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� YCU)�4�/aAm [\U)b)a)gAX
[\U)kek_dsU gA[/i/ªAU)XegAk��	�
��� dOa_Y'Xhc?¬�+X_m4n_X_�4bAX_[/�«U��0l+a)g)aA[\U����/ª%c��4Xeg)k�� �/[/a��
kegAXem4��X_m�dOa_Y'Xhc\¬���a_Y'�/aAdOXe[/�/aA�ea	dsU)�e�/Xeg)i/lFU4�?� �/X_[4ªAfzX keaAbAkeg)ªAX_�4�/fzX�k_a)kegAa��/�/i���i�k_�/Xel4g)[
ª &eg)aAm�dsa_Y'X«c?i�bAf c?i�ªAfzj/i/k«c?X_�4f�gAaAj/�4a��/[/i��4aAdOa���i��/a Y?keg U)�/aAª)l/i �±XegAX%�=��f �/a_Y'[/aAb)�/a
i4nec'U%�hU%X_dN[4Xe��Xe�/i/X &egAa)m�dOa_Y'Xhc\i��4[/i��/aAdOa���i�l4ª2U)�4g)aAªAaA�ea
dOXhgAa Y'U	aAbA[\U%g)�/aAm�n U YCU©j/i��\k_a��
nhYCU)�4�/aA�ea�ª�[\U)bAa)g U#$�� ������� �Cl+a%gAaA[/fzm!�4ª%c��4XegAk"�HU c?�eX_bA[/U)i/j/Xek_l7aAmHW a)[/d-�©c?i/[4aAªAl7aAmHU)�4n U��\U
� Xeg)X)�F� Y'�/i4d i4n �/[/Xei/d-�#��X_kegAª &hgAaA�ea�dOXhgAa Y'U$�4ª%c��/XhgAk"�;gAa%�Aj4gAa aA��YCU)Xhg�ª)a)n dOa "��/a)keg)¬ ªAf&�
j/i/khc\i4gA¬	g U)l ";X`i�l7aA[/[/X«c����/i4aA�/�/fzX W`�+�/l��/i4i�kei/keg)X_dOf'�)(�� !�� �+*±g U	dOa_Y'X«c?¬;�/[/X«Y?keg U)ª%c��4Xeg
i/�4gAXe[/X_k`�/X�g)a%c?¬Al7a�g)X_d,�4j4g)a�aA�\U-�4ª%c��/XhgAk"��l/ª2U%�4gAaAª)aAm�k_i/khgAX_dOaAm�dO�/aA�ei $�ª%n©U)i4dOa Y'Xem/keg)ª)�.��/��i $	g)Xhc0�)Y\c��	l+a)g)aA[/aAm
dOaA�h�7g�bAf¯gA¬��/a c\�+j/X_�/f<gAaAj/�4fzX�[4Xen_� c?¬ g U%gAf$�+�/a i	g)X_d,�+jFgAa�k �/Xem
k_ª��Fn©U)�4fq��c/�Fb)aAl/i/X dsU%g)X_dsU%g)i/j/X_k_l/i/X�keg)[4�+l4gA�F[/f`�1�U)�/�/U�� [\U)bAa%g%U2�4ª%c��4XegAk"��[4X_WVX_[/U%gAi/ª)�/fzdHiFnec?a ";Xe�/i/Xed��/X_l7a)gAa)[/f%$�[/Xhn_� c?¬ g U%gAaAªv[/U)bAa)g�������3�54%�76��O���8�-a Y?�\U)l7aKªH�/Xem �/[4i/ªAXZY'X_�/f�dO�4aA�_i4X��/[/a)dOX "	�7gAaAj/�4fzX�ªAfzlFc?U Y'l/i��Ol7a)gAaA[4fzX
aA�4�#��Xe�/f ª�aA[/i/�ei/�\U c\¬A�/f%$�[\U)b)a)g U#$9�%i�i4nhc?a "�Xe�/i/X ªAX«Y?XegAk"��bAa%c?XeX%&«c?X_dOXe�4g%U)[/�4f�d:�4n_fzl+a)d��
^�c'U)��[\U)bAa)g)f¥khc\X«Y?�3�/��i/m��A�K[\U%nhY?Xhc?Xz�F��� dOf�ªAªAa_Y'i/d��/aA���FgAi/X¯U c?�eX_b)[/f¤dsU gA[/i���dOa)�/a��

Y'[/aAdOi/i�i keg)[/aAi/d�k_XedOX_m/khgAªAa�l+aAdOd-�7gAi4[4���;��i $�i/�4gAXe�_[\U c?aAª�Y'ªAi "�Xe�/i���� �H[\U%n«Y'Xhc\X¯�F� �z�4[/i
�/aAdOa���i�dOXeg)a YCU��%�/[/XZY\c?a ";Xe�/�/aA�eavª<� �=�FdOf¥�\U $2a Y'i4d�k_aAb)kegAª)X_�/�/fzX¯ªAX_lFgAaA[/f¤i�k_a)bAkeg)ªAX_�/�4fzX
n �\U©j/X_�4i��
�«U)dOiFc?¬©gAaA�4i\U)�\U4�7�¤[\U%n«Y'X«c?Xv�+� ·`dOf ªAfzªAa_Y'i/d WVaA[/d-�©c\f��7ªAfz[\U#";U��/��i/X¯c?aAlFU c?¬��
�/fzX�aA�4X_[\U%g)aA[/f��Fj/Xe[/Xen &«c?X_dOXe�4gAf¡dsU%g)[/i��/fLdOaA�/a Y?[/aAdOi/i��>4%��(���6�� ��*±g)i�WVaA[4d-�©c?fLi/�e[\U�� g
lFc+��j4X_ª)�3��[/a c?¬;�4[/i�ªAfzj/i4khc?Xe�/i/i�l7aA[/[/X«c����/i4aA�/�/f%$�W`�+�/l��/i/m�kei/khgAX_dOfqª�[\U)bAa%g%U#$!�?(3��!�� �
� [\U%nhY?Xhc?Xz·~dOf¥[\U)kek_dsU%g)[/i/ªAU)X_d!�
����dOa Y?Xhc?¬�k a)g)l/[/f¯gAfzdOi;�_[\U)�4i/j/�/fzdOi��Akhc?a)ªAi��/dOi��*±g%U�dOa Y?Xhc?¬��/[/X«Y?keg U)ª%c��4Xeg�i/�4g)X_[/X_k~g%U%l "�X~i	gAX_d,�+j4g)a�ª�khc\�+j\U%X��/X_l7a)gAa)[/f%$�k_�/X �/i\U c\¬A�/f%$

�_[\U)�4i/j/�/f%$��Ak«c?aAªAi4m�a)bA�\U)[4� "�Xe�\U�X_X�keª��4n_¬�dOi4�/i/dsU c?¬)�/fzdOi�dOa_Y'Xhc%�/dOi�l7aA�/WVaA[/dO�/a)m�g)X_a��
[/i/i��/a c����A��f¤i4nec?U)�«U)X_dK�4aAkeg)[/aAXe�/i/X�keX_dOX_m4kegAª2U`l+a)dOd-�+g)i/[4�3�/��i $;i/�FgAX_�e[\U c?a)ªvY?ªAi "�X_�4i��
&egAa)m�dOa_Y'Xhc\i
�/[/X«Y/c?a "�Xe�/�/aAX ª [\U%bAa)gAX@� ���8�7U`g U)l "�X��\U#$2a_Y'i/d keaAbAkhgAªAXe�/�/fzX�ªAXel4gAa)[/fNi
keaAb��
kegAª)X_�/�4f�X n �/U j/Xe�/i����
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X §ZY [ tv¢C�=�O��r�£�rO�8��u�{ £�|O}v|�\`�v|s£�u�u�§
]@U)k_kedOa)gA[4i/d^�
����dOa Y?Xhc?¬�kv�4X_[/i/a_Y'i/j4X_k_l/i/dOi��_[/U)�/i/j4�/fzdOi��Ak«c?aAªAi��4dOi��/� ªAX«Y?X_d l4ª2U)�4g)a��
ªAaAXV�/[4aAkeg)[\U)�/khg2ª)a

V = V1 ⊗ V2 ⊗ . . . ⊗ VN

�\�#Y'X
Vk

∼= C2
���/[/aAkhgA[\U)�4kegAªAa�keaAkeg)a_�/�4i/m��\U

k
�

aAd �7nec\X��?i�ªAk_�4aAdOaA�«U%gAX«c?¬A�/a)X��/[4aAkeg)[\U)�/khg2ª)a
W ∼= C2

�+FU)dOiFc\¬ gAa)�/i\U)��dOa Y'X«c?i�i/dOXeXeg
ªAi+Y8

H =
N
∑

k=1

(σx
kσx

k+1 + σ
y
kσ

y
k+1

+ chησz
kσ

z
k+1), ` ��a

� Y?X
σα

k = id ⊗ . . . ⊗ σα ⊗ . . . ⊗ id
�
σα

��dsU%g)[/i��/f ^ U �©c?ib�
η

���/U)[\U)dOXhgA[¥U)�4i4n a)g)[/aA�/i4i��@U
N + 1

� m��7n X«c�a)g)a "�Y'X_khgAª%c%�/Xeg)k���k	�c�sd��
� &hgAaAd¥[\U nhY'X«c?X�dOfL�/aAl+U "�X_d,�7l+U)l/i/d�k_�4aAk_a)bAaAd�dOa "
�/a �/aAkeg)[/aAiFgA¬�k_XedOX_m/khgAªAa�l7aAdOd-�.�

gAi/[4�3�;��i $	gA[\U%�/k_WVXe[�dsU%g)[/i��
T (u)

���/ª%c%�%�/��i $2k"�
�/[/a)i4n ª)a Y+����X_m
W`�+�/l��4i/X_m
i/�4g)X_�_[\U c?aAª
Y'ªAi "�Xe�/i��d�fe��\·�� �
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]@U)kek_dOa)g)[/i/d�U c?�eX_b)[4���`�/�«U�� � U)l+khgAXe[\U
A

�_a)gAª)X_j\U��;���3�
R

�?dsU%g)[/i��/X��
R : C → End(W⊗

W )
�/l+a%gAaA[\U���� Y'aAª c?Xeg)ªAaA[.�/Xeg
�+[\U)ª)�/X_�/i����`�4�hU�� �¯U)l7keg)X_[\U4
R12(u1 − u2)R13(u1 − u3)R23(u1 − u2) = R23(u1 − u2)R13(u1 − u3)R12(u1 − u2), ` ��a

� Y?X
u

��ke�/X_l4g)[\U c?¬)�/f�mx�\U%[\U)dOXeg)[����?Y'Xek_¬�a)�/X_[/U%gAaA[4f�Y'Xem/keg)ª)�AXeg ª �/[/a)keg)[\U)�/khg2ªAX
W1 ⊗

