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÷×ÅÄÅÎÉÅ.

òÁÓÓÍÏÔÒÉÍ ÓËÁÌÑÒÎÏÅ ÐÏÌÅ �(r; t), ÐÏÄÞÉÎÑÀÝÉÅÓÑ ÓÌÅÄÕÀÝÅÍÕ ÕÒÁ×-
ÎÅÎÉÀ:

@t� + (�v∇�) = �∇2�
üÔÏ ÕÒÁ×ÎÅÎÉÅ ÎÁ ÔÁË ÎÁÚÙ×ÁÅÍÙÊ ÐÁÓÓÉ×ÎÙÊ ÓËÁÌÑÒ. ïÎÏ ÏÐÉÓÙ-

×ÁÅÔ, ÎÁÐÒÉÍÅÒ, ÐÅÒÅÍÅÛÉ×ÁÎÉÅ ÒÁÚÌÉÞÎÙÈ ÄÏÂÁ×ÏË × ÖÉÄËÏÓÔØ ÚÁ ÓÞÅÔ
Å£ ÔÅÒÍÏÄÉÎÁÍÉÞÓËÏÇÏ Ä×ÉÖÅÎÉÑ. (� - ÍÏÖÅÔ ÂÙÔØ ÔÅÍÐÅÒÁÔÕÒÏÊ ÉÌÉ
ËÏÎÃÅÎÔÒÁÃÉÅÊ ÐÒÉÍÅÓÉ). "ðÁÓÓÉ×ÎÙÊ" ÏÚÎÁÞÁÅÔ, ÞÔÏ ÅÇÏ ÏÂÒÁÔÎÏÊ ÒÅ-
ÁËÃÉÅÊ ÎÁ ÖÉÄËÏÓÔØ ÍÏÖÎÏ ÐÒÅÎÅÂÒÅÞØ. íÙ ÔÁËÖÅ ÐÒÅÄÐÏÌÁÇÁÅÍ ÚÄÅÓØ,
ÞÔÏ ÖÉÄËÏÓÔØ ÎÅÓÖÉÍÁÅÍÁ:

∇�v = 0
÷ ÒÑÄÅ ÚÁÄÁÞ ÍÏÖÅÔ ÐÒÉÓÕÔÓÔ×Ï×ÁÔØ ÅÝ£ É ×ÎÅÛÎÅÅ ×ÏÚÄÅÊÓÔ×ÉÅ �(r; t),

ÔÁË ÎÁÚÙ×ÁÅÍÁÑ "ÎÁËÁÞËÁ". õÒÁ×ÎÅÎÉÅ ÎÁ ÓËÁÌÑÒ × ÜÔÏÍ ÓÌÕÞÁÅ ×ÙÇÌÑÄÉÔ
ÔÁË:

(@t + �v∇− �∇2)� = �
ðÕÓÔØ l - ÄÌÉÎÁ ËÏÒÒÅÌÑÃÉÉ ÎÁÛÅÊ ÎÁËÁÞËÉ �, ÒÁÓÓÍÏÔÒÉÍ ÓÔÁÔÉÓÔÉËÕ

ÐÁÓÓÉ×ÎÏÇÏ ÓËÁÌÑÒÁ ÎÁ ÍÁÓÛÔÁÂÁÈ r << l, Á ÉÍÅÎÎÏ ÒÁÓÓÍÏÔÒÉÍ ËÏÒÒÅ-
ÌÑÔÏÒ

< (�(r; t)− �(0; t))2n >
ÇÄÅ ÕÓÒÅÄÎÅÎÉÅ ÐÒÏÉÚ×ÏÄÉÔÓÑ É ÐÏ ÎÁËÁÞËÅ É ÐÏ ÓËÏÒÏÓÔÉ. óÕÝÅ-

ÓÔ×ÕÅÔ ÐÒÅÄÐÏÌÏÖÅÎÉÅ, ÞÔÏ

< (�(r; t)− �(0; t))2n >∼ r�2n

ÐÒÉ n >> ln r
rd , ÃÅÌØÀ ÄÁÎÎÏÊ ÒÁÂÏÔÙ Ñ×ÌÑÅÔÓÑ ÏÐÒÅÄÅÌÅÎÉÅ ÜÔÏÊ ÓÔÅ-

ÐÅÎÉ �2n × Ä×ÕÍÅÒÎÏÍ ÓÌÕÞÁÅ.
äÌÑ ÎÁÞÁÌÁ ××ÅÄÅÍ ÐÏÎÑÔÉÅ ìÁÇÒÁÎÖÅ×ÏÊ ÔÒÁÅËÔÏÒÉÉ, ×ÄÏÌØ ËÏÔÏÒÙÈ

Ä×ÉÖÕÔÓÑ ÞÁÓÔÉÃÙ, ÜÔÉ ÔÒÁÅËÔÏÒÉÉ ÏÐÒÅÄÅÌÑÀÔÓÑ ÕÒÁ×ÎÅÎÉÅÍ:

@tX = v(t;X)

