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Abstract

Scaling of various local observables with a system size at Anderson transition
criticality is characterized by a generalized multifractality. To begin with, we
study surface generalized multifractality in the spin quantum Hall symmetry
class (class C) in 2D. We further derive a relation of the generalized surface
multifractal spectra in 2D and linear combinations of Lyapunov exponents of
a strip in quasi-1D geometry under the assumption of conformal invariance.
Then, we probe conformal invariance by testing that relation numerically.
In addition, we study the bulk generalized multifractality in class C with
interaction. We employ Finkel’stein nonlinear sigma model and construct
the pure scaling derivativeless operators for class C in the presence of inter-
action. Within the two-loop renormalization group analysis we compute the
anomalous dimensions of the pure scaling operators and demonstrate that
they are affected by the interaction. We find that the interaction breaks
exact symmetry relations between generalized multifractal exponents known
for a noninteracting problem.
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Chapter 1

Introduction

A quantum state in a disordered electronic system can be localized or delo-
calized [1, 2], depending on the strength of the disorder and the energy of the
state. The transition between these localized and delocalized phases is called
the Anderson transition [3]. In a broader sense, the Anderson transition can
also occur between two localized phases of different topology. At the criti-
cal point of the Anderson transition, wave functions have unusual statistical
properties: their moments have a pure-scaling dependence on the size of the
system, L(|1(r)|*®) oc L™, where 7, are independent critical exponents, ¢
is integer. This property is called multifractality [4].

Recently, it was discovered that for certain values of ¢, surface effects
have a dominant contribution to the multifractality of the entire system
(bulk+surface) [5]. Moreover, experimental studies of the Anderson tran-
sition usually require transport measurements, which can be performed by
attaching leads to the surfaces of the system, making it possible to study the
contribution of surface to multifractality directly. Pure-scaling dependence
of moments of wave functions on the surface at Anderson transition is called
surface multifractality [5, 6, 7): L4 (|e(r € S)[*) oc L774, here, 77 is a set
of surface critical exponents.

It has been recognized that there are many other combinations of wave
functions, known as pure-scaling observables, which demonstrate pure-scaling
dependence on the size of the system after averaging over disorder; that
property is called generalized multifractality [8]. Pure-scaling observables
are characterized by a set of independent subleading critical exponents Ty,
where the multi-index A = (¢1, g2, ...) labels different observables [9, 10, 11].
It has been shown that the critical exponents 7, satisfy exact symmetry
relations [12, 13, 11, 15, 16], which can be used as a benchmark for numerical
calculations.

The interest in the Anderson transition was further increased when a



full classification of 10 Altland-Zirnbauer symmetry classes of disordered
fermionic systems was achieved [17, 18, 19]. A way to study these sym-
metry classes analytically is provided by the nonlinear sigma model (NLoM)
[1] description. In d = 2 at the MIT point, the NLoM is generically at
strong coupling and cannot be straightforwardly applied. A separate critical
theory is required to describe the system at the transition. Recently, it was
demonstrated that if the critical theory is locally conformal invariant, then
the critical exponents 7, have a quadratic dependence on the components
Q1 Go, - - - of multi-index A, this property is called generalized parabolicity [3].
Recently, generalized multifractality in the bulk was studied numerically in
the spin quantum Hall (SQH) transition (class C) [3]. An important feature
of Class C is that some of the critical exponents can be calculated exactly
through mapping to percolation [20, 21, 22]. This mapping is also applicable
to surface multifractality [0].

Multifractal correlations of wave functions result in a variety of interest-
ing physical effects. In particular, they lead to strong enhancement of su-
perconducting transition temperature and the superconducting gap at zero

temperature [23, 24, 25, 26, 27, 28], induce log-normal distribution for the su-
perconducting order parameter [24, 29, 30] and local density of states [28, 31]
in dirty superconductors, are responsible for instabilities of surface states in
topological superconductors [32, 33], result in strong mesoscopic fluctuations
of the Kondo temperature [34, 35, 30], enhance depairing effect of mag-
netic impurities on superconducting state in dirty films [37], make cooling of
electrons due to electron-phonon coupling more efficient [38], and affect the

Anderson orthogonality catastrophe [39].

The scaling properties at Anderson transition criticality can be modified
by electron-electron interaction. In this case the so-called Mott—Anderson
transition emerges being controlled by both disorder and interaction strengths
(see Refs. [10, 11] for a review). Interaction drives a disordered electron sys-
tem into a new interacting fixed point corresponding to a metal-insulator
transition and, consequently, affects the generalized multifractal exponents.
Unfortunately, present numerical computing power is not enough to access
generalized multifractal exponents and to check symmetry relations in the
presence of interaction [12, 43, 44 45].

In the first part of this work, we extend the construction of subleading
multifractal pure scaling observables to the surface and numerically study
generalized surface multifractality in the spin quantum Hall (SQH) transi-
tion using the SU(2) Chalker-Coddington network model and analyze the
resulting generalized multifractal spectrum. We derive the connection (2.20)
between surface subleading critical exponents of a 2D system and Lyapunov
exponents for a quasi-1D system assuming invariance under the exponential



map. This generalizes the work of Ref. [10] to subleading multifractality.
Using the transfer matrix method, we study Lyapunov exponents for a long
Q1D strip of these models and verify our result (2.20). Thereby we probe for
conformal invariance.

In the second part of this work, we develop the theory of the gener-
alized multifractality for the spin quantum Hall symmetry class in the di-
mension d = 2 + ¢ in the presence of electron-electron interaction [17]. Us-
ing Finkel’stein NLoM for class C, we demonstrate that the pure scaling
derivativeless operators can be constructed by straightforward generaliza-
tion of the pure scaling operators without derivatives known in the absence
of interaction. Within the two-loop approximation we compute how the
anomalous dimensions of the pure scaling derivativeless operators are af-
fected by the presence of interaction. Also for a reader’s convenience, within
the Finkel’stein NLoM we rederive the results known in the literature for
the one-loop renormalization of the spin conductance, dimensionless interac-
tion, the Finkel’stein frequency renormalization parameter, and the averaged
LDoS.



Chapter 2

Generalized surface
multifractality without
interaction

2.1 Analytical framework

2.1.1 Generalized surface multifractality

An essential feature of the critical points of Anderson transition in 2D dis-
ordered systems is generalized multifractality: certain combinations of wave
functions demonstrate pure scaling dependence on the size of the system after
averaging over disorder:

LY ~ L7, (2.1)

here Py\[¢] is a composite object of wave functions ¢ that are close in energy
and evaluated at positions in a neighborhood N' much smaller than the linear
system size L. The brackets denote average over disorder configurations. The
multi-index A = (q1, 2, ..., ¢n) serves as label for the different pure scaling
operators. For positive integer ¢; that are ordered ascendingly.