W2⊗W3

�
Wi

∼= W
� i�i/ke�/a%c?¬%n_�3�~gAk"��khg%U)�7YCU)[4g)�\fzX¯aAbAa%n �\U©j/X_�4i���� keaA� c'U)ke�/avl7a)gAa)[/fzd

Rik ≡
I−1(R⊗id)I

� �#Y'X
I

��Xekeg)X_kegAªAX_�/�/f�m�i4n_aAdOaA[/WVi4n_d
I : W1⊗. . .⊗Wn ↔ (Wi⊗Wk)⊗. . .⊗Wn

�
� c?�eX_bA[/U

A
X_khgA¬�U)kek_a �4i\U%gAi4ªA�\U��KU c?�_XebA[\U���aAbA[\U n_�3�/��i/X	l7a)g)aA[/aAm!�/ª%c%�%�~g)k�� &«c?X_dOXe�4g%U)dOi

dsU%gA[/i �/f
Lα

β(u) ` �#Y'X α, β = 1, . . . , dim W )
aA�/Xe[\U%gAa)[\U	dsa)�/a Y?[/aAdOi/i

L(u) ∈ End(W ) ⊗Aª	�/Xel+a)g)aA[/a)dNb2U n i/keX ª
W

�\i��_Y'aAª%c?XhgAª)aA[#���~g�k_a)a)gA�/a%��X_�4i��/d
R12(u − v)L1(u)L2(v) = L2(v)L1(u)R12(u − v). ` ·.a

�?Y'X_ke¬
L1, L2 ∈ End(W1) ⊗ End(W2) ⊗ A

��U�k_dOfzk«c a)bAa)n_�\U j/Xe�/i/m
L1, L2

g U)l+aAm "�X��ClFU%l�ª
` ��a«� `�� aA� c'U)ke�/a�dsU%g)X_dsU%g)i/j/X_k_l+aAm
g)X_[/dOi/�4a%c?aA�ei/i��+�/[/a)kegA[/U)�/kegAªAa

W
X_khgA¬�l+aAdOa_Y?�©c?¬ �\U Y

A
�

U;aA�4X_[\U%g)aA[�dOaA�/a_Y'[/aAdOi4i�n©U YCU%Xeg
l+a_Y'X_m4kegAª)i/X
L(u) : W → W ⊗A

U c\�_X_b)[/f
A
�\U��/X_dz�?a

�v[/U)ªA�/Xe�/i/X��`�/�«U�� �¯U%l+khgAX_[/U ` ��a �/ª c��/XhgAk"� khc?XZY'kegAª)i/X_d U%k_k_a��/i\U%g)i/ªA�/aAkhgAi¤U c\�_X_b)[/f
A

�
�/[/iL�Akhc?a)ªAi/iLc?i/�4X_m/�4aAmQ�4Xen U)ªAi/kei/dOaAkeg)iqdOa)�/aAdOaAª�g)[/XegA¬)X_�_a �/a)[#�+Y?lFU

L1(u)L2(v)L3(w)
�1�Xem/khgAªAi4gAXhc?¬)�/a%�4�4[/aAi4n_ªAX«Y'Xe�/i/X

L1(u)L2(v)L3(w)
dOa "
�/a�i/ke�/a%c?¬%n_��� ` ·�as�/[4i/ªAX_khgAi�l�ªAi+Y?�

L3(w)L2(v)L1(u)
�+Y'ª)�+d5��ke�/aAkeaAb2U)dOi�

L1L2L3 = R−1

12 R12L1L2L3 = R−1

12 L2L1L3R12 = R−1

12 R−1

13 R13L2L1L3R12 =

= R−1

12 R−1

13 L2L3L1R13R12 = R−1

12 R−1

13 R−1

23 R23L2L3L1R13R12 =

= R−1

12 R−1

13 R−1

23 L3L2L1R23R13R12,U�g U)l "�X%

L1L2L3 = R−1

23 R23L1L2L3 = R−1

23 L1L3L2R23 = R−1

23 R−1

13 R13L1L3L2R23 =

= R−1

23 R−1

13 L3L1L2R13R23 = R−1

23 R−1

13 R−1

12 R12L3L1L2R13R23 =

= R−1

23 R−1

13 R−1

12 L3L2L1R12R13R23

` �/[/XZY'�/a%c?U)�«U)X_d,� j4gAa
R

�
dsU%gA[/i �\U aAbA[\U%g)i/dsU.a«� � [/U)ªA�/i4ª2U��Q�/a%c/�Fj4i/ª)��i4X_k�� ªAfz[\U#"�X_�/i��b�
�/[/i $2a_Y'i/d l ` ��a«�
	�[\U)�/keW Xe[NdsU%gA[/i �\U�aA�4[/X«Y'X«c��/XhgAk��xl+U)l

T (u) = TrL(u) ` �/a_Y¡khc?XZY'aAd�/aA�/i/dsU%XegAk"��XekegAXekeg2ª)X_�/�/f�m¥dOa)[/WVi4n d
Tr( · ) : End(W) ⊗ A → A)

���vn ` ·.a`k«c?X«Y?�)Xeg��0j4gAa
gA[\U)�4k_WVX_[�d�U gA[/i �/f aAbA[/U%n_�3�~g
l7aAdOd-�7gAi/[4�3�/��X_X�k_XedOX_m/khg2ª)a &«c?X_dOXe�4gAaAª�U c?�_XebA[/f

A


T (u)T (v) = TrL(u)TrL(v) = TrL1(u)L2(v) = TrR−1

12 R12L1(u)L2(v) = ` 4#a
= TrR−1

12 L2(v)L1(u)R12 = TrR12R
−1

12 L2(v)L1(u) = TrL2(v)L1(u) =

= TrL(v)TrL(u)=T (v)T (u)
�¥U c?�eX_bA[4X

A
dOa "
�/avªAª)X_khgAi	l7a)�+dO�/a "�Xe�/i/X

∆ : A → A⊗A
� n©U YCU%ª`X_�eaV�\UvaAbA[/U%n_�3�;��i $

lFU)l�
∆(L(u)) = L(u) ⊗ L(u) ∈ End(W ) ⊗A⊗A, ` (�a

i n U%gAXed �/[4a Y'a%c�"�i/ª��\U�ªAkc� U c?�eX_bA[4�H�/a�c?i/�/Xem/�/a)kegAi�i d-� c?¬ g)i/�Fc?i/l+U%gAi/ªA�/aAkhg2i��@¨v� "��4a
�/aAl+U%n©U%g)¬%�\j4gAa;g%U)l�aA�/[/XZY'Xhc\X_�/�/a)X�l7a)�+dO�/a ";Xe�/i/X� �+ª2U ";U)Xhg��vl+aAdOd-�7g U��/i/a)�/�/fzX�k_aAa%gA�/a)��X �
�/i�� ` ·.a �\U�g%U%l "�XVl+a2U)k��_a��/i\U%g)i/ªA�/aAkhgA¬

(∆ ⊗ id)∆=(id ⊗ ∆)∆
���vn ` ·.a i ` (�a �/a%c\�+j\U)Xedz

R12∆(L1)∆(L2) = R12(L1 ⊗ L1)(L2 ⊗ L2) = R12L1L2 ⊗ L1L2 =

·



= L2L1R12 ⊗ L1L2 = L2L1 ⊗ R12L1L2 = L2L1 ⊗ L2L1R12 =

= (L2 ⊗ L2)(L1 ⊗ L1)R12 = ∆(L2)∆(L1)R12

TVaAU)k_a��/i\U%g)i/ªA�/aAkhgA¬��4X_�/aAke[/X«Y?kegAªAX_�/�/a�k«c?X«Y\�AXeg�i4n;U)kek_a �4i\U%gAi4ªA�/a)g)iH�+dO�/a "�X_�4i���a)�/X_[\U gAa��
[/aAª;ª

W


(∆ ⊗ id)∆(L) = ∆(L) ⊗ L = L ⊗ L ⊗ L = L ⊗ ∆(L) = (id ⊗ ∆)∆(L).

�sk«c?i
M1

i
M2

dOa Y?� c?i
�\U Y
A

�Ag)a��/[/i
�/a)dOa���i
l7a)�+dO�/a "�Xe�/i��	dOa "
�/aVaA�/[/XZY'X«c?i4gA¬�kegA[F�Fl3�
g)�+[4�`dOa Y?�©c%�V�\U¯gAXe�4n a)[/�/aAd��4[/aAi4n_ªAX«Y?X_�/i/i��/[4aAkeg)[\U)�/khg2ª

M1⊗M2


a(x1⊗x2) =

∑

i

aix1 ⊗ bix2

�
� Y?X

∆(a) =
∑

i

ai ⊗ bi

�
a, ai, bi ∈ A

�
x1 ∈ M1

�
x2 ∈ M2

� �vnv�+[\U)ªA�/Xe�/i�� �`�/�«U�� �¯U%l+khgAX_[/U ` ��a
ªAi+Y'�/a�j4g)a;�/[4aAkeg)[\U)�/khg2ª)a

W3

dOa "
�/a�[\U)kek_dsU%g)[/i/ª2U gA¬;lFU)l�dOa Y?� c?¬��\U Y
A

�FXekhc?i�n©U YCU gA¬��\U
�/X_dLY'X_m/khgAªAi4X
aAbA[\U%ne�3�/��i $ U c?�_XebA[/f��/a�WVaA[4d-�©c?X

L1(u)x = R13(u)x
�
x ∈ W3 ` i�YCU#";XbAa%c?XeX�aAb���Xem�

L1(u)x = R13(u−ξ)x
�A�#Y'X

ξ
�8l7aA�/khg%U%�4g%U�ah�F^`a�&egAa)d-�;dOa "��/a`�/aAkhgA[/a)i4gA¬�g)X_���

n aA[/�4aAX`�/[4aAi4n_ªAX«Y'Xe�/i/Xvc+�~bAaA�_a�j/i4khc'U�g U)l4i $�dOa Y?� c?X_m
W1 ⊗ . . .⊗WN

�4�/[/i�&egAa)d¥Y?X_m/khgAªAi/X
U c?�_XebA[/fxYCU)XhgAk"��WVaA[/d-�©c?a)m�

L0 = R01R02 . . . R0N ` !.a
� k«c\�+j\U)X	�
����dOa Y'X«c?i���l4ª2U)�4g)aAªAaAX �/[/a)kegA[/U)�/kegAªAaxl+U "�Y'aA�eaNke�/i/�\U

Vi
∼= W ∼= C2

i
a)gAa ";Y?X_keg)ª%c����

Wi Vi

�/�/a c\�+j\U)X_d keg)[4�+l4gA�+[/��dOa Y\�©c����/U Y
A
ª;l/ª2U)�4g)aAªAa)d �/[/a)kegA[/U)�/khg2ªAX

