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Abstract

The Josephson effect is a well-known phenomenon of the small current flowing
through a weak link between two superconductors. The current remains superconduct-
ing up to certain critical value (critical current) above which the voltage drop across
the junction appears, and the current demonstrates dissipative component. Usually,
the critical current is independent on the current direction. In this work, we consider
the case when this dependence arises, and study possible consequences of direction-
dependent critical current. In particular, we develop several perturbative approaches
which allow to calculate corrections to the current-voltage characteristics (CVC) due

to the asymmetry of the junction.
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Part 1
Introduction

1 Motivation and definition

Definition: Asymmetric Josephson junction is a Josephson junction which has different critical currents
(I and I ), depending on the direction of the current. The direction from left to the right is
defined as positive (the corresponding critical current is denoted as I;7). These critical currents are
supposed to be unequal: I # .

Simplest realization This property of the inequality of critical cur-
rents can be demonstrated by such simple systems as two-contact I (p + 21®/ D)
SQUID’s (see fig. 1.1) whose shoulders are represented by two different
Josephson junctions. “Different” means that the current-phase rela-
tions of these junctions (denoted as I (¢) and I () on the fig. 1.1)
are not proportionate to each other. These current-phase relations de-
fine the effective current-phase relation I (@) = I (¢ + 27®/Pg)+15 ()
of the whole SQUID which can be considered now as one Joseph-
son junction. If the phase shift 27®/®(, produced by magnetic flux
O (related to the flux quantum ®y = wh/e) put inside the SQUID’s
loop is non-integer times 7, then we have:

Fig. 1.1: Asymmetric
Josephson  junction  based
on two-contact SQUID.

‘ Asymmetry  appear  when

min I ()

o (I)#’nq)o, (n+1/2)<1>0,n€Z

©

e

which leads to I # I (Here and below, ¢ denotes the phase difference
of the order parameters on the opposite sides of the junction).

Example Let us to consider a minimal model, when one Josephson junction has sine-like current-phase
relation and another has in addition a second harmonic:

I (p) = Ising (1.1a)
Iy (¢) = I.. (sinp + Asin2y) (1.1b)

where A is a dimensionless parameter corresponding to the “asymmetry degree”. Then the effective
current-phase relation has a form:

Is () :IC{ZCOS (775()) sin (¢ + 7® /@) +Asin2g0} (1.2)

and maximum and minimum values I and I in first order with respect to A < 1 demonstrate different
values, when ® # n®, (n + %) Dy

D P
+ ~ i —
I7 /1.~ 2cos (Wq) ) + Asin (2%(1) ) (1.3)

0 0

When A is not small the presence of the asymmetry can be clearly seen from the plot of I (p), and
numeric calculation of the critical currents (see 1.2a and 1.2b). The sharp angles on the plot in 1.2a are
due to the alternation of the local maxima and minima, which can arise in case of arbitrary (non-small)

A.
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Fig. 1.2: (a) — critical current as function of the magnetic flux in case A = 1. (b) — Current-phase relation
incase A=1, & =0.29,

This effect, despite its simplicity, as far as we know, has not been discussed previously in literature.
However, when our work was already in process, the article [1], where a similar effect was found in a much
more complex system, was published. In that work a similar effect was uncovered in a superconducting
transition, through a Weyl semimetall, where the carrier transfer was carried out due to topologically
protected edge states with different Fermi velocities.

In this paper, we propose to investigate how the asymmetry will affect the properties of the junction.
In particular, it is proposed to investigate correction of current-voltage characteristic (CVC) and Shapiro
steps. This is the subject of the first and second parts of this work, respectively.

2 Problem statement, definitions and structure of the thesis

Let us consider SQUID on the (1.1) with current-phase relations (1.1a)
and (1.1b) in terms of the Resistive Shunted Junction (RSJ) model, in

which the dissipative resistive part of the current is represented by the C T o E
resistance R enabled in parallel with the Josephson junction, where R 2 a3, 0m30010 1

denotes the total resistance of the SQUID. We will neglect the capac- W °-
itance of the junction and the inductance of the loop. In this approxi- -2 //

mation we will have the following equation for the phase ¢ (t): -
h 8§0 -4 -2 q 2 4
— = =1-1 24 /
s o = 1 Is () (2.9

