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Chapter 1

INTRODUCTION

In s­wave superconductors, potential impurities do not change the density of the states (DOS) [1].

But magnetic impurities that violate the time­reversal symmetry influence superconductivity much

more strongly [2, 3]. Partial destruction of superconductivity by magnetic impurities leads to a

change in the DOSwhich, using the mean field method, was studied by Abrikosov and Gor’kov [4].

In the works [5, 6], the fluctuation smearing of the gap edges was shown, which proves the im­

portance of fluctuations for DOS. Therefore, the study of fluctuations in the local densities of the

states (LDOS) is chosen as the research subject of this thesis.

It is also worth mentioning that low­dimensional superconductors with magnetic impurities

can have zero Majorana modes. These quasiparticles can be used to build topologically protected

qubits, which can make quantum computing more robust to computational errors [7, 8, 9].

In the first chapter, we give the motivation for this work. We discuss interaction between

the superconductors and the magnetic impurities as well as formulation of the problem. The chapter

two contains calculations made by replica sigma­model method that lead us to the propagator of

densities of the states. The third chapter has derivation of DOS correction. The fourth chapter tells

about finding fluctuations of LDOS. In the fifth chapter will be discussion of received results.

1.1 Motivation

As stated in the 1, DOS is modified in the presence of magnetic impurities. One of the typical

forms of DOS dependence is shown in the Fig. 1.1, as you can see, in contrast to BCS, the DOS

Figure 1.1: One of schematic forms of the average DOS (adopted from work [10])
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in the presence of magnetic impurities has a so­called impurity band and there is no hard edge of

spectrum. Fig. 1.2 shows all possible DOS dependencies depending on parameters µ and η that

are defined as:

µ =
2α

1 + α2
, α = (πνJS)2 (1.1)

η =
nsµ

πν∆
(1.2)

where J is energy parameter characterizing of magnetic (spin­flip) scattering, ν is the DOS at the

Fermi energy per one spin projection, S is the spin and n̄s is the average concentration of magnetic

impurities, which are distributed in accordance with Poisson distribution.

It was shown in the work [11] that there is a nonzero DOS for energies E < ∆ where

∆ denotes superconductor energy gap, for a superconductor with magnetic impurities, in contrast

to a superconductor without impurities. At the Fermi level, E = 0, the DOS is exponentially

small. In this context, it becomes interesting is there energy when fluctuations of the density of

states become larger than the average value and self­averaging of DOS breaks down? For the case

without magnetic impurities, the answer is known from [12]: ⟨[ρ(E,r)−⟨ρ(E,r)⟩]2⟩
⟨ρ(E,r)⟩2 = 4

πg
lnL/l, where

ρ(E, r) is LDOS, g and L are the bare dimensionless conductance and length of the film, l is the

mean­level spacing. Thus, themain question that this work answers is how this expression will look

if we consider a superconductor with magnetic impurities and whether the fluctuations of LDOS

will be greater than the magnitude of DOS.

1.2 Problem statement

To find fluctuations we need to formulate action in terms of replica nonlinear sigma­model(NLSM).

In our case it will be look like[13]:

S = Sσ + S
(c)
int + Smag (1.3)

Figure 1.2: Classification of various forms of the average DOS (adopted from work [10])
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Sσ = − g

32

∫
dr Tr (∇Q)2 + 2Zω

∫
dr Tr ε̂Q (1.4)

S
(c)
int =

4Zω
πTγc

∫
dr
∑
α

∑
r=1,2

[∆α
r (r)]

2 + 2Zω

∫
dr
∑
α

∑
r=1,2

∆α
r (r)Tr tr0L

α
0Q (1.5)

Smag = ns

∫
dr
〈
e

1
2
Tr ln(1+

√
αQt3jnj) − 1

〉
−→n

(1.6)

To get the magnetic part of the action, we need to average over a unit vector−→n . This action contain
the following matrices and energies:

Λαβnm = sgnεnδnmδαβt00, (Lγk)
αβ
nm = δεn+εm,ωk

δαβδαγt00, ωk = 2πTk, εk = (2k + 1)πT (1.7)

where α, β = 1, ..., Nr are replica indices and trj matrix describe S spin (subscript j ) and particle­

hole (subscript r) spaces:

trj = τr ⊗ sj, r, j = 0, 1, 2, 3 (1.8)

where τr and sj are standard Pauli matrices. Q is NLSM matrix field that can be parameterized by

matrix fieldW :

Q = R−1(W + Λ
√
1−W 2)R, W =

0 w

w̄ 0

 (1.9)

Here and afterwards we use the following convention: Wn1n2 = wn1n2 and Wn2n1 = w̄n2n1 with

n1 > 0, n2 < 0, w and w̄ have the following (charge­conjugation) symmetry:

w̄ = t12w
T t12, w = t12w

∗t12 (1.10)

It is convenient to decompose w as:

wαβn1n2
=
∑
rj

(wαβn1n2
)rjtrj (1.11)

where (wαβn1n2
)rj are completely imaginary or real. The rotation matrices are defined by

(R)αβnm = δαβδnm cos (θεn/2) + t10sgnεnδαβδεn+εm,0 sin (θεn/2) , (1.12)(
R−1

)αβ
nm

= δαβδnm cos (θεn/2)− t10sgnεnδαβδεn+εm,0 sin (θεn/2) . (1.13)
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The parameter Zω was introduced by Finkel’stein[14] to describe the renormalization of the fre­

quency term in action (1.3), γc = Γc/Zω where Γc is singlet Cooper channels interaction parame­

ter. Because we are considering situation close to mean­field saddle point solution we can assume

∆α
1 = ∆, ∆α

2 = 0. The averaged DOS can be obtained following these expressions [13]:

⟨ρ(E, r)⟩ = ReK1 (iεn −→ E + i0) , K1 (iεn) =
ρ0
4
tr
〈
(ΛQ)ααεnεn

〉
S(2) (1.14)

Correlation function of LDOS can be defined[13] using bilenear in Q operator Pα1α2
2 (iεn, iεm):

