
Ïðåîáðàçîâàíèÿ Ôóðüå

Ì. À. Ñêâîðöîâ

Â ýòîé ëåêöèè îïðåäåëÿåòñÿ èíòåãðàëüíîå ïðåîáðàçîâàíèå Ôóðüå è èçó÷àþòñÿ åãî ñâîéñòâà.

Îáñóæäàåòñÿ ïðèìåíåíèå ïðåîáðàçîâàíèÿ Ôóðüå äëÿ ðåøåíèÿ äèôôåðåíöèàëüíûõ è èíòå-

ãðàëüíûõ óðàâíåíèé. Ðàññìàòðèâàåòñÿ ïðåîáðàçîâàíèå Ôóðüå äëÿ ïåðèîäè÷åñêèõ ôóíêöèé è

ôóíêöèé, îïðåäåëåííûõ íà ðåøåòêå.

I. ÂÂÅÄÅÍÈÅ

Îëèìïèàäíàÿ çàäà÷à. Ñîïðîòèâëåíèå ìåæäó äâóìÿ ñîñåäíèìè óçëàìè êâàäðàòíîé ñåòêè ñîïðîòèâëåíèé. Îò-
âåò: R/2. Ðåøàåòñÿ ïóòåì êîìáèíàöèè ðåøåíèÿ ñ èñòî÷íèêîì è ñî ñòîêîì. Ïðîáëåìà â òîì, êàê ïîñ÷èòàòü
ñîïðîòèâëåíèå ìåæäó ïðîèçâîëüíûìè óçëàìè.

II. ÍÅÏÐÅÐÛÂÍÎÅ ÏÐÅÎÁÐÀÇÎÂÀÍÈÅ ÔÓÐÜÅ

A. Îïðåäåëåíèå

Ïóñòü f(x) � ôóíêöèÿ êîîðäèíàòû x. ÏÔ:

f(x) =

∫ ∞

−∞
F (p) eipx

dp

2π
(1)

Îáðàòíîå ÏÔ äàåòñÿ ôîðìóëîé:

F (p) =

∫ ∞

−∞
f(x) e−ipx dx (2)

Ïîäñòàíîâêà (2) â (1) äàåò ðàçëîæåíèå δ-ôóíêöèè ïî ïëîñêèì âîëíàì:

f(x) =

∫
f(y) dy

∫
eip(x−y) dp

2π
=⇒ δ(x) =

∫
eipx

dp

2π
(3)

B. Ýëåìåíòàðíûå ñâîéñòâà

• Åñëè f(x) äåéñòâèòåëüíà, òî F (−p) = F ∗(p).

• ÔÏ ïðîèçâîäíîé:

f ′(x) 7→ ipF (p) (4)

• ÔÏ δ-ôóíêöèè:

δ(x) 7→ 1 (5)

• ÔÏ ôóíêöèè Ãàóññà:

e−ax2

7→
√

π

a
e−p2/4a (6)

Äâà ïîñëåäíèõ ïðèìåðà ãîâîðÿò î äóàëüíîñòè êîîðäèíàòíîãî è èìïóëüñíîãî ïðåäñòàâëåíèé. ×åì �óæå ôóíêöèÿ
â îäíîì � òåì øèðå â äðóãîì: ∆p∆x ∼ 1. Â êâàíòîâîé ìåõàíèêå ýòî ñòàíåò ñîîòíîøåíèåì íåîïðåäåëåííîñòè
Ãåéçåíáåðãà.
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Çàäà÷à 11.1. Ïàðíûé êîððåëÿòîð ïëîòíîñòåé ñîñòîÿíèé äëÿ ñëó÷àéíûõ ìàòðèö óíèòàðíîé ñèììåòðèè1 èìååò âèä

R(x) = 1− sin2 x

x2
.

Íàéäèòå ôóðüå-îáðàç ôóíêöèè R(x). Âîçíèêàþùèå â íåì èçëîìû ñâÿçàíû ñ îñöèëëèðóþùèì õàðàêòåðîì R(x).
Îáðàòèòå âíèìàíèå íà ñâÿçü ïîëîæåíèÿ èçëîìà ñ ïåðèîäîì îñöèëëÿöèé.