. . . Fig. 2.1: Numeric result of the
where Ig () is defined in (1.2). Our task is to calculate the average CVC in RSJ model under cer-
t

voltage (V' (£)),, which is defined as V' (t) = 2% (Op/01). tain values of the parameters A

and ®
Notations Let us to introduce the convenient dimensionless nota-
tions. First, we see from (1.2) and (1.3) that in case A = 0 we have
It =17 = 2I.|cosT® /P, so it is natural to measure the current and other connected with current

quantities in terms of I, (®) 97, cosnd /®g. To be specific let us to introduce the following variables:

oI , _Is(p)
Jj= 7 (@) Js (@) = 7 (@)
1= I
= c Oé:A~ ¢ 2.5
Je i, (@)‘ I (®) 25)
v
YT RL (@)

Note that I, ((n+3) ®o) = 0 if n € Z, what means that critical current is zero in the case of purely
sinusoidal current-phase jg (¢) = sin ¢ (without second harmonic). We exclude the trivial case when ® =

(n + %) ®( from our consideration. Next, we see that natural time scale for this problem is determined

by an inverse frequency (wc_ 1), where w, def (QeRfc (<I>)> /h. Tt is convenient to introduce dimensionless

time:
T = wct (2.6)



In these notations the equation (2.4) takes the form:

¢(r)=7—Js(p) (2.7)
Js () =sinp + asin (2¢ — 279 /P) (2.8)
(v) = (&)

where we also make the shift ¢ — ¢ — 7®/®( in formula (1.2), to relocate the flux dependence into the
second-harmonic term. In this notation the average voltage identically coincides with the frequency of
Josephson oscillations (v) = w, so we will identify these values.

Solution in simplest case In the case of sine-like current-phase relation jg (¢) = sin, when a = 0,
equation (2.7) has an analytical solution:

©Yao (T) = 2arctan [1 (1 +4/j% — 1tan ~ Pl TO))] (2.9a)

J 2

(v) = sgn (j) V77 — 1 (2.9b)

—

In case a # 0, the equation (2.7) allows only numerical solution without additional approximations.
Case j — j¥ < j¥ has been considered in [3]: in this case the CVC has a root-like behavior (v) a

i\/ng (o) |7 — jci’ regardless of the harmonic composition of the jg ().

Structure of the thesis The part II of the thesis is dedicated to calculation of the corrections to the
CVC in different parametric regions. For the case |j| > jF, (sec. (3)) we developed a perturbation theory
which works for arbitrary js (¢) and respectively « (look sec. (3.2)), and apply it for the case when jg
is defined by (2.8). After that we considered the case of arbitrary j but small & < 1. We calculate the
correction to the CVC up to O (a5) terms when ® = n®, and find the first asymmetric correction to the
CVC in case of non-integer flux. The part Il is about the non-stationary case, when the current steps
(Shapiro steps) can be observed on the CVC. In this part the asymmetric correction for the width of the
first Shapiro step was calculated in first order on the amplitude of irradiation, and in first order on the
second harmonic amplitude.

Part 11
The Current-voltage characteristic (CVC)

3 High current mode |j| > jF

3.1 Failure of the straightforward iterations

First of all we will consider the case |j| > j. A naive way to build perturbation theory is to use the
straightforward iterations method; let us suppose the expansion:

@ (1) = o () + %‘Pl (1) + j%m (1) + - (3.10)

and after the substitution of this series into eq. (2.7), and following expansion we obtain the equation
which defines the corrections:

Yo =17 (3.11a)
1. . . o
—p1 = —sinpg — asin | 2pg — 27— (3.11b)
J ®o
1. 1
j—2<p1 = —3301 (cos g + 2 cos (29 — 2P /D)) (3.11c¢)

But if we start calculations we will encounter a problem which is not specific to this case |j| > jT, but
arises whenever the perturbation leads to the CVC changing, which makes the straightforward iteration
method inapplicable.



Inapplicability of straightforward iteration Because of the connection between phase and voltage
(v) = (), it is natural to suppose that the corrections to the unperturbed solution (vy) are defined by

@5 > (here @o (1) = j7, as follows from (3.11a), and hence (vg) = j).

the corrections for the phase <

But for the average <</>§’“)

makes iteration theory inapplicable to the corrections’ calculation. We emphasize that this problem is
not related to the specifics of the perturbation theory in the case |j| > jF, but is common for any case
where perturbation leads to the CVC changing.

to be non-zero, the correction go( ) (1) must grow infinitely with time, which

Example The aforementioned problem arises for the second iteration in the case |j| > j£. It arises
regardless of the specific form of jg (¢), so for simplicity we take a = 0. The solution which one can
obtain from the equations (3.11b) and (3.11¢) has the following form:

1 1 )
-1 = — COS jJT (3.12a)
J J
1 1 sin 257

.12b
27T <T+ 2j ) (3.120)

where in 3.12b, we can see the term which grows with time. To manage this difficulty we should use a
more sophisticated method.

