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Abstract

We propose and study theoretically a new mechanism of electron-
impurity scattering in doped seminconductors with large dielectric con-
stant. It is based upon the idea of vector character of deformations
caused in the crystalline lattice by any point defects siting asymmet-
rically in the unit cell. In result, local lattice compression due to the
elastic deformations decay as 1/𝑟2 with distance from impurity. Elec-
tron scattering (due to standard deformation potential) on such defects
leads to low-temperature mobility 𝜇(𝑛) scaling with electron density
𝑛 of the form 𝜇(𝑛) ∝ 𝑛−2/3 that is close to experimental observations
on a number of relevant materials. The results of the research were
published in the paper [1].
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Chapter 1

Introduction

A wide variety of doped semiconductors has been identified that display
low-temperature mobility, denoted as 𝜇(𝑛), which displays an almost
power-law correlation with electron density, expressed as 𝜇 ∝ 𝑛−𝛽,
where the exponent 𝛽 ranges between 1

2 < 𝛽 < 1. This effect is observ-
able in a range of substances, including Strontium Titanate, Potassium
Tantalate, Lead Telluride, and the mixed-chalcogenide compound Tl-
BiSSe, as detailed in numerous referenced studies [2–10; 14].

Strontium Titanate, denoted SrTiO3 (or STO), is one such semicon-
ductor, as documented in various sources [2–7]. Another semiconduc-
tor that demonstrates this behavior is Potassium Tantalate, symbolized
as KTaO3 (or KTO) and referenced in [8]. Lead Telluride or PbTe
is yet another semiconductor where this trend is discernible [2; 9; 10].
Finally, the same behavior is observed in the mixed-chalcogenide com-
pound TlBiSSe, as detailed in the cited reference [14].

As we move towards absolute zero, the mobility is anticipated to be
influenced significantly by impurity scattering. However, determining
the precise mechanism behind this scattering isn’t a straightforward
task. Existing literature proposes two main types of scattering: scat-
tering by screened Coulomb potentials produced by charged impurities
and scattering by short-range random potentials.

The first type, scattering by screened Coulomb potentials pro-
duced by charged impurities, is rather ubiquitous and leads [11; 12]
to 𝜇Coul(𝑛) ∝ 1/ ln(𝑛). This conclusion has been derived from the
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common understanding that charged impurities will generate screened
Coulomb potentials, resulting in electron scattering. It’s worth not-
ing that these scattering phenomena don’t seem to comply with the
dependence we observe in our doped semiconductors.

The second type is scattering due to short-range random potentials.
These are known to result in density independent scattering cross sec-
tions 𝜎 with mean-free path approximated as 𝑙 ∝ 1/(𝑛𝜎). Therefore,
short-range potentials lead to a mobility scaling as 𝜇short(𝑛) ∝ 𝑛−4/3.
Despite their ubiquitous presence, they still fail to explain the observed
data [2–10].

What unites these various doped semiconductors is the high di-
electric constant of the corresponding undoped material, which results
in remarkably weak Coulomb scattering by charged impurities. In ef-
fect, this significantly reduces the influence of such scattering on the
mobility of the semiconductors.

In this manuscript, we put forward and examine a novel mechanism
of electron scattering by point defects, which we have termed the vector
impurity mechanism. This idea is founded on two key observations:
firstly, all the semiconductors in question possess crystal lattices with
rather complex elementary cells, which prompts lattice defects (such
as a vacancy or a substitutional atom) to disrupt the symmetry of the
surrounding elastic media. This disruption causes the defects to act as
a microscopic ”force” on the surrounding elastic media. Secondly, the
elastic deformations arising from a point-like force F𝛿(r) applied to an
elastic media give rise to lattice deformations u(r) with a slow decay
in compression, divu ∝ 1/𝑟2 [13].