We can generalize these operators defined in the bulk of the d-dimensional
systems to the d — 1 dimensional surface:

LR ~ L (2.2)

The coordinates of the wavefunctions are restricted to the surface. The super-

script s indicates the corresponding set of critical exponents T;\S). These expo-

(s)
A

nents are related to the corresponding scaling dimensions )’ and anomalous



multifractal exponents AE\S) in the usual way:

(s) _ (s

A(Ql,(p,m) o T(qhqz,...) —1- d(l)‘| - 1) - |)\|H (23)
(s) _ A9 (s)

x(qhqm...) - A(ql,qQ,...) + |)\|ZL‘(1) (24)

here, |A| = ¢1 + g2 + ..., constants p and Tl depend on a symmetry class.
The pure-scaling operators Py[¢)] can be written explicitly in terms of proper
combinations of wave functions. Let us start with an operator with all ¢; = 1
ie. A= (1,1,...). For classes without (pseudo)spin degree of freedom, it has
the form resembling a Slater determinant [13]:

wa,m wﬁ,rl
P(1717__)[’Lp] = |det wa,rz ¢B,r2 ce X (25)

2

For classes with (pseudo)spin degree of freedom it has similar form:

wOéTrl wﬁ??‘l R Zim _wgiﬁ
Vatrs Vptre - | ~Vagrs  ~Vhir
psp [w]:det 2z (26)
(1) @Z)aim ¢B¢r1 s ZTH 77/}5Tr1
%m wﬁim s ;Trz wETT‘z

Since we are interested in the surface multifractality, in the definitions (2.5)
and (2.6) we take coordinates which lie on the surface, distance between
adjacent points is fixed: r; 1 —r; = r, indices «, [, ... correspond to different
eigenvalues, 1, ] — projections of the spin. In the formulas (2.5) and (2.6),
the multi-index A is (1,1, ...), for other values of A we use Abelian fusion [19],

Pa] = (Pay )" (Puzy[w])® ™ -

(P )" ()" A= @ea)  @7)

here, (1¥) is an abbreviation for (1,1,...,1).
——

k
From the assumption of local conformal invariance, we get a quadratic
dependence of (4, 4,,..) on the g;, which is denoted by generalized parabolicity
[50]. Weyl symmetry then enforces the following form:

sy = 020 (@i + o). (2.8)

The constants ¢; depend on the symmetry classes and b is the single remaining
parameter characterizing the transition (in class C, ¢; = 1 —4j and b = 1/8).
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2.1.2 Connection between subleading exponents in 2D
and Lyapunov exponents in quasi-1D

We can consider the conformal mapping of the 2D circle (of radius R) to the
quasi 1D strip with width M and length L:

M T

=" lnz, — <_> 2.9
w=—lnz, z=exp|5w (2.9)

. M
w=u+iw, u<L=—InR, 0<v< M. (2.10)

s

R
M
L R R

Figure 2.1: Conformal mapping of the 2D circle (of radius R) to the quasi
1D strip with width M and length L with open boundary conditions on
horizontal boundaries.

The NLoM for a disordered 2D system defined on a large circle can then
be mapped on a NLoM describing a disordered Q1D strip under the assump-
tion of conformal invariance. Their operators are related by the conformal
transformation

()

o). (2.11)

(O(w))qip = T

We need to calculate the scaling of both sides in order to relate the Lyapunov
exponents to the multifractal spectrum.

The wavefunctions v, of this Q1D strip are determined by their boundary
values A, at Rew = 0 and the transfer matrix 7'(L) relating both ends of the
long strip. Here, we made the assumption, that it is sufficient to restrict to a
fixed energy F for the transfer matrix. In order to evaluate the scaling of the
determinants (2.5), we have to find expressions for the wavefunctions adjacent
in energy in the vicinity of the point W = U + iV on the strip. Since we
want to take the thermodynamic limit in the end, the wave functions should
vanish on the boundary of the disk or at the end of the strip at u = L,
respectively. This avoids unphysical probability densities at infinity.



With the transfer matrix, we may write:
Ya(wi) = BT (U)Aq, (2.12)

where B; = P, T(u; — U) selects row v; of the transfer matrix over u; — U
additional slices and A, are the initial conditions at Rew = 0.

L
000000 00 0 0 0 0 0 0 0 0 0 90 0 0 0 0 0 o
0000 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 ¢ o
V. 00000000 0 0 0 0 0 0 0 ¢ 0 ¢ 0 ¢ ¢ 0 ¢
000000 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0o ¢ ¢ M
Vi. 00000 00 0 0 0 0 0 0 0 0 0 0 0 ¢ 06 ¢ ¢ o
0000 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 o o
00000 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0o 0 o o ¢
U U

Figure 2.2: Schematic interpretation of the formula (2.12)

Due to the boundary conditions, the columns of A, are in the subspace
of negative Lyapunov exponents. We further choose them to be pairwise
orthogonal.

Then we can write:

P[] = |det (BPyy) det (PosnT(U) Posn) det (Poxn A, (2.13)

where the rows of B are given by the B; and the A is the matrix formed by
the A, as columns. The projection P, ., restricts to the space of the first n
Lyapunov exponents.

Provided that the n points and energies are pairwise distinct, det (B P, «,,)
and det (P, x,A) are finite and do not scale with L. From Oseledecs theorem
it then follows that

1

Indet (PxnT(U)Prsxn) ~ —5()\1 +...+ W)U, (2.14)
here, A1, Aa,..., A, are the n smallest Lyapunov exponents. From this, we
can infer

<1nP(1n)[¢]>Q1D ~ —()\1 ++>\n)U (215)

The logarithm appears, since the Lyapunov exponents describe typical local-
ization lengths. It follows that in the Q1D strip, the operators scale as

(O (W))gup ~ €T H=-AU+0a?) (2.16)



in the limit of small q.
On the other hand, in the 2D system by definition
. _®
(Ox(2))2p = RE*IPU(Py[¢))ap ~ R™ (2.17)
holds. Using the conformal relation Eq. (2.11), we now can relate the Q1D
scaling to the 2D multifractal exponents:

RO
(Os@hain ~ (1) exp [~ e (L —u)] (2.18)
In particular for A = (¢") with small ¢ this becomes:

(s)

o) dx
77 n P )
(O (w))qip ~ (—) o - exp —q_$

= (L—w|. (219

q=0
Putting the equations (2.19) and (2.16) together and taking the limit L — oo,
we obtain the connection between Lyapunov exponents and the multifractal
spectrum:
()
dw(q”)
dq

™

= M- ix (2.20)
=1

q=0
2.2 Numerical results

2.2.1 Subleading critical exponents

Pure scaling observables at Class C have form (2.6) because Class C is a
class with (pseudo)spin degree of freedom. From the mapping to percola-
tion, the exponents p = 1/12 or equivalently xﬁ)) = 1/3 are known [0]. In
order to find numerically wave functions we use the SU(2) generalization of
the Chalker-Coddington random network model for Class C. In the frame-
work of this model, we consider the propagation of wave function along the
square network: wave function obtains random phase at every link, which
corresponds to the potential disorder in the initial system, and scatters at
every node, which corresponds to the tunneling between equipotential lines
in the initial system. The scattering matrices have the following form (at the
critical point: 6 = Z):

1
—cosf sinf
5=10 ( sinf  cos@ ) (2.21)
;o —sinf cos6
S=he ( cosf sind ) (2.22)



Figure 2.3: An illustration of square network for the Chalker-Coddington
model.