K2(E, r, E
′, r) = ⟨ρ(E ′, r)ρ(E, r)⟩ − ⟨ρ(E ′, r)⟩ ⟨ρ(E, r)⟩ =

=
ρ20
32
Re
[
Pα1α2
2 (iεn, iεm)iεn=E+i0+,iεm=E′+i0+ − Pα1α2

2 (iεn, iεm)iεk=E+i0+,iεp=E′−i0+

] (1.15)

Pα1α2
2 (iεn, iεm) = ⟨⟨trQα1α1

nn (r) trQα2α2
mm (r)⟩⟩ − 2 ⟨trQα1α2

nm (r)Qα2α1
mn (r)⟩ , α1, α2 ̸= 0 (1.16)

So the problem is to find correlators
〈(
wαβεn,−εm (q)

)
il

(
w̄γσ−εk,εp (−q)

)
il

〉
and using it in equations

(1.15) and (1.16) get the fluctuation of LDOS. It is also worth to say that Usadel equation in this

case would be [11]:

− |ε| sin (θε) + ∆ cos (θε)−
ns
4Zω

α sin (2θε)
1 + α2 + 2α cos (2θε)

= 0 (1.17)
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Chapter 2

CALCULATION OF PROPAGATOR

USING REPLICA NLSMMETHOD

To find fluctuations, we need the second order expansion in
(
wγαn,m

)
pi
. The expression without

magnetic impurities [10]:

S(2)
nonmag = −g

4

∫
ddq

(2π)d

∑
mn<0,α,γ,p,i

[
q2 +

1

D

[
|εn| cos (θεn) + ∆ sin (θεn) + |εm| cos (θεm)+

+∆ sin (θεm)

]] (
wαγm,n (q)

)
pi

(
wγαn,m (−q)

)
pi

(2.1)

So to get second order expansion of action we need to decompose only magnetic part (1.6).

2.1 Second order expansion

To decompose only magnetic part we need to separate constant part from (1.6):

Tr ln
(
1 + i

√
αQt3jnj

)
= Tr ln

(
1 + i

√
αR−1ΛRt3jnj + i

√
α
[
Q−R−1ΛR

]
t3jnj

)
=

= Tr ln
(
1 + i

√
αR−1ΛRt3jnj

)
+ Tr ln

(
1 +

[
1 + i

√
αR−1ΛRt3jnj

]−1
i
√
α
[
Q−R−1ΛR

]
t3jnj

)
(2.2)

To get action we need expansion of exponent, so we get one constant part, influence of this part can

be observed in Usadel equation (1.17), there are also the one linear inW part and three quadratic

9



inW parts:

e
1
2
Tr ln(1+i

√
αQt3jnj) = 1 +

1

2
Tr ln

(
1 + i

√
αR−1ΛRt3jnj

)
+

+
1

2
Tr
([

1 + i
√
αR−1ΛRt3jnj

]−1
i
√
αR−1WRt3jnj

)
+

+
1

8

[
Tr
([

1 + i
√
αR−1ΛRt3jnj

]−1
i
√
αR−1WRt3jnj

)]2
−

− 1

4
Tr
([

1 + i
√
αR−1ΛRt3jnj

]−1
i
√
αR−1Λ

W 2

2
Rt3jnj

)
−

− 1

4
Tr
([

1 + i
√
αR−1ΛRt3jnj

]−1
i
√
αR−1WRt3jnj

)2
+O

(
W 3
)

2.1.1 First part of action

We can calculate trace:

Tr
([

1 + i
√
αR−1ΛRt3jnj

]−1
i
√
αR−1WRt3jnj

)
=

= −
∑
εn>0,γ

4
√
α

1 + 2α cos [2θεn ] + α2

[
i sin (θεn) (1− α)

3∑
l=1

((
wγγεn,−εn

)
2j
−
(
wγγ−εn,εn

)
2j

)
nj+

+
√
α sin [2θεn ]

((
wγγεn,−εn

)
10
+
(
wγγ−εn,εn

)
10

)]
.

And than we can square this trace and average it over unit vector:

1

8

〈[
Tr
([

1 + i
√
αR−1ΛRt3jnj

]−1
i
√
αR−1WRt3jnj

)]2〉
−→n

=

=
∑

εm>0,εn>0,γ,β

2α

(1 + 2α cos [2θεm ] + α2) (1 + 2α cos [2θεn ] + α2)
×

×

[
−4

3
sin (θεn) sin (θεm) (1− α)2

3∑
l=1

(
wγγεm,−εm

)
2l

(
wββ−εn,εn

)
2l
+

+4α sin [2θεn ] sin [2θεm ]
(
wγγεm,−εm

)
10

(
wββεn,−εn

)
10

]
(2.3)
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2.1.2 Second part of action

Second part involves all the expansions ofW in til matrices:〈
Tr
([

1 + i
√
αR−1ΛRt3jnj

]−1
i
√
αR−1Λ

W 2

2
Rt3jnj

)〉
−→n

=

= 2
∑

εn>0,εk>0,γ,β,0≤i,l≤3

(
wγβεn,−εk

)
il

(
wβγ−εk,εn

)
il
×

×
[
α [cos [2θεn ] + α] (1 + 2α cos [2θεk ] + α2) + α [cos [2θεk ] + α] (1 + 2α cos [2θεn ] + α2)

(1 + 2α cos [2θεn ] + α2) (1 + 2α cos [2θεk ] + α2)

]
(2.4)

2.1.3 Third part of action

The third part is more complicated then the other ones but it can be calculated:〈
Tr
([

1 + i
√
αR−1ΛRt3jnj

]−1
i
√
αR−1WRt3jnj

)2〉
−→n

=

= −
∑

εn>0,εm>0,α,β,0≤i,l≤3

4α

3 (1 + 2α cos [2θεm ] + α2) (1 + 2α cos [2θεn ] + α2){[
(1 + α)2 cos [θεm ] cos [θεn ]× (1− 4δl0) (1− 2δi3 − 2δi0) + 3α (α + cos [2θεm ]) (α + cos [2θεn ])

]
×

×
[(
wαβεn,−εm

)
il

(
w̄βα−εm,εn

)
il
+
(
w̄αβ−εn,εm

)
il

(
wβαεm,−εn

)
il

]
+

+

[
−3α sin [2θεm ] sin [2θεn ] (1− 2δi3 − 2δi2)− (1− 2δi0 − 2δi2) [1− 4δl0] (1− α)2 sin [θεm ] sin [θεn ]

