT K TOMY K€ MPABUILY
ans paznoxkennsa Kiebma-T'opaana mpsmMoro mpon3seeHnst
[PEeACTaBICHUN C YIJIOBBIMH YHCJIAMUA k U 1. DTO IPIMOE
MTPOM3BEEHNE COAEPKUT 110 OJHOMY HEPUBOIUMOMY TIPEI-
crapiennio ¢ nciaamu |k —n| < j < k4 n.

B wacrtmocTH, mpsiMoe mpomsBeqeHne ABYX (PyHIAMEH-
TanbHbIX npeicrapienunii rpynnst SU(2) conepxur B cebe
o410 upezcrasienue ¢ j = 0 (ckassipHoe npejcraBjieHue) u
OJIHO mpezcTaBenue ¢ j = 1 (BeKTOpHOe MpPEeCTABJICHNE).
OTa cUTyalus MOXKET ObITh BBIDAYKEHA, HA, sI3bIKE KBATEP-
HHUOHOB, cMOTpu paszaen 9.4.1.

Heckousbko csios o rpynne SU(3). Ee dynnamenranbhoe
[IpeCTaBJIeHue OIpeesIAeTcsd MaTpUIaMu 3 X 3, CMOTDH
(9.27). Takum obpaszom, Gasuc HyHIAMEHTATHLHOTO TPE-
CTaBJIEHNS TpeXMepeH. B KBaHTOBOI XPOMOIMHAMUKE ITOT
0a3uc cCOOTBETCTBYeT KBapkaM. B obiem cirydae HEmpuBO-
JUMBIH Ga3uc 3a/aeTcs ABYyMs YUCTAMEA P, ¢, KOTOPBIM CO-
OTBETCTBYET YHUCJIO KOBAPUAHTHBIX M KOHTPABAPUAHTHBIX
MHJIEKCOB 0a3uca MpeICTaBIeHNs, IPOOEralonuX 3HATCHUS
or 1 mo 3. Basuc momkeH OBITH CHUMMETPHYEH IO BCEM
KOBAPUAHTHBIM HHIEKCAM U BCEM KOHTPABAPUAHTHBIM WH-
JIeKCaM, a TaK¥Ke UMeTh HyJIeBou ciein. B gacraocru, mis
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p,q = 1,1 mbl Haxomum 3 -3 — 1 (—1 u3-3a Hysesoro cie-
/1), TO eCTb BOCEMb, HE3aBUCHMBbIX KOMIIOHEHT. B KkBanTO-
BOIT XpOMOAMHAMUKE 3TOT 6A3WMC COOTBETCTBYET TJIIOOHAM.
B obmmem ciaydae 6a3uc HEMPUBOIUMOTO MPEICTABICHUS C
gucnamu p, ¢ umeet (p+1)(g+1)(p+q+2)/2 He3aBUCHMBIX
KOMITOHEHT.

9.4 CopaBodYHbBIE MATEPUAJIBbI K TJIa-
BE

9.4.1 Marpuus! [Taynnu

Marpunavu I[laynu o;, ¢ = 1,2, 3, Ha3bIBAIOT MATPHUILHI 2 X 2

01((; (1)>02<? _Oi>03<(1) _01)(9.41)

Marpurtist Iaymn asastorcsa Geccae oBbIMA U SPMATOBBIMH.
JIst HUX CHPABEIUBBLI COOTHOIICHUS 057 = 03 = 03 =

(KB&ﬂpaTbI MaTPHI] Haym/l PaBHBI e,HI/IHI/I‘IHOI'/’I ManI/ILLe) u
0109 = ’iO’3, 0203 = ’iUl, 0301 = iUQ. (942)

HpI/IBe,ZLeHHbIe COOTHOIIEHUA MOZKHO II€pennucaTb B KOM-
IIaKTHOM BHJIE
0,05 = 51‘3' + Z.Q'jk(fk, (943)

