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1 Ââåäåíèå.

Èçó÷åíèþ ïðîâîäèìîñòè ãðàôåíà ïîñâÿùåíû ìíîãî÷èñëåííûå ðàáîòû

[1]. Íàèáîëüøèé èíòåðåñ ïðèâëåêàåò âîïðîñ î ïðîâîäèìîñòè ïðè çíà-

÷åíèè õèìè÷åñêîãî ïîòåíöèàëà ðàâíîãî íóëþ (â äèðàêîâñêîé òî÷êå). Â

îñíîâíîì â íèõ ðàñìàòðèâàþòñÿ ìîäåëè áåç ìåæýëåêòðîííîãî âçàèìî-

äåéñòâèÿ. Â ðàáîòå [2] ðàññìîòðåí ãðàôåí áåç ïðèìåñåé. Â ýòîé ðàáîòå

ïîëó÷åíà, â ÷àñòíîñòè, îïòè÷åñêàÿ ïðîâîäèìîñòü â äèðàêîâñêîé òî÷êå

äëÿ âñåõ ñîîòíîøåíèé ω è T > 0:

σ(ω) =
e2

4h̄
tanh

ω

4T
+

2 ln 2

π

e2

h̄
T δ(ω) (1)

Ïåðâûé ÷ëåí â ýòîé ôîðìóëå íàçûâàåòñÿ ìåæçîííûì, òàê êàê îí ñî-

îòâåòñòâóåò ïåðåõîäàì ýëåêòðîíîâ ìåæäó çîíàìè ãðàôåíà.Ýòîò ÷ëåí è

äàåò êîíå÷íóþ ïðîâîäèìîñòü ãðàôåíà ïðè T → 0. Âòîðîé ÷ëåí - âíóò-

ðèçîííûé âêëàä â ïðîâîäèìîñòü (ýëåêòðîíû ïðè âçàèìîäåéñòâèè ñ ýëåê-

òðè÷åñêèì ïîëåì íå óõîäèò èç çîíû, â êîòîðîé íàõîäèëñÿ). Â ðàáîòå [1]

ðàññìàòðèâàåòñÿ ãðàôåí ñ áåñïîðÿäêîì, ïîêàçàíî, ÷òî ïðè T → 0 ïðîâî-

äèìîñòü íå çàâèñèò îò áåñïîðÿäêà è ðàâíà êîíñòàíòå 2e2

πh̄
. Îêàçûâàåòñÿ,

÷òî ïðåäåëû T → 0 è τ−1 → 0 (τ - âðåìÿ ñâîáîäíîãî ïðîáåãà) äàþò

ðàçíûå ðåçóëüòàòû â çàâèñèìîñòè îò ïîðÿäêà.

Ðàáîòû, â êîòîðûõ ó÷èòûâàåòñÿ êóëîíîâñêîå âçàèìîäåéñòâèå ìåæäó

ýëåêòðîíàìè, ëèáî ðàññìàòðèâàþò ìàëûå ÷àñòîòû [3, 4], ëèáî äîñòàòî÷íî

áîëüøèå [5].

Äëÿ ìàëûõ ÷àñòîò ïðîâîäèìîñòü âûõîäèò ïà ïëàòî:

σ(ω) =
e2

h̄
α−2, ïðè ω � α2T, α =

e2

εvF
(2)

vF - ñêîðîñòü Ôåðìè â ãðàôåíå, ε - äèýëåêòðè÷åñêàÿ ïðîíèöàåìîñòü ïîä-

ëîæêè, íà êîòîðîé íàõîäèòñÿ îáðàçåö ãðàôåíà. α = e2

εvF
àíàëîã ïîñòîÿí-

íîé òîíêîé ñòðóêòðû äëÿ ãðàôåíà. Îíà â c/εvF ðàç áîëüøå. Ñ ó÷åòîì

òîãî, ÷òî òèïè÷íîå çíà÷åíèå vF äëÿ ãðàôåíà 106 ì/ñ, α ' 2.19/ε ' 0.73.

Ìû áóäåì ïîëàãàòü α� 1.
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Âî ðàáîòå [5] ïîêàçàíî, ÷òî â îáëàñòè αT � ω � T âíóòðèçîííàÿ

ïðîâîäèìîñòü äàåò îñíîâíîé âêëàä è âåäåò ñåáÿ ñëåäóþùèì îáðàçîì:

σ(ω) ∼ α2T 2

ω2
, ïðè αT � ω � T (3)

Öåëüþ äàííîé ðàáîòû ÿâëÿåòñÿ âûÿñíåíèå ïîâåäåíèÿ îïòè÷åñêîé ïðîâî-

äèìîñòè â îáëàñòè α2T � ω � αT .

2 Ãàìèëüòîíèàí

Â äàííîé ðàáîòå ìû áóäåì ðàññìàòðèâàòü ãðàôåí áåç ó÷åòà ïðèìåñåé

âáëèçè òî÷êè Äèðàêà. Ñèñòåìà îïèñûâàåòñÿ ãàìèëüòîíèàíîì, ñîñòîÿ-

ùèì èç äâóõ ÷àñòåé: ãàìèëüòîíèàí Äèðàêà H0, îïèñûâàþùèé íåâçàè-

ìîäåéñòâóþùèå ýëåêòðîíû â ãðàôåíå ñ äîñòàòî÷íî ìàëûìè ýíåðãèÿìè

(|E| < ED ∼ 3eV ), è ÷ëåí êóëîíîâñêîãî ìåæýëåêòðîííîãî âçàèìîäåé-

ñòâèÿ:

H =
N∑
ν=1

∫
d2rΨ+

ν (−ıvFσ∇)Ψν +

+
1

2

N∑
ν,ν′=1

∫
d2r1d

2r2Ψ+
ν′Ψ

+
ν

e2

ε|r1− r2|
ΨνΨν′ , (4)

ãäå ε - äèýëåêòðè÷åñêàÿ êîíñòàíòà. Èíäåêñû â ñóììèðîâàíèè íóìåðóþò

ðàçëè÷íûå ñòåïåíè ñâîáîäû N = 4 (äâå òî÷êè Äèðàêà â çîíå Áðèëþ-

ýíà è äâà íàïðàâëåíèÿ ïðîåêöèè ñïèíà). Ìàòðèöû Ïàóëè äåéñòâóþò â

ïðîñòðàíñòâå äâóõ ïîäðåøåòîê ãåêñàãîíàëüíîé ðåøåòêè ãðàôåíà. Ψν -

ñïèíîð â ýòîì æå ïðîñòðàíñòâå. Áóäåì ñ÷èòàòü, ÷òî â ãðàôåíå íèæíÿÿ

çîíà ïðè T = 0 ïîëíîñòüþ çàïîëíåíà, à âåðõíÿÿ ïîëíîñòüþ ïóñòà, òî åñòü

µ = 0. Íèæå ìû áóäåì ñëåäîâàòü îáîçíà÷åíèÿì ðàáîòû [5].