ïÔÓÀÄÁ ÄÌÑ ×ÅËÔÏÒÁ �X, ËÏÎÃÙ ËÏÔÏÒÏÇÏ Ä×ÉÖÕÔÓÑ ÐÏ Ä×ÕÍ ÂÌÉÚËÉÍ
ÌÁÇÒÁÎÖÅ×ÙÍ ÔÒÁÅËÔÏÒÉÑÍ, ÉÍÅÅÍ

�X� = ���(t)�X�
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ÇÄÅ
���(t) = ∇�v�(t;X)

ÒÅÛÅÎÉÅ ÜÔÏÇÏ ÕÒÁ×ÎÅÎÉÑ ÍÏÖÎÏ ÓÉÍ×ÏÌÉÞÅÓËÉ ÚÁÐÉÓÁÔØ × ×ÉÄÅ:

�X(t) = W (t; t0)�X(t0)

ÇÄÅ W - ÈÒÏÎÏÌÏÇÉÞÅÓËÉ ÕÐÏÒÑÄÏÞÅÎÎÁÑ ÜËÓÐÏÎÅÎÔÁ:

W (t; t0) = Te
tR
t0
d��(�)

ÚÁÍÅÔÉÍ, ËÓÔÁÔÉ, ÔÁËÖÅ, ÞÔÏ W ÕÄÏ×ÌÅÔ×ÏÒÑÅÔ:

@tW = �W

Ó ÎÁÞÁÌØÎÙÍ ÕÓÌÏ×ÉÅÍ
W (t0; t0) = 1

ÚÁÍÅÔÉÍ, ÞÔÏ ÕÓÌÏ×ÉÅ ÎÅÓÖÉÍÁÅÍÏÓÔÉ ÚÁÐÉÛÅÔÓÑ ËÁË ��� = 0 É detW =
1 ôÅÐÅÒØ ×ÅÒÎÅÍÓÑ Ë ÎÁÛÅÍÕ ÕÒÁ×ÎÅÎÉÀ, É ÒÁÓÓÍÏÔÒÉÍ ÎÁÛ ÓËÁÌÑÒ ×ÂÌÉÚÉ
ÎÅËÏÔÏÒÏÊ ìÁÇÒÁÎÖÅ×ÏÊ ÔÒÁÅËÔÏÒÉÉ X(t), É ÒÁÚÌÏÖÉÍ ÐÏÌÅ ÓËÏÒÏÓÔÉ v
× ÒÑÄ ôÅÊÌÏÒÁ, ÍÙ ÐÏÌÕÞÉÍ:

@t� + (@tX + �(r −X))∇� = �∇2� + �

äÅÌÁÅÍ ÐÒÅÏÂÒÁÚÏ×ÁÎÉÅ æÕÒØÅ ÐÏ ÆÏÒÍÕÌÅ:

� =
∫ d2k

(2�)2 e
ik(r−X)�(k)

íÙ ÐÏÌÕÞÉÍ:

@t�(k)−
(
k� @
@k

)
�(k) + �k2�(k) = �(k)

òÅÛÅÎÉÅÍ ÜÔÏÇÏ ÕÒÁ×ÎÅÎÉÑ Ñ×ÌÑÅÔÓÑ [1] :

�k =
∞∫

0

dt′�(t− t′;W−1;T (t′)k)e
−�

t′R
0
d�kW−1(�)W−1;T (�)k
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ðÁÒÎÁÑ ËÏÒÒÅÌÑÃÉÑ ÂÅÚ ÄÉÆÆÕÚÉÉ.

ôÅÐÅÒØ ÐÒÉÓÔÕÐÉÍ ÎÅÐÏÓÒÅÄÓÔ×ÅÎÎÏ Ë ×ÙÞÉÓÌÅÎÉÀ ËÏÒÒÅÌÑÔÏÒÏ×. ðÕÓÔØ
ÎÁÛÁ ÎÁËÁÞËÁ ÔÁËÏ×Á, ÞÔÏ ÄÌÑ ÎÅ£ ÓÐÒÁ×ÅÄÌÉ×Ï:

< �(r1; t1)�(r2; t2) >= �(t1 − t2)�(r1 − r2)

ÇÄÅ ËÏÒÒÅÌÑÃÉÑ ÐÏ ÒÁÓÓÔÏÑÎÉÀ ÉÍÅÅÔ ÇÁÕÓÓÏ×Õ ÆÏÒÍÕ:

�(r) = �0
l2 e

− r2
l2

äÌÑ ÎÁÞÁÌÁ ÐÏÓÞÉÔÁÅÍ ËÏÒÒÅÌÑÔÏÒ ÂÅÚ ÄÉÆÆÕÚÉÉ. îÁÞÎÅÍ Ó ×ÙÒÁÖÅ-
ÎÉÑ ÄÌÑ ÓËÁÌÑÒÁ:

�(r; t) =
∞∫

0

dt′�(t− t′;W (t′)r)

éÍÅÅÍ:

K(r) =< �(r; t)�(0; t) >=
∞∫

0

∞∫

0

dt1dt2 < �(t− t1;W (t1)r)�(t− t2; 0) >

õÓÒÅÄÎÉ× ÐÏ ÎÁËÁÞËÅ, ÍÙ ÐÏÌÕÞÉÍ:

K(r) =
∞∫

0

∞∫

0

dt1dt2�(t1 − t2)�(W (t1)r)

éÔÏÇÏ:

K(r) = �0
l2

∞∫

0

dt < e−
|W (t)r|2

l2 >= �0
l2

∞∫

0

dt < e−
rWT (t)W (t)r

l2 >

äÌÑ ÍÁÔÒÉÃÙ W ÉÓÐÏÌØÚÕÅÍ ÐÒÅÄÓÔÁ×ÌÅÎÉÅ:

W = OPT =
(
cos� sin�
−sin� cos�

)(
e� 0
0 e−�

)(
1 �
0 1

)
=

(
e�cos� �e�cos�+ e−�sin�
−sin�e� −�sin�e� + e−�cos�

)

ðÏÌÏÖÉÍ:
�r = r

(
1
0

)
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éÔÏÇÏ:

K(r) = �0
l2

∞∫

0

dt < e− r2
l2 e

2� >

é ÍÙ ÕÓÒÅÄÎÑÅÍ ÐÏ �, ÉÓÐÏÌØÚÕÑ ÆÕÎËÃÉÀ ÒÁÓÐÒÅÄÅÌÅÎÉÑ [4]:

P (�; t) ∼
√

2
��te

− (�−�t)2
2�t

÷×ÅÄÅÍ ÔÕÔ ÓÒÁÚÕ Ä×Å ËÏÎÓÔÁÎÔÙ, ËÏÔÏÒÙÅ ÐÏÎÁÄÏÂÑÔÓÑ ÎÁÍ × ÂÕÄÕ-
ÀÝÅÍ:

r2
d = �

�

�2 = 8r
2
d
l2

ðÏÌÕÞÁÀÝÉÊÓÑ ÉÎÔÅÇÒÁÌ:

�0
l2

∞∫

0

∞∫

0

dtd�
√

2
��te

− r2
l2 e

2�− (�−�t)2
2�t

÷ÏÚØÍÅÍ ÍÅÔÏÄÏÍ ÐÅÒÅ×ÁÌÁ. æÕÎËÃÉÑ:

−(�− �t)2

2�t = − �2

2�t + �− �t
2

éÍÅÅÔ ÜËÓÔÒÅÍÕÍ ÐÒÉ:
t = �

�
òÁÓËÌÁÄÙ×ÁÑ × Ó ÔÏÞÎÏÓÔØÀ ÄÏ ÞÌÅÎÏ× ×ÔÏÒÏÇÏ ÐÏÒÑÄËÁ, ÐÏÌÕÞÁÅÍ:

−�
2

2�
(
t− �

�
)2

ôÁËÉÍ ÏÂÒÁÚÏÍ, ÐÏÓÌÅ ÉÎÔÅÇÒÉÒÏ×ÁÎÉÑ ÐÏ t, ÍÙ ÐÏÌÕÞÁÅÍ:

�0
�l2

∞∫

0

d�e− r2
l2 e

2�
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ôÁË ËÁË × ÎÁÛÅÍ ÓÌÕÞÁÅ r << l, ÔÏ ÉÎÔÅÇÒÁÌ ÎÁÂÉÒÁÅÔÓÑ × ÉÎÔÅÒ×ÁÌÅ
ÏÔ ÎÕÌÑ ÄÏ ÚÎÁÞÅÎÉÑ �, ÕÄÏ×ÌÅÔ×ÏÒÑÀÝÅÇÏ e2� ∼ l2

r2 , ÉÌÉ � ∼ ln l
r , ÔÁËÉÍ

ÏÂÒÁÚÏÍ Ó ÌÏÇÁÒÉÆÍÉÞÅÓËÏÊ ÔÏÞÎÏÓÔØÀ:

K(r) ∼ �0
�l2 ln l

r

ðÁÒÎÁÑ ËÏÒÒÅÌÑÃÉÑ Ó ÄÉÆÆÕÚÉÅÊ.

éÔÁË, ÄÏÂÁ×ÉÍ ÔÅÐÅÒØ × ÎÁÛÕ ÍÏÄÅÌØ ÄÉÆÆÕÚÉÀ. óÔÁÒÔÕÅÍ Ó ×ÙÒÁ-
ÖÅÎÉÑ ÄÌÑ ÆÕÒØÅ ËÏÍÐÏÎÅÎÔÙ ÒÅÛÅÎÉÑ ÕÒÁ×ÎÅÎÉÑ ÎÁ ÐÁÓÓÉ×ÎÙÊ ÓËÁÌÑÒ.