We then leverage the conventional electron-phonon deformation po-
tential Hamiltonian, written as 𝐻𝑖𝑛𝑡 ∝ (𝜓†𝜓)divu, to find that it yields
the impurity transport cross-section 𝜈𝑡𝑟(𝑞) ∝ 1/𝑞2, where 𝑞 stands for
the transferred momentum. Upon considering a typical 𝑞 ∼ 𝑘𝐹 ∼ 𝑛1/3,
we promptly derive mobility 𝜇(𝑛) ∝ (𝑛𝜈𝑡𝑟𝑘𝐹 )

−1 ∝ 𝑛−2/3, which is
rather close to the observed data [2–10].

The remainder of this manuscript will be dedicated to a thorough
discussion of our approach, focusing on its application to the cases
of Strontium Titanate (where certain complications emerge due to its
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many-band structure), as well as KTaO3, PbTe, and TlBiSSe. In our
study, we have undertaken a detailed analysis of this mechanism, con-
sidering the unique characteristics of each semiconductor and the pe-
culiarities of their behaviors.
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Chapter 2

Elastic deformations
due to vector impurities

Within the framework of semiconductor physics, a significant inter-
action exists between the electrons residing in the conduction-band
and the distortions of the atomic lattice. This interaction is enabled
by a factor referred to as the deformation potential. It’s conceivable
to represent this interaction through a formulation, expressed in the
following equation:

𝐻̂imp = 𝐷𝑎𝑐

∫︁
𝑑r𝜓†(r)𝜓(r)divu(r) (2.1)

In this expression, the coupling constant is denoted by 𝐷𝑎𝑐. Typ-
ically, the value of 𝐷𝑎𝑐 is rather large, and may reach a few electron
volts. Consequently, due to the considerable magnitude of 𝐷𝑎𝑐, it be-
comes crucial to examine and identify potential sources that might
cause distortions in the lattice leading to non-zero compression, de-
noted by u.

A simple model, widely considered in the context of an isotropic
elastic medium, portrays the occurrence of a void or an ”empty space”.
This model suggests that deformations, represented by u, that emerge
around this void result in divu = 0, as detailed in reference [13], Prob-
lem 2 for Paragraph 7.
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Figure 2.1: This diagram illustrates the proposed scattering mecha-
nism in which electrons interact with a deformation potential caused
by local vector impurities. These impurities, represented as local vec-
tors F, alter the trajectory of electrons, as electrons can scatter by the
deformation potential created by these deformation. Crucially, these
vectors are randomly oriented, meaning each impurity affects the elec-
tron paths differently.

It is of paramount importance to understand that any atomic defect
or anomaly within a complex crystal structure invariably disrupts the
lattice’s symmetry. This disruption is analogous to the presence of a
local vector source within the structure. To illustrate this point, con-
sider an Oxygen vacancy in STO; viewing it merely as a small spherical
defect within an elastic medium would be an oversimplification. This
perspective might have been applicable in the case of a vacancy in a
simple cubic lattice, consisting of a single atom per unit cell. However,
the reality of the lattice structure in STO is far more complex. Oxygen
defects within the STO lattice are not symmetrically positioned rela-
tive to the unit cell’s center. Therefore, from the viewpoint of elastic
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deformation symmetry, the effect of such a defect is comparable to the
presence of a frozen local force, denoted by F.

This concept of elastic deformations occurring in the presence of a
force like F is not new; it was initially tackled and solved byW.Thomson
back in 1848. A comprehensive solution to this problem can be found
in reference [13], listed as the Problem to Paragraph 8; and for conve-
nience detailed in the Supporting materials. The solution is presented
as follows:

u =
1 + 𝜈

8𝜋𝐸(1− 𝜈)

(3− 4𝜈)F+ n(nF)

𝑟
(2.2)