]
×

×
[(
wαβεn,−εm

)
il

(
wβαεm,−εn

)
il
+
(
w̄αβ−εn,εm

)
il

(
w̄βα−εm,εn

)
il

]}
(2.5)

2.2 Findings correlators

So quadratic part of action contains contributions without impurities and with impurities:

S(2) = S(2)
nonmag + S(2)

mag (2.6)
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We have quadratic action with three types of terms and we can group it by determining Aεn,εm,i,l,

Bεn,εm,i,l and Cεn,εm,i,l, all three types can be account in matrix Φ{εn,εp},{εm,εk},{α,σ},{β,γ},i,l:

S(2) =

∫
ddq

(2π)d

∑
εn>0,εm>0,α,β,0≤i,l≤3

[(
wαβεn,−εm (−q)

)
il
Aεn,εm,i,l

(
w̄βα−εm,εn (q)

)
il
+

+
(
wαβεn,−εm (−q)

)
il
Bεn,εm,i,l

(
wαβ−εn,εm (q)

)
il
+
(
wααεm,−εm (−q)

)
il
Cεn,εm,i,l

(
wββ−εn,εn (q)

)
il

]
=

=

∫
ddq

(2π)d

∑
εn>0,εm>0,εk>0,εp>0,α,β,γ,σ,0≤i,l≤3

(
wαβεn,−εm

)
il
Φ{εn,εp},{εm,εk},{α,σ},{β,γ},i,l

(
w̄γσ−εk,εp

)
il

(2.7)

where A is defined as follows:

Aεn,εm,i,l = −g
4

[
q2 +

1

D
[|εn| cos (θεn) + ∆ sin (θεn) + |εm| cos (θεm) + ∆ sin (θεm)]

]
+

+
nsα

(1 + 2α cos [2θεm ] + α2) (1 + 2α cos [2θεn ] + α2)
×

×

[
2

3
(1 + α)2 cos [θεm ] cos [θεn ] (1− 4δl0) (1− 2δi3 − 2δi0) + 2α (α + cos [2θεm ]) (α + cos [2θεn ])−

− [cos [2θεn ] + α]
(
1 + 2α cos [2θεm ] + α2

)
− [cos [2θεm ] + α]

(
1 + 2α cos [2θεn ] + α2

)]
(2.8)

B can be calculated using this expression:

Bεn,εm,i,l =
2αns

(1 + 2α cos [2θεm ] + α2) (1 + 2α cos [2θεn ] + α2)[
α sin [2θεm ] sin [2θεn ] (1− 2δi2) (1− 2δl0)−

1

3
(1− 2δi1) [1 + 2δl0] (1− α)2 sin [θεm ] sin [θεn ]

]
(2.9)

And C is this function:

Cεn,εm,i,l =
αns

[
−8

3
sin (θεn) sin (θεm) (1− α)2 δi2 (1− δl0) + 8α sin [2θεn ] sin [2θεm ] δi1δl0

]
(1 + 2α cos [2θεm ] + α2) (1 + 2α cos [2θεn ] + α2)

(2.10)

And these three matrices the core of structure of Φ:

Φ{εn,εp},{εm,εk},{α,σ},{β,γ},i,l = Aεn,εm,i,lδασδβγδεn,εP δεm,εk +Bεn,εm,i,lδαγδβσδεn,εkδεm,εp+

+Cεn,εp,i,lδαβδσγδεn,εmδεk,εp

(2.11)
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Averaging with quadratic action (2.7) we get standard answer for correlator:

〈(
wαβεn,−εm (q)

)
il

(
w̄γσ−εk,εp (−q)

)
il

〉
S(2)

= −1

2

[
Φ−1

]
{εn,εp},{εm,εk},{α,σ},{β,γ},i,l

(2.12)

To find inverse Φ let’s assume that Φ−1 has the same structure that Φ has:

[
Φ−1

]
{εn,εp},{εm,εk},{α,σ},{β,γ},i,l

= Dεn,εm,i,lδασδβγδεn,εP δεm,εk + Eεn,εm,i,lδαγδβσδεn,εkδεm,εp+

+Fεn,εp,i,lδαβδσγδεn,εmδεk,εp

(2.13)

We need to express the fact that Φ times Φ−1 gives the identity matrix:

δασδβγδεn,εpδεm,εk =
∑

εu,εv ,η,ξ

Φ{εn,εu},{εm,εv},{α,η},{β,ξ},i,l
[
Φ−1

]
{εu,εp},{εv ,εk},{η,σ},{ξ,γ},i,l (2.14)

This condition leads us to three equations, if they have a solution, then our assumption about the

same structure of Φ and Φ−1 was correct:

Aεn,εm,i,lDεn,εm,i,l +Bεn,εm,i,lEεm,εn,i,l = 1

Aεn,εm,i,lEεn,εm,i,l +Bεn,εm,i,lDεm,εn,i,l = 0

Aεn,εn,i,lFεn,εp,i,l +Bεn,εn,i,lFεn,εp,i,l + Cεn,εp,i,lDεp,εp,i,l + Cεn,εp,i,lEεp,εp,i,l = 0

(2.15)

We can easily solve this system of equations and get the correlator:

〈(
wαβεn,−εm (q)

)
il

(
w̄γσ−εk,εp (−q)

)
il

〉
S(2)

= −1

2

[
Aεn,εm,i,l

A2
εn,εm,i,l

−B2
εn,εm,i,l

δασδβγδεn,εP δεm,εk−

− Bεn,εm,i,l

A2
εn,εm,i,l

−B2
εn,εm,i,l

δαγδβσδεn,εkδεm,εp−

−
Cεn,εp,i,l

(Aεn,εn,i,l +Bεn,εn,i,l)
(
Aεp,εp,i,l +Bεp,εp,i,l

)δαβδσγδεn,εmδεk,εp
] (2.16)
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Chapter 3

CORRECTION TO THE DOS DUE TO

IMPURITY FLUCTUATIONS

To calculate DOS we need to use this linear in Q operator[13]:

K1 (iεn) =
ρ0
4
tr
〈
(ΛQ)ααεnεn

〉
S(2) =

ρ0
4
tr
(
ΛR−1ΛR

)αα
εnεn

− ρ0
8
tr
〈(

ΛR−1ΛW 2R
)αα
εnεn

〉
S(2)

(3.1)

Correction determined by correlators of w:

tr
〈(

ΛR−1ΛW 2R
)αα
εnεn

〉
S(2)

= 4 cos2 (θεn/2)
∑

β,εm,i,l

〈(
wαβεn,−εm

)
il

(
w̄βα−εm,εn

)
il

〉
S(2)

−

−4 sin2 (θεn/2)
∑

β,εm,i,l

〈(
wβαεm,−εn

)
il

(
w̄αβ−εn,εm

)
il

〉
S(2)

=

= 2

∫
d2q

(2π)2

(
cos (θεn)

∑
i,l

Bεn,εn,i,l

A2
εn,εn,i,l

−B2
εn,εn,i,l

+ cos (θεn)
∑
i,l

Cεn,εn,i,l

(Aεn,εn,i,l +Bεn,εn,i,l)
2

) (3.2)

So we get DOS with 1/g correction:

K1 (iεn) = ρ0 cos (θεn)

(
1− 1

4

∫
d2q

(2π)2

∑
i,l

[
Bεn,εn,i,l

A2
εn,εn,i,l

−B2
εn,εn,i,l

+
Cεn,εn,i,l

(Aεn,εn,i,l +Bεn,εn,i,l)
2

])
(3.3)

It can be rewrite using symmetries of matrices:

⟨ρ (E, r)⟩ = ρ0 cos (θεn)

[
1− 1

4

∫
d2q

(2π)2

[
2Bεn,εn,0,0

A2
εn,εn,0,0 −B2

εn,εn,0,0

+
6Bεn,εn,1,0

A2
εn,εn,1,0 −B2

εn,εn,1,0

+

+
Cεn,εn,1,0

(Aεn,εn,1,0 +Bεn,εn,1,0)
2 +

3Cεn,εn,2,1

(Aεn,εn,2,1 +Bεn,εn,2,1)
2

]]
(3.4)
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3.1 Correction to DOS close to the edge of the spectrum

Let’s define ψ, and function F (ψ) using µ = 2α
1+α2 , η = nsµ

4Zω∆
:

θεn =
π

2
+ iψ, F (ψ) = −E

∆
coshψ + sinhψ − η sinh 2ψ

2 (1− µ cosh 2ψ) (3.5)

If we assume iε = E + i0, then Usadel equation (1.17) becomes:

F (ψ) = 0 (3.6)

dF (ψ)
dψ

is the small enough close to the edge of spectrum because dF (ψg)

dψ
= 0:

dF (ψ)

dψ
= −E

∆
sinhψ + coshψ + η

µ− cosh 2ψ
(1− µ cosh 2ψ)2

(3.7)

And one of the terms in correction to DOS determined by this small derivative:

∫
d2q

(2π)2
Cεn,εn,1,0

(Aεn,εn,1,0 +Bεn,εn,1,0)
2 =

=
1

πg

8α2ns sin2[2θεn ]
(1+2α cos[2θεn ]+α2)2

g
4L2 +

g
2D

[|εn| cos (θεn) + ∆ sin (θεn)] +
4nsα((1+α2) cos[2θεn ]+2α)

(1+2α cos[2θεn ]+α2)2

=

=
1

πg

2µ2ns sinh2[2ψ]
(1−µ cosh[2ψ])2

g
4L2 +

g∆
2D

[
−E

∆
sinh (ψ) + cosh [ψ]

]
+ 2nsµ(− cosh[2ψ]+µ)

(1−µ cosh[2ψ])2
≈

≈ − 1

πg

ηµ sinh2 [2ψ]
(1− µ cosh [2ψ])2 dF (ψ)

dψ

(3.8)

Let’s find ψ − ψg when 0 < E − Eg ≪ 1

0 = F (ψ,E)− F (ψg.Eg) = −E
∆
coshψ + sinhψ − η sinh 2ψ

2 (1− µ cosh 2ψ)
=

= F ′(ψg) (ψ − ψg) +
d

dE
F (ψg) (E − Eg) +

1

2
F ′′(ψg) (ψ − ψg)

2 +
1

2

d2

dE2
F (ψg) (E − Eg)

2

(3.9)

F ′(ψg) = 0 by the determination ofψg, and second order ofE−Eg is excess of accuracy, according
to this we can get:
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(ψ − ψg) =

√
−2 d

dE
F (ψg)

F ′′(ψg)
(E − Eg) =

√
2 coshψg
F ′′(ψg)

(E − Eg)

∆
(3.10)

and now we get the order of smallness of dF (ψ)
dψ

dF (ψ)

dψ
= F ′′(ψg) (ψ − ψg) =

√
2F ′′(ψg) coshψg

(E − Eg)

∆
(3.11)

This is equation that determines ψg:

1 + µ (cosh 2ψg − 2)

(1− µ cosh 2ψg)2
cosh3 ψg =

1

η
(3.12)

Second order derivative is negative:

d2F (ψ)

dψ2
= −η sinh[2ψ](6− 17µ2 + 12µ cosh[2ψ]− µ2 cosh[4ψ])

4(1− µ cosh[2ψ])3
< 0 (3.13)

So we get imaginary correction:

∫
d2q

(2π)2
Cεn,εn,1,0

(Aεn,εn,1,0 +Bεn,εn,1,0)
2 ≈ −i

πg

ηµ sinh2 [2ψg]

(1− µ cosh [2ψg])2
√

2|F ′′(ψg)| coshψg (E−Eg)

∆

(3.14)

⟨δρ (E, r)⟩ = ρ0ηµ

4πg

sinh [ψg] sinh2 [2ψg]

(1− µ cosh [2ψg])2
√

2 |F ′′(ψg)| coshψg (E−Eg)

∆

(3.15)

The bare DOS without correction close to Eg looks like:

⟨ρ0 (E, r)⟩ = ρ0 coshψg

√
2 coshψg
|F ′′(ψg)|

(E − Eg)