�k =
∞∫

0

dt′�(t− t′;W−1;T (t′)k)e
−�

t′R
0
d�kW−1(�)W−1;T (�)k

äÅÌÁÅÍ ÐÒÅÏÂÒÁÚÏ×ÁÎÉÅ æÕÒØÅ:

�(r; t) =
∫ ∫ d2k

(2�)2dt
′eikr�(t− t′;W−1;T (t′)k)e

−�
t′R
0
d�kW−1(�)W−1;T (�)k

äÅÌÁÅÍ ÚÁÍÅÎÕ ËÏÏÒÄÉÎÁÔ:

q = W−1;T (t′)k

é, ×ÓÐÏÍÉÎÁÑ, ÞÔÏ detW = 1, ÐÏÌÕÞÁÅÍ:

�(r; t) =
∫ ∫ d2q

(2�)2dt
′eiqTW (t′)r�(t− t′; q)e

−�
t′R
0
d�qTW (t′)W−1(�)W−1;T (�)WT (t′)q

ïÂÏÚÎÁÞÁÑ:

I(t) = W (t)




t∫

0

d�W−1(�)W−1;T (�)


W T (t)

ÍÙ ÐÏÌÕÞÁÅÍ, ÐÏÓÌÅ ÐÅÒÅÏÂÏÚÎÁÞÅÎÉÊ:

�(r; t) =
∫ ∫ k2q

(2�)2dt
′�(t− t′; k)eikTW (t′)r−�kT I(t′)k
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ÎÁËÏÎÅÃ, ÚÁÍÅÔÉÍ, ÞÔÏ:

�(t− t′; k) =
∫
d2r1e−ikr1�(t− t′; r1)

É ÐÏÌÕÞÉÍ ÏËÏÎÞÁÔÅÌØÎÕÀ ÆÏÒÍÕÌÕ:

�(r; t) =
∫ ∫ ∫ d3k

(2�)2dt
′d2r1�(t− t′; r1)e−ikr1+ikWr−�kI(t′)k

ó ÐÏÍÏÝØÀ ÜÔÏÊ ÆÏÒÍÕÌÙ ÐÏÓÞÉÔÁÅÍ ËÏÒÒÅÌÑÔÏÒ, ÐÉÛÅÍ:

�(r1; t1) =
∫ ∫ ∫ d3k′

(2�)2dt
′d2r′�(t1 − t′; r′)e−ik′r′+ik′Wr1−�k′I(t′)k′

�(r1; t1) =
∫ ∫ ∫ d3k′′

(2�)2dt
′′d2r′′�(t2 − t′′; r′′)e−ik′′r′′+ik′′Wr2−�k′′I(t′′)k′′

< �(t1 − t′; r′)�(t2 − t′′; r′′) >= �(t1 − t2 + t′′ − t′)�(r′ − r′′)

�(r) = �0
l2 e

− r2
l2

ðÏÄÓÔÁ×ÌÑÅÍ ÜÔÏ ×Ó£ × ËÏÒÒÅÌÑÔÏÒ:

< �(r1; t1)�(r2; t2) >

÷ ÒÅÚÕÌØÔÁÔÅ ÍÙ ÐÏÌÕÞÉÍ (ÐÏÓÌÅ ÉÎÔÅÇÒÉÒÏ×ÁÎÉÑ ÐÏ ÏÄÎÏÍÕ ÉÚ ×ÒÅ-
Í£Î É ÚÁÍÅÎÙ ÐÅÒÅÍÅÎÎÏÊ):

�0
l2

∫ d3k′
(2�)2

d3k′′
(2�)2dtd

2r′d2r′′e−
(r′−r′′)2

l2 −ik′r′−ik′′r′′+ik′Wr1+ik′′Wr2−�k′I(t−t2)k′−�k′′I(t−t1)k′′

óÎÁÞÁÌÁ ÐÒÏÉÎÔÅÇÒÉÒÕÅÍ ÐÏ r′ É r′′ :
∫
e−

(r′)2
l2 +2 r′r′′l2 − (r′′)2

l2 −ik′r′−ik′′r′′d2r′d2r′′ = �l2(2�)2�(k′′ + k′)e− l2(k′′)2
4

ÐÒÏÉÎÔÅÇÒÉÒÏ×Á× ÐÏ ÏÄÎÏÍÕ ÉÚ k É ÓÄÅÌÁ× ÚÁÍÅÎÕ ÐÅÒÅÍÅÎÎÏÊ, ÐÏÌÕ-
ÞÁÅÍ:

< �(r1; t1)�(r2; t2) >= �0�
∞∫

max(t1;t2)

d� d2k
(2�)2 e

ikW (r1−r2)e− 1
4k(l2+4�I(�−t1)+4�I(�−t2))k
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éÓÐÏÌØÚÕÅÍ ÆÏÒÍÕÌÕ ÄÌÑ ÇÁÕÓÓÏ×ÙÈ ÉÎÔÅÇÒÁÌÏ×:
∫
e− 1

2kTMk+ikTAd2k = 2�√
detM

e− 1
2ATM−1A

÷ ÒÅÚÕÌØÔÁÔÅ ÍÙ ÐÏÌÕÞÉÍ ÏËÏÎÞÁÔÅÌØÎÕÀ ÆÏÒÍÕÌÕ ÄÌÑ ÎÁÛÅÇÏ ËÏÒ-
ÒÅÌÑÔÏÒÁ:

< �(r1; t1)�(r2; t2) >= �0

∞∫

max(t1;t2)

d� e
−(r1−r2)WTG−1W (r1−r2)

√
detG

ÇÄÅ:
G = l2 + 4�I(� − t1) + 4�I(� − t2)

÷ ÞÁÓÔÎÏÍ ÓÌÕÞÁÅ:

< �(r; t)�(r′; t) >= �0

∞∫

0

d� < e−(r−r′)WT 1
l2+8�I(�)W (r−r′)

√
det(l2 + 8�I(�))

>

óÔÒÕËÔÕÒÎÁÑ ÆÕÎËÃÉÑ S2.