We introduce a boundary to this system setting # = 0 for all nodes which
lie on the straight line (see Fig.2.3). We treat N = 10000 realizations of
disorder and the following sizes of the system: L = 32,...832.

‘ A H X ‘ T (exact) ‘ A3 5
(1) 1.0815 | 13/12 |-0.0018 | 0.3315 + 0.0022
(2) 2.838 | 17/6 | -0.329 | 0.338 £0.009
(1,1) 4.487 4.5 1.320 | 1.987 £0.007
(3) 4.36 4.25 -0.89 0.11 4+ 0.05
(2,1) 6.27 6.25 1.02 2.024+0.03
(1,1,1) 9.15 9.25 3.90 4.90 +0.04
(4) 5.74 - -1.59 -0.26 £0.18
(3,1) 7.86 - 0.52 1.86 £ 0.09
(2,2) 8.92 - 1.58 2.92 4+ 0.05
(2,1,1) | 10.83 11 3.49 4.834+0.12
(1,1,1,1) | 14.41 154 7.07 8.41 +0.06

Table 2.1: S(%H network: numerically calculated subleading critical expo-
nents 7%, A{” and z{ in comparison to exact values 7>(\2xact) from percola-

tion mapping [0, 20, 21, 22] for pure-scaling observables with ¢ = |A| < 4.

The data in the Table 2.1 is obtained from wavefunction observables with
r = 2. Certain exponents can be calculated exactly (Tj(emct)) using the
mapping to percolation [0, 20, 21, 22]. We can see that numerical data is
in good agreement with the analytical results from percolation. Numerical
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results for the dependence of observables L4 ( PP[]) on r/L are presented
in Fig.2.4, r lies in the region [2,...,11]. We expect the following power-law
dependence:

®)
LW (PP)]) ~ L™ M2 (2.23)

q = |Al (2.24)

It is clear from the plots that P, has power-law dependence on L since the
data shows straight lines on the log-log scale.

In addition, we can analyze dependence of critical exponents x4, 4, 45,... O1
q1, G2, q3,... and compare this dependence with the prediction from general-
ized parabolicity (2.8), in order to check whether local conformal invariance
is violated or not. The comparison of numerical result for critical exponents
and prediction from generalized parabolicity is presented on the Fig.2.5. It is
clear that generalized parabolicity is strongly violated in Class C, therefore,
local conformal invariance is violated too.

2.2.2 Lyapunov exponents

We have derived the equality (2.20) between Lyapunov exponents for the
quasi 1D strip and critical exponents for 2D system from the conformal map-
ping (2.9). Now we would like to test this equality numerically.

To calculate di(l—qq") in the 2D systems, we numerically calculate critical

q=0
surface exponents (4 in the same way as it was done in the previous section
(linear sizes lie in the range [32,...,832] and the disorder averaging is made
over N = 10 realizations). We do numerical calculations for several values

dw(qn)

of ¢ in the small vicinity of 0 and then calculate the derivative i

To find the Lyapunov exponents, we implement transfer matrix aplqarooach
in the framework of Chalker-Coddington random network model [51]. Using
transfer matrix approach for the strip we find Lyapunov exponents ); in the
following way:

iz
here, t; is the eigenvalue of transfer matrix 7" and L is the length of the strip.
For calculation of Lyapunov exponents \; we implement the transfer-matrix

approach for quasi-1D systems: the strip length is L = 10° and width M
lies in the range [32,...,160] in order to be in the Q1D limit L/M > 1. To

(2.25)

11



estimate the statistical errors of this approach, an average over 10 disorder
configurations is computed.

Numerical results for Lypunov exponents for several values of width M
are presented in Fig.2.6 and in Table 2.2.

dx(,n n
c(i_?]) M- Zz’:l Ai
q=0
n =11 1.805=£0.007 | 1.821 £ 0.016
n=2| 8.60=x0.02 8.46 £ 0.05
n=3J3| 1951£0.08 | 19.81 £0.19
n=41| 3284+0.09 | 35.54+0.43

Table 2.2: Numerical results for the derivative of subleading exponent z4n
and n smallest Lyapunov exponents )\;. We observe slight discrepancies for
big n, which happens because higher moments with components A > 1 are
prone to suffer from insufficient statistics.

From this data we can see that the equality (2.20) holds with good pre-
cision.

12
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Figure 2.4: Generalized surface multifractality in metal phase at Class C for
q = 2 (top), ¢ = 3 (middle) and ¢ = 4 (bottom). The pure-scaling observables
are averaged over N = 10000 realizations of disorder and over the boundary.
The data is scaled with r2at2et+8am  due to this we observe the collapse
as a function of r/L. Data which correspond to the smallest r (r = 2) is
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Figure 2.5: Dependence of critical surface exponents x,4\» on ¢ for n=1,2,3,4

at Class C. Solid line corresponds to numerical data, dashed line - to gen-
eralized parabolicity, (b = 1/8,c; = 1 — 4j). It is clear that generalized

parabolicity is strongly violated.
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correspond to the values, averaged over the system sizes.
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Chapter 3

Generalized bulk
multifractality with interaction

3.1 Formalism of Finkel’stein NLocM

3.1.1 NLoM action

We start with the description of formalism of the Finkel’stein NLoM applied
to class C. We follow approach of Refs. [52, 53]. As usual, the NLoM action
is given as a sum of the noninteracting part, Sy, and the term Sj,;, describing
interaction:

= /D[Q] exp S, S = S0+ Sint, (3.1)

where
5= -2 [ m(ver+ / o) (3.2a)
S = ”Trt Z / Tr(195Q) Tr(1%,5Q). (3.2b)

Here and in what follows, we use the shorthand notation f = f d%z. The
field @ is Hermitian matrix, Q = (), which satisfies a standard nonlinear
local constraint

Q*(x) = 1. (3.3)
The matrix field @) acts in the N, x N, replica space, in the 2 x 2 spin

space and in the 2N,, x 2N,, space of the Matsubara fermionic energies,
en, = m1'(2n + 1). The action (3.1) involves the following matrices

(Il’cy)gfn = n—m,lﬁiéaﬁéwY S0, ozB =E&n 5nm5aﬁ So - (34)

15



Here sy denotes the 2 x 2 identity matrix in the spin space. We note that
Greek indices represent replica space whereas Latin indices corresponds to
Matsubara energies. The vector s = {s1, sp,s3} is the vector of three nontriv-
ial Pauli matrices

S () N A B

Since spin quantum Hall symmetry class (class C) belongs to the Bogol-
ubov — de Gennes symmetry classes there is an additional symmetry that
relates positive and negative Matsubara energies,

Q=-0Q, Q =sLoQ  Lysy,
(Lg)aﬁ = 5aﬂ So .

nm En,—€m

(3.6)

Here superscript T denotes the matrix transposition operation.
Nonlinear constraint (3.3) can be resolved by representing the matrix @
as rotation around the fixed matrix A:

Q=T'AT, A% =sgne, 6,m0™ s (3.7)
Here the rotation T is a unitary matrix satisfying
T_l = TT, (T_l)TLO So = Sp L()T (38)

The NLoM action (3.1) involves three parameters. Bare dimensionless
spin conductance is denoted as g. Bare strength of exchange interaction
(interaction in the triplet particle-hole channel) is I';. The parameter Z,
describes the renormalization of the frequency term. Generically, g, I';, and
Z,, are subjected to renormalization. Finally, temperature is denoted by T

We note that the symmetry (3.6) forbids the interaction in singlet particle-
hole channel since Tr I sy () = 0. The Cooper channel interaction is sup-
pressed by the absence of time-reversal symmetry.