Ïðèìåð 1: Êóëîíîâñêèé ïîòåíöèàë

Ïîòåíöèàë φ(r) òî÷å÷íîãî çàðÿäà óäîâëåòâîðÿåò óðàâíåíèþ Ëàïëàñà:

−∇2φ(r) = δ(r) (7)

Äëÿ åãî ðåøåíèÿ âîñïîëüçóåìñÿ ÏÔ, êîòîðîå â ìíîãîìåðíîì ñëó÷àå ÿâëÿåòñÿ åñòåñòâåííûì îáîáùåíèåì îäíî-
ìåðíîãî âûðàæåíèÿ (1):

φ(r) =

∫
Φ(p) eipr

d3p

(2π)3
(8)

Ëåâàÿ ÷àñòü óðàâíåíèÿ (7) ïðåîáðàçóåòñÿ ñ èñïîëüçîâàíèåì ñâîéñòâà (4), à ïðàâàÿ � ñ èñïîëüçîâàíèåì ñâîéñòâà
(5). Â ðåçóëüòàòå ïîëó÷èì

(p2x + p2y + p2z)Φ(p) = 1 =⇒ Φ(p) =
1

p2
(9)

Òåïåðü çàêîí Êóëîíà ïîëó÷àåòñÿ ïóòåì âû÷èñëåíèÿ èíòåãðàëà (8) â ñôåðè÷åñêèõ êîîðäèíàòàõ:

φ(r) =

∫
eipr cos θ

p2
2πp2 dp sin θ dθ

(2π)3
=

1

(2π)2

∫ ∞

0

dp

∫ π

0

eipr cos θ sin θ dθ =
1

(2π)2

∫ ∞

0

dp

∫ 1

−1

eiprµ dµ

=
1

(2π)2

∫ ∞

0

2 sin pr

pr
dp =

1

2π2r

∫ ∞

0

sin q

q
dq =

1

4πr
(10)

ãäå ìû âîñïîëüçîâàëèñü èçâåñòíûì çíà÷åíèåì ïîñëåäíåãî èíòåãðàëà.

Ïðèìåð 2: Ïîòåíöèàë Þêàâû

Ïîòåíöèàë Þêàâû òî÷å÷íîãî çàðÿäà îïðåäåëÿåòñÿ ïóòåì ðåøåíèÿ äèôôåðåíöèàëüíîãî óðàâíåíèÿ

−∇2φ(r) + κ2φ(r) = δ(r) (11)

Äëÿ ðåøåíèÿ ìîæåì ñðàçó çàïèñàòü

φ(r) =
1

2π2r

∫ ∞

0

p sin pr

p2 + κ2
dp =

e−κr

4πr
(12)

Çàäà÷à 11.2. Âû÷èñëèòå èíòåãðàë â óðàâíåíèè (12).

1 Ì. Ë. Ìåòà, Ñëó÷àéíûå ìàòðèöû, Ì., 2012, ãëàâà 6.
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Ïðèìåð 3: Ðåøåíèå óðàâíåíèÿ äèôôóçèè

Ïóñòü èìååòñÿ ïîëå ρ(x, t), ïîä÷èíÿþùååñÿ óðàâíåíèþ äèôôóçèè:

∂ρ(x, t)

∂t
= D

∂2ρ(x, t)

∂x2
(13)

Ñòàíäàðòíîé çàäà÷åé ÿâëÿåòñÿ îïðåäåëåíèå ýâîëþöèè ρ(x, t), åñëè èçâåñòíî åãî çíà÷åíèå â íóëåâîé ìîìåíò
âðåìåíè: ρ(x, 0) = ρ0(x).
Ïðèìåíèì ê ôóíêöèè ρ(x, t) ÏÔ, ïåðåéäÿ ê ôóðüå-ãàðìîíèêàì R(q, t). Òîãäà óðàâíåíèå (13) ïåðåïèøåòñÿ â

âèäå

∂R(q, t)

∂t
= −Dq2R(q, t) (14)

Ïðèíöèïèàëüíîå îòëè÷èå óðàâíåíèÿ (14) îò (13) çàêëþ÷àåòñÿ â òîì, ÷òî â ÔÏ ðàçíûå ôóðüå-ãàðìîíèêè îêàçûâà-
þòñÿ ðàñöåïëåííûìè. Òàê ÷òî, â îòëè÷èå îò (13), óðàâíåíèå (14) ÿâëÿåòñÿ íå óðàâíåíèåì â ÷àñòíûõ ïðîèçâîäíûõ,
à âñåãî ëèøü îáûêíîâåííûì äèôôåðåíöèàëüíûì óðàâíåíèåì, êîòîðîå ìîæåò áûòü ýëåìåíòàðíî ðåøåíî:

R(q, t) = R(q, 0)e−Dq2t (15)