2.1 Çàòðàâî÷íûå ôóíêöèè Ãðèíà.

Òàê êàê âîëíîâûå ôóíêöèè ñïèíîðû, òî ãðèíîâñêèå ôóíêöèè â ãðàôåíå

ïðåäñòàâëÿþò ñîáîé ìàòðèöû:
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GR,A(ε, p) =
ε1 + σp

(ε± ı0)2 − p2
(5)

Â äàëüíåéøåì áóäåì ïîëàãàòü vF = 1. ×òîáû âîñòàíîâèòü vF â ôîðìóëå,

íóæíî äîìíîæèòü âñå èìïóëüñû â ôîðìóëå íà íåãî. Êàê áóäåò âèäíî äà-

ëåå, ôóíêöèþ Ãðèíà óäîáíî ðàçëîæèòü íà äâå, îïèñûâàþùèå ýëåêòðîíû

â âåðõíåé èëè íèæíåé çîíå ãðàôåíà. Äëÿ ýòîãî íóæíî ââåñòè ïðîåêöè-

îííûå îïåðàòîðû

P±(p) =
1± σnp

2
(6)

np = p/p - åäèíè÷íûé âåêòîð óêàçûâàþùèé íàïðàâëåíèå èìïóëüñà ýëåê-

òðîíà. Èñïîëüçóÿ ýòè îïåðàòîðû ìîæíî ïåðåïèñàòü ôóíêöèþ Ãðèíà â

âèäå:

GR,A(ε, p) =
∑
s=±

PsG
R,A
s (ε, p) (7)

GR,A
s (ε, p) =

1

ε+ ı0− sp

Ñóììèðîâàíèå âåäåòñÿ ïî s = ±1.

Çàòðàâî÷íûé ïðîïàãàòîð êóëîíîâñêîãî âçàèìîäåéñòâèÿ èìååò îáû÷-

íûé âèä

D0(q) =
2πα

|q|
(8)

2.2 Ñîáñòâåííî ýíåðãåòè÷åñêàÿ ÷àñòü

Ñîáñòâåííî ýíåðãåòè÷åñêàÿ ÷àñòü ôóíêöèè Ãðèíà âû÷èñëÿåòñÿ ñòàíäàðò-

íûì îáðàçîì. Â ìàöóáàðîâñêîé òåõíèêè ôîðìóëa äëÿ Σ áóäåò èìåòü âèä

Σ(ıεn, p) = T
∑
ωk

∫
d2k

(2π)2
D(ıωk,k)G(ıωk + ıεn,k+ p) (9)
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Êàê áóäåò âèäíî èç äàëüíåéøèõ âû÷èñëåíèé, â ïðîïàãàòîðå êóëîíîâñêîãî

âçàèìîäåéñòâèÿD(ıωk,k) âàæíà äëÿ ïðîâîäèìîñòè òîëüêî ìíèìàÿ ÷àñòü.

Äåéñòâèòåëüíàÿ ÷àñòü ýòîãî ïðîïàãàòîðà äàåò ïåðåíîðìèðîâêè êîíñòàíò

ñâÿçè α. Â çàòðàâî÷íîì ïðîïàãàòîðå íåò ìíèìîé ÷àñòè, ïîýòîìó íóæíî

ó÷åñòü ïîïðàâêè ê íåìó, ïðîèñõîäÿùèå èç ïîëÿðèçàöèîííîãî îïåðàòîðà

ΠR(ω, q). Ìû áóäåì ó÷èòûâàòü ïîïðàâêè ê êóëîíîâñêîìó ïðîïàãàòîðó â

RPA (Random Phase Approximation) ïðèáëèæåíèè, ñ÷èòàÿ, ÷òî N � 1.

DR
RPA(ω, q) =

D0(q)

1 +D0(q)NΠR(ω, q)
(10)

Áîëåå ïîäðîáíî ýòîò âîïðîñ ðàññìîòðåí â [5]. Äëÿ ìíèìîé ÷àñòè åñòü äâå

ñóùåñòâåííî ðàçíûõ îáëàñòè: |ω| < q è |ω| > q, ïðè max{|ω|, q} � T .

DR
RPA(ω, q) =

πω
√
q2 − ω2

NT ln 2[(q2 − ω2)(1 + q
2 ln 2αN

)2 + ω2]
, |ω| < q

64π2Nα2
√
ω2 − q2 tanh ω

2T

16(
√
ω2 − q2(1 + 2παN ln 2

q
)− 2αN ln 2

q
|ω|)2 + (πααNq tanh ω

2T
)
, |ω| > q

(11)

Ñóììèðîâàíèå â ôîðìóëå (9) èäåò ïî ωk = 2πkT . Ïðåîáðàçóåì ýòó

ñóììó â èíòåãðàë ïî êîìïëåñíîé ïëîñêîñòè.