V = V1⊗ . . .⊗VN

kei/keg)X_dOf`�F� YCU c?¬)�/X_mF��X_d ªAkeX &hc?XedOX_�4g)fxU c\�_X_b)[/f<b)�_Y'X_d �/aA�/i4dsU%gA¬%�2l+U)l
aA�/X_[/U%gAa)[/f ª�l/ª2U)�FgAaAª)aAd¡�4[/aAkeg)[\U)�/khgAªAX)����U)WVi/l7k_i/[4�AXed¡g U)l "�X��?Y\c%��Y'U c?¬A�/Xem4��Xe�_a��=�/X_l7a��
gAaA[/fzm¡bAU%n i/k�ªAa¥ªAk_�4aAdOaA�«U%gAX«c?¬A�/a)d �/[/aAkhgA[\U)�4kegAªAX��zi &hc\X_dOX_�FgAf dsU%g)[/i��/f dOaA�/a_Y'[/aAdOi/i
b)� Y'Xed<aAbAa)n_�\U©j\U%gA¬	k«c?X«Y\���;��i/dLa)bA[\U%n_aAdz

L(u) =

(

A(u) B(u)
C(u) D(u)

)

` 6�a

����dsU gA[/i��/U��?l7a)gAa)[/aAm�a%gAªAXej\U)Xhg �
���HdOa Y'X«c?¬%�\i4dOX_Xeg
ªAi+Y8

R =









a(u) 0 0 0
0 b(u) c(u) 0
0 c(u) b(u) 0
0 0 0 a(u)









=

(

a+b
2

+ a−b
2

σz cσ−

cσ+ a+b
2

− a−b
2

σz

)

, ` �.a

� Y?X
a(u) = sh(η + u)

�
b(u) = shu

�
c(u) = shη

�C��f �/X�b)�_Y'X_d<nhY'Xek_¬��4[/i/ªAa_Y'i4g)¬��/[/a)ªAX_[/lF�
gAaA�ea%�@j4g)a &eg U�d�U gA[/i �\U�Y?X_m/khgAªAiFg2Xhc?¬A�4aH�_Y'aAª%c?XhgAªAa)[#�4XegH�+[\U%ªA�/X_�4i%� �`�/�«U�� �¯U)l+khgAXe[\U ` ��a �
�/aAk_l7a%c?¬)l4��a)�\U �4ª%c��/XhgAk"��aAj4X_�/¬
�_[4aAdOa)n«Y'l+aAm��C� fz�/iF��X_d Y\c%��YCU c?¬)�/X_m4��X_�ea�k_aAa%gAªAXhgAkegAª)�.��/��i4X X_m�l+aAdOd-�7g U��/i/aA�4�/fzX�k_aAa)g)�/a)��X_�/i�� ` ·.a ªU�/ªA�/a)d ªAi7Y'X)

[A(u), A(v)] = [B(u), B(v)] = [C(u), C(v)] = [D(u), D(v)] = 0 ` ��a
aA(u)B(v) = bB(v)A(u) + cA(v)B(u) ` �©¶�a
aB(u)A(v) = cB(v)A(u) + bA(v)B(u) ` � ��a
aC(u)D(v) = bD(v)C(u) + cC(v)D(u) ` � ��a
aD(u)C(v) = cD(v)C(u) + bC(v)D(u) ` �©·.a
bA(u)C(v) + cC(u)A(v) = aC(v)A(u) ` � 4.a

4



cA(u)C(v) + bC(u)A(v) = aA(v)C(u) ` �_(�a
bB(u)D(v) + cD(u)B(v) = aD(v)B(u) ` � !.a
cB(u)D(v) + bD(u)B(v) = aB(v)D(u) ` �_6�a

bA(u)D(v) + cC(u)B(v) = bD(v)A(u) + cC(v)B(u) ` �©�.a
bB(u)C(v) + cD(u)A(v) = cD(v)A(u) + bC(v)B(u) ` �©�.a
cA(u)D(v) + bC(u)B(v) = bB(v)C(u) + cA(v)D(u) ` �)¶.a
cB(u)C(v) + bD(u)A(v) = cB(v)C(u) + bA(v)D(u) ` � �_a

� &eg)i $�WVa)[/d-�©c'U#$��/a_Y'[\U n_�+dOX_ª2U%XegAk"���'jFgAa
a, b, c

n U)ªAi/k"�4g
a%g
u − v

�
^`aAl+U "�X_d,�0j4g)aH�hU)dOi+c?¬ g)aA�/i\U%� �
���LdOa_Y'X«c?i¤ªAfz[\U ";U)XhgAk"�¤j/Xe[/Xen�gA[\U%�/k_WVX_[ dsU%g)[/i��4�

T (u)
k«c?X«Y\���;��i/dLa)bA[\U%n_aAdz

2shηT−1(0)
dT (u)

du

∣

∣

∣

∣

u=0

= HXXZ + const ` �A��a
^V[4i

u = 0 R
�@dsU%gA[4i��\U��/[/X_ª)[\U���U%XegAk"���Fk gAa)j/�/aAkhgA¬��xY'a�dO�/a "
i4gAX«c����7ª�a)�/X_[\U gAaA[��/X_[/X �

keg U)�/aAª)l/i
P

�Al7a)gAaA[4fzm
�/Xe[/X_khg%U)ª%c%�/Xeg�dOXekeg U)dOi
�/[4aAkeg)[\U)�/khg2ªAU ª`gAXe�4n a)[/�/aAd �/[/a)i4n ª)X«Y'Xe�/i/i�
P (x ⊗ y) = (y ⊗ x)

�
R(0) = shηP ` �)·�a

�`�NaAb c'U YCU%Xeg¥a)j/X_ªAi7Y'�/fzdOixkeªAaAm/khgAª2U%dOi
P 2 = 1

�
PikAiPik = Ak

�±i/ke�/a%c?¬)ne���Ll+a)g)aA[/fzX��
�/a%c\�+j\U)Xedz

sh1−NηT ′(0) =
N
∑

k=1

TrP01 . . . R′

0k . . . P0N =

=
N
∑

k=1

TrP01 . . . P0,k−1P0kP0,k+1P0,k+1P0kR
′

0k(0)P0,k+1 . . . P0N =

=
N
∑

k=1

TrP01 . . . P0,k−1P0kP0,k+1Pk+1,kR
′

k+1,k(0) . . . P0N =

=
N
∑

k=1

Tr (P01 . . . P0N) Pk+1,kR
′

k+1,k(0)

�?Y'X_ke¬�ªAdOX_khgAa�i/�+Y'Xel+k_U
N + 1

�\U Y'a
�/aA�/i/dsU gA¬ �)�b*±g)a�khc?XZY?�AXeg�i4n�g)aA�ea%�CjFgAa	YCU%�/�/fzX�aA�/X �
[\U%gAa)[/f¡dOa "
�/a �4i/lFc?i/j4X_k_l4i��4X_[/Xekeg%U%ª%c��4gA¬;�/a Y�k«c?X«Y?aAdz� ��dO�/a ";U����\U

T−1(0)
�F�/a%c/�Fj/U)X_dz

2shηT−1(0)T ′(0) =
N
∑

k=1

2Pk+1,kR
′

k+1,k(0) =
N
∑

k=1

2R′

k,k+1(0)Pk,k+1 ` ��4#a
�`n ` �.a �/a c\�+j\U)X_dz

2R′(0)P = 2









chη 0 0 0
0 0 1 0
0 1 0 0
0 0 0 chη









= 2σ+ ⊗ σ− + 2σ− ⊗ σ++ ` ��(�a

+chη(1 + σz ⊗ σz) = σx ⊗ σx + σy ⊗ σy + chησz ⊗ σz + chη

(



i��/a_Y'keg U)ª%c%����ª ` ��4#a �\�4a%c\�+j/i/d ` �A��ah�?��a "��/a;�/aAl+U%n©U%g)¬%�?j4g)a�k«c?X«Y\���;��i/X�l+a &eWVW i �/i/Xe�4gAf
ª	[\U nec?a "�X_�/i/i�

T−1(0)T (u) = 1 +
HXXZ

2shη
u +

∞
∑

n=2

Hn

n!
un

YCU��~g�l+aAdOd-�7g)i/[4�3�/��i/X±�«U)dOiFc\¬ gAa)�/i\U)�4f
Hn

k@c?a)lFU c\¬A�/fzdOi ª)n U)i/dOa_Y'X_m4kegAª)i��/dOi
n
k_aAkeX«Y'�/i $

�+nhc?aAª4�

X § X [ tv¢C�=�O��rOu�¦v�=�'y�u�� rO}���rO{�� ���0�s§

� &hgAaAd [\U%nhY?Xhc?X~dOf<i4nhc?a "
i/d k_�/a)k_aAb%�2�/[/i
�4aAdOa���i
l7a)g)aA[/aA�ea�dOa "
�/aV�\U)m4g)i�k_a)bAkeg)ªAX_�/�4fzX
n �\U©j/X_�4i���i�k_a)bAkeg)ªAX_�/�4f�X�ªAXel4gAa)[/f k_XedOX_m/khgAª2U	g)[\U)�/keWVX_[�dsU%g)[/i��	� ���?��� �

� U c\�_XebA[/X
End(V)

dOa "
�/a�ª)ªAX_khgAi �_[/U Y?�+i/[/aAª)l4�Kkhc?XZY?�3�/��i/d aAbA[/U%n aAdz�S�±ªAX«Y'Xed �/a_Y��
�/[/aAkhgA[\U%�/kegAª2U

Ak = {a ∈ End(V )|[Sz, a] = ka, k ∈ Z} ⊂ End(V )
���#Y'X

Sz = 1

2

N
∑

i=1

σz
i

�
aA�/X_[/U%gAa)[

z
� l+a)dO�/aA�/Xe�4gAf �4a%c?�/aA�eaKke�/i/�\UHkei/keg)X_dOf`�
	0aA�#YCU

End(V ) =
∞

⊕
k=−∞

Ak

�-�/[/i/j4X_d,�
lFU)l�c?Xe�_l+a;�+bAXZY'i4gA¬)k��b�?X_khc\i

a ∈ Ak, b ∈ Al

�4gAa
ab ∈ Ak+l

�\^`aAk_l7a%c?¬AlF�
1, σz

k ∈ A0

�
σ+

k ∈ A1

�
σ−

k ∈ A−1

� gAavi4n¯WVaA[/d-� c ` !.aSi ` �.aSk«c?X«Y?�)Xeg��)j4gAavdsU%gA[4i��\UvdOa)�/a Y'[4aAdOi/i�Xekeg)¬V�4[/aAi4n_ªAX«Y?X_�/i/X
N
d�U gA[/i ��ª)i+YCU4

(

ã b̃

c̃ d̃

)

