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Chapter 1

INTRODUCTION

In s-wave superconductors, potential impurities do not change the density of the states (DOS) [1].
But magnetic impurities that violate the time-reversal symmetry influence superconductivity much
more strongly [2, 3]. Partial destruction of superconductivity by magnetic impurities leads to a
change in the DOS which, using the mean field method, was studied by Abrikosov and Gor’kov [4].
In the works [5, 6], the fluctuation smearing of the gap edges was shown, which proves the im-
portance of fluctuations for DOS. Therefore, the study of fluctuations in the local densities of the
states (LDOS) is chosen as the research subject of this thesis.

It is also worth mentioning that low-dimensional superconductors with magnetic impurities
can have zero Majorana modes. These quasiparticles can be used to build topologically protected
qubits, which can make quantum computing more robust to computational errors [7, 8, 9].

In the first chapter, we give the motivation for this work. We discuss interaction between
the superconductors and the magnetic impurities as well as formulation of the problem. The chapter
two contains calculations made by replica sigma-model method that lead us to the propagator of
densities of the states. The third chapter has derivation of DOS correction. The fourth chapter tells
about finding fluctuations of LDOS. In the fifth chapter will be discussion of received results.

1.1 Motivation

As stated in the 1, DOS is modified in the presence of magnetic impurities. One of the typical

forms of DOS dependence is shown in the Fig. 1.1, as you can see, in contrast to BCS, the DOS

g ] continuum
impurity

band

average density of states

Ey Egp By E

Figure 1.1: One of schematic forms of the average DOS (adopted from work [10])



in the presence of magnetic impurities has a so-called impurity band and there is no hard edge of
spectrum. Fig. 1.2 shows all possible DOS dependencies depending on parameters ;. and 7 that

are defined as:

2c0
M:m7a:(7ﬂ/<]5)2 (11)
N
= WVZ (1.2)

where J is energy parameter characterizing of magnetic (spin-flip) scattering, v is the DOS at the
Fermi energy per one spin projection, .S is the spin and 7 is the average concentration of magnetic
impurities, which are distributed in accordance with Poisson distribution.

It was shown in the work [11] that there is a nonzero DOS for energies £ < A where
A denotes superconductor energy gap, for a superconductor with magnetic impurities, in contrast
to a superconductor without impurities. At the Fermi level, £ = 0, the DOS is exponentially
small. In this context, it becomes interesting is there energy when fluctuations of the density of

states become larger than the average value and self-averaging of DOS breaks down? For the case

r)— D)
L) - b

p(E,r) is LDOS, g and L are the bare dimensionless conductance and length of the film, [ is the

without magnetic impurities, the answer is known from [12]:

mean-level spacing. Thus, the main question that this work answers is how this expression will look
if we consider a superconductor with magnetic impurities and whether the fluctuations of LDOS

will be greater than the magnitude of DOS.

1.2 Problem statement

To find fluctuations we need to formulate action in terms of replica nonlinear sigma-model(NLSM).

In our case it will be look like[13]:

S =5, + S5 + Snag (1.3)

int

0.8

(d) @)
RN
////
0.4f 7 (b)
,
o2

d
0.0
0.0

0.2 0.4 0.6 0.8 1.0
1

Figure 1.2: Classification of various forms of the average DOS (adopted from work [10])



Sy = — 32 dr Tr (VQ)* —|—2Zw/drTréQ (1.4)

Siet = 7TT%/drzz (A2 (r)) + 22, /drz DAY (r)TriL§Q  (1.5)

a r=1,2 a r=1,2

Sinag = ns/d'r <€%Trln(1+\/aQt3jm') _ 1>H (1.6)

n
To get the magnetic part of the action, we need to average over a unit vector 77. This action contain

the following matrices and energies:
AB = sgne,0,m0Pto0, (L0 = 6. en 0700 00, wy = 20Tk, e, = (2k + 1)7T  (1.7)

where o, B = 1, ..., N, are replica indices and ¢,; matrix describe .S spin (subscript j ) and particle-

hole (subscript r) spaces:

trj =7 ®s5, 1,7=0,1,2,3 (1.8)
where 7, and s; are standard Pauli matrices. () is NLSM matrix field that can be parameterized by

matrix field W:

Q=R'W+AI-W)R, W =

0 w
(1.9)
0

w
Here and afterwards we use the following convention: W,,,,,, = wy,n, and W,,,,,, = Wy, with

ny > 0,ny < 0, w and w have the following (charge-conjugation) symmetry:
D= tiow tye, W= twty (1.10)

It is convenient to decompose w as:

wgfm = Z(wglﬁng)rjtrj (1.11)

rj

where (w?? ), are completely imaginary or real. The rotation matrices are defined by

ning

(R)zi = 586, cOS (0e,/2) + tlosgn5n5a’855n+am,g sin (0., /2) , (1.12)
(R_l):m = 59§, COS 0., /2) — tlosgn5n5a656n+am70 sin (6., /2) . (1.13)