Σ(ıεn, p) =

∮
dω

2π

∫
d2k

(2π)2
D(ωk, k)G(ωk + ıεn, k + p) coth(

ω

2T
) (12)

Íà êîìïëåêñíîé ïëîñêîñòè åñòü äâà ðàçðåçà Imω = 0 è Im (ω + ıεn) =

0. Ïðåîáðàçóÿ êîíòóðíûé èíòåãðàë â èíòåãðàëû âäîëü ýòèõ ðàçðåçîâ,

ïîëó÷àåì

ImΣR(ε, p) =

∫
dω

2π

∫
d2k

(2π)2
ImDR(ω, k) ImGR(ω + ε, k + p)

×(coth(
ω

2T
+ th(

ε− ω
2T

)) (13)

Ñîáñòâåííî ýíåðãåòè÷åñêàÿ ÷àñòü â òàêîì âèäå ìàòðèöà â ïðîñòðàíñòâå

äâóõ ïîäðåøåòîê. Óäîáíî ðàçëîæèòü åå íà äâå ÷àñòè
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ΣR = ΣR
ε + σnpΣ

R
v (14)

Â äàëüíåéøèõ âû÷èñëåíèÿõ íàñ áóäóò èíòåðåñîâàòü ñîáñòâåííî ýíåðãå-

òè÷åñêèå ÷àñòè ôóíêöèé Ãðèíà, ââåäåííûõ â ôîðìóëå (7). Îíè ëåãêî

çàïèñûâàþòñÿ ÷åðåç ââåäåííûå ðàíåå:

ImΣR
s = ImΣR

ε + s ImΣR
v (15)

Òàêèì îáðàçîì ïîëó÷àåì êîíå÷íóþ ôîðìóëó [5]

ImΣR
s (ε, p) =

∑
s′

∫
dE

4π

∫
d2k

(2π)2
[1 + ss′npnk]Ks′(E,k, ε,p) (16)

Ks′(E,k, ε,p) = − ImDR(E − ε,k− p) ImGR
s′(E,k)

×[coth
E − ε

2T
− tanh

E

2T
] (17)

Èç óðàâíåíèÿ (16) âèäíî, ImΣR
s (ε, p) íå çàâèñèò îò íàïðàâëåíèÿ èìïóëü-

ñà p è óäîâëåòâîðÿåò ñîîòíîøåíèþ:

ImΣR
s (ε, p) = ImΣR

−s(−ε, p) (18)

3 Ïðîâîäèìîñòü áåç ó÷åòà âåðøèííîé ÷àñòè

Äëÿ âû÷èñëåíèÿ ïðîâîäèìîñòè áóäåì ïîëüçîâàòüñÿ èçâåñòíîé ôîðìóëîé

Reσµν(ω) =
1

ω
[ ImΠR

µν(ω)− ImΠR
µν(0)], (19)

ãäå ΠR
µν(ω) - çàïàçäûâàþùèé êîðåëÿòîð òîê-òîê. Áåç ó÷åòà âåðøèííûõ

ïîïðàâîê îí âûðàæàåòñÿ ÷åðåç òî÷íûå ôóíêöèè Ãðèíà:

Πµν(ωn) = T
∑
εk

∫
d2k

(2π)2
jµG(ıεk, k)jνG(ıεk + ıωn, k + p) (20)
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Ãäå jµ = evFσµ - îïåðàòîð òîêà â ãðàôåíå. Ïðåîáðàçóÿ ΠR
µν àíàëîãè÷íî

ñîáñòâåííî ýíåðãåòè÷åñêîé ÷àñòè ôóíêöèè Ãðèíà, ïîëó÷èì:

ImΠR
µν(ω) =

e2

2π
Tr

∫
dε

d2k

(2π)2
σµ ImGR(ε+ ω, k + p)σν ImGR(ε, k)

×(tanh
ε+ ω

2T
− tanh

ε

2T
) (21)

Ñëåä áåðåòñÿ ïî ïðîñòðàíñòâó ïîäðåøåòîê. Ïîäñòàâëÿÿ (7), ïîëó÷àåì:

ImΠR
µν(ω) = − δµν

64π2

∫
p

∑
ll′qq′=±1

ll′[tanh
ε+ ω

2T
− tanh

ε

2T
]

× 1

ε+ ω − qp+ ıl ImΣR
q (ε+ ω, p)

1

ε− q′p+ ıl′ ImΣR
q′(ε, p)

dεpdp (22)

Ñóììèðîâàíèå ïî q è q′ ðàñïàäàåòñÿ íà äâà ñóùåñòâåííî îò÷àþùèõñÿ

âêëàäà. Ïðè q = q′ ôóíêöèè Ãðèíà â êîðåëÿòîðå ñîîòâåòñòâóþò ýëåêòðî-

íàì èç îäíîé çîíû. Ýòîò âêëàä â ïðîâîäèìîñòü áóäåì íàçûâàòü îäíî-

çîííûì. Ïðè T = 0 îí äîëæåí èñ÷åçàòü, òàê êàê ýëåêòðîííûõ ïåðåõîäîâ

â îäíîé çîíå íå áóäåò. Ìåæçîííûé âêëàä (q 6= q′) â íóëüòåìïåðàòóðíîì

ïðåäåëå äàåò êîíå÷íóþ ïðîâîäèìîñòü ãðàôåíà.

Âû÷èñëåíèÿ ïðîâîäèìîñòè â ïðåäåëå ω � T, ImΣR
s (ε, p) � T äàþò

äëÿ âíóòðèçîííîãî âêëàäà

Reσinter(ω) =
2 ln 2

π

2 ImΣR
s (ε, p)T

ω2 + 4( ImΣR
s (ε, p))2

(23)

è äëÿ ìåæçîííîãî âêëàäà ïðè ω � T, ImΣR
s (ε, p)� T

Reσintra(ω) =
1

16

ω

T
(
1

2
+

1

π
arctan

ω

4 ImΣR
s (ε, p)

) (24)

Ïðè ýòîì â îáîèõ âêëàäàõ ImΣR
s (ε, p) áåðåòñÿ íà ε ∼ p ∼ T
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4 Ó÷åò âåðøèííîé ÷àñòè.

4.1 Óðàâíåíèå Áåòå-Ñîëïèòåðà.