� Y?X
ã, d̃ ∈ A0

�
b̃ ∈ A−1

�
c̃ ∈ A1

�O¨`a�c?Xe�_l7a �4[/aAªAXe[/i4gA¬��sjFgAaK�/[/a)i4n ªAXZY'X_�4i/X�Y'ª%� $�g%U%l/i $
dsU%gA[/i �qX_khgA¬<a)���4g)¬ dsU%gA[4i��\U¤g%U)l7aA�ea<ª)i+YCU4��^`a &hgAaAd-�

A(u), D(u) ∈ A0

�
B(u) ∈ A−1

�
C(u) ∈ A1

�/iFc?i�
[Sz, A(u)] = [Sz, D(u)] = 0 ` ��!�a

[Sz, B(u)] = −B ` ��6�a
[Sz, C(u)] = C ` �%�.a

� ªAX«Y?X_d ª �/[/aAkhgA[\U%�/kegAª2U#$
Vk

Xekeg)X_kegAªAX_�/�/f�mLb2U%n i4k
e+

k , e−k
�
σz

ke
+

k = e+

k

�
σz

ke
−

k = −e−k
��i

[\U)k_kedOa)g)[/i/d ª)X_l4g)aA[
w+ = e+

1 ⊗e+

2 ⊗ . . .⊗e+

N

� �vn ` �)�.a8khc\X«Y?�AXhg��2j4gAaVaA�<�/ª c��/XhgAk"�	ª)X_l4g)aA[/aAd
k_a	khg%U)[F��i/dNªAXek_aAdz

C(u)w+ = 0, ` �)�.a
U¥iFn ` ��!.a � j4g)a aA�LX_khgA¬ k_a)bAkeg)ªAX_�/�4fzmqª)X_l4g)aA[¡aA�/Xe[\U%g)aA[/aAª

A
i

D
���vgAaAb)f aA�/[4X«Y'X«c?i4gA¬

k_aAb)kegAª)X_�/�/fzX n �/U j/Xe�/i����\�/a Y?X_m/khgAª)�AX_dN�\U;�/Xe�_a	dsU%gA[/i �/X_m�dOa)�/a Y?[/aAdOi/i�
(

Aw+ Bw+

Cw+ Dw+

)

=
N
∏

k=1

(

ae+

k ce−k
0 be+

k

)

,

a)gAl4�_YCU�c?X_�el+a	�AkedOa)g)[/XegA¬%�'j4g)a/
A(u)w+ = aN(u)w+ ` ·A¶.a
D(u)w+ = bN(u)w+. ` · �_a

�±� Y'Xed gAX_�4X_[/¬
i/k_l+U%gA¬
keaAbAkhgAªAXe�/�/fzX�ªAXel4gAaA[4fqgA[/U)�/k_WVXe[�dsU%g)[/i��/f
T (u) = A(u) + D(u)

ª
ªAi+Y'X%

Φ = B(v1) . . . B(vn)w+, ` ·2��a
!



� Y?X~l7aA�/khg%U%�4gAf
v1, . . . vn

�/a_Y\c?X ";U g�aA�/[/XZY'Xhc\X_�/i����4^`Xe[/X_�4i4��X_d�l+aAdOd-�7g U��/i/a)�/�/fzX�keaAa)g)�/a��
��X_�4i�� ` ���_a i ` �_6�a ª	k«c?X«Y?�3�;��X_dLª)i+Y'X)

A(u)B(v) =
a(v − u)

b(v − u)
B(v)A(u) −

c(v − u)

b(v − u)
B(u)A(v) ` ·)·.a

D(u)B(v) =
a(v − u)

b(u − v)
B(v)D(u) −

c(v − u)

b(u − v)
B(u)D(v) ` ·�4.a

1�Xem/khgAª)���¥�\U�ªAXel4gAa)[ ` ·A��a`g)[\U)�/keWVX_[¥dsU%gA[4i��/X_mb�@i��/[/a)�/aAk"�
A(u)

i
D(u)

j/X_[4Xen
B(vl)

l
w+

�/�/[/i��/aAdOa���i &hgAi $�k_a)a)gA�/a%��X_�4i/m��CU�g U)l "�XVi/ke�/a%c\¬)n_��� ` ·A¶.a i ` · �_a �4�/a%c\�+j/i/dz
(A(u) + D(u))B(v1) . . . B(vn)w+ =

=

(

aN(u)
n
∏

i=1

a(vi − u)

b(vi − u)
+ bN(u)

n
∏

i=1

a(u − vi)

b(u − vi)

)

B(v1) . . . B(vn)w++ ` ·.(�a

+
n
∑

j=1

ΛjB(u)
n
∏

l = 1
l 6= j

B(vl)w+

� Y?X
Λj

��j/i/k«c?aAª)fzX�l+a &eWVW i �/i/X_�FgAf$�sn©U)ª)i/k�����i/X�a)g
u, v1, . . . vn

� ��c?Xe�<k
B(v1) . . . B(vn)�/a%c\�+j\U)XhgAk"���VXekhc?i �/[/i��/[/a)g U)kel/i/ª2U%�/i/i

A(u)
i

D(u)
j/Xe[/Xen

B(vl)
�+j/iFgAfzª2U%gA¬¡g)a%c?¬Al7a

�/X_[/ª)fzX khc'U%�hU%X_dOfzX ª<�4[\U)ªAf%$Qj/U)keg�� $QW a)[/d-�©c ` ·A·.a�i ` ·�4#a«�~�vkhg%U c\¬A�/fzX ` �/X "�Xhc'U%g)Xhc?¬���/fzX�a~jFc\X_�/f �/a%c/�Fj/U��~g)k��b��X_k«c?iH�/[4i��/[/a)g U)kel/i/ª2U%�/i/i $2a)g���bAf�[\U n�ªAa)k_�/a%c\¬)n a)ª2U%gA¬)k���ª)gAa��
[/fzdOiqk«c'U)�«U)XedOfzdOi ª &hgAi $QWVa)[/d-�©c'U#$C� ^`[/a���XKªAk_Xe�_a �\U%m4gAiQl+a &eW WVi��4i/X_�FgN�/[/iQj+c?X_�/X
Λ1B(u)B(v2) . . . B(vn)w+

�?��a "
�/a��Ak_dOa)g)[/XegA¬%�\j4gAa;aA���/a%c/�Fj/U)Xeg)k���g)a%c?¬)l+a;ª�gAa)d k«c\�+j\U)X��
l+aA�#YCUvdOf¤�4X_[/ªAfzm�[\U%nz�4[/i��/[/a)g U)kel/i/ª2U)�4i/i;�/a%c?¬)ne�AX_dOk"�;ª)g)aA[/fzdOi;j+c?X_�\U%dOi��AU�n U%g)X_dHgAa%c\¬��
l+a	�4X_[/ªAfzdOi��'^`[/i�&eg)aAd<�/a%c\�+j\U)XhgAk"��

c(u − v1)

b(u − v1)

(

aN(v1)
n
∏

l=2

a(vl − v1)

b(vl − v1)
− bN(v1)

n
∏

l=2

a(v1 − vl)

b(v1 − vl)

)

B(u)B(v2) . . . B(vn)w+ ` · !.a
�?Y'X_ke¬	dOf¡i/k_�/a c?¬)n_aAª2U c?i�[\U)ªAXe�/keg)ªAa

b(v − u) = −b(u− v)
�\�~Y?�\U)l7a%�/�/a)k_l+a c?¬Al4��ªAk_X

B(vl)l+aAdOd-�7gAi4[4�3�~g�dOX ";Y\�HkeaAbAa)m��=dOf�dOa "�XedQ�/X_[/Xekeg U)ªAi4gA¬�i $Kª�WVaA[/d-� c?X ` ·.(�a�g U)l/i/dqaAbA[\U_�
n aAd,�Oj4g)aAbAf �\UH�/Xe[/ªAaAd�dOXekeg)X�a)lFU%n U c?k"� aA�/X_[/U%gAa)[

B(vj)
k�c+�~bAfzd

j
�Oi khc?XZY'aAª2U%g)Xhc\¬A�/a

ªAk_X�aAkeg U c?¬A�4fzX��/X "�X«c'U%gAX«c?¬A�/fzX�jFc?X_�4f �/a c\�+j\U�� gAk"�KiFn ` · !�a�n U)dOX_�/a)mHi4�+Y'Xel+k U ���/U
j
���

[/Xene�©c?¬©g%U%gAX��'l7a &_WVWVi��/i4X_�4g)f
Λj

ª ` ·.(�a [\U%ªA�/f`

Λk =
c(u − vj)

b(u − vj)















aN(vj)
n
∏

l = 1
l 6= j

a(vl − vj)

b(vl − vj)
− bN(vj)

n
∏

l = 1
l 6= j

a(vj − vl)

b(vj − vl)















` ·.6�a

^V[4i/[\U)ª)�/i/ª2U����4�©c+� &hgAi�l7a &_WVWVi��/i4X_�4g)f$���/a%c\�+j/i4dxk_i4keg)X_d-���+[\U)ª)�/X_�4i/m � XhgAX Y\c%���\U%[\U��
dOXegA[4aAª

v1, . . . vn


n
∏

l = 1
l 6= j

a(vl − vj)b(vj − vl)

b(vl − vj)a(vj − vl)
=

(

b(vj)

a(vj)

)N ` ·A�.a

6



� fz�/a%c?�4X_�/i4X &hgAi $�[\U%ªAX_�4kegAª �/ª%c��4Xeg)k���Y'a)keg U%gAa)j/�/fzdL�Akhc?a)ªAi/X_d<gAaA�ea%�'j4g)aAbAf ª)X_l4g)aA[ ` ·2��a
bAf c k_a)bAkeg)ªAX_�/�4fzd�ª)X_l4g)aA[/aAd�gA[\U)�4k_WVX_[ dsU%gA[4i��/f`�s^`aAlFU#"�X_d,�0j4gAaHaA�/a��/ª c��/XhgAk"�¤g U)l "�X
i �/XeaAb $2a Y'i/dOfzdz� 1�X_m/khgAªAiFgAXhc?¬A�/a%���4[/X«Y'�4a%c?a "
i/d,�Oj4g)a ª)X_l4g)aA[ ` ·2��a-�/ª%c%�/Xeg)k�� keaAbAkhgAªAXe���
�/fzd,�7gAaA�#YCU��+ª ` ·.(�a-ke�+dOdsU��/X "�Xhc'U gAXhc\¬A�/f%$�jFc\X_�/aAª�[\U%ªA�\U �4�©c+�-�Fi�keaAbAkhgAªAXe�/�/aAX~n �\U©j/X_�4i/X
gA[\U)�4W Xe[�dsU%gA[/i �/f X_khgA¬/

t(u) = aN(u)
n
∏

i=1

a(vi − u)

b(vi − u)
+ bN(u)

n
∏

i=1

a(u − vi)

b(u − vi)
` ·A�.a

	 [/U)�/k_WVXe[ dsU%g)[/i��\U
T (u)