[JIe [0 MOBTOPSIIOMIAMCS HHIEKCAM MOPA3yMeBAeTCs CyM-
mMupoBaHue. 3jech 0;; — cuMBosl Kponekepa, KOMIOHEHTbL
KOTOpPOI'O paBHbI 1, €Cjiu ¢ = j, U HOJIb B OCTAJIbHBIX I10-
3UINSAX, 3 €5, — ADCOJIOTHO AHTUCUMMETPUUHBIH TEH30D,
KOMTIOHEHTBHI KOTOPOT'O MEHSTIOT CBOIf 3HAK MTPY TIEPECTAHOB-
Ke JT000H mapbl MHAEKCOB. V3 ompemenenus: Cleayer, 9To
OTJIMYHBI OT HYJIsS TOJHKO T€ KOMIIOHEHTBI, § KOTOPBIX BCE
TPU MHJIEKCA Padiu4ibl. TeH30p €5, HOPMUPOBAH YC/IOBU-

€M €123 = 1.
N3 Beipaskennst (9.43) ciemyer COOTHOINEHHME ISt KOM-

MyTaTOPOB
[Ji,Jj] = 2i€ijk0k- (944)

Takum obpazom, marpuisl [layaun peasusyror mnpemcras-
JIEHHE TEeHePATOPOB HEKOTOPOU T'PYIIbI, B JAHHOM CJIydae
rpyutibt SU(2). FIMeHHO 109TOMYy OHM SBJISIOTCH IPMUTO-
BBIMU U OECCJIETOBBIMH.

Marpurtst [Taynn BMecTe ¢ e TMHUTHON MATPUIIEH COCTaB-
JISIOT TOJTHBIH HAOOD, IO KOTOPOMY MOYKHO PA3JIOXKUTH TTPO-
M3BOJIBHYIO MaTpuity 2 X 2: a = ag + a;0;. Ecin marpu-
1a @ sSBJISETCS SPMHUTOBO, TO Bce KO (PUIMEHTH ag, d;
ABJAIOTCs eficrBuresibabiMu. OJHOZHAYHOE COOTBETCTBHE
MaTPHUIIBI @ ¥ YETHIPEX UUCET (), d; TTO3BOJISIET BBECTH HA
MIPOCTPAHCTBE ag, @; TPOU3BEJIEHNE. A IMEHHO, PACCMOTPUM
pOM3BeIeHNe MATPHUIL a = ag-+a;0; u b = bg+b;0;. B coor-
BercTBHuH C (9.43) 9TO IPOU3BEIEHNE 3AINUCHIBACTCS B BUJIE

ab = (aobo + aibi) + (boa]€ + agby, + ieijkaibj)ok. (9.45)

Kosdpdurmenrs: npu eaunanganoi marpuie u marpumnam Ila-
yau B (9.45) MOXKHO pacCMaTPUBATH, KAK KOMITOHEHTBI TIPO-
usBenenus (ag,a;) u (by,b;). Takag anrebpa Ha3bBIBAETCH
KBATEPHUOHHOA.

9.4.2 Popmyaa Beiikepa-Ksmmnbesia-

Xaycaopda

®opmyna Beiikepa-Kavmnbenna-Xaycaopda maer mpuHIim-
MUaIbHBIA OTBET HA BOMPOC O TOM, KaK TOCTPOUTH KO3 du-
[IMEHTHI IKCIOHEHIINAJIHHOTO PA3JIOKEHUS IJIEMEHTa TPYII-
bl JIu, KOTOpBIl AB/ISIETCH MPOU3BEACHUEM IBYX JIPYTUX
3J1IeMEHTOB Ipynmbt JIu, mo ko3ddunrenram ux IKCIOHEH-
MUAJIbHBIX pasyiokennii. Ha MarpudHOM s3blKe pedb ujerT
O COOTHOTIIEHUHT

exp(X) exp(Y) = exp(Z). (9.46)

3necy marpunpl X,Y, 7 3alIuCHIBAIOTCSA, KaK JIMHEHHBIE
koMmOmHammn X = x;Q;, Y = y,;Q;, Z = z;(); TeHEPATOPOB
(); nekoropoii airedpbt JIu ¢ 11epecTaHoOBOYHBIMU COOTHO-
TIEHUSIMU

{Qﬁ Ql] = Q- (9.47)

3asada cocTOUT B BhIpazkeHun u3 coorHouieHns (9.46) xo-
3 PUIIEHTOB PA3TOKEHNS z; Iepe3 T; 1 Y.