Òåïåðü ó÷òåì, ÷òî â äèàãðàììå äëÿ Πµν(ω) åñòü âåðøèííàÿ ÷àñòü. Áóäåì

èñêàòü åå â ëåñòíè÷íîì ïðèáëèæåíèè. Äëÿ ýòîãî íóæíî ðåøèòü óðàâíå-

íèå Áåòå-Ñîëïèòåðà íà âåðøèíó:

Γµ(ıεk, ıεk + ıωk, ıωk,p+ q,p, q) = σµ + T
∑
En

∫
k

G(ıEn + ıωk, k)

×Γ(ıEn, , ıEn + ıωk, ıω,k+ q,k, q)G(ıEn, k)D(ıEn − ıεk, k − p) (25)∫
k

def
=

∫
d2k

(2π)2

Ñóììèðîâàíèå âåäåòñÿ ïî En = 2nπT . Òàê êàê íàñ èíòåðåñóåò îïòè÷åñêàÿ

ïðîâîäèìîñòü, ïîëîæèì q = 0. Ïðîâîäÿ ïðîöåäóðó ñî ñìåíîé ñóììèðî-

âàíèÿ íà èíòåãðèðîâàíèå âîêðóã ïîëþñîâ coth( E
2T

) (àíàëîãè÷íî ΣR
s (ε, p)),

ïîëó÷èì:

Γµ(ıεk, ıεk + ıωk, ıωk,p,p, 0) = σµ +
1

4πı

∮
dE

∫
k

G(E + ıωk, k)

×Γ(E,E + ıωk, ıωk,k,k, 0)G(E, k)D(E − ıεk, k − p) coth
E

2T
(26)

Íàïèøåì óðàâíåíèå äëÿ ΓRA. Èçìåíÿÿ êîíòóðû èíòåãðèðîâàíèÿ, ïåðåé-

äåì ê èíòåãðèðîâàíèþ âäîëü ðàçðåçîâ ImE = 0, Im (E+ iεk) = 0, Im (E+

ıεk + ıωk) = 0:
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ΓRAµ (ıεk, ıεk + ıωk, ıωk,p,p, 0) = σµ +
1

4πı

∫
dE

∫
k

GR(E + ıωk, k)ΓRRµ (E,E + ıωk, ıωk, k)GR(E, k)

×DR(E − ıεk, k − p) tanh
E

2T
−

−GR(E + ıωk, k)ΓRAµ (E,E + ıωk, ıωk, k)GA(E, k)

×DR(E − ıεk, k − p) tanh
E

2T
+

+GR(E + ıωk + ıεk, k)ΓRAµ (E + ıεk, E + ıεk + ıωk, ıωk, k)GR(E + ıεk, k)

×DR(E, k − p) coth
E

2T
−

−GR(E + ıωk + ıεk, k)ΓRAµ (E + ıεk, E + ıεk + ıωk, ıωk, k)GR(E + ıεk, k)

×DA(E, k − p) coth
E

2T
+

+GR(E, k)ΓRAµ (E − ıωk, E, ıωk, k)GA(E − ıωk, k)

×DA(E − ıεk − ıωk, k − p) tanh
E

2T
−

−GA(E, k)ΓRAµ (E − ıωk, E, ıωk, k)GA(E − ıωk, k)

×DA(E − ıεk − ıωk, k − p) tanh
E

2T
(27)

Îñíîâíîé âêëàä â ñëó÷àå ω � T äàþò èíòåãðàëû, ãäå èíòåãðèðóåòñÿ îäíà

çàïàçäûâàþùàÿ è îäíà îïåðåæàþùàÿ ôóíêöèè Ãðèíà. Îñòàâèì òîëüêî

èõ. Àíàëèòè÷åñêè ïðîäîëæèâ âåðøèííóþ ÷àñòü, ïîëó÷èì:

ΓRAµ (ε, ε+ ω, ω, p) = σµ +
1

4πı

∫
dE

∫
k

G(E + ω, k)ΓRAµ (E,E + ω, ω, k)

GA(E, k){ReDR(E − ε, k − p)[tanh
E + ω

2T
− tanh

E

2T
] +

+ı ImDR(E − ε, k − p)[2 coth
E − ε

2T
− tanh

E + ω

2T
− tanh

E

2T
]} (28)

Äåéñòâèòåëüíàÿ ÷àñòü êóëîíîâñêîé ôóíêöèè Ãðèíà ïðèâîäèò ê ïåðå-

íîðìèðîâêå êîñòàíòû ñâÿçè α. Ðàññìîòðèì èíòåãðàë ñ ìíèìîé ÷àñòüþ.

Âåðøèíà èìååò ìàòðè÷íóþ ñòðóêòóðó â ïðîñòðàíñòâå ïîäðåøåòîê ãðà-

ôåíà. Ïóñòü
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Γµ = Γ0
µ + Aµνσν + Γzµσz (29)

Ïîäñòàâèâ òàêóþ ïàðàìåòðèçàöèþ â óðàâíåíèå Áåòå-Ñîëïèòåðà, ïîëó-

÷èì óðàâíåíèÿ íà Γ0
µ, A

µν ,Γzµ. Óðàâíåíèå íà Γzµ ïîëó÷àåòñÿ íåçàâèñèìîå

îò îñòàëüíûõ ïàðàìåòðîâ. Òî åñòü Γzµ = 0. Îñòàëüíûå äâà óðàâíåíèÿ

òàêèå:

Γ0
µ(ε, ω, p) = −

∑
s′=±

∫
dE

4π

∫
k

ImDR(E − ε, k − p)(coth
E − ε

2T
− tanh

E

2T
)

×GR
s′(E + ω, k)GA

s′(E, k)(Γ0
µ(E,ω, k) + s′Aµν(E,ω, k)nν)(30)

Aµν(ε, ω, p) = δµν −
∑
s′=±

∫
dE

4π

∫
k

(coth
E − ε

2T
− tanh

E

2T
)GA

s′(E, k)

× ImDR(E − ε, k − p)GR
s′(E + ω, k)nν(s′Γ0

µ(E,ω, k) + Aµρ(E,ω, k)nρ)

(31)

Ñ òî÷íîñòüþ äî ÷ëåíîâ ïîðÿäêà ω
T
, ïðîèçâåäåíèå ôóíêöèé Ãðèíà ìîæíî

ïðåîáðàçîâàòü:

GR
s′(E + ω, k)GA

s′(E, k) ' −2ı

ω + 2ı ImΣR
s′(E, k)

ImGR
s′(E, k) (32)

ImGR
s′(E, k) = −πδ(E − s′k) (33)