∆
(3.16)

We must say that correction to DOS can’t be larger then bare DOS, so we can’t consider very close

to edge of spectrum:
(E − Eg)

∆
≫ ηµ

2πg

sinh3 [ψg] cosh2 [ψg]
(1− µ cosh [2ψg])2

(3.17)
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3.1.1 Correction to DOS close to the edge of the spectrum in 3D

If we still consider D
2∆l2

≫ dF (ψ)
dψ

≫ D
2∆L2 :

∫
d3q

(2π)3
Cεn,εn,1,0

(Aεn,εn,1,0 +Bεn,εn,1,0)
2 =

8

π2g2
2µ2ns sinh2 [2ψ]
(1− µ cosh [2ψ])2

1/l∫
1/L

dq
q2(

2∆
D

dF (ψ)
dψ

+ q2
)2 =

=
8

π2g2
µ2ns sinh2 [2ψ]

(1− µ cosh [2ψ])2

 1√
2∆
D

dF (ψ)
dψ

arctan
q√

2∆
D

dF (ψ)
dψ

− q
2∆
D

dF (ψ)
dψ

+ q2

∣∣∣∣∣
1/l

1/L

=

=
4

πg2
µ2ns sinh2 [2ψ]

(1− µ cosh [2ψ])2
1√

2∆
D

dF (ψ)
dψ

=
4

πg2
µ2ns sinh2 [2ψ]

(1− µ cosh [2ψ])2
1√

2∆
D

dF (ψ)
dψ

=

=
4

πg2
µ2ns sinh2 [2ψ]

(1− µ cosh [2ψ])2
1√

2∆
D

(
2F ′′(ψg) coshψg E−Eg

∆

)1/4

(3.18)

Then we get sharp edge of the spectrum:

⟨δρ (E, r)⟩ = ρ0µ
2ns

2πg2
sinh [ψ] sinh2 [2ψ]
(1− µ cosh [2ψ])2

1√
∆
D

(
2 |F ′′(ψg)| coshψg E−Eg

∆

)1/4 (3.19)

3.1.2 Abrikosov­Gor’kov approximation(α ≪ 1)

So our condition (3.17) will be simplified:

(E − Eg)

∆
≫ µ

2πgη2/3
(3.20)

We see that this correction is negligible in Bohr regime:

⟨δρ (E, r)⟩ = ρ0µ

πgη2/3
1√

6 (E−Eg)

∆

,
(E − Eg)

∆
≫ µ

2πgη2/3 (3.21)

17



Chapter 4

FINDING FLUCTUATIONS OF LDOS

One part of Pα1α2
2 (iεn, iεm) can be written to the second order inW

⟨⟨trQα1α1
nn (r) trQα2α2

mm (r)⟩⟩ = ⟨trQα1α1
nn (r) trQα2α2

mm (r)⟩ − ⟨trQα1α1
nn (r)⟩ ⟨trQα2α2

mm (r)⟩ =

=
〈
tr
[
R−1WR

]α1α1

nn
(r) tr

[
R−1WR

]α2α2

mm
(r)
〉
=

= 16sgnεnsgnεm sin (θεn) sin (θεm)
〈(
wα1α1
εn,−εn

)
10

(
w̄α2α2

−εm,εm

)
10

〉
=

=

∫
ddq

(2π)d
8sgnεnsgnεm sin (θεn) sin (θεm)Cεn,εm,1,0

(Aεn,εn,1,0 +Bεn,εn,1,0) (Aεm,εm,1,0 +Bεm,εm,1,0)

(4.1)

Another part can be written to the second order inW too:

⟨trQα1α2
nm (r)Qα2α1

mn (r)⟩ =
〈
tr
[
R−1WR

]α1α2

nm
(r)
[
R−1WR

]α2α1

mn
(r)
〉

(4.2)

We can easily calculate this term:〈
tr
[
R−1WR

]α1α2

εn,εm
(r)
[
R−1WR

]α2α1

εm,εn
(r)
〉
iεn=E+i0+,iεm=E′+i0+

=

= 4
∑
i,l

[
cos2 (θεn/2) sin

2 (θεm/2)
〈(
wα1α2
εn,−εm

)
il

(
w̄α2α1

−εm,εn

)
il

〉
+

+ sin2 (θεn/2) cos2 (θεm/2)
〈(
w̄α1α2

−εn,εm

)
il

(
wα2α1
εm,−εn

)
il

〉
−

−1

4
(1− 2δl0) (1− 2δi2) sin (θεn) sin (θεm)×

×
(〈(

wα1α2
εn,−εm

)
il

(
w̄α1α2

−εn,εm

)
il

〉
+
〈(
wα2α1
εm,−εn

)
il

(
w̄α2α1

−εm,εn

)
il

〉)]
=

=

∫
ddq

(2π)d

∑
i,l

[
−2 cos2 (θεn/2) sin

2 (θεm/2)
Aεn,εm,i,l

A2
εn,εm,i,l

−B2
εn,εm,i,l

−

−2 sin2 (θεn/2) cos2 (θεm/2)
A−εn,−εm,i,l

A2
−εn,−εm,i,l −B2

−εn,−εm,i,l
−

−1

2
(1− 2δl0) (1− 2δi2) sin (θεn) sin (θεm)

(
Bεn,εm,i,l

A2
εn,εm,i,l

−B2
εn,εm,i,l

+
B−εn,−εm,i,l

A2
−εn,−εm,i,l −B2

−εn,−εm,i,l

)]
(4.3)
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Summaring two contributionswe obtain Retarded­Retarded(RR) correlation functionPα1α2
2 (iεn, iεm):

Pα1α2
2 (iεn, iεm)iεn=E+i0+,iεm=E′+i0+ = ⟨⟨trQα1α1

nn (r) trQα2α2
mm (r)⟩⟩ − 2 ⟨trQα1α2

nm (r)Qα2α1
mn (r)⟩ =

=

∫
ddq

(2π)d

{
8 sin (θεn) sin (θεm)Cεn,εm,1,0

(Aεn,εn,1,0 +Bεn,εn,1,0) (Aεm,εm,1,0 +Bεm,εm,1,0)
+

+
∑
i,l

4
[
cos2 (θεn/2) sin

2 (θεm/2) + sin2 (θεn/2) cos2 (θεm/2)
]
Aεn,εm,i,l+

A2
εn,εm,i,l

−B2
εn,εm,i,l

+

+
∑
i,l

2 (1− 2δl0) (1− 2δi2) sin (θεn) sin (θεm)Bεn,εm,i,l

A2
εn,εm,i,l

−B2
εn,εm,i,l

}
(4.4)

