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Turbulence � chaotic state of a �uid appearing

at high Reynolds numbers

Re = V L/ν.

Water: ν = 10−2 cm2/s. Air: ν = 0.15 cm2/s.

Flow in a pipe: transition to turbulence

at Re ∼ 103. In turbulent regime drag is

independent of ν: F ∼ ρV 2L2.



Energy is pumped into a �uid at the integral

scale L. Power per unit mass ε ∼ V 3/L.

What further?? Strong non-linear interaction

produces eddies of smaller and smaller

sizes and velocities vr. Direct cascade or

energy cascade. The cascade is stopped

by viscosity at a scale rd: rdvd ∼ ν. Large
value of Re leads to an inequality rd� L.



Scales between L and rd � inertial interval.

Characterized by chaotic behavior of eddies.

It is convenient to characterize statistical

properties of the �ow in the inertial interval

by the structure functions

Sn(r) = 〈|v(r1)− v(r2)|n〉.

Angular brackets mean averaging over

time. The observation time should be larger

than the formation time ∼ L/V .



Though just scales of the order L are

relevant from the engineering viewpoint,

the properties of the turbulence are sensitive

to geometry there. At smaller scales the

situation is more universal. There the model

of statistically homogeneous and isotropic

turbulence is applied. Kolmogorov theorem,

r = r2 − r1

〈[(v2 − v1)r/r]3〉 = −(4/5)εr,



Therefore S3 ∼ εr. Hypothesis: Sn ∼ (εr)n/3

(normal scaling). Then, particularly,

rd ∼ (ν3/ε)1/4 ∼ Re−3/4L.

Thus, inertial interval exists at Re� 1.

Kolmogorov spectrum:

〈v(r1)v(r2)〉 ∼
∫
dk exp(ikr)ε2/3k−5/3.



In reality the structure functions deviate

from the normal scaling

Sn ∼ (εr)n/3(L/r)ξn ∝ rζn,

where ξn > 0 for n > 3. The structure

functions are much larger than in accordance

with the normal scaling. Intermittency!





We pass to two-dimensional turbulence.

Thin �uid layers or �lms (say, soap �lm).

An interesting object � atmosphere at

scales larger than its width (near 10 km).

It is convenient to describe a two-dimensional

�ow in terms of its vorticity ω = ∂xvy −
∂yvx, that is a scalar. It characterizes completely

a two-dimensional �ow due to incompressibility

∂xvx + ∂yvy = 0.



Two-dimensional hydrodynamics is described

by the equation for the vorticity ω

∂tω + v∇ω = ∇× f + ν∇2ω − αω,

where v is velocity, f is pumping force

per unit mass, ν is viscosity and α is

bottom friction coe�cient. We assume

that the pumping force is correlated at a

scale l and is random in time.



There are two quadratic dissipationless

integrals of motion, energy and enstrophy:

∫
dx dy v2,

∫
dx dy ω2.

Pumped turbulence � two cascades: enstrophy

�ows to small scales whereas energy �ows

to large scales, being dissipated by viscosity

and friction, respectively (Kraichnan 1967,

Leith 1968, Batchelor 1969).



Constancy of the energy and enstrophy

�uxes imply the proportionality laws

〈(v1 − v2)ω1ω2〉 ∝ r, r � l;

〈|v1 − v2|3〉 ∝ r, r � l.

Suggest the normal scaling v1 − v2 ∝ r

in the direct cascade and v1 − v2 ∝ r1/3

in the inverse cascade. The spectrum

〈v1v2〉 =
∫ dk

2π
eikrE(k),



Then E(k) ∝ k−3 for the direct (enstrophy)

cascade E(k) ∝ k−5/3 for the inverse (energy)

cascade. Direct cascade � logarithmic correlation

functions of vorticity (Falkovich, Lebedev

1994). Inverse cascade � an absence of

anomalous scaling (Paret and Tabeling

1998, Bo�etta, Celani and Vergassola 2000).
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In an unbounded system the inverse cascade

is terminated by the friction at the scale

Lα ∼ ε1/2α−3/2 where ε is the energy

production rate per unit mass. If the size

box L < Lα then the energy accumulates

at L: experiment (Shats, Xia, Punzmann

and Falkovich 2007) and numerics (Chertkov,

Connaughton, Kolokolov and Lebedev 2007).

Coherent structures are formed!



The coherent velocity pro�le arises at a

time t ∼ tL = L2/3ε−1/3. Movie After

that the major part of the pumped energy

is accumulated at scales ∼ L. Therefore

typical large-scale velocity ∼
√
εt increases

as time grows. The stage is terminated

at time t ∼ α−1. After that some steady

(statistically homogeneous in time) state

is realized. Movie



In the steady state one can �nd an average

velocity pro�le. Both, experiment and numerics,

show that the vortices are isotropic in

average: the mean polar velocity U and

the mean vorticity Ω are functions of the

separation from the vortex center r. There

is the hyperbolic region where the average

velocity is estimated as
√
ε/α and the average

vorticity Ω is estimated as
√
ε/α/L.
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In numerics (Laurie at al. 2014) the vortex

diameters are approximately 1/10 of the

box size. Our numerics gives the average

�ow pro�le inside the vortex. There exists

the region of scales where the universal

behavior U = const and Ω ∝ r−1 is observed.

In the vortex core (determined by viscosity)

the average vorticity Ω is saturated and

the average velocity U tends to zero.
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In the universal region of the vortex u, v �
U . It is a consequence of the large value

of the mean velocity gradient ∼ U/r, growing
toward the center of the vortex. The relative

strength of �uctuations increases as r

grows and on the periphery where r ∼ L,
�uctuations become of the order of the

average �ow.
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Smallness of �uctuations enables one to

construct a consistent theory of the coherent

vortex (Kolokolov and Lebedev 2016). It

leads to the pro�le

U =
√

3ε/α,

for pumping, short correlated in time. It

is in accordance with the numerics. Now

we examine other types of pumping.



Conclusions. There is a tendency in 2d

turbulence of forming coherent structures:

creation of order from chaos. Main features

of the process are understood. However,

there is a lot of questions: in�uence of

the box geometry, of the pumping types,

of inhomogeneity. If we are thinking about

atmosphere, we should take into account

Koriolis forces and landscape.