In this equation, 𝜈 denotes the Poisson’s ratio and 𝐸 represents
Young’s modulus. The magnitude of the force, expressed as 𝐹 = |F|,
will be utilized as a fitting parameter for our theory. This force, in
essence, arises from the anisotropic local distortion of the lattice. The
distortion is a result of atomic substitutions within the lattice struc-
ture. For doping concentrations that are sufficiently low, these local
distortions tend to be independent of each other. Therefore, we expect
the magnitude of this force

to be independent of the concentration.
As we continue our exploration, we find that the local compression,

divu, that corresponds to deformations as described by equation (2.2),
can be defined as follows:

∇u = 𝒰Fr

𝑟3
, (2.3)

𝒰 =
(1 + 𝜈)2

8𝜋𝐸(1− 𝜈)
(2.4)

Lastly, referring to Fig. 1, we find a graphical representation that
illustrates the concept of electron scattering. This phenomenon occurs
due to a random deformation potential, which in turn is caused by
vector impurities within the lattice structure. This depiction provides
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a comprehensive understanding of the complex interactions that occur
within the lattice due to various factors such as atomic defects, local
forces, and atomic substitutions.
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Chapter 3

Collision integral,
relaxation time and
mobility

Building on the foundation of the Hamiltonian (2.1), and taking into
account the impurity-induced compressions as detailed in Eq.(2.4), we
are now well-positioned to proceed with the calculation of electron
scattering rates.

To scrutinize electrical transport within an electron system, we
must make use of the Boltzmann kinetic equation. This equation will
serve as a useful tool for identifying the conductivity and correspond-
ing mobility within the context of linear response theory. The linear
response theory enables us to expand the distribution function 𝑓p as
𝑓p ≈ 𝑛𝑝 + 𝛿𝑛p.

In this context, 𝑛𝑝 = [exp (𝛽𝜉𝑝) + 1]−1 denotes the Fermi-Dirac
distribution, with 𝛽 = 1/(𝑘𝐵𝑇 ) and the Boltzmann constant 𝑘𝐵. Ad-
ditionally, 𝜉𝑝 = 𝐸(𝑝)−𝐸𝐹 refers to the difference between the electron
energy and the Fermi energy, represented by 𝐸𝐹 . As we primarily focus
on low-temperature transport, our discussion will exclusively revolve
around situations where 𝑘𝐵𝑇 ≪ 𝐸𝐹 . Consequently, in the leading
order, the Fermi-Dirac distribution can be approximated with a step
function, simplifying our discussion and calculations. This permits us
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to write the Boltzmann equation in the presence of an electric field in
its linearized form:

− 𝑒Evp
𝜕𝑛𝑝 (𝜉p)

𝜕𝜉p
= 𝐼{𝛿𝑛p} (3.1)

Here, vp = 𝜕𝜉p/𝜕p is the group velocity. The collision integral
𝐼{𝛿𝑛p} on the right-hand side of the equation describes the electron
scattering at the impurity-induced compressions which are governed
by Eq.(2.4). The explicit form of the collision integral is expressed as
follows:

𝐼 =
2𝜋

ℏ
∑︁
𝑗

∫︁
p′
|𝑣(𝑗)p′p|

2 [𝛿𝑛p′ − 𝛿𝑛p] 𝛿 (𝜀(p)− 𝜀 (p′)) , (3.2)

In this equation we introduced a notation
∫︀
p′ =

∫︀
𝑑3p′

(2𝜋ℏ)3 ; the
∑︀

𝑗

stands for a summation over impurities, and 𝑣
(𝑗)
k denotes the Fourier

transform of the deformation potential from the Eq.(2.4), induced by
the 𝑗𝑡ℎ impurity:

𝑣
(𝑗)
k = 4𝜋𝑖𝐺

F(𝑗)k

𝑘2
, 𝐺 = 𝒰𝐷𝑎𝑐. (3.3)

Here, 𝐺 is a new parameter encompassing all material-related prop-
erties – elastic parameters, and deformation potential. The deviation
of the distribution function from the Fermi distribution is produced
by the electric field. For an isotropic Fermi surface in the limit of
weak electric field E, we can preserve only the first angular harmonics
and choose 𝛿𝑛p = Ep𝜕𝑓

𝜕𝜖 𝜂(𝜀), with the function 𝜂(𝜀) being only energy
dependent.