Îñòàëîñü ïðîñòî ñîáðàòü âñå ãàðìîíèêè:

ρ(x, t) =

∫
R(q, 0) e−Dq2t eiqx

dq

2π
(16)

Ìîæíî ïîëó÷èòü è ÿâíóþ ôîðìóëó ÷åðåç ρ0(x):

ρ(x, t) =

∫ ∫
dy ρ0(y) e

−iqy e−Dq2t dq

2π
=

∫
GD(x− y, t) ρ0(y) dy (17)

ãäå

GD(x− y, t) =
e−(x−y)2/4Dt

√
4πDt

(18)

ÿâëÿåòñÿ ôóíêöèåé Ãðèíà óðàâíåíèÿ äèôôóçèè.

Ïðèìåð 4: Ðåøåíèå èíòåãðàëüíûõ óðàâíåíèé

ÏÔ ïîçâîëÿåò ýôôåêòèâíî ðåøàòü èíòåãðàëüíûå (è èíòåãðî-äèôôåðåíöèàëüíûå) óðàâíåíèÿ, ñîäåðæàùèå
ñâåðòêó ôóíêöèé.
Â êà÷åñòâå ïðèìåðà ðàññìîòðèì îäíîìåðíóþ çàäà÷ó îá îïðåäåëåíèè ïëîòíîñòè çàðÿäà, ñîçäàþùåãî çàäàííûé

ïîòåíöèàë. Ïóñòü ïîòåíöèàë òî÷å÷íîãî (δ-ôóíêöèîííîãî) çàðÿäà åñòü V (x). Òîãäà ðàñïðåäåëåíèå çàðÿäà ρ(x)
ïðèâîäèò ê ïîòåíöèàëó

φ(x) =

∫
V (x− y)ρ(y)dy (19)

Ïðàâàÿ ÷àñòü íàçûâàåòñÿ ñâåðòêîé ôóíêöèé V è ρ. Íåîáõîäèìî âîññòàíîâèòü ρ(x) ïî çàäàííîìó φ(x).
Âûïîëíÿÿ ÏÔ, âèäèì, ÷òî ñâåðòêà â (19) ïðåâðàòèëàñü â ïðîèçâåäåíèå ôóðüå-îáðàçîâ:

Φ(p) = V (p)R(p) (20)

Òàêèì îáðàçîì,

R(p) =
Φ(p)

V (p)
(21)

è îñòàëîñü ïðîñòî ñîáðàòü ρ(x) èç èçâåñòíûõ ïëîñêèõ âîëí.

Çàäà÷à 11.3. Âûâåäèòå ïðåîáðàçîâàíèå ôóðüå äëÿ ñâåðòêè ôóíêöèé.
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III. ÐßÄ ÔÓÐÜÅ ÄËß ÏÅÐÈÎÄÈ×ÅÑÊÈÕ ÔÓÍÊÖÈÉ

Åñëè ôóíêöèÿ f(x) ïåðèîäè÷åñêàÿ ñ ïåðèîäîì L, òî åå ÏÔ ñîäåðæèò òîëüêî ãàðìîíèêè ñ èìïóëüñîì êðàòíûì
2π/L, è èíòåãðàë ôóðüå ïðåâðàùàåòñÿ â ðÿä ôóðüå:

f(x) =
∑
n

Fn e
2πinx/L (22)

Îáðàòíîå ÏÔ äàåòñÿ ôîðìóëîé:

Fn =
1

L

∫ L

0

f(x) e−2πinx/L dx (23)

Ñîãëàñîâàííîñòü ÏÔ îñíîâàíà íà ôîðìóëå ñóììèðîâàíèÿ Ïóàññîíà:∑
k

δ(x+ kL) =
1

L

∑
n

e2πinx/L (24)

Ïðèìåð 5: Óðàâíåíèå äèôôóçèè íà îêðóæíîñòè

Ðàññìîòðèì ñíîâà óðàâíåíèå äèôôóçèè (13), íà ñåé ðàç çàäàííîå íà îêðóæíîñòè äëèíîé L. Ðàçðåøåííûå
èìïóëüñû qn = 2πn/L (ìîäû îêàçàëèñü ïðîêâàíòîâàííûìè). Äëÿ êîìïîíåíò ôóðüå âìåñòî óðàâíåíèÿ (14)
ïîëó÷èì

∂Rn(t)

∂t
= −Dq2nRn(t) =⇒ Rn(t) = Rn(0)e

−Dq2nt (25)

Ñîáèðàåì ãàðìîíèêè íàçàä:2

ρ(x, t) =
∑
n

Rn(0)e
−Dq2nt eiqnx (26)

Òàêèì îáðàçîì, â êîíå÷íîé ñèñòåìå íåîäíîðîäíîñòè ïëîòíîñòè çàòóõàþò ýêñïîíåíöèàëüíî. Íà áîëüøèõ âðåìå-
íàõ ñêîðîñòü çàòóõàíèÿ îïðåäåëÿåòñÿ ïåðâîé íåíóëåâîé ãàðìîíèêîé: τ−1

D = D(2π/L)2.