The parameter 7, was introduced by Finkel’stein[14] to describe the renormalization of the fre-
quency term in action (1.3), 7. = I'./Z,, where I'. is singlet Cooper channels interaction parame-
ter. Because we are considering situation close to mean-field saddle point solution we can assume

Ay = A, A§ = 0. The averaged DOS can be obtained following these expressions [13]:

(p(E,r)) = ReK, (ie, — E +10), K, (ie,) = Ztr<(AQ)a‘" )o@ (1.14)

En€n

Correlation function of LDOS can be defined[13] using bilenear in ) operator Py ?(ic,,, ic,,):

KQ(E7T7 E/7T) = <p(E/,’I")p(E, T)> - <,0(E',r)> <p(E, T)> =

gg Re [Pc”a2 (t€n, 1€m)

(1.15)

_ poaaz (i g
ien=E4i0* iem—E/+i0t — 12 (i€, ng)iak:E—HO“',iap:E’—iO“'

Pgala2<i5m'é5m) _ <<t1' OélOél ( )tI' azaz ( )>> -9 <tI‘ 041042 (’I“) a0 (’f’)) , o, Qi 7§ 0 (116)

mn

So the problem is to find correlators < (wo‘ﬁ (q))

En,—Em

. (0%, -, (_Q))zl> and using it in equations

(1.15) and (1.16) get the fluctuation of LDOS. It is also worth to say that Usadel equation in this

case would be [11]:

N asin (26,)
47,1+ a? + 2accos (26.)

— |elsin (0.) + Acos (6.) — =0 (1.17)



Chapter 2
CALCULATION OF PROPAGATOR

USING REPLICA NLSM METHOD

To find fluctuations, we need the second order expansion in (wgf}n)m. The expression without

magnetic impurities [10]:

d?q 1
Sonmag = _g/ 7 D | @+ 5| leal cos (b.,) + Asin (6z,) + e cos (6,,) +
! 4 (27T) mn<0,a,y,p,t D
+ Asin (Osm)] (@ (0)),; (Wi, (=), (2.1)

So to get second order expansion of action we need to decompose only magnetic part (1.6).

2.1 Second order expansion

To decompose only magnetic part we need to separate constant part from (1.6):

Trin (1 + i\/athjnj) =Trln (1 +ivaR ' ARtz n; +iva [Q — R_lAR} tgjnj) =

= Trln (1 + iv/aR™"ARts;n;) + Trln (1 + [1+ivaR '"ARtyn;] ' iva [Q — RTIAR] tgjnj)
(2.2)

To get action we need expansion of exponent, so we get one constant part, influence of this part can

be observed in Usadel equation (1.17), there are also the one linear in W part and three quadratic



in W parts:

6%Trln(1+z’\/EQt3jnj) =14+ %Tl'h’l (1 + i\/ER_lARtgjnj) +
1 _
5T ([U+ iVaR ARtgn;] ' iVaR ™ W Rtgn, ) +
1 _ 2
+ g |:TI' ([1 + i\/aR_lARtgjnj} ! i\/&R_1WRt3jTLj>] -
1 . 1 -1 . -1 W2
— ZTI' [1 + Z\/&R ARtsjn]] u/&R ATRtgjnj —

— ;lTr ([1 +ivaR 'ARtyn;] z'\/aR—lWthgjnj)2 +0 (W?)

2.1.1 First part of action

We can calculate trace:

Tr ([1+ ivaR ' ARtyn;] " iaR™ W Rtyn; ) =

. 4o

1+ 2acos [20.,] + a?

isin(f.,) (1—a)) ((wgl_sn)Qj - (W_stn)%) nj+

=1

en>0,y

+ \/aSin [26571] ((w;:y_an)lo + (wzln’an)lo)] ’

And than we can square this trace and average it over unit vector:

é < [Tr <[1 +ivaR ' ARtyn;) @'\/ERAWRt?’jnjﬂ 2>e B

2x
= ) x
2 2
SO0 (1+2acos[20.,] + a?) (1 + 2acos [26.,] + a?)

4 ) (2.3)
X [—§ sin (6., ) sin (0,,,) (1 — O‘)2 Z (wgzu—gm)ﬂ (wég"’a")zl +

=1

+asin[26., ] sin[20.,.) (w2], .,.),, (2., ) ]

10



2.1.2 Second part of action

Second part involves all the expansions of IV in ¢;; matrices:

2

W
— B =B
=2 Z . <wz"’75k>il (wl’“’sn>z‘l 8
en>0,e1>0,7,8,0<4,1<3
acos [20.,] + a] (1 + 2acos [26,,] + a?) + a[cos [26;,] + a] (1 + 2accos [26.,] + o?)
(1+2acos[20.,] + a2) (1 + 2acos [26,,] + a?)