íÙ ÐÉÛÅÍ:

< (�(r; t)−�(r′; t))2 >=< �(r; t)�(r; t) > −2 < �(r; t)�(r′; t) > + < �(r′; t)�(r′; t) >

éÔÏÇÏ:

< (�(r; t)− �(r′; t))2 >= 2�0

∞∫

0

d� < 1− e−(r−r′)WT 1
l2+8�I(�)W (r−r′)

√
det(l2 + 8�I(�))

>

ïÃÅÎÉÍ ÜÔÏÔ ËÏÒÒÅÌÑÔÏÒ, ÄÌÑ ÜÔÏÇÏ ÐÅÒÅÐÉÛÅÍ ÅÇÏ × ÄÒÕÇÏÊ ÆÏÒÍÅ
(ÜÔÏ ÍÏÖÎÏ ÚÄÅÌÁÔØ ÔÁË ËÁË detW=1) :

< (�(r; t)− �(0; t))2 >= 2�0

∞∫

0

d� < 1− e−rG−1r
√
detG

>

ðÒÉÂÌÉÖÅÎÎÏ ÉÍÅÅÍ [2]:

G = OT
(
e2� 0
0 Pe−2 + e−2�

)
O ≈ OT

(
e2� 0
0 max(Pe−2; e−2�)

)
O
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çÄÅ
O =

(
cos� sin�
−sin� cos�

)

÷Ù×ÏÄ ÜÔÏÇÏ ×ÙÒÁÖÅÎÉÑ ÓÌÅÄÕÅÔ ÉÚ ×ÙÒÁÖÅÎÉÑ ÄÌÑ I(t), × ÏÂÝÅÍ
ÓÌÕÞÁÅ ÏÎÏ ÏÞÅÎØ ÇÒÏÍÏÚÄËÏ (ÅÓÌÉ ÉÓÐÏÌØÚÏ×ÁÔØ ÐÁÒÁÍÅÔÒÉÚÁÃÉÀ W =
OPT ):

I(t) = O(t)



e2�(t)

t∫
0
d�(e−2�(�) + e2�(�)(�(t)− �(�))2)

t∫
0
d�(�(t)− �(�))e2�(�)

t∫
0
d�(�(t)− �(�))e2�(�) e−2�(t)

t∫
0
d�e2�(�)


OT (t)

îÏ, ÓÏÇÌÁÓÎÏ [3] ÅÇÏ ÍÏÖÎÏ ÕÐÒÏÓÔÉÔØ:

I(t) ∼ e2�(t)

�

(
1 0
0 0

)

óÏÂÓÔ×ÅÎÎÏ, ×ÙÒÁÖÅÎÉÅ ÄÌÑ G ÓÌÅÄÕÅÔ ÉÚ:

l2 + �I(t) =
(
l2 + �

�e2� 0
0 l2

)
= l2

(
1 + Pe−2e2� 0

0 1

)

ðÏÌÏÖÉÍ:
r =

(
1
0

)

ðÕÓÔØ P (�; t) - ÆÕÎËÃÉÑ ÒÁÓÐÒÅÄÅÌÅÎÉÑ � × ÍÏÍÅÎÔ t , ÔÏÇÄÁ ÍÙ ÐÏÌÕ-
ÞÉÍ:

2�0

∫ ∫ ∫ 1− e− r2
2 (e−2�cos2�+ sin2�

n2 )

ne� P (�; t)d�2�dtd�

ÇÄÅ
n = max(Pe−1; e−�)

P (�; t) = Ce− (�−�t)2
2�t

ðÒÉÂÌÉÖÅÎÎÏ:

2�0

∫ ∫ ∫ 1− e− r2
2
sin2�
n2

ne� P (�; t)d�2�dtd�

9



ïÂÏÚÎÁÞÉÍ ÒÅÚÕÌØÔÁÔ ÉÎÔÅÇÒÉÒÏ×ÁÎÉÑ ÜËÓÐÏÎÅÎÔÙ ÐÏ � ÞÅÒÅÚ �(r=n)
ÏÞÅ×ÉÄÎÏ, ÞÔÏ ÐÒÉ r=n >> 1

�
( r
n

)
∼ n
r

ÔÁË ËÁË ÐÏÌÕÞÉÔÓÑ ÇÁÕÓÓÏ× ÉÎÔÅÇÒÁÌ, Á ÐÒÉ r=n << 1 ÏÞÅ×ÉÄÎÏ ××ÉÄÕ
ÍÁÌÏÓÔÉ ÜËÓÐÏÎÅÎÔÙ:

�
( r
n

)
∼ 1

äÁÌØÛÅ , ÅÓÌÉ ÍÙ P (�; t) ÒÁÚÌÏÖÉÍ ÏËÏÌÏ ÜËÓÔÒÅÍÕÍÁ, ÔÏ Õ ÍÅÎÑ ÐÏ-
ÌÕÞÉÌÏÓØ ÐÒÉÂÌÉÖÅÎÎÏ :

∫
P (�; t)dt ∼ 1

� = const

éÔÏÇÏ ÍÙ ÉÍÅÅÍ:
∼ 2�0

∫ 1− �
( r
n
)

ne� d�

óÏÏÔ×ÅÔÓÔ×ÅÎÎÏ ÐÒÉ � > lnPe

∼ 2�0

∫ 1− � (rPe)
Pe−1e� d�

âÕÄÅÔ ÜËÓÐÏÎÅÎÃÉÁÌØÎÙÊ ÓÐÁÄ, ÐÒÉ � < lnPe

∼ 2�0

∫
(1− � (re�))d�

é ÍÙ ÓÎÏ×Á ÒÁÓÓÍÁÔÒÉ×ÁÅÍ Ä×Á ×ÁÒÉÁÎÔÁ:
÷ÁÒÉÁÎÔ 1. � > ln(1=r), ÔÏÇÄÁ � ∼ 0
÷ÁÒÉÁÎÔ 2. � < ln(1=r), ÔÏÇÄÁ � ∼ 1
ôÁËÉÍ ÏÂÒÁÚÏÍ, ÉÎÔÅÇÒÁÌ ÎÁÂÉÒÁÅÔÓÑ ÏÔ lnPe ÄÏ ln(1=r) É ÍÙ ÐÏÌÕ-

ÞÉÍ:
∼ lnPe− ln 1

r = lnPer = ln r
rd

óÔÒÕËÔÕÒÎÁÑ ÆÕÎËÃÉÑ S2n.

äÌÑ ×Ù×ÏÄÁ ÎÕÖÎÏÊ ÎÁÍ ÆÏÒÍÕÌÙ, ÂÙÓÔÒÅÎØËÏ ÐÒÏÄÅÌÁÅÍ ÁÎÁÌÏÇÉÞ-
ÎÙÅ ×ÙËÌÁÄËÉ:

�(r; t)−�(r′; t) =
∫ ∫ ∫ d2k

(2�)2dt
′d2r1�(t−t′; r1)e−ikr1−�kI(t′)k(eikWr−eikWr′)
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ïÔÓÀÄÁ ÎÁÛ ËÏÒÒÅÌÑÔÏÒ ÉÍÅÅÔ ×ÉÄ:

< (�(r; t)−�(r′; t))2n >=
∫ ∫ ∫ 2n∏

i=1
< d2ki

(2�)2dtid
2ri�(t−ti; ri)e−ikiri−�kiI(ti)ki(eikiWr−eikiWr′) >

çÄÅ Ñ ÉÓÐÏÌØÚÏ×ÁÌ ÉÎÄÅËÓ:

i = 1:::2n

äÁÌØÛÅ ÕÄÏÂÎÅÅ ÂÕÄÅÔ ÉÓÐÏÌØÚÏ×ÁÔØ Ä×Á ÎÁÂÏÒÁ ÉÎÄÅËÓÏ× (ÄÌÑ ÔÅÏ-
ÒÅÍÙ ÷ÉËÁ)

i− > il; kl; l = 1:::n
ðÉÛÅÍ ÔÅÏÒÅÍÕ ÷ÉËÁ:

< �(t−t1; r1):::�(t−t2n; r2n) >=
∑

i;k
< �(t−ti1 ; ri1)�(t−tk1 ; rk1) > ::: < �(t−tin ; rin)�(t−tkn ; rkn) >

éÌÉ ÞÔÏ ÔÏÖÅ ÓÁÍÏÅ:
∑

i;k

∏

l
< �(t− til ; ril)�(t− tkl ; rkl) >

úÁÍÅÔÉÍ, ÞÔÏ ÞÉÓÌÏ ÓÌÁÇÁÅÍÙÈ × ÔÅÏÒÅÍÅ ÷ÉËÁ ÒÁ×ÎÏ:

(2n− 1)!!

éÔÏÇÏ ÐÏÄÓÔÁ×É× × ÉÓÈÏÄÎÕÀ ÆÏÒÍÕÌÕ É ×ÙÞÉÓÌÉ×, Ñ ÐÏÌÕÞÉÌ:

< (�(r; t)−�(r′; t))2n >= (2n−1)!!(2�0)n <




∞∫

0

d� 1− e−(r−r′)WT 1
l2+8�I(�)W (r−r′)

√
det(l2 + 8�I(�))



n

>

äÌÑ ÔÏÇÏ, ÞÔÏÂÙ ÏÃÅÎÉÔØ ÄÁÎÎÏÅ ×ÙÒÁÖÅÎÉÅ, ÐÉÛÅÍ:

< (�(r; t)− �(0; t))2 >= 2�0

∞∫

0

d� 1− e−rG−1r
√
detG

∼
td∫

tr

dt = �

ôÏ, ÞÔÏ ÎÁc ÉÎÔÅÒÅÓÕÅÔ:

< (�(r; t)−�(0; t))2n >= (2n−1)!!(2�0)n <




∞∫

0

d� 1− e−rW
T 1
l2+8�I(�)Wr

√
det(l2 + 8�I(�))



n

>
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ôÅÐÅÒØ ÚÁÐÉÛÅÍ ÜÔÏ ÔÁË:

< (�(r; t)− �(0; t))2n >= (2n− 1)!!(2�0)n < �n >

ó ÆÕÎËÃÉÅÊ ÒÁÓÐÒÅÄÅÌÅÎÉÑ:

P (�) ∼ 1√
��

e
(ln r

rd
−��)2

2�� = 1√
��

e
(�0−��)2

2��

ôÁËÉÍ ÏÂÒÁÚÏÍ, ÉÎÔÅÒÅÓÕÀÝÉÊ ÎÁÓ ÉÎÔÅÇÒÁÌ ÐÏÌÕÞÁÅÔÓÑ:

< (�(r; t)− �(0; t))2n >∼
∫
e(n− 1

2 ) ln �− (�0−��)2
2��

âÕÄÅÍ ÂÒÁÔØ ÜÔÏÔ ÉÎÔÅÇÒÁÌ ÍÅÔÏÄÏÍ ÐÅÒÅ×ÁÌÁ, ÏÂÏÚÎÁÞÉÍ:

F (�) = (n− 1
2) ln � − (�0 − ��)2

2��
äÒÕÇÉÍÉ ÓÌÏ×ÁÍÉ:

F (�) = n0 ln � − �2
0

2�� + ��0
� − �2�

2�
óÏÏÔ×ÅÔÓÔ×ÅÎÎÏ ÐÒÉÒÁ×ÎÉ×ÁÅÍ ÐÒÏÉÚ×ÏÄÎÕÀ Ë ÎÕÌÀ

0 = F ′(�) = n0
1
� + �2

0
2�� 2 −

�2

2�
ðÏÌÕÞÁÅÔÓÑ ÜÌÅÍÅÎÔÁÒÎÏÅ Ë×ÁÄÒÁÔÎÏÅ ÕÒÁ×ÎÅÎÉÅ

� 2 − 2�
�2 n0� − �2

0
�2 = 0

ïÔÓÀÄÁ

�0 = �
�2n0 +

√
�2

�4 n2
0 + �2

0
�4

ðÏÓÞÉÔÁÅÍ ÔÁËÖÅ:

1
�0

= �2

�2
0

(
−�
�2n0 +

√
�2

�4 n2
0 + �2

0
�4

)
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ïÔÓÀÄÁ

F (�0) = n0 ln
(

�
�2n0 +

√
�2

�4 n2
0 + �2

0
�4

)
+ ��0

� − n0

√
1 + �2�2

0
�2n2

0

ïÔÓÀÄÁ ÐÏÌÕÞÁÅÍ ÏËÏÎÞÁÔÅÌØÎÙÊ ÏÔ×ÅÔ:

< (�(r; t)− �(0; t))2n >∼ e
n0 ln

 
�
�2 n0+

r
�2
�4 n2

0+ �20
�4

!
+��0

� −n0

s
1+ �2�20

�2n2
0

îÁÐÏÍÎÀ ÚÄÅÓØ, ÞÔÏ
�0 = ln r

rd

áÎÁÌÉÚ ÏÂÝÅÊ ÆÏÒÍÕÌÙ.

òÁÓÓÍÏÔÒÉÍ Ä×Á ÐÒÏÔÉ×ÏÐÏÌÏÖÎÙÈ ÐÒÅÄÅÌØÎÙÈ ÓÌÕÞÁÑ:

óÌÕÞÁÊ 1. n << ln r
rd

ôÏÇÄÁ ÐÏËÁÚÁÔÅÌØ ÜËÓÐÏÎÅÎÔÙ ÒÁÓËÌÁÄÙ×ÁÅÍ ÐÏ ÍÁÌÏÍÕ ÐÁÒÁÍÅÔÒÕ n0
� ,

É ÍÙ ÐÏÌÕÞÁÅÍ:
F (�0) ≈ n0ln

�0
�

é ÏÔ×ÅÔ × ÎÁÛÅÊ ÚÁÄÁÞÅ:

< (�(r; t)− �(0; t))2n >∼
(�0
�

)n0
=

(1
� ln r

rd

)n

üÔÏÔ ÏÔ×ÅÔ É ÓÌÅÄÏ×ÁÌÏ ÏÖÉÄÁÔØ, ÔÁË ËÁË ÏÎ ÐÏÌÕÞÁÅÔÓÑ ÉÚ ÔÅÏÒÅÍÙ
÷ÉËÁ ÄÌÑ ÎÁÛÉÈ ÚÎÁÞÅÎÉÊ n << ln r

rd .