Çàäà÷à 11.4. Ðàçëîæèòå ôóíêöèþ f(x) = x, îïðåäåëåííóþ íà îòðåçêå [0, 1] â ðÿä ôóðüå à) ïî êîñèíóñàì, á) ïî
ñèíóñàì. Äëÿ ýòîãî íóæíî äîîïðåäåëèòü f(x) íà îòðåçêå [−1, 0] ÷åòíûì èëè íå÷åòíûì îáðàçîì è âîñïîëüçîâàòüñÿ
ôîðìóëîé (23) äëÿ ôóíêöèé ñ ïåðèîäîì L = 2.

2 Â ÿâíîì âèäå

ρ(x, t) =
1

L

∫ L

0
ρ0(y) dy

∑
n

e−Dq2nt eiqn(x−y)

Äëÿ òîãî, ÷òîáû èçáàâèòüñÿ îò ñóììèðîâàíèÿ ïî ãàðìîíèêàì â ýòîì óðàâíåíèè, âîñïîëüçóåìñÿ òåì, ÷òî, ñîãëàñíî (17), e−Dq2nt

åñòü ôóðüå-êîìïîíåíòà ôóíêöèè Ãðèíà óðàâíåíèÿ äèôôóçèè (18)

e−Dq2nt =

∫
GD(s, t)e−iqnsds

Òåïåðü ìîæíî ïðîñóììèðîâàòü ïî qn ñ ïîìîùüþ ôîðìóëû ñóììèðîâàíèÿ Ïóàññîíà (24). Òàêèì îáðàçîì, ïîëó÷àåì

ρ(x, t) =

∫ L

0
ρ0(y) dy

∫ ∞

−∞
GD(s, t) ds

∑
k

δ(x− y − s+ kL) =
∑
k

∫ L

0
GD(x− y + kL, t) ρ0(y) dy

Ïîñëåäíåå åñòü íè ÷òî èíîå, êàê ôîðìóëà (17), çàïèñàííàÿ äëÿ ïëîòíîñòè ρ0(y), ïåðèîäè÷åñêè ïðîäîëæåííîé íà âñþ äåéñòâè-
òåëüíóþ îñü.
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IV. ÏÐÅÎÁÐÀÇÎÂÀÍÈÅ ÔÓÐÜÅ ÔÓÍÊÖÈÉ, ÇÀÄÀÍÍÛÕ ÍÀ ÐÅØÅÒÊÅ

Ïóñòü ôóíêöèÿ fn çàäàíà íà óçëàõ ðåøåòêè ñ êîîðäèíàòàìè xn = na. Â ýòîì ñëó÷àå ÏÔ èìååò âèä:

fn =

∫ π/a

−π/a

F (q) eiqxn
dq

2π
(27)

Îáëàñòü èíòåãðèðîâàíèÿ ïî èìïóëüñàì â (27) íàçûâàåòñÿ çîíîé Áðèëëþýíà. ÎÏÔ:

F (q) = a
∑
n

fn e
−iqxn (28)

Äàâàéòå ïîäñòàâèì (28) â (27).

fn =
∑
m

fm

∫ π

−π

eip(n−m) dp

2π
=⇒

∫ π

−π

eip(n−m) dp

2π
= δnm (29)

Ïðèìåð 6: Êëàññè÷åñêàÿ öåïî÷êà îñöèëëÿòîðîâ

Ðàññìîòðèì îäíîìåðíóþ öåïî÷êó àòîìîâ ìàññû m, ñîåäèíåííóþ ïðóæèíêàìè ñ æåñòêîñòüþ K. Îáîçíà÷èâ
÷åðåç xi ñìåùåíèå i-ãî àòîìà îò ïîëîæåíèÿ ðàâíîâåñèÿ, çàïèøåì óðàâíåíèÿ äâèæåíèÿ:

mẍi = K(xi+1 + xi−1 − 2xi) (30)