Thus, the integral (3.2) can be explicitly evaluated, as detailed in
Supporting materials, resulting in:

𝐼 = 2𝜋
𝑚𝐺2

ℏ2
𝜂(𝜀)

𝜕𝑓

𝜕𝜖

∑︁
imp

𝑀p

(︁
F(𝑗)

)︁
, (3.4)

𝑀p (F) = (Ep̂)𝐹 2 − 2 (EF) (Fp̂) + 3 (Ep̂) (Fp̂)2 (3.5)
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In this equation, p̂ denotes a unit vector along the momentum p.
It’s important to note that the above expression depends on the relative
orientation of momentum p, the electric field E, and the vector force
F.

Since the vector impurities are oriented randomly, in order to per-
form the summation over impurities, we can first average the expres-
sion (3.5) over the orientation of the vector F, and then carry out the
summation. After this, we obtain the final expression for the collision
integral in the form 𝐼 = −𝛿𝑛p/𝜏 , which gives us a relaxation time:

𝜏 =
3ℏ2𝑝𝐹

8𝜋 (𝐺𝐹 )2𝑚𝑛
(3.6)

This relaxation time is used to find the electron mobility:

𝜇 =
𝑒𝜏

𝑚
=

3𝑒ℏ2𝑝𝐹
8𝜋 (𝐺𝐹 )2𝑚2𝑛

(3.7)

We observe that for a concentration independent effective mass,
electron mobility scales with concentration as 𝜇 ∼ 𝑛−2/3, as was sug-
gested in the Introduction. Nonetheless, given that mass enters in a
squared form in the above equation, even a relatively weak concentra-
tion dependence 𝑚(𝑛) can considerably influence the results.
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Chapter 4

Application to SrTiO3

Strontium Titanate emerges as a particularly intriguing material in
the context of our discussion. Although inherently a band insulator,
it transitions into an extraordinarily dilute 3D metal due to minimal
doping (ranging from 10−6 to 10−3 conduction electrons per unit cell)
and exhibits a range of unusual properties [15–17]. These primarily
stem from the close vicinity of insulating STO to a ferroelectric transi-
tion, which results in an enormous low-temperature dielectric constant
𝜖0 ≈ 20000. Consequently, Coulomb interaction within STO is sig-
nificantly suppressed; a thorough analysis reveals that the electron
mobility induced by scattering on the Coulomb field surpasses the ex-
perimental data by more than two orders of magnitude.

When lightly doped, SrTiO3 exhibits an almost spherical Fermi sur-
face. However, as concentrations exceed 𝑛𝑐1 ∼ 2 · 1018cm−3, it evolves
into a complex, far from isotropic, multiband Fermi surface [18–22].
An anisotropic Fermi surface can potentially induce correlations among
successive scatterings by influencing the probability distribution of the
scattering direction after each scattering event. This is notably the
case for scattering on isotropic impurities where light electrons can
impart a more pronounced effect on the collision integral compared to
heavy ones. However, as indicated by Eq.(3.5), the collision integral
heavily depends on the relative orientation of p and the vector force
F, as well as E and F. Given that the vector forces are randomly
oriented, the electron scattering is expected to be effectively averaged,
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and the exact shape of the Fermi surface should not be of significant
importance.