Â ïîñëåäñòâèè, ïðè âû÷èñëåíèè ïðîâîäèìîñòè, íàì áóäåò óäîáåí âåêòîð

Φµ, îïðåäåëåííûé êàê

Φµ
s,p(ε, ω) = sΓ0

µ(ε, ω) + nνpA
µν(ε, ω) (34)

Óðàâíåíèå Áåòå-Ñîëïèòåðà ïðåîáðàçóåòñÿ òàê:

Φµ
sp(ε) = nµp + ı

∫
dE

2π

∫
k

∑
s′=±

1

ω + 2ı ImΣR
s′(E, k)

Ks′(E, k, ε, p)

×(ss′ + nknp)Φ
µ
s′k(E) (35)
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Äëÿ ðåøåíèÿ äàííîãî óðàâíåíèÿ ðàçëîæèì Φµ
sp íà ïðîäîëüíóþ è ïîïå-

ðå÷íûå ÷àñòè

Φµ
sp(ε) = nµfsp + gµsp, ãäå g

µ
spn

µ
p = 0 (36)

Óðàâíåíèå íà fsp è g
µ
sp èìåþò âèä:

fsp(ε) = 1 + ı

∫
dE

2π

∫
k

∑
s′=±

1

ω + 2ı ImΣR
s′(E, k)

Ks′(E, k, ε, p)

×(ss′ + nknp)nknpfs′k(E) +

ı

∫
dE

2π

∫
k

∑
s′=±

1

ω + 2ı ImΣR
s′(E, k)

Ks′(E, k, ε, p)

×(ss′ + nknp)g
µ
s′kn

µ
p(E) (37)

gµsp(ε) = ı

∫
dE

2π

∫
k

∑
s′=±

1

ω + 2ı ImΣR
s′(E, k)

Ks′(E, k, ε, p)

×(ss′ + nknp)(n
µ
k − (nknp)n

µ
p)fs′k(E) +

ı

∫
dE

2π

∫
k

∑
s′=±

1

ω + 2ı ImΣR
s′(E, k)

Ks′(E, k, ε, p)

×(ss′ + nknp)(g
µ
s′k − (gs′knp)n

µ
p) (38)

Ðàñìîòðèì ïåðâûé èíòåãðàë âî âòîðîì óðàâíåíèè. Áóäåì ñ÷èòàòü, ÷òî

fsp(ε) íå çàâèñèò îò íàïðàâëåíèÿ èìïóëüñà (êàê áóäåò âèäíî â äàëüíåé-

øåì, ýòî ïðåäïîëîæåíèå îïðàâäûâàåòñÿ). Ìîæíî âçÿòü èíòåãðàë ïî óãëó.

Îí áóäåò âûãëÿäåòü òàê:∫ 2π

0

F (cosφ) sinφ dφ (39)

Òàêîé èíòåãðàë ðàâåí íóëþ ïî ïåðèîäè÷íîñòè. Òî åñòü â óðàâíåèè íà gµ

íå áóäåò ñâîáîäíîãî ÷ëåíà. Ñëåäîâàòåëüíî gµsp(ε) = 0. À çíà÷èò Φµ
sp èìååò

òîëüêî ïðîäîëüíóþ ÷àñòü è óðàâíåíèå íà íåå èìååò âèä:

fsp(ε) = 1 + ı

∫
dE

2π

∫
k

∑
s′=±

1

ω + 2ı ImΣR
s′(E, k)

Ks′(E, k, ε, p)

×(ss′ + nknp)nknpfs′k(E) (40)
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Çàïèøåì óðàâíåíèÿ äëÿ f+ è f− îòäåëüíî. Âîñïîëüçóåìñÿ ÿâíûì âè-

äîì ImGR(E, k), âîçüìåì èíòåãðàë ïî E.

f+p(ε) = 1 + ı
1

2

∫
k

1

ω + 2ı ImΣR
+(k, k)

ImDR(k − ε, k − p)

×[coth
k − ε
2T

− tanh
k

2T
](1 + nknp)nknpf+k(k) +

+ı
1

2

∫
k

1

ω + 2ı ImΣR
−(−k, k)

ImDR(−k − ε, k − p)

×[coth
−k − ε

2T
− tanh

k

2T
](−1 + nknp)nknpf−k(−k) (41)

f−p(ε) = 1 + ı
1

2

∫
k

1

ω + 2ı ImΣR
−(k, k)

ImDR(k − ε, k − p)

×[coth
k − ε
2T

− tanh
k

2T
](−1 + nknp)nknpf+k(k) +

+ı
1

2

∫
k

1

ω + 2ı ImΣR
−(−k, k)

ImDR(−k − ε, k − p)

×[coth
−k − ε

2T
− tanh

k

2T
](1 + nknp)nknpf−k(−k) (42)

Ïîëüçóÿñü ñâîéñòâàìè ñîáñòâåííî ýíåðãåòè÷åñêîé ÷àñòè ìîæíî äîêàçàòü

òîæäåñòâî

f+p(p) = f−p(−p) (43)

Ïðåîáðàçîâàâ óðàâíåíèå íà f+p(p), ïîëó÷èì

f+p(p) = 1 + ı
1

2

∫
k

1

ω + 2ı ImΣR
+(k, k)

nknpf+k(k)

×( ImDR(k − p, k − p){coth
k − p
2T

− tanh
k

2T
}(1 + nknp)−

ImDR(k + p, k − p){coth
k + p

2T
− tanh

k

2T
}(1− nknp)) (44)

4.2 Ïðèáëèæåííîå ðåøåíèå.

Ðåøèòü äàííîå óðàâíåíèå ìîæíî ïðèáëèæåííî, ïðè ðàçëè÷íûõ p. Ðå-

çóëüòàòû ïðåäñòàâëåíû â òàáëèöå. F1 è F2 âêëàä â èíòåãðàë â ïðàâîé
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÷àñòè óðàâíåíèÿ âî âòîðîé è òðåòüåé ñòðî÷êå â ôîðìóëå (44) ñîîòâåò-

ñòâåííî.

p� α2T α2T � p� αT αT � p� T

F1 ∼
√
pT αTG(α

2T
p

) γ(p) f+p(p)

ω+2ı ImΣR+(p,p)

F2 ∼
√
pT αT

f+(α
2T
p

)

ω+2ı ImΣR+(α
2T
p

)
αT (αT

p
)4 f+(α

2T
p

)

ω+2ı ImΣR+(α
2T
p

)

Çäåñü

G(p) =

∫ ∞
0

f+(α
2T
p
z)

ω + 2ı ImΣR
+(α

2T
p
z)
dz (45)

è

γ(p) =
1

2

∫
k

nknp ImDR(k − p, k − p){coth
k − p
2T

− tanh
k

2T
}(1 + nknp)(46)

5 Ïðîâîäèìîñòü.