The action (3.1) of the Finkel’stein NLoM for the class C is similar to
the one for a standard Wigner-Dyson class A in the presence of spin rotation
symmetry (see Refs. [10, 11, 51] for review). We emphasize two distinctions.
At first, there is no interaction in the singlet particle-hole channel. Secondly,
there is the additional symmetry relation (3.6). These two features make
class C in the presence of interaction to be different from interacting class A.

Similarly to the class A, the action (3.1) can be supplemented by the
Pruisken’s theta-term. Being topological this term does not affect perturba-
tive analysis presented in this paper however it is responsible for the existence
of the spin quantum Hall transition in d = 2 dimensions.

16



3.1.2 Perturbation theory

In order to construct perturbation theory, we prefer to use the square-root
parametrization of the () matrix:

Q=W+AVI-W2, W= (£T ‘6’) (3.9)
Here the block structure of matrix W is with respect to positive and nega-
tive Matsubara frequencies. In particular, we adopt the following notations:
Woing = Wnyny and Wiy, = wi_ with €,, > 0 and &,, < 0. It is conve-
nient to use the following expansion w = Z?:o wjsj. As a consequence of the
constraint (3.6), the elements of wj satisfy the symmetry relations

(wp)iains = viwp) 5

ning —ng,—n1) 310
vi=—tr(sjsos ) /2 = {—1,1,1,1}. (3.10)
In particular, Eq. (3.10) implies (wo)ne _,, = 0.

Expanding the action (3.1) to the second order in W, we find the propa-
gators of Gaussian theory:

2
(035 @) 0], (=) ) = = |30 GG, 00 G s
47TT7 av o . .
- D (1 - 610)5 5716 ﬁ5n12,n34,D2(lwn12)i| DQ(Zwmz)' (311)

Here we use the following shorthand notations nis = ny — ng and wy,,, =
Eny — Eny- Also we introduced the bare diffusion coefficient D = ¢g/(4Z,,) and
dimensionless interaction strength v = I';/Z,,. Next,

Dy (iwn) = [q2 + wn/D} 71, (3.12a)
Dy(iw,) = [q2 +(1+ v)wn/D} o (3.12D)

stand for diffuson and diffuson dressed by interaction via ladder resumma-
tion, respectively. We mention that the product yD, " (iw,) D} (iw,) gives the
dynamically screened exchange interaction in the random phase approxima-
tion.

As we shall see below, in the process of renormalization of the NLoM
action it is convenient not to keep track on Matsubara frequencies of slow
fields in the propagators. Then, in order to regularize the infrared, it is
convenient to add the following regulator into the action (3.1):

_ g

Sh S

Tr AQ. (3.13)

xr
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On the level of the Gaussian theory S}, results in the change ¢*> — ¢® + h? in
the diffusive propagators (3.12a) and (3.12b).

3.2 Background field renormalization of the
action

In this section we present details of the one-loop renormalization of the NLoM
action within the background field method. Although one-loop results for
parameters g, Z,, and v has been reported before in Refs. [55, 56, 53, 57,
this section serves place to set notations.

Let us split the matrix field: Q — T~'Q T where @ now plays the role of
“fast” mode and Q = T™'AT is a “slow” field. We assume that the matrix
field T deviates from the unit matrix only at small frequencies such that
T = 5,0 sy for max{|e,|, |em|} > Q. Here Q plays the role of the
ultra-violet cutoff for “slow” modes. Next we write

S[T'QT] = S[Q] + S[Q] + 650 + 6Sin, (3.14)
where

550 = 655" + 65 + 658 + 655 + 655, (3.15)
S = 0551 4 65002 4 551 L 55002, (3.15b)

Here following Ref. [78], we introduce the following notations
555 = — % / Tr ASQV6Q, (3.16a)
5SS = — % / Tr ASQAA, (3.16b)
55?2 = g / Tr ASQASQ, (3.16¢)
55\ =27, / Tr[Te, T7']6Q, (3.16d)

n)  gh? ) —

555 =3 Tr[TA, T']6Q, (3.16e)
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1 J—
St — §7T7th / tr I9sQ tr I*,56Q), (3.16¢)

1 J—

55 — _ 5{1’&2 / tr I9sQ tr A% 00, (3.16g)
1 — S

5502 _ _ 5T > / tr I9s5Q tr A, 00, (3.16h)
1 — -

5522 — _ 77T > / tr A2Q tr A%,,00), (3.161)

where 6Q = Q — A, A=TVT ! and A% = [T [%s, T} .
Within the one-loop approximation, the effective action for the “slow”
field @ can be obtain as

Serr[@] = In / D[Q1e%T QT ~ S[Q] + (5S) + Sim)
% (50 + 55me)?) (3.17)

Here (( A?)) denotes the irreducible average. We note that it is enough to
expand 0Q) to the second order in W for computation of the averages in the
above expressions.

3.2.1 Background field renormalization of I’

We start computation from renormalization of the exchange interaction I';.
There are several contributions. At first, we find

Ol

1
(68211 ~ ZwTrtz / tr I9sQ tr A%, A(W?) — Suel@],  (3.18)
an YT o t -
where
5 2 71]?13 2V 247TT’}/ i
()Ft -7 D, (0) + D Z/w;(zwm). (3.19)
D m>0 D

Here, in order to keep track for anomalous contribution related with the
additional symmetry (3.6), we introduce the parameter v = Z?:o v = 2.
Also we introduce the shorthand notations which will be intensively used

below: [ = [d'p/(2m) and TD,,(iwn) = Dy (iwm) Dy (iwn).
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Next contribution to I'; comes from

% (5512 % { (”TZ / trI%sQ tr fansAW2> 2>>

Oy, 15011
% bt ] b
I

S int [Q] )

where

5(1) 15( 1Ft 87TT’}/ 2
—_— = D (2ie,
T D 2 )

1671
N Ty

n>0"vP

D2 (iwm) — DY (iwp) |-

m>0 p

One more contribution is as follows

7TT,)?
(551t 5gt2y %«Z/tr[gsgtrlansAWz

int int

day1:(1).2l
X Z// tr IfisWtrAémW >> — %}t)’zt&m@]»
ﬁ7m x

where

5(1) 1;(1),2 Ft 247TT’)/
= D, (iwn,
T DD )

m>0"“P

32 T
™ ’YZ th (iwn,).

m>0"P

Last contribution to I'; is provided by the following combination
7rTF
(5522 Losip Y- S~ / dom
a,Bsnmj,k= 1