(2.4)

2.1.3 Third part of action

The third part is more complicated then the other ones but it can be calculated:

<Tr ([1 +ivaR "ARtgn;] i\/aR_1WRt3jnj>2> =

7

4o
T Z 3(1+2acos[26., ]+ a?) (1 + 2acos[26.,] + a?)

en>0,6m>0,a,8,0<4,1<3

(14 a)®cos [0, ]cos [0 ] x (1 —4d10) (1 — 285 — 26,0) + 3av (e 4 cos [20., ]) (o + cos [26.., ]

% [(wgf’_am>iz ( ég’” E")z‘l + (wgg"’5m> ( zl

—3arsin [26,, | sin [26., ] (1 — 20;5 — 20,2) — (1 — 26,0 — 20;2) [1 — 46,0] (1 — ) sin [0, ] sin [0, ]

{

+

TYL

(2.5)
2.2 Findings correlators
So quadratic part of action contains contributions without impurities and with impurities:
S® =82 e+ S (2.6)

nonmag mag

11



We have quadratic action with three types of terms and we can group it by determining A, .,

B, cnipand C;, . i, all three types can be account in matrix ®(., - 1 (e, c1 ) fao (B}l

Aan,am,i,l <w€(zm,€n <q)>zl +

-2 s ),

i
en>0,em>0,0,5,0<4,1<3

+ (v (-0),

K2

ddq 5] _~NOo
- / Z (w?n,*b?m)il Q){a’ﬂ75P}7{5m7816}7{0‘70'}7{/877}7i7l (wzgkvfp)il

Ban,am KN (wggn »Em <Q)>

il + (w?:j,—am (_Q))z’l Can,am,iJ <w€€n,sn (Q)>zl] =

d
(2m) en>0,6m>0,6,>0,6,>0,01,8,7,0,0<0,1<3
(2.7)
where A is defined as follows:
1
A enit = _% { 2y 5 [|len|cos (0e,) + Asin (0.,) + |en| cos (0.,,) + Asin (GEM)]} +

N
X
(14 2acos|[20., ] + a?) (1 + 2acos [20., ] + a?)

_|_

X 2 (14 a)*cos[f.,,]cos B, ] (1 — 4d0) (1 — 205 — 2050) + 2 (a + cos [26.,]) (a + cos [26.,]) —

3

— [cos [26.,] + o] (1 + 2acos [26,,,] + o) — [cos [26.,.] + a] (1 + 2 cos [26.,] + o)

(2.8)

B can be calculated using this expression:

B B 2amng
et (1 4 2ac0s [26,,] + o) (1 + 2accos [26,,] + o2)

asin 26, ]sin [26.] (1 — 20;2) (1 — 2d;9) — % (1 —25;1) [T+ 2] (1 — oz)2 sin [0, ] sin [an]]
(2.9)
And C is this function:

an, [—Esin (6.,) sin (6.,,) (1 — @) 82 (1 — &10) + 8arsin 26, ] sin [26.,] 61010

C il =
erembl (14 2acos [20.,,] + o2) (1 + 2acos [260.,] + o?)
(2.10)
And these three matrices the core of structure of ®:
CI){sn,Ep},{am,ak},{a,a},{,ﬁ,'y},i,l - Aen,5m,i,l5a055765n,5p55m,5k + Ben,am,i,léa'yéﬁocssn,ek55m,5p+ (2 11)

+Csn ,5p,i,l(5a[35cr'y(5€n Em 55k Ep

12



Averaging with quadratic action (2.7) we get standard answer for correlator:

af Yo _ —1
< <w€n7—€7n (Q)>zl (w—Ek,Ep (_q>)’bl>s(2) - _5 [@ }{En,sp},{em,Ek},{a,o},{ﬁ,'y},i,l (212)
To find inverse ® let’s assume that &' has the same structure that ® has:

(27 ) e cobtement oot 8010 = Dememiidardsndenenden cn + BereritdarOalen.erener

—{—an ,Ep,i,l5a5507 dsn Em dfsk Ep
(2.13)

We need to express the fact that ® times &~ gives the identity matrix:

-1
50[056755"’51’ 6€m’sk - Z (I){an,Eu},{Em,EU},{Q,T]},{ﬁ,f},iJ |:® :|{Eu»sp}’{sﬂ75k}’{n70}>{£77}’i7l (214)

Eu,Ev,M,E

This condition leads us to three equations, if they have a solution, then our assumption about the

same structure of ® and ® ! was correct:

AEnyemﬂ:al‘DETL,em:i»l + B5n75maile5m75n7i:l = 1

A5n75m7i’lE5n:5mvivl + BEny5m:i:lD5m75n7i:l = O (2'15)

Agnaa’nvivlFa’nvanivl + Ban76n7ivlF‘€n75P7i7l + C‘Sn7£p7i7lD8P78P7i7l + CEH75P7i7ZE€p78P=ivl = O

We can easily solve this system of equations and get the correlator:

(w2 @), (07 (-0),) =5

A6n15M7i7l 5 (5 5 5 o
A2 — B2 aclVpByVe, . eplem e

En,Em,b,l EnsEmyl,l

Bz—:n,sm,i,l

D) D) 5a'y§6055n,5k dsm,ap_ (216)

€n,Em,yt,l En,Em,b,l

- Concyi G000 er 0
afBPoyVYepn,emVek,ep
(AEnyfn:i:l + Bfnﬁn,i’l) (A5p75p’ivl + BEZNEP%Z)

13



Chapter 3

CORRECTION TO THE DOS DUE TO
IMPURITY FLUCTUATIONS

To calculate DOS we need to use this linear in () operator[13]:

K]_ (Zén) — %tr<<AQ)aa >S<2) = %tr (ARilAR)::;n - %tr<(AR71AW2R)ZS{En>S(2) (31)

En€n

Correction determined by correlators of w:

tr ( (AR‘lAWQR)j:‘En>S(2) — 4cos® (6.,/2) 3 <<w?ﬁ*5m)u (wf‘gm,sn)d> o

B,Em il
_4sin? Ba _af o
4 sin (an/2) Z <<wam,—an>il (w_emam)il>s(2) - (32)
Brem,i,l
d2q B il C’ 1l
= 2/ —— | cos (6.,) Enfnty + cos (6., Enenid,
(27T)2 ( j ; Agn,an,i,l - Bgn,an,Ll : ; (Agn,é“n,i,l —+ Bén,en,i,l)Q
So we get DOS with 1/g correction:
1 d2q B il C ”
Kl (Zgn) = pPo COS (8 n) 1 _ - / _ En,En,t + En,yEn,l,
€ 4 (271')2 ; Agn,an,i,l — B€2n,5n7i,l (Af:‘n,an,i,l + Bsn,en,i,l)Q
(3.3)
It can be rewrite using symmetries of matrices:
1 d2q QBE €n,0,0 GBE e 1.0
(o (Br) = pcos (6.,) |1 - 1 [ w0 OBacto
) 4 (27T)2 Agn,an,o,[) - Bgn,an,o,o Ag,,“g,“l,() - B€2n,€n,1,0
Ce, e 3C.. .
+ nyEn,1,0 . + nEny2,1 ;
(Aan,an,l,o + Bgn,an,l,()) (A5n7gn72’l + B5n7€n72,1)
3.4)

14



3.1 Correction to DOS close to the edge of the spectrum

Let’s define 1, and function F'(¢)) using 1 = 1-@ 5,1 = el

ZoA"
T . E . 7 sinh 2¢)
. = _ , F N h hy — 3.5
en 2+Zl/) (¥) A cos ¥ + sinh ) 2 — pcosh20) (3.5)
If we assume ic = E + i0, then Usadel equation (1.17) becomes:
FY)=0 (3.6)
dl;—f;p) is the small enough close to the edge of spectrum because %&f’g) = 0:
dF(v) E . i — cosh 2¢)
——= = ——sinh + cosh¢) + 3.7
dip A v v 7](1 — pcosh 2¢h)° 3.7
And one of the terms in correction to DOS determined by this small derivative:
/ d2q Oan,en,l,o _
(27)* (Acy cnn0 + Beyen0)’
8an sin?[20,,, ]
B 1 (1420 cos[20-,, | +a2)? _
- . nsQ a? 0c,, | +2c
9 155 + 5% [len| cos (0.,) + Asin (6., )] + : (15521:005)[;;:7[;&]2;2 )
242, sinh?[20] (3.8)
_ 1 (1= cosh2¢])” N
. A[_E 2nsp1(— cosh[2¢]+41)
79 45 + 45 [~ £ sinh (¥) + cosh [¢]] + ({iuccsssh[zw])zu
1 npusinh? [2¢)]
79 (1 — peosh [2¢])* 450

Let’s find ¢ — ¢, when0 < K — F, < 1

E . sinh 2
0 = F(’[b,E) — F(Q[JgEg) = —Z COShw -+ Slnhw - 2 (177_ Mco:ﬁ2¢) -
1 d?

2dE?

= F() (6 = ) + = F (W) (B = B)) 4 SF"(0) (6 = 6, + 5 2 FWy) (B = B,

(3.9)

F'(1,) = 0 by the determination of ¢, and second order of E'— E, is excess of accuracy, according

to this we can get:
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(Y —g) = \/w (E—E,) = \/ZCOSWQ (E— Ey) (3.10)

Fi(d,) Fi(y) A
and now we get the order of smallness of %ff)
dF E—-FE
—(¢) = F"(1hg) (¥ — ¥y) = \/QF,/(¢9) cosh ¢g< 2 (3.11)
dip A
This is equation that determines 9),:
1 h2y, — 2 1
+ 41 (cosh 29}, - ) cosh® ¢, = ~ (3.12)
(1 — pcosh2y,) n