Äëÿ âû÷èñëåíèÿ ïðîâîäèìîñòè íóæíî ïîñ÷èòàòü êîðåëÿòîð òîê-òîê (ñ

ó÷åòîì âåðøèííûõ ïîïðàâîê)

Πµν(ıω) = e2T
∑
εn

∫
p

Tr σµG(ıεn + ıωk, p)Γ(ıεn, ıωk, p)σνG(ıεn, p) (47)

Ïðîèçâåäÿ òàêèå æå ïðåîáðàçîâàíèÿ, êàê è äëÿ óðàâíåíèÿ Áåòå-Ñîëïèòåðà

ïîëó÷èì:

Πµν(ω) = − e2

4πı

∫
dε

∫
p

Tr σµG
R(ε+ ω, p)ΓRA(ε, ω, p)σνG

A(ε, p)[tanh
ε+ ω

2T
− tanh

ε

2T
] +

+[Tr σµG
R(ε+ ω, p)ΓRR(ε, ω, p)σνG

R(ε, p) tanh
ε

2T
−

−[Tr σµG
A(ε+ ω, p)ΓAA(ε, ω, p)σνG

A(ε, p) tanh
ε+ ω

2T
]

(48)
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Ïðè ω � T ãëàâíûé âêëàä â êîðåëÿòîð âíîñèò ïåðâàÿ ñòðî÷êà, òàê êàê

â íåé åñòü è çàïàçäûâàþùàÿ è îïåðåæàþùàÿ ôóíêöèè Ãðèíà. Èñïîëü-

çóÿ ïàðàìåòðèçàöèþ ΓRA èç ïðåäûäóùåãî ïàðàãðàôà, ìîæíî âçÿòü ñëåä.

Ôîðìóëó (48), èñïîëüçóÿ (7) ìîæíî ïðèâåñòè ê âèäó:

ImΠµν(ω) =

∫
dε

2π

∫
p

ω

2T

1

cosh2 ε
2T

∑
s=±

Im
nµpn

ν
pfsp(ε)

ω + 2ı ImΣR
s (ε, p)

ImGR
s (ε, p)(49)

Èíòåãðàë ïî ýíåðãèè ëåãêî áåðåòñÿ. Äàëåå èñïîëüçóÿ ñâîéñòâà ñîáñòâåííî

ýíåðãåòè÷åñêîé ÷àñòè ôóíêöèè Ãðèíà è ôóíêöèè fsp(ε) è ïðîèíòåãðèðî-

âàâ ïî óãëó, ïîëó÷èì:

ImΠµν(ω) = δµν

∫ ∞
0

pdp

2π

ω

2T

1

cosh2 p
2T

Im
f+p(p)

ω + 2ı ImΣR
+(p, p)

(50)

Äàëåå âîñïîëüçóåìñÿ ðåøåíèåì óðàâíåíèÿ íà f+p(p). Îñíîâíîé âêëàä â

èíòåãðàë äàåò èíòåðâàë αT � p� T . Â ýòîì èíòåðâàëå óðàâíåíèå Áåòå-

Ñîïëïèòåðà (44) ÿâíî ðåøàåòñÿ:

f+p(p) =
1

1 + γ(p)

ω+2ı ImΣR+(p,p)

(51)

Èòîãî îñíîâíîé âêëàä â êîððåëÿòîð ïîëó÷àåòñÿ ðàâíûì:

ImΠµν(ω) = δµν

∫ T

αT

pdp

2π

ω

2T
Im

1

ω + 2ı ImΣR
+(p, p) + ıγ(p)

(52)

Âåëè÷èíà γ(p) ÷èñòî äåéñòâèòåëüíàÿ. Ââåäåì τ−1
tr (p) = 2 ImΣR

+(p, p)+γ(p)

τ−1
tr (p) =

∑
s′

∫
dE

4π

∫
d2k

(2π)2
[1 + s′npnk][1− s′nknp]Ks′(E,k, ε,p)|ε=|p| (53)

Âêëàä â ïðîâîäèìîñòü îò îáëàñòè αT � p� T ðàâåí:

σµν(ω) = δµν

∫
pdp

2π

ω

2T

1

cosh2 p
2T

τ−1
tr (p)

ω2 + τ−2
tr (p)

(54)
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Íà ðàññìàòðèâàåìîì èíòåðâàëå αT � p � T ïîâåäåíèå τtr(p) èìååò

âèä [5]

τ−1
tr (p) ∼ α2T

2

p
(55)

Ïðîâîäèìîñòü òîãäà äàåòñÿ ôîðìóëîé

σµν ' δµν

∫ ∼T
∼αT

α2Tp2dp

ω2p2 + α4T 4
(56)

Îïòè÷åñêàÿ ïðîâîäèìîñòü â ïðåäåëüíûõ ñëó÷àÿõ ïîëó÷àåòñÿ ðàâíîé:

σµν ∼ δµν

 α−2, ω � α2T

α2T 2

ω2
, ω � α2T

(57)

6 Çàêëþ÷åíèå.

Â äàííîé ðàáîòå âû÷èñëåíà îïòè÷åñêàÿ ïðîâîäèìîñòü ñ ó÷åòîì êóëî-

íîâñêîãî ìåæýëåêòðîííîãî âçàèìîäåéñòâèÿ íà ÷àñòîòàõ ω � T ìåòîäîì

ôóíêöèé Ãðèíà ñ ó÷åòîì ëåñòíè÷íûõ ïîïðàâîê ê âåðøèíå. Âïåðâûå íàé-

äåíî ïîâåäåíèå îïòè÷åñêîé ïðîâîäèìîñòè â èíòåðâàëå α2T � ω � αT .