%008, 0(x — ') — 20TT, tr 1% W tr I_mskW>
0(2),21

t

X tr A%, W trA) W >> — Sint [Q],

where

(5(2) QFt 2 / 167TT’)/ 2/ -
i == | D, (0)— E D “(iw,y,).
Ft g ) P( ) gD —~J, p ( )
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Combining all the above contributions (cf. Eqgs. (3.19), (3.21), (3.23), and
(3.25)) together, we find

ory 2(v—1) / 877T’y 9
v D (2ie,,)
i o2

Ft 9 n>0 P
167TT7

the
Z D (iwn) — (1 —3vy)—. (3.26)
€

m>0“P

Here the final expression of the last line is obtained by setting T" = 0 and
using h as an infrared regulator together with dimensional regularization in
d = 2 + € dimension. Parameter ¢ controlling disorder is defined as

_ 22791(2 — d/2) a=2 1

t=—. 3.27
o - (3.27)

3.2.2 Background field renormalization of Z,

Now we compute the one-loop renormalization of Z,. We start from the
following contribution

(0557) = —% / Te[T2, T A(W?) — 6.2, Tr£Q, (3.28)

where (cf. Eq. (3.19))

5.2, 12 T
_ _X/Dp(()) + N [ D (iw,). (3.29)

The second contribution comes from
TP
2<<(5Smt ) >>: LAY Z/tr[asWter‘ W) >>

5 T[S Dl () (A @)W (@) @)W @), (3:30)

v’ Q,wn >80

Here we singled out the contribution from large values of n. The part with
w, < €1 does not contribute to the renormalization of Z,. We note that
due “largeness” of w,, either T or T~! in the expression for A is the identity
matrix. Then we find

3 {esaT) =5 / 3 B licn) 3

a,B;k,m

X D (iWp s | — iwy SN wm) tr 729 (&) [T~ (2'))]27 . (3.31)
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Expanding the propagator to the first power in “small” frequencies w; and
W, We obtain

5 <<(<ssmt )’ >> = Sz Ze TrEQ, (3.32)
where
o212 Ze 1271y
Z, B

3 / (D) ~ DY(aw)]. (3.39)
ovP
Combining together both contributions, cf. Egs. (3.29) and (3.33), we find

07, v / 1271
— =— [ D,(0) + D (iwn)
Zo 9l " 2 ;0 »
the
— (1 —3y)—.
€

We note that inspection of Egs. (3.26) and (3.34) demonstrates that Z,,/Z, =
oI'; /Ty within the one-loop approximation (the lowest order in t¢). It implies
that the dimensionless interaction parameter is not renormalized,

5y = 0. (3.35)

(3.34)

3.2.3 Background field renormalization of ¢

We start from the following comment. The matrix vector field A is related
with the matrix @ as: Tr[A,A]2 = Tr(VQ)Q. Therefore, components of A
anticommuting with A can only contribute to renormalized effective action.
Thus, for a sake of simplicity we can assume that AA = —AA.

There are two contributions to renormalization of g. At first, we have

5
o5y = / TrANAA(IV?) — —222 / TH(VQ)®. (3.36)

xr x

where (cf. Eq. (3.19))

PRELS
219 _ _—/D T 72 TD! (i, ). (3.37)

n>0 P

The other contribution comes from % ((((551(53 2) ). Using Eq. (3.31), we
write

5 <<(551(;t ) > 127rT7Ft / Z wn, D,/ (iwy,)

wn>0
m/n

X trT(z) T (). (3.38)
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Here we neglect “small” frequencies in comparison with “large” frequency wy,.
Next expanding T(x) and T~!(2’) near the point (z + «’)/2 to the second
order  — x’ and using the identity

2

/ 22D (it,) = 4 / D 0, ) D3 o) [ 1 — %Dp(mn)], (3.39)

xr

we find

%<<(5Sl(r}t) 2) >> — _5(1)21+2g/w (VQ) (3.40)

where

0229 _ 1277y / Z D2 (i) — TD (i )]
g

P n>0
4p )
x [1 - 71),3(@%)} . (3.41)
We note that the above contribution contains the full derivative

. 4p? 1 .
/ng(zwn) [1 — 7Dp(zwn)} = —@/p@puf)p#Di(zwn). (3.42)

This term being full derivative does not contribute to renormalization and
can be safely neglected.
Combing both contributions to g, c¢f. Eqs. (3.37) and (3.41), together,

we obtain
) 48 T
_g:—X/D WWZ/ 2D2zmet2wm)

m>0

1+~

} the

= [LH6f] T 10 = (1 +7).  (343)

3.2.4 Background field renormalization of h?

Finally, we discuss the background field renormalization of the Sy regulator.
This is intimately related with the renormalization of the () matrix itself,
so-called Z-factor. As we shall discuss below, the latter is also related with
the renormalization of the LDoS. There is a single contribution to renormal-
ization of h?:

gh

(h)
(35§ =-22

Tr[TA, T }A<W2)—>W%/ng, (3.44)

x x
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where (cf. Eq. (3.19))
v 1271y ,
07 = ——/D (0) + TD! (iw,)
9ty " gD ; o

= [1-3n(1+7)] thr

€

(3.45)

Introducing the renormalization of h? according to d(gh?) = gh?*6Z we find

dh? ) h¢
=02 = =31 +9) +20()] - (3.46)

We note that there is no renormalization of h? in the absence of interaction,
v = 0.
3.2.5 One-loop renormalization

We introduce the renormalized infrared scale A’ and renormalized conduc-
tance ¢’ as

2 € €
h,2:gh/Z:h2[1_bth]’ g’:g[1+a1th],
g €
a; =14+6f(v), b=3In(l+~)+6f(7). (3.47)
Also we introduce renormalized Z, and I';:
VAR W the
S =—=14(1-3y)—. 4
==l (-3 (3.49)
Then applying the minimal subtraction scheme (see e.g. the book [59] for
details), we can formulate the one-loop renormalization group equations as
dt
i [v/2+6f(7)]t* + O, (3.49a)
d
d—z =0+ 0(8), (3.49D)
dIn Z,
2 = —(v/2 =39t 4+ 0(P), (3.49¢)
dlnZ
;é — —[v/2 = 3In(1 + )]t + O(?). (3.49d)

where ¢ = In1/h’ plays the role of the logarithm of the infrared lengthscale.
At T = 0 the later is just a system size. At finite temperature the infrared
scale is set by the temperature length ~ /D /T. We remind that v = 2.

We mention that Eqs. (3.49) coincide with renormalization group equa-
tions obtained in Refs. [55, 56, 53, 57].
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3.3 Local derivativeless operators

3.3.1 General construction

In this section we construct the local pure scaling operators without spatial
derivatives. These operators are eigenoperators with respect to the renor-
malization group, i.e. the renormalization group flow preserves their form.
We shall follow the approach of Ref. [60].