3.2 Harmonic perturbation theory

Main idea We know that the frequency of the Josephson oscillations is proportional (in our notation
just equal) to the average voltage. That means that the solution of the (2.7) has a following form:

o(r)=wr + Z A,, cosnwt + B,, sin nwt (3.13)
n=0

An important feature of this form is the fact that the frequency of the periodic part of eq. (3.13) equals
the coefficient of the linear term, which provides the needed property. Next, we suppose the coefficients
A,, and B,, to be monotonously decreasing with the current’s growth. This assumption is quite natural
because in limit j — oo, we have only the linear term. Finally we suppose that harmonics come into
play one by one, starting from the first. That allows us to calculate only the parameters in (3.13), which
are not time-dependent. It can be done by expanding them into series. Actually the order of the leading
term of the expansion of the coefficients A,, and B,, depends on the harmonics which constitute jg (¢)
and in the general form expansions can be written as:

1 1
=+ T+ e+ (3.14a)
Loaew b ks Lo 1 a0
A= ACP + -n—kAn ot —AD T—HAH 4o (3.14b)
j j j j
1 1 1

Where the parameters ASZ"), B,(Lm) and w,, do not contain smallness with respect to j.

Result: Behavior of the CVC at |j| > |j£| We have calculated these coefficients in the case where
Js () is given by (2.8), but this procedure remains the same in the case of any other jg. In our case
calculating up to the fourth order we find:

p(r)=wr+ fi(r)+ f2(7) + f5(1) + O (j7%) (3.15)
1 o
fi= ; CoswT + % cos (2wt — 27¢) (3.16a)
a? o %" 1
fa= “32 sin (4wt — 47wg) — 22 sin (3wt — 27¢) — i sin (wr — 27¢) — v sin 2wt (3.16b)
61a? + 12 al 1 (a® 20
= —————Cos — 5 — == - — 5 (2w — 2 1
fa 15 COSWT 2170 cos (6wr — 6m¢) + 7 ( 3 3 ) cos (2wt — 2m¢) (3.16¢)
1902 13a 972 1
~ 30 cos (3wt — 4mwd) — B cos (4wt — 2mw¢p) — ﬁ cos (bwt — 4mw¢) — 7 cos 3wT



Here we collect in f,, terms from (3.13) which have the same order:
ef 1 .
fn Lef = E AP cos mwr + BX sin mwr (3.17)
]'ﬂ
m+k=n

The result for frequency:

o?+1  3a . ( <I>) 1+ 8a?+ at

873 +0 (7 (3.18)

Here we can see the flux-dependent term fj—?’; sin (2r®/®g), which vanishes when ® = n®,), (n + %) Dy,
or a = 0 and note that this term has an even power of j. That is the manifestation of the asymmetry

in the CVC dependence. Also, one can see that this result is consistent with classical formula (2.9b) in

case o = 0: ] 1
(v):sgn(j)\/ij1%]'72—3,7873+O(j75) (3.19)

4 Arbitrary current. Small second harmonic a < 1

For the intermediate region when |j| > |j£|, but the condition is no longer satisfy, we should use another
approximation « < 1. For this case we will use the following notations for expansion of ¢ (1) :

(1) = Pa0 (T) + aar (1) + a®@ar (1) + -+ (4.20)
Here, just like in a previous section the iteration method is inapplicable for calculation go((lk) (7). However,
there are quite intuitive method, which allow us to determine the functional form of the solution, and
than use iterations to find the parameters of this form. But this approach allow us to find functional form
in terms of the inverse function 7 (p) what is a disadvantage of this method. We perform calculation
only for case of zero flux, when there is not any asymmetry, but still we have a correction due to second
harmonic. Case of non-trivial flux will be considered further.

4.1 Direct integration

Main idea First we consider the case ® = 0, but this method can be generalize for arbitrary flux. Note
that eq. (2.7) is an equation with separable variables. It is solution can be written as:

oy )_/“’ dy’ B x:tan% singo':szrl _
v = j—sing’ —asin2y’ dy' = 122?1 a

2/ 2 +1
j (x2+1—2§x) (a2 +1) — 24z (1 - 22)

dx (4.21)

Integral here is an integral of rational function with a polynomial of the fourth degree with real coefficient
in denominator. Its roots are two pairs of complex numbers which we will denote as a and b. Integral in
(4.21) can be taken:

(a? +1)log(z — a)
(a =) (a—0b%)