Ïîêàçàíî, ÷òî îñîáåííîñòü íà íóëåâîé ÷àñòîòå, êîòîðàÿ ïîÿâëÿåòñÿ â ðàñ-

ñìîòðåíèè íåâçàèìîäåéñòâóþùèõ ýëåêòðîíàõ (ôîðìóëà (1)) ðàçìûâàåò-

ñÿ íà øèðèíó ω ∼ α2T . Ìåæçîííûé âêëàä â ïðîâîäèìîñòü ïî÷òè íå

èçìåíÿåòñÿ (ïîïðàâêè ïîðÿäêà α).

7 Ïðèëîæåíèÿ.

7.1 Ïðèáëèæåííîå ðåøåíèå óðàâíåíèÿ Áåòå-Ñîëïèòåðà.

f+p(p) = 1 + ı
1

2

∫
k

1

ω + 2ı ImΣR
+(k, k)

nknpf+k(k)

( ImDR(k − p, k − p){coth
k − p
2T

− tanh
k

2T
}(1 + nknp)−

ImDR(k + p, k − p){coth
k + p

2T
− tanh

k

2T
}(1− nknp)) (58)
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Â ýòîì ðàçäåëå äëÿ óäîáñòâà ìû áóäåì èñïîëüçîâàòü îáåçðàçìåðåííûå

ïåðåìåííûå:

k

2T
→ k,

p

2T
→ p (59)

Ðàññìîòðèì èíòåãðàë ñ ImDR(k − p, k − p).
Ïðè p� α, îñíîâíîé âêëàä â èíòåãðàë ïðîèñõîäèò îò k � p. Òî åñòü

|k− p| ' k

F1 = −4αT

∫ ∞
p
α

α ln 2
π
z

sinh α ln 2
π
z
F (
α ln 2

π
z)

∫
dφ

π
A(cosφ)√

πp
α ln 2

1√
z

sin φ
2

1 + 4πp
α ln 2

1
z
(1 + z)2 sin2 φ

2

(60)

F (p) =
f+,p(p)

ω + 2ı ImΣR
+(p, p)

(61)

A(cosφ) = (1− cosφ)cosφ (62)

Ñäåëàíà çàìåíà k = α ln 2
π
z. Ïîäèíòåãðàëüíîå âûðàæåíèå áûñòðî ñïàäàåò

èç-çà sinh, ïîýòîìó îñíîâíîé âêëàä îò z � α−1. Ó÷èòûâàÿ ýòî óñëîâèå

è ãðàíèöû èíòåãðèðîâàíèÿ, çàìåòèì ñëåäóùåå: ïðè p � α2 â ïîñëåäíåé

äðîáè â çíàìåíàòåëå ìîæíî îñòàâèòü 1, ïðè α2 � p � α. Îñíîâíîå

çíà÷åíèå èíòåãðàëà íàáèðàåòñÿ ïðè z ∼ α ln 2
4πp

.

Ïðè p� α2

F1 = −√p4αT
∫ ∞
p
α

α ln 2
π
z

sinh α ln 2
π
z
F (
α ln 2

π
z)

∫
dφ

π
A(cosφ)√

π

α ln 2

1√
z

sin
φ

2
, (63)

Ïðè α2 � p� α

F1 = −αT
2

∫ ∞
0

dyF (
α2 ln2 2

4π2p
y2)

∫
dφ

π
A(cosφ)

sin φ
2

1 + sin2 φ
2
y2

(64)
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Íà ïðîìåæóòêå α� p� 1 k ' p. Ïóñòü k = p(1 + y), y � 1, òîãäà

F1 = −2 ln 2

π
pF (p)T

∫
dydφA(cosφ)

sin φ
2

4 sin φ
2
(
p
√
y2+1

2 ln 2α
+ 1)2 + y2

(65)

Èíòåãðàë ïî y áåðåòñÿ ñ ïîìîùüþ ôîðìóëû.∫
dy

y2 + (1 + a
√

1 + y2)2
= 4

arctan 1−a
1+a

1− a2
(66)

Ñäåëàâ çàìåíó t = 2πp
α ln 2

sin φ
2

= u sin φ
2
, ïîëó÷èì:

F1 = −16πT

ln 2
pF (p)

∫ u

0

dt√
u2 − t2

A(1− 2
t2

u2
)

1

1− t2
arctan

1− t
1 + t

(67)

Ïîäñòàâèâ A ïîëó÷èì, ÷òî â ãëàâíîì ïîðÿäêå F1 ∼ αTF (p). Îäíàêî íàì

íàäî áóäåò íå òîëüêî ãëàâíûé ïîðÿäîê ïî α, ïîýòîìó â òàáëèöå ðåçóëü-

òàòîâ ìû îñòàâèëè ôóíêöèþ γ(p). Âû÷èñëåíèå ñëåäóùåãî ïîðÿäêà áóäåò

ïðîèçâåäåíî ïðè âû÷èñëåíèè τ−1
tr .

Âû÷èñëåíèå F2 ïðîèçâîäèòñÿ àíàëîãè÷íî. Ðåçóëüòàòû ïîêàçàíû â òàá-

ëèöå íà ñòð. 12.

Ïðè ðåøåíèè óðàâíåíèÿ íà f+,p(p) îêàçûâàåòñÿ, ÷òî ãëàâíîå çíà÷åíèå

èìåþò äëÿ ðàçëè÷íûõ èíòåðâàëîâ ïî p ðàçëè÷íûå ÷ëåíû F1 è F2. Òàê

äëÿ α2 � p � α, âêëàä îò F1 â ãëàâíîì ïîðÿäêå çàíóëÿåòñÿ, à ïðè

α � p � 1, âêëàä îò F2 ìåíüøå âêëàäà îò F1 â α
4 ðàç(áîëüøàÿ ñòåïåíü

α èìååò çíà÷åíèå, òàê êàê â ïðîâîäèìîñòü äàåòâêëàä íå âåäóøèé ïîðÿäîê

ïî α îò γ(p), à âòîðîé).