The simplest local derivativeless operator is related with the LDoS. It can
be written as

Ki(E) = i > PE(E). (3.50)
p==%

Here the retarded /advanced correlation function P (E) is defined from its
Matsubara counterpart
P (ig,) = tr{(Q%) (3.51)

nn

as aresult of a standard analytic continuation, i, — E+ip0™. We emphasize
that a replica index a and Matsubara energy index n are fixed. Since the
operator K(FE) corresponds to the disorder-average L.DoS, it stays invariant
under the action of the renormalization group. We shall demonstrate this
statement explicitly below.

Next we turn to the local operators without derivatives with two () ma-
trices. Let us introduce

1 o
Ko(E1, Es) = I Z p1pa Py P2 (B, Ey), (3.52)

p1,p2=%

where the correlation function Py “**'*?(E,, Fy) is related with its Matsub-
ara counterpart

nn mm

it [Qe (r) Qe ()] (3.53)

by standard analytic continuation to the real frequencies: €, — E; + ip;07"
and ¢, — Ey + ip,07. We note that no summation over ay, as,n, and m
is assumed and a; # as. The latter inequality reflects the fact that we
are interested in mesoscopic fluctuations in the presence of interaction. We
mention that if one interested in the renormalization of operator (3.52) alone
then one can use the following simplified definition

P2 (igy,, iey,) = (tr Qo™ (r) tr Qn2ez(r))

. aras - :
Ky =— lim Z PP Py 2 (ip1|enl, ipaleml), (3.54)

16 €n,em—0
p1,p2==+
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The operator Ky(E1, Es) depends on a parameter 5. There are particular
(integer) values of g for which Kqo(Ey, Eo) becomes the eigenoperator under
the action of renormalization group.

An operator which involves the number ¢ of matrix fields ) can be con-
structed in a similar way as above. We introduce

1 - .
qu(El,---,Eq)=4—q Z (Hpj) Porcatieba(By o By), (3.55)

P1,---Pg=E \j=1
where Pyt ePob(py o E,) is related with the Matsubara correlation
function Py (igy,, ..., ig,,) by the analytic continuation to the real fre-

quencies: €,, — E; + ip;07. The later is given as

P;q’m’aq (ienm cee 7i€nq) - Z :ukl,...,ks<Rk1,...,ks>)
{klv"'vkq}

ks
_ Qg1 Ajo M Xig Yjg Qjp Oy
Rklw-vks - H tr Q”h”m Q”iz”jg I AT S i (356)

r=ki1

The summation in the right hand side of Eq. (3.56) is performed over all
partitions of the integer number ¢, i.e. over all sets of positive integer numbers
{k1, ..., ks} which satisfy the following conditions: k; + ks + ... ks = ¢ and
ki > ko = --- > ks > 0. As above all replica indices are different: a; # ay
if j # k for j,k=1,...,q. One coefficient among the set {uy, . k. } can be
chosen arbitrary. We stick to the normalization:

pia,..1 = 1. (3.57)

As we shall see below, for a given ¢ the number of eigenoperators coincide
with the number of partitions (k1, ..., ks). Therefore, it will be convenient to
denote the eigenoperators by the partitions (ki, ..., ks) of the integer number
q (see details in Ref. [3]).

In the absence of interaction, I'; = 0, the NLoM action reduces to Eq.
(3.2b). Since the Matsubara indices of the () matrix are not mixed without
interaction (the energy of diffusive modes conserves), one can project ) ma-
trix to the 2 x 2 subspace of a given positive and a given negative Matsubara
frequencies. Then the group G reduces to G = Sp(4N,) and the effective
action becomes K-invariant, i.e. invariant under rotations Q — T~!QT with
T € K = U(2N,). Then operators K4 can be averaged over K rotations
and resulting K-invariant operators can be classified with respect to the irre-
ducible representations of G. Each irreducible representation contains single
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K-invariant pure scaling operator [61, 12, 8]. We note that in the nonin-
teracting case one can use also the highest weight vectors approach or the
Iwasawa decomposition in order to construct eigenoperators with respect to
the renormalization group transformation [12, &].

The presence of interaction in the NLoM action introduces several compli-
cations for the approach of construction of pure scaling operators developed

in Refs. [12, 8]. At first, we have to deal with fermionic representation of
the NLoM. We note that works [12, 8] deal with bosonic realisation of the
NLoM. As discussed in Refs. [12, 8], to extend their analysis to fermionic

NLoM is far from being obvious. Secondly, it is not clear how to extend the
classification of K, operators with respect to the irreducible representations
of the group G. For a given N,, this group is finite but we need to take the
limit N,, — oo. In third, the NLoM action is no more K-invariant, that
is why we have to work with non-K-invariant operators. Because of these
circumstances we employ two complementary approaches. In order to deter-
mine the pure scaling operators (to fix the set of the coefficients {fu, k. })
we shall employ the background field renormalization. In order to check that
the structure of the eigenoperators is not affected by the interaction we shall
perform the two-loop renormalization procedure. The latter allows us to see
the effect of interaction on anomalous dimensions of pure scaling operators.

3.3.2 Operator with single () matrix

We start analysis from the operator with single () matrix. At first, we shall
perform the background field renormalization of this operator in order to
demonstrate that it is the eigenoperator indeed. As we shall see, the presence
of interaction affects the renormalization of this operator already at the one-
loop approximation.

Employing the background field method, we find

P (ie,) — tr{[T7'QT]5n) = Tr TPRT~H(Q)
= Z(ie,) tr Q°°, (3.58)

where we introduced the projection operator to the fix replica and Matsubara
energy,

(P2) = 0% 6% 8B So - (3.59)
and (cf. Eq. (3.45))
1277
Z(z’en)zl—X/Dp(Zi\snD += 7/ 3 TDi(iw).  (3.60)
9Jp gD P o >|en]
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As we see from Eq. (3.58), the operator K is the eigenoperator under the
action of the renormalization group. Using Eqs. (3.58) and (3.60), we obtain

€

/e

:1+(%—3mu+7»th. (3.61)

€

Applying the minimal subtraction scheme, we deduce the anomalous dimen-
sion of the operator K7,

dln Z
nay = ——— = [ =31l +)]t+ O(t?). (3.62)

The interaction affects the anomalous dimension of Z in the one-loop approx-
imation. Therefore, we shall not compute its two-loop contribution here. As
we shall see below, in order to perform two-loop renormalization of operators
involving ¢ > 2 ) matrices, one-loop result (3.62) is enough.

3.3.3 Operators with two () matrices

Now we move on to the eigenoperators with two ) matrices. At first, in
order to find them, we shall perform the background field renormalization.
However, as we shall see, the background field renormalization is insensitive
to the electron-electron interaction. Therefore, we shall also employ two-loop
renormalization of the corresponding eigenoperators.