This allows us to represent electron dynamics using a spherical
Fermi surface, with an effective mass introduced phenomenologically
as follows:

𝑚 =
𝑝2𝐹
2𝐸𝐹

=
ℏ2
(︀
3𝜋2𝑛

)︀2/3
2𝐸𝐹

, (4.1)

Here, the Fermi energy is derived from experimental data. A some-
what similar approach is employed in [23]. The main idea behind this
approximation is in substitution of the original anisotropic Fermi sur-
face with an isotropic one with an effective mass which would produce
the same Fermi energy to replace the anisotropic

Figure 4.1 summarizes various experimental data for the effective
mass in STO’s lowest band, obtained from different types of experi-
ments: Shubnikov-de Haas effect, quantum oscillations, and the den-
sity of states (DoS) mass derived from specific heat measurements.
The continuous green line in the same plot illustrates the 𝑚(𝑛)/𝑚0 de-
pendence we extracted using data from Ref.[24] for Fermi energy and
Eq.(4.1), which will be used in our subsequent calculations.

The preceding discussion enables us to directly utilize the result
provided by Eq.(3.7) to analyze experimental data on SrTiO3. In Fig.
4.2, we compare our theoretical results for electron mobility with ex-
perimental data [3–5]. Here, we employ a single fit parameter, the
strength of the vector impurity force 𝐹 . The results align well with
the experimental data, demonstrating a reasonable overall scaling with
deviations not exceeding 10% for 𝑛 > 5 · 1018 cm−3.

However, our approach inaccurately predicts the mobility behavior
at the lowest concentrations, where experimental data reveals a satura-
tion of 𝜇(𝑛) as 𝑛 decreases below 𝑛𝑐 ∼ 5 ·1018 cm−3. This phenomenon
is not accounted for by Eq.(3.7), implying that another scattering pro-
cess must be considered to explain this feature.

One possible effect could stem from Coulomb interaction, leading
to a slow logarithmic dependence of 𝜇(𝑛). However, a detailed analysis
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Figure 4.1: The effective mass 𝑚/𝑚0 (vertical) vs electron density
in log scale (horizontal). Shown are the experimental values from
Shubnikov-de Haas effect [18] (orange squares), from specific heat [23]
(green dots), from quantum oscillations [24] (purple dots). The emer-
ald green line showcases the 𝑚(𝑛) dependence we used, which was
obtained using a model of spherical Fermi surface via Eq.(4.1). The
concentration dependence of the Fermi energy is shown in the inset,
see Ref. [24].

provided in the Supporting materials shows that Coulomb scattering
alone would result in a mobility overestimation by two orders of mag-
nitude.

Another possible explanation could involve electron scattering on
domain walls. Such processes can be roughly modeled using a relax-
ation time defined as 𝜏 = 𝑙/𝑣𝐹 , where 𝑙 represents the characteristic
domain size. To fit the experimental data for STO, this approach ne-
cessitates a domain size of 𝑙 ∼ 0.5𝜇m. However, experimental evidence
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Figure 4.2: The mobility 𝜇 of STO in log scale (vertical) vs electron
density in log scale (horizontal). The red circles, blue squares and
magenta triangles correspond to the experimental data for SrTiO3−𝑥

extracted from [3–5] respectively, and the green line represents the
theoretical model Eq.(3.7). The inset focuses on the local exponent
𝛽 = −𝑑 ln𝜇/𝑑 ln(𝑛), which varies between −0.8 and −1.2, averaging
at −0.95; and the scaling 𝑛−0.95 depicted with a dashed blue line.

[34] reveals the domain size to be an order of magnitude larger.
Lastly, we would like to mention the potential influence of spatial

non-uniformity in dopant concentration as a possible cause for the
observed 𝜇(𝑛) saturation at the lowest 𝑛. Further investigation of this
issue is left for future research.