Second order derivative is negative:

d*F () msinh[2¢](6 — 174 + 1241 cosh[2¢)] — p? cosh[44)])
dp? 4(1 — pcosh[2¢])3

<0 (3.13)

So we get imaginary correction:

/ d*q Cepen 10 i np sinh? [2¢,]
2 2 ~ 3.14
(2m)" (A en10 + Benenr0)” ™91 — ycosh [24),))? \/2|F"(¢g)| cosh 1, E=Fa) G19
inh inh? [2
(6p (. ) = B2 Sinh ol B0 (3.15)
T n :
9 (1~ peosh [20,])* /2 | F(1,)] cosh o, EE0
The bare DOS without correction close to £, looks like:
2coshy, (E — E,)
E.r)) = h 2 . 1
<p0 ( 7T)> Po €OS wg\/ \F"(%)\ A (3 6)

We must say that correction to DOS can’t be larger then bare DOS, so we can’t consider very close

to edge of spectrum:
(£ — Ey) > npe sinh® [1y] cosh® [1),]
A 27 (1 — prcosh [2¢])°

(3.17)
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3.1.1 Correction to DOS close to the edge of the spectrum in 3D

If we still consider ;X7 >> dzg/;) > Do
1/

/ d3q C.penl0 8 2u’n, sinh® [2¢/] /d q* _

(27)° (Acp 10 + Bepeno)” ™9% (1 — pcosh [2¢])° 28 dF(W) | o)

1/L D dy q
o 1/
8  u’ngsinh® [2¢] 1 q q

~ 72¢% (1 — pcosh [2¢])° i N T | AW + ¢ N

a D Ay D D di q 1/L
4 pPngsinh® [2¢)] 1 4 pPngsinh® [2¢)] 1 B
1?1 — pcosh[29])? [28dFw)  7g? (1 — pcosh [29])?  [2adF(w)

9% (1 — pcosh [2¢)]) 2841 9 (1 — pcosh [2¢]) S
4 pPngsinh® [2¢] 1

7% (1 — pcosh [2¢])? \/% <2F"(¢g) cosh 4, EAEQ)I/4

Then we get sharp edge of the spectrum:

2 i inh?
op(E,r)) = poft°ns sinh [¢] sinh” [2¢)] 1
< p( T)) 271'92 (1 — Iu,COSh [2¢])2 \/% (2 |F”(¢g)| COSh@Z)gE_AEg>1/4

3.1.2 Abrikosov-Gor’kov approximation(a < 1)
So our condition (3.17) will be simplified:
(£ — Ey) H

A > 2 gn?/3

We see that this correction is negligible in Bohr regime:

Pol 1 (£ — Ey) I
5p (B, 1)) =
90 (E,r)) Tgn?/3 6—<E‘AEQ>’ A7 2mgn?/3
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Chapter 4

FINDING FLUCTUATIONS OF LDOS

One part of P5''*? (ic,, ic,,) can be written to the second order in W
{(rQp,™ (r) rQuin? (r))) = (@™ (r) wQuin? (r)) — (@™ (r)) (rQyin? (r))
= (tr [R'WR]"™ (r)tr [R 1WR} ()

= 16sgne,sgne,, sin (0., ) sin (6.,) <(w§‘;a15n wee, 10>

4.1)
B / dlq  8sgne,sgne,,sin (6., )sin (0., )C., .. 10
(2m)* (Az, 010 + Bepen10) (Aeyen10 + Bepern1.0)
Another part can be written to the second order in IV too:
(rQie2 (r) Qo2 (r)) = (tr [RT'WR] ™ (r) [RT'WR] 2™ (1)) (4.2)

We can easily calculate this term:

(w[RWRZS O [ROWRES @)
—4 Z

+sin* (6., /2) cos® (0., /2) <( w0 ), (w?ri?flt‘n)il> -
_i (1 —201) (1 — 20) sin (e, ) sin (6., ) x

< (((were,), @2, ) + (e, (@fiiﬁan)u»] =

Aen,sm,z’,
:/ dZ[ 2 cos? (0., /2) sin® (Hgm/Z)A = é
3,0

EnyEmylyl EnsEm iyl

cos? (6, /2) s (0-,,/2) (w22 ), (wizf:,en)iﬁ +

A—E —E& 7
—2sin’ (0., /2) cos? (0., /2) m—em bl -

2 2
Afz-:n —Em,i,l stn —Em,i,l
1 . . Bs Em,i,l B*E —Em,i,l
—5 (1 — 2(510) (1 — 2512) Sin (é’gn) Sin (ng) A2 — 72 + A2 : 727
En,Em,yb,l - EnEm,b,l —En,—Em,b,l - —En,—Em,b,l

(4.3)
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Summaring two contributions we obtain Retarded-Retarded(RR) correlation function Py *? (ig,,, ic,,):

P (128 ey i e i = ((UQE (1) WQRER (1) = 2 (1QR? (1) Q53 (1) =
B / d’q 8sin (6.,)sin (0.,,) C:, .. 1.0
(27T)d (Asn en,1,0 + Bsn En,l 0) (Asm €m,1,0 + Bsm,em,l,O)