Background field renormalization

We start from the operator with two traces in Eq. (3.53),
tr Qoo tr QU0 — (tr[T'QTPY] tr[T'QTPL])
= Q™ trQ” — %trgzz tr[T " A(W?) TP |
+ (e [WTPY T tr[WTPL T7]) — % tr [T AW TP ] tr Q7°
~ Z2trQ tr Q%+ (tr[WTP T tr[WTP), T7']). (3.63)

Important property of the average over W in the above equation is that
both Matsubara indices of matrix TP? T~! should be small since the rotation
T represents slow mode. Therefore, the interaction part of the propagator
(3.11) can be omitted since it does not lead to infrared divergent terms. Then
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it is straightforward to derive the following identity (for slow matrices A and
B):
; _ the
(tr Awtr Bu') ~ 2Y tr [A_AA+(B—B)], y =", (3.64)

€

where Ay = (1 £ A)/2 are projectors onto the subspace of positive and
negative Matsubara energies. Using Eq. (3.64), we obtain

(trQomtrQyl) = 22 trQ° tr Q% —Y tr Q¥ Q%

—nm-—mn

+Y tr @Y Q% . (3.65)

The background field renormalization of the operator with single trace
reads

trQ8 Q% — (trQTPOT!QTP? T7!) — tr Q*° Q"

1 m<
—itrT_1A<W2>T POT'ATP? + P2 T—lATPg]
+HErWTPR T 'W TP, T ) ~ 22 tr Q™7 Q™

Htr W TPY T 'W TP? T71). (3.66)

Now we shall use the following identity (we assume A and B being slow
matrices as above)

(tr AwBuw')~2y [tr A AtrA_B +trA,AA, B, (3.67)
We note that in derivation of Eq. (3.67) the following relations were used:

Z tr sy SjSk S = 85k0, Z Vj tr sy SjSk S = —4Vk. (368)

j j
Using Eq. (3.67), we obtain

tr Q% QP — 72 trggfn anfl — Y tr Q" tr fom
+Y trQ? Q% (3.69)

We emphasize that as follows from Egs. (3.65) and (3.69), the background
field renormalization mixes not only operators with one and two traces but
also the ones with positive and negative Matsubara frequencies. The later is
the consequence of the additional symmetry (3.6). Finally, using Eqgs. (3.65)
and (3.69), we find

K3(Q) = Z°Ks[Q) — 1Y 01,4[Q) — (2 + 112)Y 03[
~ 731 = ) [O1s + (12 + (4 — iy = 2)Y) 0. (3.70)
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Here we introduce generalization of the operator Ry, . j in a way similar to

transformation from Py (ic,, icy,) to Ky, cf. Bq. (3.54):

1 :
Ok1,...,kq = E H lim Z pj Rkl:"'7kq' (371)

7j=1 Dj=Sgnen;

As follows from Eq. (3.70), in order combination O; 1 + 905 serves as the
eigenoperator under renormalization group transformation, uo should solve
the equation

pa— iy =2 = pp=2,—1. (3.72)

Therefore, we find two eigenoperators corresponding to ps = 2 and ps = —1.
As it follows from Eq. (3.70), the renormalization of these eigenoperators are
immune to interaction within one-loop approximation.

We note that the eigenoperators constructed in Ref. [8] differ from ones
in this work by the sign of ps. This difference in sign is explained by usage
of bosonic replica in Ref. [8] whereas we are employing fermionic replica.
Translation from one approach to the other can be done by the sign change
of all trace (“tr”) operations.

One-loop renormalization

After construction of the eigenoperators with two () matrices with the help of
the background field renormalization method we study how the interaction
affects their anomalous dimensions. It will be convenient to consider the
irreducible part of the correlation function (3.53),

PP iz i) = (r Qo Q) +inlr QU QI). (BT3)

With the help of the irreducible part the full correlation function can be
restored as follows

PSP iey, iem) = 422 sgn e, sgn e + P00 (i, ien). (3.74)
Expanding @) to the first order in W, we obtain the one-loop contribution,

16w
)= g
/Dq(i|5n| Filen)). (3.75)

q

ngf;(irr) (i€p, iem) = po{tr WETY P2

nm mn

1 —sgne,sgne,,
2
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Neglecting the energy dependence in the diffusive propagator (for the reasons
explained above Eq. (3.54)), we find the following one-loop result for the
irreducible part of the operator Kj,

pathe

K =2

(3.76)

Two-loop renormalization

Expanding () to the second order in W, we obtain the two-loop contribution
as

P;g;(i“) = 1 sgn e, sgn &, << (WQ):: tr(WQ)ﬁ/B >>

4
1+sgne,sgne, o
A )
1 —sgne,sgne, S +S.
+ (trwaawin 170, Taml ). 3.77
S HL(SE? 37

Then, using Eq. (3.11), we obtain

(w2 (W) = (/D |sn|+z|sml>)

t2 h26
— 16
€2

(3.78)

In the last line we neglect the energy dependence in the propagators. We
emphasize that this contribution is immune to the interaction. Next, we find

a 2
(ee(w?)22 (w2 ) 3V/1> (20} D, (ilen] + ilem])

128 T . .
_ Ty Z/D i|em| + iek) ;(z|€n| + i)

6k>0

£2h% 128y
J?Ol(

+(n <> m) — 16v = —3? 1+7)
t2h2€ t2h2€ € )
~ 16v—— — 48— [ln(l +9) = T n’(1+7)). (3.79)
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Here we introduce the following notation for integral over momenta and fre-
quency,

1 1
J? d
v // 55 (P> +h%+s)»p*+ h?+as

1 1
X .
(¢° + h?)* (p+q)* + h* + 5)7

(3.80)

The integrals JJ,, were computed in Ref. [62].

For the term with 584), we obtain

(ertwanwis) s =55 [ Duilonal) [2Dy i)

qp

: . 327y
+D,(i2le.) + Dyl2en)] + 35 [ [ 2
qp Wk>|5n‘

+ 3 | [Palilinml) + Dylieon) | D i) Do lesm

wk>|€m\

— —4v

t2h2 32
5 +3— 7 [J02o(1 +7) + Jho(1 +7)]
tQhQE t2h26
~ —dv—— + 24—
€ €

€7y
n(1+7) + 50—, 3.81
0+ + 5 (3.81)

In order to compute the last contribution in Eq. (3.77), we use the follow-
ing simplification (we note that it is possible due to different replica indices,

a7 f):

Y |Wn .

x,x’

7TTFt

3
D T Iy s AW (@) Tr 1%, 5 AW (). (3.82)

=1
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After tedious but straightforward calculations, we find

apypbalg® 4 1 gB)2] ) = 32Ty

(ot + s ) = o227
pq

’Y|wk|
( Z Z )[ D;+q< |wk|)}
|87L|>wk |57n‘>wk

X D2 (ilen| + ilem]) Dy(ilen] + ilen| — iwr)

967 12]2¢

7z [J020( ) — 7J521(1+7)} ~ —12vy >

X[Qy—(2+7)ln(1+7) L 2Hyin(+y)

o o
€ 247/, 1,
e (112(—7) + 721+ y)ﬂ. (3.83)

Here liy(2) = ;2 2¥/k? denotes the polylogarithm. We note that the factor
32 in the first line of the above equation appears as the result of the following
identity for j = 1,2, 3:

3
> tr(sissi,) [tr(sj S3air) — Vi Via (S Sjlsz)} = 32. (3.84)

J1,2:0

Combing the above results, Eqs. (3.78)—(3.81) and (3.83), we find

- t2 2€
K = [,ug(v —6In(1+7)) + (05 + equg)} (3.85)
where
301+
bgz) =1-3uaf(v), by= 2{ 2771 n*(1+ )
2477,
= [112(—7) +In(1 +7)] } (3.86)

Anomalous dimension

Employing the one-loop (see Eq. (3.76)) and two-loop (see Eq. (3.85))
results, we write the operator K in the following form

Ky = Z* My Ky[A]. (3.87)
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Here K5[A] =1 is the classical value of K and

irr irr the
My =1+ 272G + K35)) = 1+ o= + (b5
21 2¢ t /e _ t2h/2e

_ (2)
o = LAz + (b7 + epabs) ——

+€4i2D3) (3.88)
where by = by + b/2 with b given by Eq. (3.47). We note that in order to
determine M5 within the two-loop approximation it is enough to know the
factor Z in the one-loop approximation only. That is why we considered
irreducible part of K.