�SlFU)l ªAi7Y'�/a�i4n ` !.avi ` �.a ���/ª%c%�/Xeg)k�� �4Xhc?aAm WV�+�/l �/i/X_m
u
� ` g � X)�ªAk_X�dsU%gA[4i/j/�/fzX�&hc?XedOX_�4gAf � �4Xhc?fzX�W`�+�/l �/i/i

u)
��� Xe�_l+a�ªAi+Y'XhgA¬%�-j4g)aHX_k«c?i¤i/dOX_XhgAk�� keX �

dOX_m/khgAªAa l+aAdOd-�7gAi4[4���;��i $	dsU%gA[/i ���7l7a)g)aA[/fzX2�/ª c��%� gAk"� �/Xhc\fzdOi�W`�+�/l��4i��/dOi	�/X_l7a)gAa)[/aA�_a
�\U)[\U)dOXhgA[\U��±gAa¥i $<k_a)bAkeg)ªAX_�/�4fzX�n �\U©j/Xe�/i��Ng%U%l "�X �4ª%c��%� gAk"� �/X«c?fzdOixW`�+�/l��/i��4dOi &hgAa��
�_a��\U)[/U)dOXeg)[\U4�@^`a &hgAaAd-� ` ·A�.a`�4X�i/dOXeXeg��4a%c+��keaAª%�8l+U)l W`�F�4l��/i��

u
�0^`[/i/[\U%ªA�/i/ªAU�� �F�©c+�

ªAfzj/XhgAf ª;gAa)j/lFU#$
u = vi

�/�/a%c/�Fj4i/d �F[/U)ªA�/Xe�/i���� XhgAX ` ·A��ah�
	@U)l/i/d�a)bA[\U%n_aAd,�7lFU "�Y'aAX [/Xh��X_�4i/Xv�+[\U%ªA�/X_�4i/m�� XhgAX Y'U)Xeg�keaAbAkeg)ªAXe�/�/fzm�ªAXel4gAa)[�g)[\U)�/k �

W Xe[Qd�U gA[/i �/f���U¤k_aAbAkhgAª)X_�/�/a)X n �\U©j/Xe�/i/XHY'U)Xeg)k��qWVaA[/d-�©c\aAm ` ·A�.a«� ��f �/XKb)� Y'Xed nhY'Xek_¬
[\U)k_kedsU%g)[/i/ª2U%g)¬�ªAa)�/[/aAk`a�gAaAd,�\kh�#��X_khg2ª)�3�~g
c\i�[/Xe��X_�/i����+[\U)ª)�/X_�/i4m�� Xeg)X��?i�Y'a)keg U%gAa)j/�/a
c?i�i $�dO�/aA�ea%�/j4g)aAbAfQ�/a c\�+j/i4gA¬	ªAk_X

2N
k_a)bAkeg)ªAX_�4�/f%$�ª)X_l4g)aA[/aAª4�?T`[/a)dOXvgAaA�ea%�/ªAf¯��XV�/[4X«Y��

�/a%c'U)�«U c\aAk_¬%�'jFgAa�ªAkeX
v1, . . . vn

[\U nec?i/j4�/f���i�dOf �/X�[/U)k_kedsU%gA[4i/ª2U)Xed¡k«c\�+j\U)m��Cl7aA�#YCU�ke[/X«Y?i
�/i $�X_khgA¬
a Y'i4�\U)l7aAªAfzX)�

X §�� �K���vr�����}~uv��t`|Oyzr-t��O}v�
	q|O�����vrO�0|s��|sp ¦v����� ���'t`�=£���}��0� £�rO�8��u�
{�� £�|s}�|�\V��|s£�u�u�§

� c?X«Y?�3�;��X_m�ª2U "
�/aAm;n©U©YCU j4X_m�ª gAX_a)[/i/i�i/�4g)X_�e[/i/[4�2X_dOf%$�k_i4kegAXed,�4�/a)khc?X~�\U $2a "�Y'X_�4i���keaAb��
kegAª)X_�/�4f $ ªAX_l4g)aA[/aAªNi keaAbAkhgAªAXe�/�/f%$ n_�\U j4X_�/i/m �«U)dOiFc?¬©gAaA�4i\U)�\U��/�/ª c��/XhgAk"� ª)fzj/i/k«c?X_�/i4X
l+aA[4[/Xhc�� �/i/aA�4�/f%$¡W`�+�/l��/i/m���TVU)lx�4aAlFU%n U)�/a¥ª¤�/[/XZY'f±Y?�#��X_d�[/U%nhY'X«c?X���keaAbAkhgAªAXe�/�/fzXKk_a��
kegAa��/�4i��K�«U)dOiFc\¬ gAa)�/i\U)�\U
YCU�� gAk"��Y'Xem/keg)ªAi/X_dq�/a)�/i ";U��/��i $�aA�4X_[\U%g)aA[/a)ª

B(vk)
��l7a)gAa)[/fzX�/ª%c����~g)k�� &«c?X_dOXe�4g%U%dOi�dsU%g)[/i��/f dOaA�/a_Y'[/aAdOi/i���*±g)i�aA�/Xe[\U%gAa)[/f	�4ª%c����~gAk"� �/X«c?aAl+U c?¬A�4fzdOi

aA�/X_[/U%gAa)[\U)dOi��7ª)fz[\U "�X_�/i4X l7a)gAa)[/f%$
j4X_[/Xhn c?a)lFU c\¬A�/fzX aA�4X_[\U%g)aA[/f
σα

k

YCU)XhgAk"�
W a)[/d-�©c'U%dOi
` !.a i ` �.a �0l7a)gAaA[4fzX�i/dOX=� g�Y'aAªAa c?¬A�/a�k«c?a "
�4�3��khgA[4�+l4g)�F[4�A�O^V[4i¥ªAfzj/i/k«c?Xe�/i/i l+a)[/[/Xhc%���
�/i/aA�/�4f%$�W`�+�/l��4i/m�ªAa)n_�/i/l+U��~g	gA[4� Y?�/aAkhg2i��'�/aAkel+a%c?¬)l4���/Xei4n ª)X_kegA�/f lFU)l4i/X � c?i/bAa	�/[/a)kegAfzX
l+aAdOd-�7g U��/i/a)�/�/fzX�keaAa)g)�/a)��Xe�/i���dOX "�Y?��&hgAi/dOi�Y'ª%�Fd5��g)i/�\U)dOi�aA�/X_[/U%gAa)[/aAª/�C� &hgAaAdL[\U%n �
Y'Xhc?X~dOf<i4nec\a "
i/d aAj/Xe�/¬��4[/aAkeg)aAm�k_�/aAkeaAb � 4���6_�8�7�4[/i��/a)dOa���i
l+a)g)aA[/aA�ea�dOa "��/aV�/a%c\�+j/i4g)¬
aAbA[\U gA�/fzX�WVaA[/d-� c?f��¯ª)fz[\U ";U��;��i/X�c?aAl+U c?¬)�/fzX�a)�/X_[\U gAaA[/f j/X_[4Xen &hc\X_dOX_�FgAf�dsU%gA[4i��/f
dOaA�/a_Y'[/aAdOi/ib�±i<gAX_d k U%dOfzd �/[/iNªAfzj/i/k«c?X_�4i/ixl+aA[/[4Xhc�� �/i/aA�/�4f%$LW`�F�4l��/i/mLi/dOXhgA¬ Y'Xhc\a
gAa%c?¬)l+a kHaA�/Xe[\U%gAa)[\U)dOi

A,B,C,D
�zl+a)dOdO�7g U��/i4aA�/�/fzX k_a)a)gA�/a%��X_�4i��qdOX "�Y?�Nl+a)g)aA[/fzdOi

i/dOX=� g��/[/aAkhgAaAm�ª)i+Y ` ��a � ` � �_ah�'�q[\U%bAa)g U#$��)(�� !��@�4[/i��/aAdOa���i &egAi $�WVaA[4d-�©cHªAfzj/i4khc?Xe�/f
l+aA[4Xhc/c�� �/i/aA�4�/fzX�W`�F�4l��/i/i�ª	dOa_Y'Xhc\iR�
���@�
¨VU)d��/a)�\U Y'aAb)i4gA¬)k���k«c?X«Y\���;��X_X`[\U)ª)X_�/khgAªAa��Fl+a)g)aA[/aAX/�4ª%c��/XhgAk"��k_aAa%gA�/a%��X_�4i/X_d ª��_[F�F�3�

�/XV�/X_[/Xekeg U)�/aAª)aAl�
L(0) = P01 . . . P0N = (shη)NSN→0, ` 42¶.a

� Y?X
SN→0

X_khgA¬�a)�/X_[\U gAaA[ �/i/l+c?i/j/Xek_l+a)�_a�k#Y'ªAi/�«U��\U�a_Y'i/�H�+n_Xhc �8l+a%gAaA[4fzmHY'Xem/keg)ª)�AXeg�g%U)l�
SN→1(x0 ⊗ x1 ⊗ . . . ⊗ xN) = x1 ⊗ . . . ⊗ xN ⊗ x0

� 	 [/U)�/k_WVXe[HdsU%gA[/i �\U��4[/i
u = 0

g U)l ";X

�



�/[/aA�/a)[��/i/a)�\U c?¬A�/U�aA�4X_[\U gAaA[4���/i4lFc?i/j/Xek_l7aA�_a�k#Y'ªAi/�«U
SN→1

�
SN→1(x1 ⊗ x2 ⊗ . . . ⊗ xN) =

x2 ⊗ . . . ⊗ xN ⊗ x1



T (0) = TrP01 . . . P0N = TrP01 . . . P0NP01P01 = TrP12 . . . P1NP01 = ` 4��_a
=P12 . . . P1NTrP01 = P12 . . . P1N = SN→1

` lFU%l¥c?X_�el+a �4[/aAªAXe[/i4gA¬��
TrP01 = id1)

�s^v�Akeg)¬
Ek

� l+U)l+a)m�� �/i4b)� Y'¬�c?a)lFU c\¬A�/fzm a)�/X_[\U gAaA[
�\U

k
�~aAdQ�+nhc?X��@U

E0

��keaAa)gAª)XegAkhg2ª%���/��i/m¥a)�/X_[\U gAaA[ �\U�ªAk_�4aAdOaA�«U%gAX«c?¬A�/a)d �/[/a)kegA[/U)�/kegAªAX
W
�'�v�/X_[\U gAaA[4f

E0

i
E1

keª��4n U)�/f��?aAj4X_ªAi+Y?�/a%�?k«c?X«Y\���;��i/dLaAbA[\U n aAdz
E1SN→0 = SN→0E0