+Z 4 [cos? (0., /2) sin” (95m//122)+sm (252”/2) cos? (6.,./2)] A, Em,i,l++

_|_

il EnEm iyl EnyEm iyl
2(1—29 20;9)sin (0., )sin (6. ) B:, . i
+Z< lt))(A2 2) (32) (0c) Bervmil
il EnEmyiyl T En,Em,yi,l

(4.4)

It can be simplify for case when £/ = E":

1o (o ; _
Py (i€n, Zgn)ien:E—&-i(ﬁ =

dq | 8sin®*(6.,)C., ., 1.0 ) 1
= n e 4-25sin” (6.,
/ (27T)d{ (Agn’en,170 + BgmgmLo)z ( ) ZZJ Asn,sn,i,l - (1 - 2510) (1 - 251‘2) Ben,an,i,l

(4.5)

Similarly we can get Retarded-Advanced(RA) correlation function:

1o [ . —
RGPQ (ZEn, ng)igk:E+iO+7i5p:El—iO+ =

_ Re/ diq B 8sin (6,,) sin (6.,) C, ¢, 1.0 .
( (A

27T)d €ksEk,1,0 + Bak,ak,l,ﬂ) (Aap,ap,l,() + Bap,ap,LO)
Aak —ep,i,l
+Z (1 + cos (6.,)cos (6-,)) — 2
Aék —epyid Bsk —epyisl

—2(1 = 28) (1 — 28;) sin (6., ) sin (6.,) yE Bes _EjBZ; ] } (4.6)

€k, —Ep,yt,l Ek>y—Epyi,l

4.1 Fluctuations of LDOS below the energy gap

Let’s simplify RA using that DOS is equal to zero, so cos [f., ] is fully imaginary, so for ig;, =
E +i0%, i, = E' — i0" when 6., = 0., because of Usadel equation (1.17) we get this:

cos [0.,] = —cos [6.,] , sin[6.,] =sin [6.,] 4.7)

So RA correlation function can be simplified using this relations:
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[e5NeD) - - —
ReP; (ien, ng)iak:E+iO+,i£p:E—i0+ -

R / (ddq {_ $sin (0., ) sin (6.,) Ce, o, 10

+
(Ask,sk,l,o + Bak,ek,l,o) (Aep,ep,l,o + Bap,ap,l,o)

Acy—epiq — (1= 2810) (1 = 2042) Bz, —c, i1 B
A2 — B2 -

€k, —Epytl €k, —Ep,b,l

+2sin” (0.,) )

il

—Re/ d’q B 8 sin (6 s1n( 2) Ceponio N
(27T)d (Ask Ek,1,0 + Bak €k,1,0 ( €psEp,1,0 + Bap €p,1 0)
1

+2sin? (6.
( k) ;: Ask,fsp,i,l + (1 - 2510) (1 - 2512) Bsk,fsp,i,l }

Terms with C in RA function and RR function reduced with each other:

Csk,ap,l,() - _Osn,en,l,[)

8sin* (0.,) C-, - 10 N 8sin” (0-,) Cepep 10

=0
(Agmgml,o -+ Bgmgml,o)Q (Ask,ek,l,o + Bsk,sk,l,o) (Asp,sp,l,o + Bsp,sp,l,O)

Denominators in RA and RR functions can be rewritten using .S;; and .S :

Acperin — (1= 2010) (1 —26;2) Be,y i1 = —ng — _Szl

Ask,—ap,i,l + (1 — 25[0) (1 - 25z2) B€k7—ap,i,l = _%q2 — % z(,l
1 8nsa ((1+ a? 20,1+ 2
Si = — [2|en] cos (6.,) + 2Asin (6.,)] — — a((1+a%)cos [26.,] + 204)
D g (1+2acos[26.,] + a?)

% (1 — 480) (1 — 2035 — 20630) — 1
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(4.8)

(4.9)

(4.10)

(4.11)

(4.12)

(4.13)



8nsa (14 a?) cos [26.,] + 2a)
g (1+2acos[26,,] + a?)?

1 .
= ) 2 |ex| cos (0c,) + 2Asin (6., )] —

| (4.14)
X —g (1 — 46[0) (1 — 2(513 — 2510) —1
We see that there are part that doesn’t depend on indices ¢ and [ and part that depend on:
Si,l =Sy + I, Sz{,l =Sy — I (415)