It can be simplify for case when E = E ′:

Pα1α2
2 (iεn, iεn)iεn=E+i0+ =

=

∫
ddq

(2π)d

{
8 sin2 (θεn)Cεn,εn,1,0

(Aεn,εn,1,0 +Bεn,εn,1,0)
2+2 sin2 (θεn)

∑
i,l

1

Aεn,εn,i,l − (1− 2δl0) (1− 2δi2)Bεn,εn,i,l

}
(4.5)

Similarly we can get Retarded­Advanced(RA) correlation function:

RePα1α2
2 (iεn, iεm)iεk=E+i0+,iεp=E′−i0+ =

= Re
∫

ddq

(2π)d

{
−

8 sin (θεk) sin
(
θεp
)
Cεk,εp,1,0

(Aεk,εk,1,0 +Bεk,εk,1,0)
(
Aεp,εp,1,0 +Bεp,εp,1,0

)+
+
∑
i,l

[
2
(
1 + cos (θεk) cos

(
θεp
)) Aεk,−εp,i,l

A2
εk,−εp,i,l −B2

εk,−εp,i,l
−

− 2 (1− 2δl0) (1− 2δi2) sin (θεk) sin
(
θεp
) Bεk,−εp,i,l

A2
εk,−εp,i,l −B2

εk,−εp,i,l

]}
(4.6)

4.1 Fluctuations of LDOS below the energy gap

Let’s simplify RA using that DOS is equal to zero, so cos [θεk ] is fully imaginary, so for iεk =

E + i0+, iεp = E ′ − i0+ when θεk = θ̄εp because of Usadel equation (1.17) we get this:

cos [θεk ] = − cos
[
θεp
]
, sin [θεk ] = sin

[
θεp
]

(4.7)

So RA correlation function can be simplified using this relations:
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RePα1α2
2 (iεn, iεm)iεk=E+i0+,iεp=E−i0+ =

= Re
∫

ddq

(2π)d

{
−

8 sin (θεk) sin
(
θεp
)
Cεk,εp,1,0

(Aεk,εk,1,0 +Bεk,εk,1,0)
(
Aεp,εp,1,0 +Bεp,εp,1,0

)+
+2 sin2 (θεk)

∑
i,l

[
Aεk,−εp,i,l − (1− 2δl0) (1− 2δi2)Bεk,−εp,i,l

A2
εk,−εp,i,l −B2

εk,−εp,i,l

]}
=

= Re
∫

ddq

(2π)d

{
−

8 sin (θεk) sin
(
θεp
)
Cεk,εp,1,0

(Aεk,εk,1,0 +Bεk,εk,1,0)
(
Aεp,εp,1,0 +Bεp,εp,1,0

)+
+2 sin2 (θεk)

∑
i,l

1

Aεk,−εp,i,l + (1− 2δl0) (1− 2δi2)Bεk,−εp,i,l

}
(4.8)

Terms with C in RA function and RR function reduced with each other:

Cεk,εp,1,0 = −Cεn,εn,1,0 (4.9)

8 sin2 (θεn)Cεn,εn,1,0
(Aεn,εn,1,0 +Bεn,εn,1,0)

2 +
8 sin2 (θεk)Cεk,εp,1,0

(Aεk,εk,1,0 +Bεk,εk,1,0)
(
Aεp,εp,1,0 +Bεp,εp,1,0

) = 0 (4.10)

Denominators in RA and RR functions can be rewritten using Si,l and S ′
i,l:

Aεk,εk,i,l − (1− 2δl0) (1− 2δi2)Bεk,εk,i,l = −g
4
q2 − g

4
Si,l (4.11)

Aεk,−εp,i,l + (1− 2δl0) (1− 2δi2)Bεk,−εp,i,l = −g
4
q2 − g

4
S ′
i,l (4.12)

Si,l =
1

D
[2 |εk| cos (θεk) + 2∆ sin (θεk)]−

8nsα ((1 + α2) cos [2θεk ] + 2α)

g (1 + 2α cos [2θεk ] + α2)2
×

×

[
1

3
(1− 4δl0) (1− 2δi3 − 2δi0)− 1

] (4.13)
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S ′
i,l =

1

D
[2 |εk| cos (θεk) + 2∆ sin (θεk)]−

8nsα ((1 + α2) cos [2θεk ] + 2α)

g (1 + 2α cos [2θεk ] + α2)2
×

×

[
−1

3
(1− 4δl0) (1− 2δi3 − 2δi0)− 1

] (4.14)

We see that there are part that doesn’t depend on indices i and l and part that depend on:

Si,l = S0 + Iil, S
′
i,l = S0 − Iil (4.15)

After integration we get logarithmic expression:

∫
d2q

(2π)2
sin2 (θεk)

∑
i,l

[
1

Aεk,εk,i,l − (1− 2δl0) (1− 2δi2)Bεk,εk,i,l

−

− 1

Aεk,−εp,i,l + (1− 2δl0) (1− 2δi2)Bεk,−εp,i,l

]
=

= −4

g

∑
i,l

sin2 (θεk)
∫

qdq

(2π)

[
1

q2 + Si,l
− 1

q2 + S ′
i,l

]
= − 1

πg

∑
i,l

sin2 (θεk) ln

[
q2 + Si,l
q2 + S ′

i,l

] ∣∣∣∣∣
1/l

1/L

(4.16)

It can be rewritten using S0 and Iil:

K2 (E,E
′, r) = − ρ20

32πg
sin2 (θεk)

∑
i,l

ln
S ′
i,l +

1
L2

Si,l +
1
L2

l2Si,l + 1

l2S ′
i,l + 1

=

= − ρ20
32πg

sin2 (θεk)
∑
i,l

ln
S0 +

1
L2 − Iil

S0 +
1
L2 + Iil

1 + l2S0 − l2Iil
1 + l2S0 + l2Iil

(4.17)