_2 il _2 ! m a=
T(w)_j/(x—a)(x—a*)(x—b)(x—b*)_j(hnal + b) (4.22)

where, after expressing in terms of real functions and come back to the original variable ¢, we obtain:

| 2

tan £ — R —_
T—T9 = {Aa,b (mr + arctan an26a) +a= b} + Blog |2 5 (4.23)
Im a |z — b
pe(r(2n—1); 7 (2n+1)]
2 a’®+1
Aup = R 4.24
S =] (424
1 a?+1
b= jIm aIm [(a b) (ab*)} (4.25)

Here the additional 7n in (4.23) included to choose the branch of arctan and obtain continuous function
7 (). Now we have similar situation as in case of harmonic perturbation theory in previous sec. (3.2),
where we have a knowledge about class of function where solution can be found. Here we obtain this
solution by formal integration (4.21). Now we can calculate roots « and b using iterations.



The CVC in case a < 1, ® = 0 using direct integration method By solving equation for the
roots iteratively:

1
<:c2 +1- 2,:c> (@2 +1) -S4z (1-22) =0 (4.26)
J J
we obtain following expressions:
a =i+ 2ia+ 20 (i — 2j) — 40%i (45 — 2ij — 1) + 2o (405% — 20i5% — 165 + 3i) + O (o) (4.27a)
iV sgn(j)v/j* —1 sgn(j)v/j% — 1
204 (z — 2 sgn(j)VF = 1) + 52 (56 -sgn(j)V/7E —1— 33i) 4 (32’ —4-sgn(i)V/7E = 1)
+ 2a*j — 573 +0 (o)
sgn(j) (2 — 1)
(4.27h)
and for coefficient A, and B:
Aqp = 240”j — 800t (145% — 3) 4+ O () (4.28a)
2. ' 654 — 952 +2 280478 — 7605 4+ 6755* — 20052 + 8
A’azsgin(‘y) 1_2042‘7.27‘7—’—_’_2044 ] ] + ,72 yi + —i—O(aG) (428b)
2—1 j2—1 (2 -1)

B=—2a(1-4a” (1052 - 1) + O (*)) (4.28¢)

Note, that, as should be, when o = 0 expression (4.28b), (4.27a), (4.27b) and (4.23) give the inverse
function of the unperturbed solution (2.9a):

2- ] jtan £ — 1
T= 2-sen(d) arctan —? 02 - (4.29)
j* -1 sgn(j)v/j* — 1

Solution (4.23) allow us to extract the correction to voltage. We can write the average voltage in following
form:

T*—=oo T*

W) = w=(g) = lim ~ /0 " o(rydr = tim 20 (4.30)

The procedure of matching of arctan (- --) in (4.23) which give us an additional 7n mentioned above, give
as value of 7 (), at the matching point: 7 (7 (2n + 1)) = 7n (Agp + Ape). When n > 1, that equality
and formula (4.30), give us the result:

2mn 2

w = lim = 4.31
n—oo TN (Aa,b + Ab,a) Aa,b + Ab,a ( )

N 654 — 952 +2 o
w=sgn(3)\/32—1+2a2{j‘7.—63(.72—1) +

sgn () /5% —1

(4.32)
20%j | —13657 4 3285° — 249;° + 56
+ D728~ 2T 00T L 13646 — 2604 + 13652 — 12 % + O (o)
JF=1 sgn (j) /5% — 1
The high current expansion reproduce the result (3.18) of sec. (3.2):
2 1 4 8 2 1
wejo L e Fse +0(;7°) (4.33)

2j 85°

Note that the result (4.32) is valid not only for ® = 0, but also for n®y. For the case ® = n®y we
have not any asymmetry and formula (4.32) agrees with this statement. Despite the direct integration
method can be generalized for the case of non-trivial flux, we decide to use another more convenient
method for calculation of asymmetric flux-dependent corrections. Thus, this section is of interest only in
a methodological sense, providing us another way to calculate the CVC’s corrections.

4.2 Thompson’s method

The method which allows us to calculate the corrections in case of non-trivial (<I> % n®y; (n + %) <I>0)
was clearly presented by Thompson [1] (other explanation can be found in [2]) for the different problem:
finding corrections in case when ordinary Josephson junction irradiated by small electrical field, where in
the CVC the current step called Shapiro steps can be observed. We find that this method is applicable
also for autonomous problem of calculation the correction due to second harmonics.