Next, we conduct a ”sanity check” to estimate the magnitude of
lattice deformations induced by our vector impurities. Utilizing known
parameters of SrTiO3 such as the deformation potential 𝐷𝑎𝑐 ≈ 4 eV
[25], Young’s modulus 𝐸 ≈ 270 GPa, and Poisson’s ratio 𝜈 = 0.24 [26],
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we can evaluate the characteristic displacement 𝑢(𝑎) at the minimal
distance from the impurity. In order to describe the experimental data,
we utilized a fit parameter 𝐹 ≈ 9.1 · 10−9 N. According to Eq. (2.2),
this corresponds to the maximum atomic displacement

𝑢(𝑎)

𝑎
≈ 3%, (4.2)

where 𝑎 = 0.39 nm is the lattice constant for SrTiO3. Such a maximal
displacement does not appear to be unreasonable.
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Chapter 5

Application to other
materials

We now broaden our analysis to encompass several other doped semi-
conductors that possess high dielectric constants. Specifically, we uti-
lize our methodology to investigate electron mobility in the wide-gap
semiconductor perovskite Potassium Tantalate (KTaO3), narrow-gap
semiconductor Lead Telluride (PbTe), and the zero-gap semiconduc-
tor, a mixed-chalcogenide compound TlBiSSe. The respective dielec-
tric constants of these materials are approximately 4500, 1000, and
20.

In PbTe, the effective electron mass is heavily dependent on the
electron density [27], with a substantial increase from 0.07𝑚0 at 𝑛 = 2 ·
1017 cm−3 to 0.5𝑚0 at 𝑛 = 1020 cm−3. The relevant data from Ref. [27]
are depicted in Fig. S1 in the Supporting materials for convenience.
For the calculation of the mobility dependence 𝜇(𝑛) in PbTe within
our theory, we interpolated these actual experimental data.

As for KTaO3 and TlBiSSe, we have no knowledge of any data for
𝑚(𝑛) dependencies. Therefore, we used the following constant values
for these masses: 𝑚 = 0.5𝑚0 [8] and 𝑚 = 0.14𝑚0 [2] respectively.

To calculate mobility 𝜇(𝑛) dependence according to our theoretical
formula (3.7), we need to use the data for the deformation potential
𝐷𝑎𝑐, Young modulus 𝐸 and Poisson ratio 𝜈, see Eqs.(3.3) and (2.4).
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Figure 5.1: Blue triangles illustrate the data for PbTe extracted from
Ref. [2; 9; 10]. The red line employs our theoretical model with the
effective electron mass found in [27] (see details in the Supporting
materials). The orange squares and red stars indicate the mobility data
for TlBiSSe [2; 14] and KTaO3 [8]. The green and pink lines represent
the theoretical results for electron mobility in these materials, using
constant effective masses 𝑚 = 0.14𝑚0 and 𝑚 = 0.5𝑚0 respectively.

For KTaO3 we used 𝐸 = 215 GPa and 𝜈 = 0.24, see Ref. [28; 29]. We
did not find data for the KTO deformation potential and thus used,
for general orientation, the value 𝐷𝑎𝑐 = 4eV known for STO, as these
materials are rather similar. For PbTe we used 𝐸 = 57.5 GPa and
𝜈 = 0.26, see Ref. [30], and deformation potential 𝐷𝑎𝑐 = 15 eV, see
Ref. [31; 32].

With the material parameters mentioned above, we are left with
just single unknown parameter 𝐹 , the magnitude of ”vector force”
related to impurities in KTO and PbTe. We fit the values of this
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parameter to obtain best agreement between our theory and the data,
the results are shown in Fig. 5.1. The overall agreement is clearly
rather good, supporting the ubiquity of the proposed mechanism.

Using the values of 𝐹 equal from the fit, namely 𝐹 = 2.6 · 10−9 N
for KTO and 𝐹 = 5.8 · 10−10 N for PbTe, we estimate the analogues of
Eq.(4.2), the largest relative lattice displacements 𝑢(𝑎)/𝑎 due to vector
impurities. We found 𝑢(𝑎)/𝑎 ≈ 5.5% for KTO and 𝑢(𝑎)/𝑎 ≈ 0.4% for
PbTe. In addition, we present in Fig. 5.1 the best fit for the 𝜇(𝑛)
dependence in TlBiSSe. In this case we did not found the data for
deformation potential and elastic modulus, thus we used for the fit the
whole coefficient in front of 𝑛−2/3 dependence.
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Chapter 6

Conclusions

In this work, we proposed and developed a novel theory of electron-
impurity scattering tailored specifically for materials exhibiting low
electron density and high dielectric constants. The characteristic low
electron density in these materials permits significant variation, across
several orders of magnitude. Existing theories centered around Coulomb
or short-range potentials have been unable to satisfactorily explain the
empirically observed relationship between low-temperature mobility
and density, 𝜇(𝑛), in numerous materials.