After integration we get logarithmic expression:

d2q . 2 1
— sin” (6, —
/ (27T)2 ( k) ; AEk,Ek,i,l - (1 - 26l0) (1 - 2522) B:—:k,sk,i,l
1 ] _
Acy—epin + (1= 280) (1 — 20;2) Bek,—sp,i,l_ B
1/
qdq 1 1 1 . o ¢° + Siy
- = - = —— 0. )1 :
ZSIH / ) q2 4 Si,l q2 + Sz{,l g ;sm ( k:) n q2 + Sz{,l L
(4.16)
It can be rewritten using Sy and [;;:
Slll L2 lQSzl + 1
Ky (E,E' r)=— 27Tgsm 0.,) Zl e
4.17
(0, Y ot Tl R P o
327rg So + L2 + I 1+ 125y + 121,

il
We see that odd orders of I;; expansion is equal to zero after summation by ¢ and [:
Z 2n+1 Z 1_45 2n+1z(1_25i3_252.0):() (4.18)
il ! i

We see that function is odd in [;; if we make Teylor expansion by [;; it will contain only odd orders,
and as we show summation by odd orders get zero, so when DOS is equal to zero fluctuations equal

to zero too:

Ky (E,E',r)=0 (4.19)
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4.2 Fluctuations of LDOS above the energy gap

Analogous when DOS is equal to zero we can write the fact that cos [f., ] is real and sin [0, ] is

imaginary:

cos[f.,] = cos [6.,], sin[f.,] = —sin [6.,]

So our RA correlation function could be simplified as:

a1 [ ; J—
ReP2 (ZéTn, ng)isk:EJriOJr,isp:EinJf -

_ Re/ dlq | 8sin (6,,) sin (6.,) C:, ¢, 1.0 N
(27r)d (Acpen1.0 + Beper10) (Asp,sp,l,o + Bep,sp,l,o)
1
+2) -

— | Acp—epit — (1 = 2010) (1 — 2012) Be, i

1
+ cos® (6.,)
Ask,—sp,i,l + (]. - 25[0) (]. - 2512) Bek,—sp,i,l

In the expression above the denominators can be written as follows:

Acp—epin + (1= 280) (1 = 2050) Be, —c, i1 = —%QQ — %Sz’j

g g g
Acp—epit — (1= 2010) (1 — 20i2) Bey et = _Zq2 40 ZS’{j
where
8n o
Sy = s 5 (cos [46.,] — 1)
g (1+2acos [20.,] + a?)
8 S 1
S = N — (1 — 4510) (1 - 2513 - 2620) —1

U g (1+2acos |20, ] +?) |3
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4.21)

(4.22)

(4.23)

(4.24)

(4.25)



8nsa ((1+ a?)cos 26, ] + 2a)
g (1+2acos[26,,] + a?)?

1

Sij:_ g

(1 = 48y0) (1 — 26:5 — 26;0) — 1] (4.26)

When 1/L? < Sy + Sj; < 1/1* we can integrate

Re | T ) _
(27T)2 2.0 Askvfspzivl - (1 - 25l0) (1 - 2512) ng77€p,i,l

1/1
1 1
ﬂ_g;/qu—i_SD_i_Sl{j an+ 0+ )
2 272
:_LZIn( L/l /):llln< Snsa -7 (cos[49., )—l—
Wy So + S}; g g (1+2acos[26.,] + a2)? (4.27)
2 _
n <8nso¢l (a (cos [46;,] — 1) + 2 (1 + 2a cos [26,, ] + o?) ) N
g (1+2acos[26.,] + a2)?
t3ln (SnsaF (v (cos [40.,] — 1) +4/3 (1 + 2« cos [26,,] + o?) ) n
g (1+2acos[26,,] + a?)?

+3In (SnsaF (a(cos[46.,] — 1) +2/3 (1 4 2 cos [26,, ] + ))
g (1+2acos[26,,] + a?)?

For other fraction we get logarithmically large by =< answer:

1
Re =
/(ZWQiZAak spzl+(1_25l0)<1_2512) €k, —Ep,t,l
1 1 1 !
_ L da? ———N"In(¢¢+S;)| = 428
> e/ I

2 2
- 2 ol (£> 7 (l nsa (1 + a?)cos 26, ] + ga))
g [ g (1+2acos|26,,] + a?)

So this is RA correlation function:
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a1 - - —
ReP, (Z€n, ng)igk:E+i0+,i8p:E—i0+ -

Re / (ddq {_ $sin (., ) sin (6.,) Ce, o, 10

+
27T)d (Aek,ek,l,o + Bak,ak,l,o) (Aap,ep,l,o + Bsp,ep,l,O)

+2Re / (::;d {Z

1
+ cos? (6
( Ek) Ask,ﬂsp,i,l + (1 - 2510) (1 - 2512 €k,—Ep, zl]

4 L 9 1 2 )
%——ICOSQ(Qak){an (7)—7ln (l nsa (( +a)cos 6., + a)

g g (1+2acos[26,,] + a?)?

1
Ask,fep,i,l - (1 - 2(SIO) (1 - 2512) Bsk —€Ep,i,l

+

Q

(4.29)

T <8nsozl2 (a(cos[46.,] — 1)+ 2 (1 + 2a.cos [20.,] + o?
g (1+2acos[26,,] + a?)?
3 <8n5al2 (a(cos [46:,] — 1) +4/3 (1 + 2 cos [26,, ] + a?
g (1+2acos[26,,] + a?)?