Áóäåì èñêàòü ðåøåíèå â âèäå ïëîñêîé âîëíû (a � ðàññòîÿíèå ìåæäó àòîìàìè â ïîëîæåíèè ðàâíîâåñèÿ):

xn = eiqan−iωtx(q) (31)

Ïîäñòàâëÿÿ â óðàâíåíèå (30), ïîëó÷àåì

mω2x(q) = 2K(1− cos qa)x(q) (32)

Îòêóäà íàõîäèì çàêîí äèñïåðñèè

ω2(q) =
2K

m
(1− cos qa) =

4K

m
sin2(qa/2) (33)

Äëèííîâîëíîâûå âîçáóæäåíèÿ ÿâëÿþòñÿ àêóñòè÷åñêèìè ôîíîíàìè ñî ñêîðîñòüþ çâóêà c =
√
Ka2/m.

Çàäà÷à 11.5. Íàéäèòå çàêîí äèñïåðñèè êîëåáàíèé â öåïî÷êå, ñîñòîÿùåé èç äâóõ òèïîâ ÷åðåäóþùèõñÿ àòîìîâ ñ
ìàññàìè m1 è m2. Æåñòêîñòü âñåõ ïðóæèí îäèíàêîâà è ðàâíà K, ðàññòîÿíèå ìåæäó ñîñåäíèìè àòîìàìè ðàâíî
a. Óêàçàíèå: îáðàòèòå âíèìàíèå íà òî, ÷åìó ðàâåí ïåðèîä ñòðóêòóðû (äâà àòîìà â ýëåìåíòàðíîé ÿ÷åéêå!), è íå
îøèáèòåñü ñ ðàçìåðîì çîíû Áðèëëþýíà.

Ïðèìåð 7: Ñåòêà ñîïðîòèâëåíèé

Âåðíåìñÿ ê èñõîäíîé çàäà÷å î ñåòêå ñîïðîòèâëåíèé. Óçëû ñåòêè áóäåì ïàðàìåòðèçîâàòü äâóìÿ öåëî÷èñëåí-
íûìè êîîðäèíàòàìè (nx, ny). Ïîòåíöèàë â óçëå áóäåì îáîçíà÷àòü ÷åðåç φnx,ny

. Çàïèøåì óðàâíåíèå Êèðõãîôà
äëÿ óçëà (nx, ny):

φnx+1,ny + φnx−1,ny + φnx,ny+1 + φnx,ny−1 − 4φnx,ny = IR
[
δnx,0δny,0 − δnx,Nxδny,Ny

]
(34)

Ëåâàÿ ÷àñòü ïðåäñòàâëÿåò ñîáîé äèñêðåòíûé îïåðàòîð Ëàïëàñà íà êâàäðàòíîé ðåøåòêå. Ïðàâàÿ � èñòî÷íèê è
ñòîê òîêà, ðàñïîëîæåííûå â òî÷êàõ (0, 0) è (Nx, Ny). Äåëàåì äâóìåðíîå ÏÔ:

−(4− 2 cos qx − 2 cos qy)Φ(qx, qy) = IR
[
1− e−iqxNx−iqyNy

]
(35)
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îòêóäà

Φ(qx, qy) = −IR
1− e−iqxNx−iqyNy

2(2− cos qx − cos qy)
(36)

Òåïåðü îñòàëîñü íàéòè ðàçíîñòü ïîòåíöèàëîâ ìåæäó òî÷êàì ñòîêà è èñòîêà:

φ0,0 − φNx,Ny =

∫ π

−π

∫ π

−π

Φ(qx, qy)
[
1− eiqxNx+iqyNy

] dqxdqy
(2π)2

= −IR

∫ π

−π

∫ π

−π

1− cos(qxNx + qyNy)

2− cos qx − cos qy

dqxdqy
(2π)2

(37)

Îòêóäà äëÿ ñîïðîòèâëåíèÿ

R(Nx, Ny) = R

∫ π

−π

∫ π

−π

1− cos(qxNx + qyNy)

2− cos qx − cos qy

dqxdqy
(2π)2

(38)

Çàäà÷à 11.6.∗ Ñ ïîìîùüþ ôîðìóëû (38) âû÷èñëèòå ñîïðîòèâëåíèå êâàäðàòíîé ñåòêè ìåæäó òî÷êàì, íàõîäÿùèìèñÿ
íà äèàãîíàëè ýëåìåíòàðíîãî êâàäðàòà.