�
iFc?i�keaA� c'U)k_�4a ` 42¶.a«

E1L(0) = L(0)E0

�4� a)n_¬AdOX_d¥a)g &hgAaA�ea;[/U)ªAXe�/keg)ª2U�k«c?X«Y��/a�l/ªAU)�4gAa)ªAaAd-�
�/[/aAkhgA[\U%�/kegAª)�'

trL(0)E0=trE1L(0) = E1trL(0) = E1T (0), ` 47��a
a)gAl4�_YCU	�/a%c\�+j\U%X_d<ªAfz[\U#";Xe�/i/Xvc?aAl+U c?¬)�/aA�_a;aA�/X_[/U%gAaA[/U	�\U�� � aAd¤�7nhc?X)

E1 = tr(L(0)E0)T
−1(0). ` 42·.a

¨Va;aA�4X_[\U%g)aA[/f �/U;aAkhg%U c\¬A�/f%$��7nec'U#$�ªAfz[\U ";U�� gAk"��j/Xe[/Xen��/X_�ea	g U)l�
Ek = (SN→1)

k−1E1(SN→1)
−k+1

�/iFc?i�k_aA� c'U)ke�/a ` 4��_ah
Ek = T k−1(0)E1T

−k+1(0) = (shη)−N2

T k−1(0)E1T
N−k+1(0), ` 4�4#a

� Y?X;i/k_�/a c?¬)n_aAª2U)�/a���j4gAa
(shη)−N2

TN(0) = (SN→1)
N ≡ 1

�=^`a Y?keg U)ª%c���� ` 42·.a~ª ` 4�4#a ���/a%c\�.�
j/i/dz

Ek = (shη)−N2

T k−1(0)tr(L(0)E0)T
N−k(0) ` 4#(�a

^Va_Y'khg%U)ª c�����ª;lFU©j/X_khgAªAX
E0

dsU%gA[/i �/f k_�4i/�/aAªAf $�aA�/X_[/U%gAaA[4aAª
σ+

k , σ−

k , σz
k

�\�/a c\�+j/i/dz
σ+

k = (shη)−N2

(A(0) + D(0))k−1C(0)(A(0) + D(0))N−k ` 4 !.a
σ−

k = (shη)−N2

(A(0) + D(0))k−1B(0)(A(0) + D(0))N−k ` 4#6�a
σz

k = (shη)−N2

(A(0) + D(0))k−1(A(0) − D(0))(A(0) + D(0))N−k. ` 42�.a

� BCBED F �����HGJI K ��� P��RS�� S F  Q ��
���ON��OS F ET<K G � �  W F ��
� 
�� �����
 F � ��� ����� F � � P GRW �����
 �

� &eg)aAd<[\U%n«Y'Xhc?X dOfQ[\U)k_kedOa)gA[4i/d �
���HdOa Y'X«c?¬	kV�«U)dOiFc?¬©gAaA�4i\U)�/aAdz

H =
N−1
∑

k=1

(σx
kσx

k+1 + σ
y
kσ

y
k+1

+ chησz
kσ

z
k+1) + shη(σz

1cthξ+ + σz
Ncthξ−), ` 42�.a

� Y?X
ξ−
i

ξ+

�/Xel+a)g)aA[/fzXz�\U%[\U)dOXeg)[/f`�7��f¤iFnec?a "�i/d,� lFU)l4i/dHaAb)[\U%n_aAd�dOa "
�/a�ª)i+Y'aAi4n_dOX_�4i4gA¬
�/aAkeg)[/aAXe�/i��b�SiFnec?a "�X_�/�/f¯X;ª��/[/X«Y?f±Y?�#��X_dq[/U%nhY'X«c?X��'Y\c���gAaA�ea%��j4gAa)bAf �/a)lFU%n U%gA¬���j4gAa�&eg U
dOa Y'X«c?¬	gAa "�X$�4ª%c��/XhgAk"��ªA�/a%c\�/X i/�4g)X_�_[4i/[4�2X_dOaAm��'i��\U%m4gAi�ke�/X_lFgA[�i�keaAbAkhgAªAXe�/�/fzX�k_a)kegAa����
�/i����«U)dOiFc\¬ gAa)�/i\U)�\UJ� ��� �

�



^`[/X ";Y'XVj/Xed¤Y'ªAi/�«U%g)¬Ak"��Y'U c?¬)��X��?�/Xe[/X_j4i/khc?i/dN�/X_l7a)gAa)[/fzX�keªAaAm/khgAªAU
R

��dsU%g)[/i��/f��?l+a��
gAaA[/fzX b)�_Y?�7g�i/�e[\U%gA¬
ªAU "��F��� [/a c?¬	ª�YCU c?¬A�4X_m4��i $��4aAkeg)[/aAXe�/i�� $C� � i/dOdOXhgA[/i���

R21(u) = R12(u) = Rt1t2
12 (u) ` ()¶.a

�v�/i4g U)[4�/aAkegA¬4
R12(u)R12(−u) = ρ(u) ≡ −sh(u + η)sh(u − η) ` ( ��a

TV[4aAk_kei/�/� � k_i4dOdOXegA[/i���
R12(u) = (σ ⊗ id)Rt1

12(−η − u)(σ ⊗ id) ` (A��a
�?Y'X_ke¬
j/X_[/Xhn

ti
a)bAa)n �/U j/Xe��U%�4gAi\U%ª)gAaAdOa)[/WVi4n dLU c?�_XebA[/f

End(Wi)
�?l7a)g)aA[/fzm�ª
ªAfzb)[\U)�/�/a)d

�\U)dOi�bAU%n i/keXvn U YCU%XegAk"��gA[/U)�/k_�4aA�/i/[4aAª2U)�/i4X_d dsU%g)[/i����/U
σ
ª &egAa)d b2U%n_i/k_X�n©U Y'U)Xeg)k���dsU gA[/i��

�/X_mK^VU©� c?i
σy

��� k_X &eg)iKk_ª)aAm/keg)ª2U�c?X_�el+a��/[/aAª)X_[/iFgA¬�Y\c��
R

��dsU gA[/i��4f ` �.ah� �`n��/i $�c?X_�el+a
�/a%c\�+j/i4g)¬/

Rt1
12(u)Rt2

12(−u − 2η) = ρ̃(u) ≡ ρ(u + η) ` ()·.a
� ªAXZY'Xed

K
��dsU gA[/i��4f��

K+(u), K−(u) ∈ End(W )


K+(u) = K
(

u +
η

2
, ξ+

)

, K− = K
(

u −
η

2
, ξ−

)

, ` (�4#a

K(u, ξ) =

(

sh(u + ξ) 0
0 −sh(u − ξ)

)

, ` (�(�a
l+a)g)aA[/fzX��'l+U)l�dOa "
�/a��/[/aAªAXe[/i4g)¬%�\� Y'a)ª%c?Xeg)ªAaA[.�%� g
�F[/U)ªA�/Xe�/i��/dz

R12(−u1 + u2)
1

Kt
+(u1)R12(−u1 − u2 − η)

2

Kt
+(u2) = ` (�!.a

=
2

Kt
+(u2)R12(−u1 − u2 − η)

1

Kt
+(u1)R12(−u1 + u2)

R12(u1 − u2)
1

K−(u1)R12(u1 + u2 − η)
2

K−(u2) = ` (�6�a
=

2

K−(u2)R12(u1 + u2 − η)
1

K−(u1)R12(u1 − u2)
^`�AkhgA¬

L(u)
X_khgA¬	dsU%gA[4i��\U;dOaA�/a_Y'[/a)dOi/i�ª;khc/�Fj/U)X k`�4X_[/i/a_Y'i/j/Xek_l/i/dOi��_[/U)�/i/j/�4fzdOi��Akhc?a��

ªAi��/dOi�
L(u) = R01

(

u −
η

2

)

. . . R0N

(

u −
η

2

) ` ()�.a
` �vbA[\U%g)i/d�ªA�/i4dsU)�/i/X�� j4gAa<dOf k#Y'ªAi4�4�©c?i U)[4�e�+dOX_�4g

u → u + η/2
��iq�/Xe[/XeaA�/[/XZY'Xhc?iFc?i

L(u) → L(u − η/2)
�/a	k_[/U)ªA�/Xe�/i%� k ` !�a ah�

� ªAXZY'Xed<dsU%gA[/i �4��dOaA�/a_Y'[/aAdOi/i � lFc%�/�/i/�/U4
L(u) = L(u)K−(u)L−1(η − u), ` ()��a

i��/a)lFU "�Xed,�?i/ke�/a%c?¬)ne��� ` ·.azi ` (�!�a �\j4gAa�aA�/U;� Y'aAª%c\XegAª)aA[#�4Xeg�g U)l/i4d "�X l7aAdOd-�7g%U��4i/aA�/�4fzd
k_aAa%gA�/a)��X_�/i��/d,�'l+U)l�i

K−(u)


R12(u1 − u2)
1

L(u1)R12(u1 + u2 − η)
2

L(u2) = ` !A¶.a

=
2

L(u2)R12(u1 + u2 − η)
1

L(u1)R12(u1 − u2)

� ¶



^Va c?¬)ne���/k_¬	[\U%ªAX_�/khgAª)aAd ` (�6�a �\U�g U)l "�XV[\U%ªAX_�4kegAªAU)dOi ` ·.a � ` ()¶.a � ` ( �_a �/�4a%c\�+j\U)Xedz

R12(u1 − u2)
1

L(u1)R12(u1 + u2 − η)
2

L(u2) =

= R12(u1 − u2)L1(u1)
1

K−(u1)L
−1

1 (η − u1)R12(u1 + u2 − η)L2(u2)
2

K−(u2)L
−1

2 (η − u2) =

= R12(u1 − u2)L1(u1)L2(u2)
1

K−(u1)R12(u1 + u2 − η)
2

K−(u2)L
−1

1 (η − u1)L
−1

2 (η − u2) =

= L2(u2)L1(u1)R12(u1 − u2)
1

K−(u1)R12(u1 + u2 − η)
2

K−(u2)L
−1

1 (η − u1)L
−1

2 (η − u2) =

= L2(u2)L1(u1)
2

K−(u2)R12(u1 + u2 − η)
1

K−(u1)R12(u1 − u2)L
−1

1 (η − u1)L
−1

2 (η − u2) =

= L2(u2)
2

K−(u2)L1(u1)R12(u1 + u2 − η)L−1

2 (η − u2)
1

K−(u1)L
−1

1 (η − u1)R12(u1 − u2) =

= L2(u2)
2

K−(u2)L
−1

2 (η − u2)R12(u1 + u2 − η)L1(u1)
1

K−(u1)L
−1

1 (η − u1)R12(u1 − u2) =

=
2

L(u2)R12(u1 + u2 − η)
1

L(u1)R12(u1 − u2)
	 [/U)�/k_WVXe[�d�U gA[/i �\U � lFc��4�/i/�\U	a)�/[/X«Y?Xhc��4XegAk���lFU)l�

TS(u) = TrK+(u)L(u) = TrK+(u)L(u)K−(u)L−1(η − u) ` ! �_a
*±gAi g)[\U)�/keW Xe[<dsU%gA[/i �/f�l7aAdOd-�7gAi/[F��� g¥�/[4i [\U%n_�/f%$ n_�\U©j/X_�/i�� $

u
�OªKj/Xed�dOa "��4a��Fb)X �

Y'i4gA¬)k����/[/i��/aAdOa���i�khc?XZY?�3�/��X_�_a%�7Y'aAªAa c?¬A�/a��e[/aAdOa)n«Y'l+a)�_a�ªAfzj/i/k«c?X_�4i����4i/k_�4a%c?¬)ne���;��X_�_a
[\U)ªAXe�/keg)ª2U ` (%¶.a � ` ( �_a � ` ()·�a � ` (�!.a � ` !A¶�ah

TS(u1)TS(u2) = Tr1

1

K+(u1)
1

L(u1)Tr2

2

K+(u2)
2

L(u2) =

=Tr1

1

Kt1
+ (u1)

1

Lt1(u1)Tr2

2

K+(u2)
2

L(u2) = Tr12

1

Kt1
+ (u1)

2

K+(u2)
1

Lt1(u1)
2

L(u2) =

= ρ̃−1(u1 + u2 − η)Tr12

1

Kt1
+ (u1)

2

K+(u2)R
t2
12(−u1 − u2 − η)Rt1

12(u1 + u2 − η)×

×
1

Lt1(u1)
2

L(u2) = ρ̃−1Tr12{
1

Kt1
+ (u1)R12(−u1 − u2 − η)

2

Kt2
+ (u2)}

t2×

×{
1

L(u1)R12(u1 + u2 − η)
2

L(u2)}
t1 = ρ̃−1Tr12{

1

Kt1
+ (u1)R12(−u1 − u2 − η)

2

Kt2
+ (u2)}

t1t2×

×
1

L(u1)R12(u1 + u2 − η)
2

L(u2) = ρ̃−1ρ−1(u2 − u1)×

×Tr12{
1

Kt1
+ (u1)R12(−u1 − u2 − η)

2

Kt2
+ (u2)}

t1t2R12(u2 − u1)R12(u1 − u2)×

×
1

L(u1)R12(u1 + u2 − η)
2

L(u2) = ρ̃−1ρ−1×

×Tr12{R12(u2 − u1)
1

Kt1
+ (u1)R12(−u1 − u2 − η)

2

Kt2
+ (u2)}

t1t2×

×R12(u1 − u2)
1

L(u1)R12(u1 + u2 − η)
2

L(u2) = ρ̃−1ρ−1×

×Tr12{
2

Kt2
+ (u2)R12(−u1 − u2 − η)

1

Kt1
+ (u1)R12(u2 − u1)}

t1t2×

×
2

L(u2)R12(u1 + u2 − η)
1

L(u1)R12(u1 − u2) =

���



= ρ̃−1ρ−1Tr12

2

Kt2
+ (u2)R12(−u1 − u2 − η)

1

Kt1
+ (u1)R12(u2 − u1)×

×{
2

L(u2)R12(u1 + u2 − η)
1

L(u1)R12(u1 − u2)}
t1t2 =

= ρ̃−1ρ−1Tr12

2

Kt2
+ (u2)R12(−u1 − u2 − η)

1

Kt1
+ (u1)R12(u2 − u1)R12(u1 − u2)×

×{
2

L(u2)R12(u1 + u2 − η)
1

L(u1)}
t1t2 =

= ρ̃−1Tr12

2

Kt2
+ (u2)R12(−u1 − u2 − η)

1

Kt1
+ (u1){

2

L(u2)R12(u1 + u2 − η)
1

L(u1)}
t1t2 =

= ρ̃−1Tr12{
2

Kt2
+ (u2)R12(−u1 − u2 − η)

1

Kt1
+ (u1)}

t1{
2

L(u2)R12(u1 + u2 − η)
1

L(u1)}
t2 =

= ρ̃−1Tr12

2

Kt2
+ (u2)

1

K+(u1)R
t1
12(−u1 − u2 − η)Rt2

12(u1 + u2 − η)
2

Lt2(u2)
1

L(u1) =

=Tr12

2

Kt2
+ (u2)

1

K+(u1)
2

Lt2(u2)
1

L(u1) = Tr2

2

K+(u2)
2

L(u2)Tr1

1

K+(u1)
1

L(u1) =

= TS(u2)TS(u1)
� fzj/i/k«c?i/d�c?a)�hU)[4i/WVdOi/j/X_kel4�3�L�4[/aAi4n_ªAa Y?�4�3�<g)[\U)�/keWVX_[�dsU%g)[/i��/f¥�/[/i

u = η/2
� ^`aAk_l7a%c?¬��

l4�
K−(η/2) = shξ−

�\�/a c\�+j\U)X_d<i4n ` ! �_ah
TS

(η

2

)

= shξ−TrK+

(η

2

) ` !2��a

sh−1ξ−T ′

S

(η

2

)

= TrK ′

+

(η

2

)

+ 2TrK+

(η

2

)

L′

(η

2

)

L−1

(η

2

)

+ ` !A·.a
+sh−1ξ−TrK+

(η

2

)

L
(η

2

)

K ′

−

(η

2

)

L−1

(η

2

)

�Vke�/a%c\¬)n_��� ` ()�.a±i ` �)·.a �/�/a%c/�Fj/U)X_dz

TrK+

(η

2

)

L′

(η

2

)

L−1

(η

2

)

= sh−1ηTrK+

(η

2

)

N
∑

k=1

P01 . . . R′

0k(0) . . . P0NP0N . . . P01 =

` !�4#a
= sh−1ηTrK+

(η

2

)

N
∑

k=2

R′

k−1,k(0)Pk−1,k + sh−1ηTrK+

(η

2

)

R′

01(0)P01

TrK+

(η

2

)

L
(η

2

)

K ′

−

(η

2

)

L−1

(η

2

)

= TrK+

(η

2

)

P01 . . . P0NK ′

−

(η

2

)

P0N . . . P01 = ` !.(�a

=
N

K ′

−

(η

2

)

TrK+

(η

2

)

� aAbAi/[/U���ªAkeXVªAdOX_khgAX��?i�i/ke�/a%c?¬)ne��� ` (�4.a � ` (�(�a �/i ` ��(�a �/�/a c\�+j/i/dz

T−1

S

(η

2

)

T ′

S

(η

2

)

=
TrK ′

+

TrK+

∣

∣

∣

∣

u=
η

2

+
2

shη

N
∑

k=2

R′

k−1,k(0)Pk−1,k+ ` ! !.a

+
2TrK+R′

01(0)P01

shηTrK+

∣

∣

∣

∣

u=
η

2

+ sh−1ξ−
N

K ′

−

(η

2

)

=
shη

chη
+ N

chη

shη
+

�©�



+
1

shη

N
∑

k=2

(σx
k−1σ

x
k + σ

y
k−1

σ
y
k + chησz

k−1σ
z
k) + σz

1cthξ+ + σz
Ncthξ−

	-U)l4i/d aAbA[\U n aAd,�0�«U)dOi+c?¬ g)aA�/i\U)�¥�\U%��Xem¤dOa_Y'Xhc?i¥ªAfz[/U ";U)Xeg)k���j/X_[/Xhn�gA[\U%�/k_WVXe[ dsU%g)[/i��4�
� lFc��/�4i/�\U
U)�/U c?aA�ei/j/�/a ` �)��ah�
� fzj/i4khc?i4d g)X_�/Xe[/¬HdsU%gA[4i��4�

L−1(u)
� � &egAa)m �/X«c?¬�� [\U)k_kedOa)gA[4i/d l/ª2U)�4g)aAªAfzm Y'XhgAXe[��

dOi/�\U)�4g4
det

q
L(u) = D(u − η)A(u) − B(u − η)C(u) ` !.6�a

^V[4i
u = −η R

��dsU%gA[/i �\U	�/[/XeªA[\U���U)XhgAk���ª;a Y?�/aAdOX_[4�/fzm��4[/aAXel4gAaA[
P−

12



R12(−η) = shηP−

12 ≡
shη

2
(1 − P12), ` !A�.a

k��/a)dOa���¬�� l+a%gAaA[/a)�_a%�'U;g%U)l ";X k��4aAdOa���¬�� l7aAdOd-�7g%U��4i/aA�/�/f $�k_a)a)gA�/a%��X_�4i/m ` �©��aH� ` � ��a �l/ª2U)�4g)aAªAfzm�Y?XegAXe[/dOi/�\U)�Fg�dOa "
�/a;�4[/X«Y'khg%U%ªAi4gA¬�ª;ªAi+Y'X%

det
q

L(u) = Tr12P
−

12L1(u − η)L2(u) ` !A�.a
^Va)lFU "�Xed,��j4gAa�l/ª2U%�4gAaAª)fzmHY'XhgAXe[/dOi/�\U)�4g�l+a)dsd-�7g)i/[4�AXeg�k_a�ª)k_XedOi &«c?X_dOXe�4g%U%dOi�dsU%gA[4i��/f
dOaA�/a_Y'[/aAdOi/i��b1 c%� &eg)aA�_a��\U%dq�4aA�\U Y'a)bAi4gAk"� k«c?X«Y\���;��X_X�[\U%ªAX_�4kegAª)a%�SªAf¯g)X_lFU��/��X_X
i4n
a_Y��
�/aAdOX_[4�/aAkhgAi��/[/a)X_l4g)aA[\U

P−

12



P−

12A12P
−

12 = Tr12(P
−

12A12)P
−

12, ` 6)¶.a
l+a)g)aA[/aAX�k_�/[/U)ªAX«Y/c?i/ªAaHY/c��¤c+��b)aA�_a a)�/X_[\U gAaA[\U