We see that odd orders of Iil expansion is equal to zero after summation by i and l:

∑
i,l

(Iil)
2n+1 ∼

∑
l

(1− 4δl0)
2n+1

∑
i

(1− 2δi3 − 2δi0) = 0 (4.18)

We see that function is odd in Iil if we make Teylor expansion by Iil it will contain only odd orders,

and as we show summation by odd orders get zero, so when DOS is equal to zero fluctuations equal

to zero too:

K2 (E,E
′, r) = 0 (4.19)
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4.2 Fluctuations of LDOS above the energy gap

Analogous when DOS is equal to zero we can write the fact that cos [θεk ] is real and sin [θεk ] is

imaginary:

cos [θεk ] = cos
[
θεp
]
, sin [θεk ] = − sin

[
θεp
]

(4.20)

So our RA correlation function could be simplified as:

RePα1α2
2 (iεn, iεm)iεk=E+i0+,iεp=E−i0+ =

= Re
∫

ddq

(2π)d

{
−

8 sin (θεk) sin
(
θεp
)
Cεk,εp,1,0

(Aεk,εk,1,0 +Bεk,εk,1,0)
(
Aεp,εp,1,0 +Bεp,εp,1,0

)+
+2
∑
i,l

[
1

Aεk,−εp,i,l − (1− 2δl0) (1− 2δi2)Bεk,−εp,i,l
+

+ cos2 (θεk)
1

Aεk,−εp,i,l + (1− 2δl0) (1− 2δi2)Bεk,−εp,i,l

]}
(4.21)

In the expression above the denominators can be written as follows:

Aεk,−εp,i,l + (1− 2δl0) (1− 2δi2)Bεk,−εp,i,l = −g
4
q2 − g

4
Sij (4.22)

Aεk,−εp,i,l − (1− 2δl0) (1− 2δi2)Bεk,−εp,i,l = −g
4
q2 − g

4
S0 −

g

4
S ′
ij (4.23)

where

S0 =
8nsα

2

g (1 + 2α cos [2θεk ] + α2)2
(cos [4θεk ]− 1) (4.24)

S ′
ij = − 8nsα

g (1 + 2α cos [2θεk ] + α2)

[
1

3
(1− 4δl0) (1− 2δi3 − 2δi0)− 1

]
(4.25)
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Sij = −8nsα ((1 + α2) cos [2θεk ] + 2α)

g (1 + 2α cos [2θεk ] + α2)2

[
1

3
(1− 4δl0) (1− 2δi3 − 2δi0)− 1

]
(4.26)

When 1/L2 ≪ S0 + S ′
ij ≪ 1/l2 we can integrate

Re
∫

d2q

(2π)2

∑
i,l

1

Aεk,−εp,i,l − (1− 2δl0) (1− 2δi2)Bεk,−εp,i,l
=

= − 1

πg

∑
i,l

∫
dq2

1

q2 + S0 + S ′
ij

= − 1

πg

∑
i,l

ln
(
q2 + S0 + S ′

ij

) ∣∣∣∣∣
1/l

1/L

=

= − 1

πg

∑
i,l

ln
(

1/l2

S0 + S ′
ij

)
=

2

πg

[
ln
(

8nsα
2l2

g (1 + 2α cos [2θεk ] + α2)2
(cos [4θεk ]− 1)

)
+

+ ln
(
8nsαl

2 (α (cos [4θεk ]− 1) + 2 (1 + 2α cos [2θεk ] + α2))

g (1 + 2α cos [2θεk ] + α2)2

)
+

+3 ln
(
8nsαl

2 (α (cos [4θεk ]− 1) + 4/3 (1 + 2α cos [2θεk ] + α2))

g (1 + 2α cos [2θεk ] + α2)2

)
+

+3 ln
(
8nsαl

2 (α (cos [4θεk ]− 1) + 2/3 (1 + 2α cos [2θεk ] + α2))

g (1 + 2α cos [2θεk ] + α2)2

)]

(4.27)

For other fraction we get logarithmically large by L
l
answer:

Re
∫

d2q

(2π)2

∑
i,l

1

Aεk,−εp,i,l + (1− 2δl0) (1− 2δi2)Bεk,−εp,i,l
=

= − 1

πg

∑
i,l

∫
dq2

1

q2 + Sij
= − 1

πg

∑
i,l

ln
(
q2 + Sij

) ∣∣∣∣∣
1/l

1/L

=

≈ − 2

πg

[
2 ln

(
L

l

)
− 7 ln

(
l2nsα ((1 + α2) cos [2θεk ] + 2α)

g (1 + 2α cos [2θεk ] + α2)2

)]
(4.28)

So this is RA correlation function:

23



RePα1α2
2 (iεn, iεm)iεk=E+i0+,iεp=E−i0+ =

= Re
∫

ddq

(2π)d

{
−

8 sin (θεk) sin
(
θεp
)
Cεk,εp,1,0

(Aεk,εk,1,0 +Bεk,εk,1,0)
(
Aεp,εp,1,0 +Bεp,εp,1,0

)+
+2Re

∫
ddq

(2π)d

{∑
i,l

[
1

Aεk,−εp,i,l − (1− 2δl0) (1− 2δi2)Bεk,−εp,i,l
+

+ cos2 (θεk)
1

Aεk,−εp,i,l + (1− 2δl0) (1− 2δi2)Bεk,−εp,i,l

]}
≈

≈ − 4

πg

[
cos2 (θεk)

{
2 ln

(
L

l

)
− 7 ln

(
l2nsα ((1 + α2) cos [2θεk ] + 2α)

g (1 + 2α cos [2θεk ] + α2)2

)}
−

− ln
(

8nsα
2l

g (1 + 2α cos [2θεk ] + α2)2
(cos [4θεk ]− 1)