Ðåøåíèå óðàâíåíèÿ Áåòå-Ñîëïèòåðà ïðèâåäåíû â òàáëèöå íèæå.(Âîñòàíîâëåíà

ðàçìåðíîñòü p).

p� α2T α2T � p� αT αT � p� T

f+,p(p) 1 + ı
√
pT g̃(ω) αT

ω+ıτ−1
tr (p)

ω+2ıΣR+(p,p)

ω+ıτ−1
tr (p)
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7.2 Âû÷èñëeíèå τtr(p)

Ïîñëå ïðåîáðàçîâàíèÿ âûðàæåíèÿ (53) ïîëó÷èì:

τ−1
tr (p) =

∫
d2k

(2π)2
(1− nknp)(1 + nknp)

( ImDR(k − p, k − p){coth
k − p
2T

− tanh
k

2T
} −

ImDR(k + p, k − p){coth
k + p

2T
− tanh

k

2T
}) (68)

Ýòî âûðàæåíèå ïîõîæå íà èíòåãðàë, êîòîðûé èññëåäîâàëñÿ ïðè ïðèáëè-

æåííîì ðåøåíèè óðàâíåíèÿ Áåòå-Ñîëïèòåðà. Åäèíñòâåííîå îòëè÷èå â

òîì, ÷òî óãëîâàÿ çàâèñèìîñòü A(cosφ) òåïåðü äðóãàÿ:

A(cosφ) = (1− cosφ)(1 + cosφ) (69)

Äëÿ ñëó÷àåâ ïðè p� αT ñóùåñòâåííî íè÷åãî íå ìåíÿåòÿ, òîëüêî îáùèé

êîýôôèöèåíò.

Ñëó÷àé αT � p� T . Äåéñòâóÿ àíàëîãè÷íî ðåøåíèþ óðàâíåíèÿ ïðè-

äåì ê èíòåãðàëó:

τ−1
tr (p) = −16πT

ln 2
pF (p)

∫ u

0

dt√
u2 − t2

A(1− 2
t2

u2
)

1

1− t2
arctan

1− t
1 + t

(70)

u =
2πp

α ln 2
(71)

Ïîäñòàâëÿÿ óãëîâóþ çàâèñèìîñòü(69):

τ−1
tr (p) = −16πT

ln 2
pF (p)

∫ u

0

dt2
t2

u2

√
u2 − t2 1

1− t2
arctan

1− t
1 + t

(72)

Îòñþäà íàõîäèì, ÷òî

τ−1
tr (p) ∼ α2T 2

p
(73)

Ïîâåäåíèå ãðàíñïîòðíîãî âðåìåíè ðàññåÿíèÿ ïðèâåäåíî â òàáëèöå:

p� α2T α2T � p� αT αT � p� T

τ−1
tr (p) ∼

√
pT ∼ αT ∼ α2T 2

p
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7.3 Ïðîâîäèìîñòü ñ ó÷åòîì âåðøèíû.

Ïðîâîäèìîñòü âû÷èñëÿåòñÿ ïî ôîðìóëå:

Reσµν(ω) = δµν

∫
pdp

2π

1

2T

1

cosh2 p
2T

Im
f+p(p)

ω + 2ı ImΣR
+(p, p)

(74)

Èç-çà cosh â çíàìåíàòåëå, ãëàâíûé âêëàä ïðîèñõîäèò îò p� T .

1. Èíòåðâàë p� α2T .

Ïîäñòàâëÿÿ f+,p(p) èç ïðåäûäóùåãî ïàðàãðàôà, ïîëó÷èì:

Reσµν(ω) = δµν

∫ α2

0

pdp

ω2 + 4( ImΣR
+(p, p))2(

(1−
√
pT Im g̃(ω)) ImΣR

+(p, p)− ω
√
pT Re g̃(ω)

)
(75)

Ïðè p� α2T

ImΣR
+(p, p) ∼

√
pT

Ïðîâîäèìîñòü

Reσµν ∼ δµν

 α3, ω � α2T

α5T 2

ω2
, ω � α2T

(76)

2. Èíòåðâàë α2T � p� αT .

Ïîäñòàâëÿÿ f+,p(p) èç ïðåäûäóùåãî ïàðàãðàôà, ïîëó÷èì:

Reσµν(ω) = δµν

∫ ∼αT
∼α2T

pdp

4πT
αT Im

1

(ω + 2ı ImΣR
+(p, p))(ω + ıτ−1

tr (p))
(77)

Ïðè α2T � p� αT

ImΣR
+(p, p) ∼ τ−1

tr (p) ∼ αT (78)

Ïðîâîäèìîñòü

Reσµν ∼ δµν


ω

α4T
, ω � α2T

α4T 3

ω3
, ω � α2T

(79)
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3. Èíòåðâàë αT � p� T .

Ïîäñòàâëÿÿ f+,p(p) èç ïðåäûäóùåãî ïàðàãðàôà, ïîëó÷èì:

σµν(ω) = δµν

∫ ∼T
∼αT

pdp

2π

1

2T

τ−1
tr (p)

ω2 + τ−2
tr (p)

(80)

Íà ðàññìàòðèâàåìîì èíòåðâàëå αT � p� T

τ−1
tr (p) ∼ α2T

2

p
(81)

Ïðîâîäèìîñòü òîãäà äàåòñÿ ôîðìóëîé

σµν ' δµν

∫ ∼T
∼αT

α2Tp2dp

ω2p2 + α4T 4
(82)

Îïòè÷åñêàÿ ïðîâîäèìîñòü â ïðåäåëüíûõ ñëó÷àÿõ.

σµν ∼ δµν

 α−2, ω � α2T

α2T 2

ω2
, ω � α2T

(83)

Âêëàäû â ïðîâîäèìîñòü îò ðàçíûõ îáëàñòåé ïðèâåäåíû â òàáëèöå.

Reσxx(ω) p� α2T α2T � p� αT αT � p� T

ω � α2T ∼ α3 ∼ ω
α4T

∼ α−2

α2T � ω � T ∼ α5T 2

ω2 ∼ α4T 3

ω3 ∼ α2T 2

ω2

Âèäíî, ÷òî íà âñåõ ÷àñòîòàõ íàèáîëüøèé âêëàä îò èíòåðâàëà αT �
p� T .
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