óÌÕÞÁÊ 2. n >> ln r
rd
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ôÅÐÅÒØ ÒÁÚÌÏÖÉÍÓÑ ÎÁÏÂÏÒÏÔ ÐÏ ÐÁÒÁÍÅÔÒÕ �
n0

, ÍÙ ÐÏÌÕÞÉÍ:

F (�0) ≈ n0 ln 2�n0
�2 + ��0

� − n0

ïÔÓÀÄÁ ÉÎÔÅÒÅÓÕÀÝÁÑ ÎÁÓ ÚÁ×ÉÓÉÍÏÓÔØ:

< (�(r; t)− �(0; t))2n >∼
( r
rd

) �
�

æÕÎËÃÉÑ ëÒÁÍÅÒÁ.

á ÄÁ×ÁÊÔÅ ÔÅÐÅÒØ ÒÁÓÓÍÏÔÒÉÍ ÜÔÏÔ ÓÌÕÞÁÊ Ó n >> ln r
rd × ÏÂÝÅÍ ×ÉÄÅ,

ÄÌÑ ÜÔÏÇÏ ÚÁÍÅÎÉÍ ÆÕÎËÃÉÀ ÒÁÓÐÒÅÄÅÌÅÎÉÑ

e
(�0−��)2

2��

îÁ ÆÕÎËÃÉÀ
e−tS( �t )

çÄÅ S(x) - ÔÁË ÎÁÚÙ×ÁÅÍÁÑ ÆÕÎËÃÉÑ ëÒÁÍÅÒÁ, ÉÌÉ ÜÎÔÒÏÐÉÑ. éÎÔÅÒÅ-
ÓÕÀÝÉÊ ÎÁÓ ÉÎÔÅÇÒÁÌ: ∫

d�en0 ln(�)−�S( �� )

ÏÐÑÔØ ÂÅÒÅÍ ÅÇÏ ÍÅÔÏÄÏÍ ÐÅÒÅ×ÁÌÁ, ÉÍÅÅÍ:

F (�) = n0 ln(�)− �S
(�
�
)

0 = F ′(�0) = n0
�0
− S

( �
�0

)
+ �
�0
S ′

( �
�0

)

ðÒÏÉÚ×ÅÄÅÍ ÚÁÍÅÎÕ
x = �

�0

ðÌÕÞÉÍ: n0
� x = S(x)− xS ′(x)

ðÒÅÄÐÏÌÏÖÉÍ, ÞÔÏ ÍÙ ÒÅÛÁÅÍ ÚÁÄÁÞÕ ÇÒÁÆÉÞÅÓËÉ, ÉÍÅÑ ××ÉÄÕ, ÞÔÏ
n0 >> �, ÔÏÇÄÁ ÓÌÅ×Á Õ ÎÁÓ ÂÕÄÅÔ ÐÏÞÔÉ ×ÅÒÔÉËÁÌØÎÁÑ ÐÒÑÍÁÑ, ÏÔËÕÄÁ
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ÚÁËÌÀÞÁÅÍ, ÞÔÏ ÚÎÁÞÅÎÉÅ x ÎÁÈÏÄÉÔÓÑ ÇÄÅ-ÔÏ × ÏËÒÅÓÎÏÓÔÉ ÎÕÌÑ. òÁÓËÌÁ-
ÄÙ×ÁÅÍÓÑ × ÏËÒÅÓÎÏÓÔÉ ÎÕÌÑ, ÐÏÌÕÞÁÅÍ:

n0
� x = S(0)− x2S ′′(0)

ïÔÓÀÄÁ ÐÒÉÍÅÒÎÏ
x ≈ �

n0
S(0)

úÁÐÉÓÙ×ÁÅÍ ×ÙÒÁÖÅÎÉÅ F (x):

F (x) = n0 ln n0
S(0) − n0 − n0

S ′(0)
S(0) x

ðÏÄÓÔÁ×É× ÎÁÊÄÅÎÎÙÊ x, ÐÏÌÕÞÉÍ:

F (x) = n0 ln n0
S(0) − n0 − �S ′(0)

ïÔÓÀÄÁ ÐÏÌÕÞÁÅÍ ÏÔ×ÅÔ ÄÌÑ ÉÎÔÅÒÅÓÕÀÝÅÊ ÎÁÓ ÚÁ×ÉÓÉÍÏÓÔÉ:

< (�(r; t)− �(0; t))2n >∼
( r
rd

)−S′(0)

ðÒÏ×ÅÒÉÍ ÐÏÌÕÞÅÎÎÙÊ ÏÔ×ÅÔ, ÄÌÑ ÜÔÏÇÏ ÐÏÄÓÔÁ×ÉÍ çÁÕÓÓÏ×Ï ÒÁÓÐÒÅ-
ÄÅÌÅÎÉÅ

e (�−�t)2
2�t = e

( �t−�)2t
2� = e−tS( �t )

ïÔÓÀÄÁ
S(x) = (x− �)2

2�

S ′(0) = − �
�

ïÔÓÀÄÁ ÐÏÌÕÞÁÅÍ

< (�(r; t)− �(0; t))2n >∼
( r
rd

) �
�

ôÏ ÅÓÔØ ÍÙ ÐÏÌÕÞÉÌÉ ÕÖÅ ÉÚ×ÅÓÔÎÙÊ ÎÁÍ ÒÅÚÕÌØÔÁÔ.
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