10



Main idea An attempts to find the correction on voltage as it was mentioned at 3.1 lead to inapplica-
bility of the iteration method. But calculation of corrections to voltage (look fig. 4.1a) is not unique way
to find the corrections in to the CVC. Another way is to look for the current corrections, that correspond
to the same voltage value as in unperturbed case (look fig. 4.1b). In that picture the CVC is represented
by implicit function of the auxiliary parameter which we denote jp, which has a clear physical meaning:
if w(j) —is the CVC of our asymmetric Josephson junction, jg is a current that would correspond to the
voltage w in unperturbed symmetric case. Between j and jy there is a functional dependence, which we
can calculate using an expansion j (jo) into power series with respect to a:

. . . 0 . 0 0
{w (o) = (Pa0) +akbat)+ a2 dgms) (434
7 (o) = jo + aji (jo) + &®j2 (jo) + - -
where the corrections ji (jo) is chosen in such a way to compensate the correction wy = (par) to the w
(¢ar (1) was defined in (4.20)), so w (jo) has the following form:
w (jo) = wo (jo) = sgn (Jo) /4§ — 1 (4.35)

In other words, ji compensate the growth terms in @, (7). This compensation allow us to use iterations
to find corrections o This procedure in details described at the next section.

wo(f) + aw1 ()| T
wolf)| ’ wo(j) 1
— pure CVC
perturb. CVC
J JUo) Jo
(a) Direct determination of the perturbed CVC (b) The implicit determination of the perturbed CVC

Fig. 4.1

The CVC calculation at o < 1 using Thompson’s method After substitution the expansion for
J (4.34) into (2.7) together with the expansion for ¢:

@ (1) = Pa0 (T) + aPar1 (T) + ez (T) + - - (4.36)

we obtain an ordinary equation for Josephson junction with sine-like jg (¢) for zero order, when oo = 0
(as it should be):
a0 + SinYa0 = Jo (4.37)

and a linear equation for ¢, at the first order:

d
Pal t Va1 COSPao = j1 — sin (290040 - 27(1)> (438)
0

where solution of (4.37) p.0 has been already written in (2.9a). This is linear equation which has simple
solution: ) N o
ol = Ko (7')  j1 (jo) — sin | 2000 — 20— | ¢ d7’ 4.39
oo = gy [ Ko {i i) = sin (2000~ 2 ) bar (4.39)
where integrating factor Ky (7) is a solution of the autonomous equation:
Ko (1) = exp {—/ COS Pa0 dT/} (4.40)
In order to calculate this integral we do not need to substitute g inside cosine function in (4.40), it is

enough do differentiate 4.37 to find:
Pa0 = —Pa0 * COSPao (4.41)

11



from where we get after integration:
S c
Ko (7) = exp {/ wdT'} =— (4.42)
Pa0 Pa0
Now, we should calculate j; (jp). Condition which determine j; (jo) is vanishing the corresponding

correction wy; = 0 < (¢Pn1) = 0. This condition is met when the correction ¢,; does not contain growing
with time terms. In other word we should demand the time-average of integrand in (4.39) to be zero:

J1 (Jo) — sin (200 — 277P/Pg) \

sin 240
a0
correction should vanished when flux & = n®, (n + %) ®y, and the flux-dependent part of the correction

must contain #sin27®/®, . For j1 (jo) ,we obtain a result:
O\ (Pl cos? ®\ 28 — 3jo — 2-sen (o) (2 — 1)*?
j1 (jo) = —sin (%) M = —sin (27‘(‘) Jo — 2o el o) (75 = 1) (4.44)
(I)O <<pa0> (I)O Jo

For calculation correction to the voltage, we should keep in mind that in this picture the CVC has a form
of implicit function (4.34):

w (jo) = sgn(jo)v/jg — 1
2j§ —3jo—2-sgn(jo) (Jg —1

7 (jo) = jo — asin (2%;%) -

After necessary calculation we see that average < > = 0, as should be, because first asymmetric

)2/ (4.45)

At the first order with respect to a we will have:

o\ 25% —3j —2-sen(j) (2 - 1)*?
Jo(j) =Jj + asin <27r> A e ) (4.46)
P J
and after substitution it into w (jo) in (4.45) we finally get the result:
o\ 25% —3j —2-sen(j) (2 - 1)*?
@ (j) = sgn(y) ( 7= 1+asin (27f<p> LoE ) =D ) 0@y @an
0 42 —

At the limit j > 1, we obtain the result which coincide with the result (3.18) of harmonic perturbation
theory in sec. (3.2).