A12 ∈ End(W1 ⊗ W2)
� � X_�ea �/aAdOa���¬��

i/dOX_Xedz
L3(v) det

q
L(u) = Tr12R12(−η)L3(v)L1(u − η)L2(u) =

= Tr12R12(−η)R13(u − v − η)L1(u − η)L3(v)R−1

13 (u − v − η)L2(u) =

= Tr12R12(−η)R13(u − v − η)L1(u − η)R23(u − v)L2(u)L3(v)×

×R−1

23 (u − v)R−1

13 (u − v − η) = Tr12R23(u − v)R13(u − v − η)×

×R12(−η)L1(u − η)L2(u)L3(v)R−1

23 (u − v)R−1

13 (u − v − η) =

= Tr12R23(u − v)R13(u − v − η)R12(−η)L2(u)L1(u − η)R12(−η)×

×L3(v)R−1

23 (u − v)R−1

13 (u − v − η) = Tr12R12(−η)L2(u)L1(u − η)×

×Tr12R23(u − v)R13(u − v − η)R12(−η)L3(v)R−1

23 (u − v)R−1

13 (u − v − η) =

= det
q

L(u)Tr12R12(−η)R13(u − v − η)R23(u − v)R12(−η)×

×L3(v)R12(−η)R−1

13 (u − v − η)R−1

23 (u − v)R12(−η) = det
q

L(u)×

×Tr12R12(−η)R13(u − v − η)R23(u − v)Tr12R12(−η)L3(v)R12(−η)×

×Tr12R12(−η)R−1

13 (u − v − η)R−1

23 (u − v) = det
q

L(u)×

×Tr12R12(−η)R13(u − v − η)R23(u − v)L3(v)Tr12R12(−η)R−1

13 (u − v − η)R−1

23 (u − v)
¨VazdOa "��/a¯�/[/aAª)X_[/i4g)¬%�©j4g)a dsU%g)[/i��/f

Tr12R12(−η)R13(u−v−η)R23(u−v)
i

Tr12R12(−η)R−1

13 (u−
v−η)R−1

23 (u−v)
l/[\U%g)�/f XZY'i/�/i/j4�/aAm��©iVª)n U)i/dO�/a�a)bA[\U%g)�/fzX��©�/a�&egAa)d-�`�/a%c\�+j\U%X_d

L3(v) detq L(u) =

� ·



detq L(u)L3(v)
� � X_�el+a�ªAi+Y'XhgA¬%�=jFgAa

detq L(u)
Y'X_m4kegAª%�2Xhg�ª�l/ª2U%�4gAaAª)aAd¡�/[/aAkhgA[\U%�/kegAªAX	�\U��

��X_m�k_i/khgAX_dOf lFU)l�aA�/Xe[\U%gAa)[���l4[\U%gA�4fzmKX«Y?i/�/i/j/�4aAd-�A� 1�X_m4kegAª)i4gAXhc?¬A�/a%� &hgAa��4[/aAkeg)[\U)�4kegAªAa
�\U%g��/�4�7gAa��\U�ªAXel4gAa)[/f ªAi+Y'U ` ·A��a �8U�Y'Xem/keg)ª)���¥�\U��4i $

detq L(u)
�Si �/a%c\¬)n_���4k_¬�l7aAdOd-�7g%U_�

gAi/ªA�4aAkeg)¬����?�/a%c\�+j/i4dz
det

q
L(u)Φ = B(v1) . . . B(vn) det

q
L(u)w+ = aN(u)bN(u − η)Φ

	-U)l4i/dLaAbA[\U n aAd,�Cª��\U ��X_dx�/[/XZY'keg U)ª%c?Xe�/i/i
detq L(u) = aN(u − η/2)bN(u − 3η/2)

��^`a%c?¬��
n_���/ke¬
l7aAdOd-�7g%U��4i/aA�/�/f¯dsi�keaAa)gA�4a)��Xe�/i��/dOi ` �©¶.a � ` � �_a �/[4i u − v = −η

�/�/a%c\�+j/i4dz

σLt(u − η)σL(u) =

(

D(u − η) −B(u − η)
−C(u − η) A(u − η)

)(

A(u) B(u)
C(u) D(u)

)

= ` 6 �_a

=

(

D(u − η)A(u) − B(u − η)C(u) D(u − η)B(u) − B(u − η)D(u)
A(u − η)C(u) − C(u − η)A(u) A(u − η)D(u) − C(u − η)B(u)

)

=

= det
q

L(u)

(

1 0
0 1

)

�`l7aA�/j/U%gAX«c?¬A�/a
i/dOXeX_d<k«c?X«Y?�3�;��X_X�ªAfz[/U "�X_�/i4XvY\c%�
L−1(u)



L−1(u) =
σLt(u − η)σ

detq L(u)
` 6A��a

��U)dOXeg)i/d,�/j4g)a	&eg)��WVaA[/d-�©c/��dOa "
�/a��/a%c/�Fj4i4gA¬	�eaA[\U%n«Y'a;bAfzkhgA[/XeX��\i/k_�/a c?¬)ne���O�4ªA�/aAXv�/[4X«Y��
keg U)ª%c?Xe�/i/X�dsU%gA[4i��/f dOaA�/a_Y'[/aAdOi/i ` (%�.a �)U�g U)l "�X��)k_a)a)gA�4a)��Xe�/i��;�+�/i4g U)[/�/aAkhgAi ` ( ��a0i�l/[/aAk �k_i/�/�«U ` (A��a«

L−1(u) = R−1

0N

(

u −
η

2

)

. . . R−1

01

(

u −
η

2

)

=

=sh−N
(

u +
η

2

)

sh−N

(

3η

2
− u

)

R0N

(η

2
− u
)

. . . R01

(η

2
− u
)

=

=sh−N
(

u +
η

2

)

sh−N

(

3η

2
− u

)

σRt0
0N

(

u −
3η

2

)

. . . Rt0
01

(

u −
3η

2

)

σ =

=sh−N
(

u +
η

2

)

sh−N

(

3η

2
− u

)

σLt (u − η) σ

�¡YCU c?¬A�4X_m4��X_d¡� Y?aAbA�/a��/Xe[/X_a)�/[/X«Y?Xhc?i4g2¬�dsU%g)[/i��4��dOaA�4a Y'[/a)dOi/i � lFc��4�/i/�\U��C�FdO�4a "
i/ª�XeX
�\U

detq L(u)


L(u) = L(u)K−(u)σLt(−u)σ ` 6)·.a
� fz�/i4��X_d �/ª)�/fzX ª)fz[\U "�X_�4i���Y\c%��X_X�&hc?XedOX_�4gAa)ª/

A(u) = sh
(

u −
η

2
+ ξ−

)

A(u)D(−u) − sh
(

u −
η

2
− ξ−

)

B(u)C(−u) ` 6�4#a

B(u) = −sh
(

u −
η

2
+ ξ−

)

A(u)B(−u) − sh
(

u −
η

2
− ξ−

)

B(u)A(−u) ` 6�(�a
C(u) = sh

(

u −
η

2
+ ξ−

)

C(u)D(−u) − sh
(

u −
η

2
− ξ−

)

D(u)C(−u) ` 6 !.a
D(u) = −sh

(

u −
η

2
+ ξ−

)

C(u)B(−u) − sh
(

u −
η

2
− ξ−

)

D(u)A(−u), ` 6�6�a
�=4



U�g U)l "�X�Y\c���gA[\U)�4k_WVX_[�dsU gA[/i��4f � lFc��4�/i/�\U4
TS(u) = sh

(

u +
η

2
+ ξ+

)

A(u) − sh
(

u +
η

2
− ξ+

)

D(u) ` 6)�.a
	@Xe�/X_[/¬�dOf�dOa "�X_d¡aA�4[/X«Y'X«c?i4gA¬�k_a)bAkeg)ªAX_�/�4fzX	n �\U©j/X_�/i�� iKkeaAbAkhgAªAXe�/�/fzX
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C(u)w+ = 0 ` 6)�.a
A(u)w+ = α(u)w+ ` �A¶.a
D(u)w+ = δ(u)w+, ` � �_a

� Y?X
α(u) = sh

(

u −
η

2
+ ξ−

)

aN(u)bN(−u) ` �2��a

δ(u) = −

(

sh
(

u −
η

2
+ ξ−

) c(2u)

b(2u)
+ sh

(

u −
η

2
− ξ−

)

)

aN(−u)bN(u)+ ` �A·.a

+sh
(

u −
η

2
+ ξ−

) c(2u)

b(2u)
aN(u)bN(−u)
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A(u)B(v) =
sh(u − v − η)sh(u + v − η)

sh(u − v)sh(u + v)
B(v)A(u)+ ` ��4#a

+
sh(η)sh(u + v − η)

sh(u − v)sh(u + v)
B(u)A(v) −

shη

sh(u + v)
B(u)D(v)

D(u)B(v) = −
2sh2ηch2η

sh(u − v)sh(u + v)
B(v)A(u)+ ` ��(�a

+
sh(u − v + η)sh(u + v + η)

sh(u − v)sh(u + v)
B(v)D(u) −

sh(u − v + 2η)shη

sh(u − v)sh(u + v)
B(u)A(v)−

−
shηsh(u + v + η)

sh(u − v)sh(u + v)
B(u)D(v)

^VXe[/Xem+Y'X_d�l aA�4X_[\U%g)aA[4� ♥D(u) = D(u)sh2u − A(u)shη
�8T`aAdOd-�7g%U��4i/aA�/�/fzX�keaAa)g)�/a)��Xe�/i��

�/[/i�&egAa)d �F�4[/a���U��~gAk"��

A(u)B(v) =
sh(u − v − η)sh(u + v − η)

sh(u − v)sh(u + v)
B(v)A(u)+ ` ��!.a

+
sh(η)sh(2v − η)

sh(u − v)sh(2v)
B(u)A(v) −

shη

sh(u + v)sh2v
B(u)♥D(v)

♥D(u)B(v) =
sh(u − v + η)sh(u + v + η)

sh(u − v)sh(u + v)
B(v)♥D(u)+ ` �.6�a

+
shηsh(2u + η)sh(2v − η)

sh2vsh(u + v)
B(u)A(v) −

shηsh(2u + η)

sh(u − v)sh(2v)
B(u)♥D(v)
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TS(u) =

sh(2u + η)

sh2u
sh
(

u −
η

2
+ ξ+

)

A(u) −
1

sh2u
sh
(

u +
η

2
− ξ+

)

D(u) ` �A�.a
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Φ = B(v1) . . .B(vn)w+ ` �A�.a
1�Xem/khgAª)�����\U	&hgAa)g
ªAX_l4g)aA[�gA[/U)�/k_WVXe[�dsU%gA[4i��/X_mb�'�/a c\�+j/i/dz

TS(u)Φ =

(

sh(2u + η)

sh2u
sh
(

u −
η

2
+ ξ+

)

∆+(u)
N
∏

m=1

sh(u − vm − η)sh(u + vm − η)

sh(u − vm)sh(u + vm)
−

` �A¶.a
−

1

sh2u
sh
(

u +
η

2
− ξ+

)

∆−(u)
N
∏

m=1

sh(u − vm + η)sh(u + vm + η)

sh(u − vm)sh(u + vm)

)

Φ + . . .

� Y?X
∆+(u) = α(u), ∆−(u) = δ(u)sh2η − α(u)shη ` � �_a
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−
sh
(

vm − η

2
+ ξ+

)

sh
(

vm + η

2
− ξ+

)

sh(2vm − η)∆+(vm)

∆−(vm)
=

N
∏

k = 1
k 6= m

sh(vm − vk + η)sh(vm + vk + η)

sh(vm − vk − η)sh(vm + vk − η)
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