3 <8nsa12( a(cos[46.,] — 1) +2/3 (1 + 2acos [26,,] + ))
g (1+2acos[26,,] + a?)?

}
-
- (g 1+ Qai:: [29;] T ony (08 4 )
)-
)-

Calculating denominator of RA correlation function:

A8k78k7’i,l - (]- - 25l0) (]- - 2522) Bak,ak,i,l = _gq2 - % Zl

. (4.30)

2
St = 2 llex] cos (6.,) + Asin (6,,)] — 2222 ((1 + a®) cos [26.,] + 2a)

D | g (1+2acos[26.,] + a?)?
431)

X é (1 — 4(5[0) (]. — 2523 — 2(5,0) -1

RR correlation function can be calculating by integration one fraction:
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2q
/(2752 sin (9%)2

1

S s
— 7rg%l:sm (0.,)In[g +Si,l}

N (16l2nsa (14 a?)cos [26.,] + 2a)
g (1+2acos[26,,] + a?)?

3 (16l2n5a (14 a?)cos [26.,] + 2a)
3g (1 + 2acos [26.,] + a2)?

i, AEk,Ek,’i,l -

+5 [|ex| cos (0z,) + Asin (6

202
+5 [|ex| cos (¢, ) + Asin (6 —

gt (2 (L )con ]+ 20
39 (1 + 2acos [26,,] + a2)?

So we get fluctuations:

2

Ky (B, E,r) ~ 10

(1= 260) (1 — 2612) B -

€k sEk byl

1/1

= —— s1n

2
[2 In ( —
1/L 9

(4.32)
202

202

+ — 5 [|ek| cos (0.,) + Asin (ng)]>]

L g 1 2 2
2 12In( = ) cos (26.,) — Tcos® (A.,)In Pnga (14 a?)cos [26., ] + 2«
59 : g(

1 + 2a cos [26;, ] + a?)?

1612 1 2 2 2 212
i (Hgk)ln( 6°nsa ((1 + a?)cos [20;,] +2a) 21

+ =5 L€k cos 05 ‘f‘ASll’l
g (1+2acos[26,,] + a?)? 7 llex| cos (6,)

3sin(6.)In (1612nsa((1 + a?) cos [26.,] + 2a) N 2 o] cos (6.,)
- 3g (1 + 2acos [26.,] + a?)? D"

2 2 2
_3sin? (6., )In (32[ nsa ((1+ a?)cos 20, ] +2a) 21

) -+ Assin (0

39 (14 2acos[20.,] +

_ln(g(

N (8nsal2 (a(cos [46,,] —

Snsal?

5 (cos [40.,] —
1+ 2acos[20.,] + a?)

1) + 2 (1 + 2acos [26;,] + o?)

g (1+2acos[26,,] + a?)?
2
30 (Snsal (e (cos [46.,] —

1) +4/3 (14 2acos [26.,

)
J)-
J)-
st el eos(6) + Asin(® )
")
)
=)

g (1+2acos[26.,] + a?)? B

3 (SnsaF (o (cos [46.,] —
g (1+2acos[26.,] + a2)?

1) +2/3 (1 + 2accos [26.,] + o ))]

(4.33)

For L so large that In (%) is rather bigger then In (LS;) we can write:

(o(B,r) = {p(B, 1)) =

25

2

Po LY .o
—In| — h
Ing n ( l ) sinh” (¢))

(4.34)



If L?S, > 1 then we get answer without impurities:

{p(B,r) = (p(E,r))]*) = i—”g‘% In (%) (sinh? (1) + 1) (4.35)

If we consider E close to E:

(WEr)* g e l 0

<[p(E, r) — (p(F, T)>]2> B i |[F"(1)4)| cosh t), sinh” (Yg) In (é)

That’s mean that there is self-averaging of DOS when E_AEQ s> [ (g)|cosh b sinh? (by) 1y (%) And

g
(tq)| cosh vy sinh? () 1
g

there isn’t self-averaging when E_AEQ < £

(%) . It is worth to say that another

T (E—Ey) nu_sinh®[1hg] cosh? 3,
restriction for closeness to spectrum edge ~——% > Sk 4 (L—p cosh2ag])®

condition does not interfere with the existence of non-self-averaging case.

is weaker condition, so this
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Chapter 5

CONCLUSION

So we calculated correlators < (w?’g e (q))il (0%, -, (—q))il>s(2) and we have used it in calcu-
lation correction of DOS and finding fluctuation. We find sharp edge of spectrum in correction and
this results can be used not so close to the edge of spectre and we must find other orders to calculate
DOS near edge. We also found out that fluctuations is equal to zero when DOS is equal to zero.
We also researched what fluctuations are equal to when DOS is not equal to zero, and show that

there is violating of self-averaging of DOS close to the edge.
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