Bsesem marpunpt pasmepom dimG x dimG ¢ marpuu-
HBIMHU JIEMEHTAMH

Xij = tjml‘n, (948)

MIOCTPOEHHBIE TI0 KO PUITIEHTAM PABTOKEHNA L OIEPATO-
pa X 1o remeparopam Q;. Bopaxenne (9.48) mpencras-
Jiier coDOM pasJioKeHue 110 00pal3yromuM MarpunaMm 9, ¢
KOMIIOHEHTAMH {;y;, KOTOPbIe MOTIMHAIOTCA TE€M YKe KOM-
MyTaIHOHHBIM TpaBmiam (9.47):

[Q), Qi) = 11k Qi (9.49)

9TO CBOHCTBO JIErKO MPOBEPUTH, HCIOJIb3YS TOXKIECTBO

Akobu

BBezem eme OfHy BCIOMOIaTeIbHYI0 KOHCTPYKIIMIO.
Ompenennm mast omeparopos (marpui) Xo u S = 5,0, 3a-
BuCcAnmit oT ‘Bpemenn’ ¢ omeparop X (t) = x;(t)Q;:

X (t) = exp(tS) Xo exp(—t5), (9.51)

KOTODBII COOTBETCTBYET Tepexomy K laiizeH6eproBcKoMy
NpPEICTABJICHAI0 B KBAHTOBOW Teopuu moasa. OueBnmHO,
X (t) yaoBiaeTBOpSET yPaBHEHUIO:

9% = [s.x] (9.52)

KomMmyrarop B nipaBoit gactu (9.52) 3anmchiBaeTcs B BUJE

[S‘,X} =ux [§7Ql] = 8t1imT1Qm, (9.53)

rae tj;; — CTPYKTYPHBIE KOHCTAHTBI, 33/ aHHbIE COOTHOLIE-
uuem (9.47). Takum ob6paszom, u3 ypashenus (9.52) caempyer

dx

— = .54
o Sz, (9.54)
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r7e Mbl BBeJU “MarpudHoe’ obo3nadenne, Marpuia S onpe-
JleJiAeTCsl HAOOPOM S M CIPYKTYPHBIMU KOHCTAHTAMU Ljjm B
cooreercTeu ¢ (9.48). Yparuenne (9.54) nmeer oueBnHOE
perreHne

x = exp(tS)xo, (9.55)

KOTOPOE 1 OIPE/ENIeT SBOTIONHAI X .
Bosspamascs k ucxoauoii ¢popmysie (9.46), BBesiem B Hee
‘Bpems’ t:
exp(X) exp(tY) = exp[Z(t)]. (9.56)

Hac nnaTepecyer 3navenne onepaTopa A npu t = 1. Haitnmem
muddepeHIuanibHOe ypaBHEHNE, KOTOPOMY ITOIYUHSAETCS
Z (t). Ona sroro upomuddepennupyem ypasuenue (9.56)
no t, 4To Jaetr

de%[tz“)] — exp(2)V, (9.57)

10 ecTh quddepeniuanbHoe ypaBaenue Ha exp(Z).
Onnako muddepennupopanme sxcnonents:  exp|Z(t)]

npu sexkommyratusabix Z(t) u dZ(t)/dt Tpebyer mekoro-

PbIX JIONOJIHUTE/IbHbIX TocTpoenuit. TIpezxsie Beero zame-

THM, 9TO KCIOHEHTA exp[Z(t)] mpeacTaBmMa B BUIE IPO-
u3BeeHnsT NHPUHUTE3UMAIBHBIX OEPATOPOB:

N R n
exp (Z) = lim [1 +Z/n} .
n—oo
JnddepernnpoBanre MpaBoiil 9acTH 3TOTO BHIPAYKEHUS TI0

npasuy JleOHuIIa TPUBOAUT K HHTETPAIHHOM CyMMe, TTpe-
Bpaaoleiica B Ipejiesie n — 00 B MHTerpaJl:

dexp (Z> 1t . 1n-1-m
@A > [1+Z/"}
m=0
N 1 N
dZ o\ . dZ .
= (1 + Z/n) - /dT expl(1 — ) 2] explrZ],
0
rme 7 = m/n. Temepb MBI HCMONB3yeM IJis BO3HUKIIEH

3s1ech kKombunamun exp(—72)(dZ /dt) exp(rZ) upeacrasie-
aue (9.55), aro maer

dexp (2) ) 1 dz
— = eXp(Z)/O dr eXp(TZ)EQ
:exp(ZA)%%QA, (9.58)

rae Marpuna £ CTPOMTCA MO IUCAAM 2 TAKIKE, KAK U MaT-
purna S 1o s B (9.54).

IMoncrasnsas seipaxenue (9.58) B ypasuenue (9.57), na-
XOAUM

Y —afew(2)] (9.59)

ylny
a(y) = 1 (9.60)

U3 pasencrsa (9.56) u Toro daxra, aro marpunpt X', Y, Z
AMEIOT T€ K€ KOMMYTAIIMOHHbBIE CBO#icTBa, 4To 1 X,Y, 7,
caemyer

exp(Z) = exp(X) exp(t)). (9.61)
VYpasuenue (9.59) MHTErpUpyeTcst € y4eTOM HAYAIBHOIO
yeaoBusi Z = X npu t = 0 u MbI IPUXOAMM K OKOHYA-

TeJIbHOMY BBIPAzKEHUI0, KOTOPOe Mojaydaercd npu t = 1

1
z=x+ / dtg (e¥e)y. (9.62)
0

910 u ectb dopmyna bBeiikepa-Kavnbenra-Xaycaopda.
Ona 3¢ dekTuBHO paboTaeT, eCIN yIACTCA IBHO HAWTH BbI-
paxkenue st aprymenta Gyakuuu g (9.60).

Bamerum, 4TO s TOro, YToObl UCIOJIL30BATH (hOpMYy/Ly
Beiikepa-Kamn6eia-Xaycaopda (9.62), mocraTodno, aro-
651 omepaTopbl X 1 Y NpPUHAIEKAIT HEKOTOPOH 3aMKHY-
TOI OTHOCHUTETHLHO ONEPAINA KOMMY TAIlUK ajaredpe, He 00si-
3aTesbHO sBisiioneiics anredpoii Jlu. Imenno B Takom ka-
qecrBe (opmyna Beiikepa-Kammnbemna-Xaycaopda gacto
HCIIONIB3YETCS B 33/Ia9aX KBAHTOBON MEXAHUKU U CTATHUCTHU-
9eCKOil (PUBMKY JIJIsT PACIYTHIBAHUS PA3JIUIHBIX OIEPATOP-
HBIX 9KCIOHEHT.

Bamaua 9.4.1. Bupasums npoussedenue exp(a)exp(al) 6
sude IKCIOHENMBL HEKOTNOPO20 Onepamopa, 2de a,al
—  ONEepamopu,  YHUNMONCEHUA U podicoenus 603e-
NACUY,

Bamaua 9.4.2. Hatimu exp(Z) 6 evpasicenuu (9.46), ecau
X u'Y obpasyrom anrzebpy AeCMHUYHO20 TMUNG:

[(X,V] =Y.
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