Part III
Shapiro steps

In that part we interest in asymmetric consequences on the Shapiro steps. Shapiro steps is the phenomena
of arising constant current steps on the CVC in case when junction is irradiated by electric field. This
effect can be easily explained if we suppose that voltage on the junction is installed, and modulated
by electrical field as time-periodic function. In this problem statement the voltage-time dependence
determine ¢ (7), and allow us to find the current. This simple analysis had been done before [3]. It
was demonstrated, that in resonant cases, when the frequency of the incident irradiation is equal to the
frequency of Josephson oscillations or divides it completely at the CVC voltage spikes are arised (so called
Shapiro spikes, look fig. 4.2b).

More physical problem statement, is a case when the incident irradiation defined the current-time
dependence. In that case we also can observe step-like features on the CVC (so-called Shapiro steps)
and these features also arise when the frequency of the incident irradiation is equal to the frequency
of Josephson oscillations or divides it completely. In order to calculate voltage we should to solve a
non-autonomous differential equation (2.7) with j = j (7) = jae + Jac sin (7 + 6):

Sb + jS (90) = jdc + jac sin (QT + 5) (448)

This equation cannot be solved analytically already in the sinusoidal case jg (¢) = sin¢. The numerical
solution shows arising of the current steps (look fig. 4.2a). Approximate method stated in 4.2, was used

12
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Fig. 4.2: Shapiro steps a); and Shapiro spikes b)

by Thompson in [4] to find the correction to the ¢ and then to the CVC; in particular he calculate the
width of the steps under assumption of smallness irradiation’s amplitude j,. < jq.. Here we generalize
this method for the case of arbitrary js () in first order with respect to j,., and express the width of
the step in terms of autonomous solution ¢y eq. (4.48) with j,. = 0. For the our minimal model case
(when jg defined in (2.8)) the equation (4.48) with j,. = 0 is equivalent to case which we had considered
in part II, so further we will partially use and partially extend the result of this part.

5 Shapiro-steps problem in first order with respect to j,.

In this section we will develop perturbation theory using j,. < 1 as a small parameter. Despite the fact
that eq. (4.48) is totally different than (2.7), Thompson’s method turns out to be quite convenient. Also
shape of the current step’s on the fig. 4.2a tell us that the representation of CVC as an implicit function
(schematically shown at the fig. 4.1b) seem to be natural for this problem.

5.1 Expression in terms of autonomous problem
According to the Thompson’s method we should perform the expansion of ¢ in (4.48):

¢ (1) = 9o (1) + Jactr (T) + Jactpr (T) + -+ (5.49)

and consider the correction to the current with respect to j,.. The CVC dependence now (as in 4.2) is
represented as an implicit function:

{w (o) = ($0) + JackP1)+ S2t) + e’ (5.50)
Jae (o) = Jo + Jacdr (Jo) + Jaedz (jo) + -
The zero-order solution here ¢, satisfies unperturbed equation:
¢o =7j — js (o) (5.51)
For the first order correction ¢1 (7) we will obtain linear equation again:
P1 + 1008y = j1 + sin (Qr + 9) (5.52)
with the solution:

w1 (1) = ﬁ /T K (") (41 + sin (Q7" +6)) dr’ (5.53)

Now, K (7) is defined by whole current-phase relation jg (¢):

K(r) = exp{— / ' 8;;;@ ) df’} (5.54)

using the same trick as in 4.2 with differentiation of the unperturbed equation (5.51) (at that time) we
can calculate K (7) for the arbitrary jg (¢). Differentiation of (5.51) give us:

B Jjs (v)
Yo = —%o
I

(5.55)

P=%o
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and after substitution to the (5.54), and performing integration we can get the result K (1) = Cy* .
The correction j; should be chosen to compensate the growing terms in (5.53). This condition can be
written as equality to zero of integrand’s average in (5.53):

<j1 + Sin¢(§2T + ) > 0 (5.56)

here, § — is the time shift between phases of ¢ (7) oscillations and incident irradiation j,.sin (Qr + §). If
the average <sin (Qr +9) gbal> # 0, then obtain the -dependent expression for ji:

. (sin (Qr +4) ¢5 ")
J1=— 1
<‘P0 >
Because § is immeasurable quantity it can take arbitrary value. Thus, § parametrizes the Shapiro step,

and width of this step determines by the difference between max and min value of (5.57) with respect to
§. After expansion sin (Qr + §) in (5.57), and rewriting we obtain the expression:

1. Q 2 .1 Q0 2 -1 . Q
j1 = (WM) +<W> sin 6—|—arctan<s_0087m7> (5.58)

<¢61> Yo > <<p51 cos QT>

from which one can clearly seen that first correction of the width (denoted j}V) defines by:

L1 . 2 .1 2
¥ 9 <<wo sin QT)) N <<‘Po cos QT>> (5.59)
<%00 > <‘P0 >

Formula (5.59) is a result of this section — width of the Shapiro step for the Josephson junction with
arbitrary current-phase relation jgs () in terms of unperturbed solution ¢ (7) (defined by eq (5.51),
so the information about jg (¢) is hidden in ¢q (7) in (5.59)) in the first order with respect to jae.
Values of the w (jy) where expression (5.59) is not zero, defines the positions of the current steps. Direct
calculation shows that in the case jg () = sin ¢, average <<,b51 sin QT> # 0 only when w (jo) = Q. Average
<gba ! cos Q’T> = 0 for arbitrary w (jo). That correspond to arising of the first step [4]. Others Shapiro
steps arises at the w = nf) but corresponding non-zero terms arise only it the further orders of j,.. At
following section we will find the corrections for width of this step due to second harmonic using as a
parameter small o < 1 in jg () defined at (2.8).

(5.57)

5.2 Calculation of ¢, and Shapiro step correction in first order with respect
to «

Now we will use the same approach as in 4.2 to find the corrections for ¢g. In order to find correction for
the step width due to asymmetry, we should calculate corrections to the ( using a as a small parameter:

00 (T) = Pa0 + a1 + O (a?) (5.60)

where 40 — solution (2.9a), of the (2.7) with respect to a = 0.

Zero order result If we limit ourselves by zero order, as it was mentioned at the end of the previous
section, after direct calculation of the averages we will obtain following results:

.1 jO
Pa0) = 5.61a
< 0> ](2) -1 ( )
1
U
$o0 rSihwT) = ——5—— 5.61b
(png - coswr) =0 (5.61c)
which lead to the Thompson’s result [41] for the symmetric Josephson junction:
1 .
-sinwT 1
g =2 (o0 - sinwr) — )| — (5.62)
<§0a0> |.70|
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First order result At zero order only first term under root in (5.59) give a contribution. Term
<¢;& cos QT> in (5.59) has ~ O («) smallness with respect to «, which one can conclude form the result
(5.61c). That is why only <gb;01 sin Q’T> term can produce the contributiont to the first order. The
substitution (5.60) into (5.59) give the following result:

-1
Wy <(npa0 + apa1) smw7‘>
<(90on + C“Pal)71>
-1 . . .—92 . -2 .
-sinwT o o -sinwt
<<‘O0l0 — > +a <<90;3 ~sinw7'> <<‘O 1<Pa(2)> _ <<‘O 1(‘0(1.0_1 >>| (563)
—1
Pa0 > <(Pa0 > <50a0 >
Now, we turn to the calculation of the first correction ¢41. Using formula (4.39) and result (4.44) we can
rewrite @q1:

) T 2 N 2 N T .—1d / ® 9 N
Pal = <Pa0 sin <27T> / MdT/ — <COS. L 0> f wi(i d — Sbao CcOS <2’/T> / Md !
(I)O Pa0 Pa0 <<)0a0 > @0 Pa0

(5.64)
Note that this formula give a clear illustration how the current correction compensate the growing terms
in pq1: from this form its clearly seen that averaging the expression in curly bracket will give zero.
Explicit form of the ¢, is given by following expressions:

T oS 20, 200 T ddr io t 2)+1 2 1
/ wdT'—<COS_ Ld O>f Pa0 T :2(w7—27rn)—4arctanjo an (wr/2) + —|—2(—> coswT

=2

Pa0 Pa0 <<P;01> w w Jo
(5.65a)
wr € (m(2n—1); 77(2n+1)]
™ gin? .
/ Mdr’ {log( Jo +sinwr) + = banT} (5.65Db)
Pa0 w?
W2
Do) = ——————— 5.65
Pao Jo +sinwr ( )
where after derivation of (2.9a) we take for simplicity 7o = — (52 — 1)71/ % arcsin (7') and the addition

term 27n in (5.65a) has the same origin as the addition term in (4.23) and represents growing part of the
(5.64), whereas wr term provide the needed compensation of this growing part. Next, straightforward
calculation shows that the averages in (5.63) which include terms in (5.64) which contain cos27®/®g

vanishes:
. 8 . T sin 2(p 0
2 [e] /
< a0 9 ( a0 / . 0 ) > ( )

) ™ $in 20,
<sinw7‘ a5 (%0 / Sn;‘iodr’» =0 (5.66b)

what means that in ¢, only first term with sin 2r®/®( will give a contribution into the width correction.
That fact agrees with the general statement of absence any asymmetry in case ® = n®y. That’s mean
than the averages which we need to calculate has a form:

.. . ¢ .20 [. T €08 2000
<(pa1@ag> = sin (277(1)0> <<<pa(?87_ {<Pa0/ Sba()adTl}> -
L1 .
Pap * €08 2Pa0 L0 T
7M < bais {%0/ <pagd7/}> (5.67)
<90a0 >
and similarly for <<pa1gb;§ - sin w7> . After some algebra we will obtain the following result:

P o) 452 +2 442
(Pa1$Pan) = sin (27T(I)> <sgn.(]0) ](,) R 5 S0 > (5.68a)

0 Jo 33—1 Jog—1

d _
<<,0a1S0ao sinwr) = sin (27rq) > <Sgn Jo) 5 g ‘70 3) (5.68b)

\ﬁ
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and after substitution (5.68a) and (5.68b) into (5.63) we obtain the following result:

1 d j0) 258 — 344 + 342 — 2
— 4 asin (277) sen (o) 2o 3o + 390 =2 _ 52 _ ) (5.69)
Jo %) Jo je—1

=

Formula (5.69) (after returning to the initial correction j; (jo, §)) by the combining with the result of 4.2
(formula (4.47)) give us the whole picture of the first Shapiro step (CVC in case when w = £):

3. .sen (i 2 3/2
+Q = sgn(jo) <\/=7'37_1+04sin (277%) 2o =302 g, Go)(78-1) )

2_
ot 3\/50312 ) (5.70)
I ) e 1 . P sgn( 7 lo—375+375— ]
J (Jo) = jo + 25 (jo + asin (27rq>—0> ( gjgjo Jo \/J;g_fo —2(j8 - 1))> cos d
from where, after exception jy in the first order with respect to o, we obtain the result:
. . JacCOSE .
J(£9) = jove (£0) + 22500 (10) + 0 (j2,) (5:71)

This formula defines the whole position (the center and the edges) of the first Shapiro step in the region
of positive and negative current (which correspond w = 4+ and w = — respectively) where jov o () —
term which define the center of first the Shapiro step, taking into account asymmetric correction:

P 203
' +0) =+ Q?+1+asin<2 ) (1292+>+O a? 5.72
jove (£9) 5o E] (a®) (5.72)

and jgep () is the actual width of the first Shapiro step in the units jg.:

1 asin27d/ P

W o
Joten BN = | 7T T )

+0(a?)  (5.73)

(20°+ 97 +30 - V241 (20" +1))
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Part IV
Overview of results

1. We have developed several perturbation methods:

(a) Perturbation theory for arbitrary current-phase relation jg () in case when current much
higher than critical |j| > |jF| (Harmonic perturbation theory)

(b) Perturbation theory for sine-like current-phase relation in presence of small (o < 1) second
harmonic (js (¢) defined in (2.8)) was developed by using direct integration

(¢) Perturbation method stated by Thompson in [1] was generalized for the case of small (o < 1)
second harmonic.

. Using these methods we have calculated correction to the CVC of asymmetric Josephson junction
if there is a small parameter (a or j7!). These calculations have shown the evidence of asymmetric
influence on the CVC by the second harmonic shifted with magnetic flux. The results are collected
in Table. 1

. Using method of direct integration 1b we have found the inverse phase-time dependence t(¢) in
presence of second harmonic (formula (4.23))

. Thompson’s method for calculating Shapiro steps has been generalized for the case of arbitrary
js ()

. First asymmetric correction for the first Shapiro step width, was calculated in first order with
respect to incident irradiation amplitude j,. using Thompson’s method (formula (5.71)) for the
case of small (o < 1) second harmonic (jg (¢) defined in (2.8)).

Table 1: Result of the part II

Parametric region Expression for the average voltage
71> ]Ci a?4+1 3a ( > 21 o4
j — 45= — 25 sin 2W—>—M+O j—4
«, ® — arbitrary J 2j 452 o 853 (J )

a1

85 o eon(i)(i2—1)%2
il >1 sgn(j) (\/j2 —1+asin (2%%) 275 2\22(1)1& D) ) +0 (ag)

® — arbitrary

N 654 — 952 + 2 g
sgn(])\/j2—1+2042{”—6j (32—1)}+

a<l sgn(j)v/j% — 1
lj[ > 1 N 204 [ —13657 + 3285 — 24953 + 56
® =nd) wheren € Z j2—1 sgn(j)/7% — 1

+136;° — 2605 + 1365 — 12} + O (a°)
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