Applying the minimal subtraction scheme to Eq. (3.88), we obtain the
anomalous dimension of M; upto the second order in t:

dIn M-
g = — B [t 3e()E] + O(F), (3.89)
Here we introduce the function (cf. Refs. [63, 62, 60])

1+ 2+

liy(—7). (3.90)

The finiteness of 7, in the limit € — 0 is guaranteed if the following condition
holds:

po (p2 — ar) = 265 & pa(pa — 1) =2. (3.91)
We emphasize that the self-consistent condition (3.91) is (i) nonlinear in ps
and (ii) independent of the interaction strength . The former implies that
it cannot be satisfied by a linear combination of two or more eigenoperators.
The later guarantees that the eigenoperators in the absence of interaction
remain eigenoperators in the presence of interaction.

Solving Eq. (3.91) we find two solutions: ps = 2,—1 in full agreement
with the background field renormalization scheme above. We emphasize that
Eq. (3.91) uniquely determines the value of . Denoting the corresponding
eigenoperator as in the noninteracting case, we find

e = —1, ey = —t(1 4 3c(y)t) + O(t?),

3.92
=2, ey = 261+ 3c()) + O(F). (3.92)

3.4 Implications for Weyl symmetry

At a fixed point of the renormalization group flow corresponding to the spin
quantum Hall transition, the scaling with the system size L of an eigenoper-
ator characterized by the Young tableau A = (ky, ..., ks) (with 7% kj = ¢)
is given as

Ky~L™ x,= qT 1) + A,. (3.93)
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Here the exponent x(;) describes the scaling of the disorder averaged LDoS
and is equal to the magnitude of 7y at the fixed point, x(;) = 776)~ Similarly,
the exponent A, describes the scaling of the operator M, and coincides with
its anomalous dimension at the fixed point, Ay = 1. We note in passing
that Eq. (3.93) states explicitly that the eigenoperators are just the pure
scaling operators.

In the absence of interaction, the generalized multifractal dimensions x
are known to obey symmetry relations as consequence of Weyl-group invari-
ance [12]. The exponents z, are the same for the eigenoperators related by
the following symmetry operations: reflection, k; — —cj—k;, and permutation
of some pair, kj;i — ki/j + (ci/j — ¢j;i)/2. For example, reflection symmetry
implies that x(q) = 2(3q), i.e., in particular, z(;) = 2(2) and z3) = 0. Of
course, the one-loop results for the anomalous dimensions (in the absence of
interaction) is consistent with the symmetry relations.

We emphasize that the presence of interaction seems to break the sym-
metry relations between exponents. It can be seen already at one-loop order.
The interaction affects ;) but leaves anomalous exponents 7, for the eigen-
operators with ¢ > 2 intact (to the order ¢).
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Chapter 4

Summary and Conclusions

In the first chapter of this work, we numerically investigated generalized mul-
tifractality on the surface of two-dimensional disordered systems belonging
to symmetry class C. Using the Chalker-Codington network model, we cal-
culated observables (2.6), (2.7) on the surface of the systems and analyzed
their dependence on the size of the system. As a result, we verified that
these observables have pure-scaling dependence on the size of the system
and calculated the corresponding subleading critical exponents. Besides, we
showed that the numerically calculated subleading surface exponents are in
good agreement with known analytical results. We also observed a strong
violation of generalized parabolicity, which means a violation of local con-
formal invariance at the critical point. This means that the theory is not
invariant under some conformal transformations (at least one). Then, we
numerically analyzed the conformal transformation (2.9). Provided that the
disorder averaged theory is invariant under this transformation, the relation
(2.20) for subleading surface critical exponents and linear combinations of
Lyapunov exponents holds. Our numerical results indicate that the relation
holds with small deviations. Thus, we have demonstrated an example of
a conformal transformation under the action of which the theory is invari-
ant. It may also be of interest to find the explicit conformal transformation
under the action of which the theory is not invariant. This is particularly
relevant since we have already demonstrated the violation of local conformal
invariance, indicating the existence of such transformations.

In the second chapter of this work, we developed the theory of gener-
alized multifractality in class C in the presence of interaction. Using the
background field method we constructed the pure scaling derivativeless oper-
ators in the Finkel’stein NLoM in class C. As in the standard Wigner-Dyson
classes these operators in the interacting theory are straightforward gener-
alization of corresponding operators for the noninteracting case. Employing
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second order perturbation theory in inverse spin conductance, we computed
the anomalous dimensions of the pure scaling operators. These anomalous
dimensions are affected by the interaction. Additionally, we checked that the
constructed operators are indeed eigenoperators with respect to the renor-
malization group. Application of our results to the transition in d = 2 + ¢
dimensions demonstrates that interaction breaks the exact symmetry rela-
tions between generalized multifractal exponents x, known in the absence of
interaction.

To conclude, we studied both surface and bulk multifractality. For the
analytical treatment of bulk multifractality, we simply excluded the bound-
aries from the system. For the numerical study of surface multifractality, we
explicitly introduced the boundary to the Chalker-Coddington model and ap-
plied periodic boundary conditions, therefore, we investigated a torus with
the boundary wrapped around it. To understand the connection of these
models to a real sample, which has a finite size and boundaries, we can con-
sider the following approach: there exists a characteristic spatial scale at a
quantum Hall transition known as the dephasing length (L) [64]. Surface
exponents are observed when the distance to the boundary is much smaller
than the dephasing length (L), while bulk exponents are observed when the
distance to the boundary is much larger than L, (assuming that the sample
size is much larger than the dephasing length).

In addition, it may be intriguing to examine the surface’s generalized
multifractality in the presence of interactions. We can expect that interac-
tions might have a nontrivial effect on the critical exponents, similar to their
impact in bulk studies. It would also be of interest to investigate whether
the presence of interactions breaks the Weyl symmetry relations between the
surface critical exponents or not.

The current master’s thesis is based on our article published in Physical
Review B [17], where we study bulk generalized multifractality in class C with
interactions. Additionally, it incorporates the results of our ongoing research
on surface generalized multifractality in class C, which will be published soon.
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