)
−

− ln
(
8nsαl

2 (α (cos [4θεk ]− 1) + 2 (1 + 2α cos [2θεk ] + α2))

g (1 + 2α cos [2θεk ] + α2)2

)
−

−3 ln
(
8nsαl

2 (α (cos [4θεk ]− 1) + 4/3 (1 + 2α cos [2θεk ] + α2))

g (1 + 2α cos [2θεk ] + α2)2

)
−

−3 ln
(
8nsαl

2 (α (cos [4θεk ]− 1) + 2/3 (1 + 2α cos [2θεk ] + α2))

g (1 + 2α cos [2θεk ] + α2)2

)]

(4.29)

Calculating denominator of RA correlation function:

Aεk,εk,i,l − (1− 2δl0) (1− 2δi2)Bεk,εk,i,l = −g
4
q2 − g

4
S ′′
i,l (4.30)

S ′′
i,l =

2

D
[|εk| cos (θεk) + ∆ sin (θεk)]−

8nsα ((1 + α2) cos [2θεk ] + 2α)

g (1 + 2α cos [2θεk ] + α2)2
×

×

[
1

3
(1− 4δl0) (1− 2δi3 − 2δi0)− 1

] (4.31)

RR correlation function can be calculating by integration one fraction:
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∫
d2q

(2π)2
sin2 (θεk)

∑
i,l

1

Aεk,εk,i,l − (1− 2δl0) (1− 2δi2)Bεk,εk,i,l

=

= − 1

πg

∑
i,l

sin2 (θεk) ln
[
q2 + S ′′

i,l

] ∣∣∣∣∣
1/l

1/L

= − 2

πg
sin2 (θεk)

[
2 ln

(
L

l

)
−

− ln
(
16l2nsα ((1 + α2) cos [2θεk ] + 2α)

g (1 + 2α cos [2θεk ] + α2)2
+

2l2

D
[|εk| cos (θεk) + ∆ sin (θεk)]

)
−

−3 ln
(
16l2nsα ((1 + α2) cos [2θεk ] + 2α)

3g (1 + 2α cos [2θεk ] + α2)2
+

2l2

D
[|εk| cos (θεk) + ∆ sin (θεk)]

)
−

−3 ln
(
32l2nsα ((1 + α2) cos [2θεk ] + 2α)

3g (1 + 2α cos [2θεk ] + α2)2
+

2l2

D
[|εk| cos (θεk) + ∆ sin (θεk)]

)]
(4.32)

So we get fluctuations:

K2 (E,E, r) ≈
ρ20
8πg

[
2 ln

(
L

l

)
cos (2θεk)− 7 cos2 (θεk) ln

(
l2nsα ((1 + α2) cos [2θεk ] + 2α)

g (1 + 2α cos [2θεk ] + α2)2

)
−

− sin2 (θεk) ln
(
16l2nsα ((1 + α2) cos [2θεk ] + 2α)

g (1 + 2α cos [2θεk ] + α2)2
+

2l2

D
[|εk| cos (θεk) + ∆ sin (θεk)]

)
−

−3 sin2 (θεk) ln
(
16l2nsα ((1 + α2) cos [2θεk ] + 2α)

3g (1 + 2α cos [2θεk ] + α2)2
+

2l2

D
[|εk| cos (θεk) + ∆ sin (θεk)]

)
−

−3 sin2 (θεk) ln
(
32l2nsα ((1 + α2) cos [2θεk ] + 2α)

3g (1 + 2α cos [2θεk ] + α2)2
+

2l2

D
[|εk| cos (θεk) + ∆ sin (θεk)]

)
−

− ln
(

8nsα
2l2

g (1 + 2α cos [2θεk ] + α2)2
(cos [4θεk ]− 1)

)
−

− ln
(
8nsαl

2 (α (cos [4θεk ]− 1) + 2 (1 + 2α cos [2θεk ] + α2))

g (1 + 2α cos [2θεk ] + α2)2

)
−

−3 ln
(
8nsαl

2 (α (cos [4θεk ]− 1) + 4/3 (1 + 2α cos [2θεk ] + α2))

g (1 + 2α cos [2θεk ] + α2)2

)
−

−3 ln
(
8nsαl

2 (α (cos [4θεk ]− 1) + 2/3 (1 + 2α cos [2θεk ] + α2))

g (1 + 2α cos [2θεk ] + α2)2

)]
(4.33)

For L so large that ln
(
L
l

)
is rather bigger then ln (L2S0) we can write:

〈
[ρ(E, r)− ⟨ρ(E, r)⟩]2

〉
=

ρ20
4πg

ln
(
L

l

)
sinh2 (ψ) (4.34)
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If L2S0 ≫ 1 then we get answer without impurities:

〈
[ρ(E, r)− ⟨ρ(E, r)⟩]2

〉
=

2ρ20
πg

ln
(
L

l

)(
sinh2 (ψ) + 1

)
(4.35)

If we consider E close to Eg:〈
[ρ(E, r)− ⟨ρ(E, r)⟩]2

〉
⟨ρ(E, r)⟩2

=
1

πg

|F ′′(ψg)| coshψg sinh2 (ψg)
E−Eg

∆

ln
(
L

l

)
(4.36)

That’s mean that there is self­averaging of DOS when E−Eg

∆
≫ |F ′′(ψg)| coshψg sinh2(ψg)

πg
ln
(
L
l

)
. And

there isn’t self­averaging when E−Eg

∆
≪ |F ′′(ψg)| coshψg sinh2(ψg)

πg
ln
(
L
l

)
. It is worth to say that another

restriction for closeness to spectrum edge (E−Eg)

∆
≫ ηµ

2πg

sinh3[ψg ] cosh2 ψg

(1−µ cosh[2ψg ])
2 is weaker condition, so this

condition does not interfere with the existence of non­self­averaging case.
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Chapter 5

CONCLUSION

So we calculated correlators
〈(
wαβεn,−εm (q)

)
il

(
w̄γσ−εk,εp (−q)

)
il

〉
S(2)

and we have used it in calcu­

lation correction of DOS and finding fluctuation. We find sharp edge of spectrum in correction and

this results can be used not so close to the edge of spectre and we must find other orders to calculate

DOS near edge. We also found out that fluctuations is equal to zero when DOS is equal to zero.

We also researched what fluctuations are equal to when DOS is not equal to zero, and show that

there is violating of self­averaging of DOS close to the edge.
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