The innovative concept of vector impurities, introduced in this
study, provides a fresh lens through which we can understand this
peculiar type of scattering caused by the slow-decaying deformation
potential.

In its most rudimentary form, our theory predicts a relationship
𝜇(𝑛) ∝ 𝑛−2/3 between mobility and density. This prediction aligns rea-
sonably well with experimental data obtained from several low-density
materials. Importantly, incorporating the density-dependent effective
mass 𝑚(𝑛) into our calculations yields theoretical outcomes that are
in remarkably good agreement with empirical observations. We show-
case these results in Fig. 4.2 for Oxygen-deficient Strontium Titanate,
and in Fig. 5.1 for a range of other semiconductors, including KTaO3,
PbTe, and TlBiSSe.

Nevertheless, our theory has not yet fully addressed the peculiar
case of Nb-substituted Strontium Titanate, which demonstrates a sim-
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ilar 𝜇(𝑛) relationship at low temperatures. It remains unclear why the
substitution of a Sr atom with Nb results in the creation of a vector
impurity. We recognize this as an intriguing problem worthy of future
investigation.
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Chapter 8

Supporting materials

8.1 Derivation of elastic deformation

Let us determine the deformation of an infinite elastic medium when a
force F is applied to a small region in it. If we consider the deformation
at distances r which are large compared with the dimension of the
region where the force is applied, we can suppose that the force is
applied at a point. In equilibrium the internal stresses in every volume
element must be balance. We can write this as

𝜕𝜎𝑖𝑘
𝜕𝑥𝑘

+ F𝛿(r) = 0. (8.1)

where we chose the axis origin at the point where the force is applied.
Here 𝜎𝑖𝑘 is the stress tensor and is expressed in terms of the strain
tensor by

𝜎𝑖𝑘 =
𝐸

1 + 𝜈

(︂
𝑢𝑖𝑘 +

𝜈

1− 2𝜈
𝑢𝑖𝑖𝛿𝑖𝑘

)︂
. (8.2)

And the strain tensor in its turn is expressed through the derivatives
of elastic deformations as

𝑢𝑖𝑘 =
1

2

(︂
𝜕𝑢𝑖
𝜕𝑥𝑘

+
𝜕𝑢𝑘
𝜕𝑥𝑖

)︂
(8.3)
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Combining, we obtain the equations of equilibrium in the form

𝐸

2(1 + 𝜈)

𝜕2𝑢𝑖
𝜕𝑥2𝑘

+
𝐸

2(1 + 𝜈)(1− 2𝜈)

𝜕2𝑢𝑙
𝜕𝑥𝑖𝜕𝑥𝑙

+ F𝛿(r) = 0. (8.4)

These equations can be more conveniently written in vector form as,

∆u+
1

1− 2𝜈
grad divu = −2(1 + 𝜈)

𝐸
F𝛿(r) (8.5)

We look for the the solution in the form u = u0 + u1 and choose
u0 to satisfy the Poisson-type equation:

∆u0 =
2(1 + 𝜈)

𝐸
F𝛿(r). (8.6)

The solution of this equation vanishing at infinity is given as

u0 =
1 + 𝜈

2𝜋𝐸𝑟
F (8.7)

We then have for u1 the following equation

grad divu1 + (1− 2𝜈)△u1 = − grad divu0 (8.8)

By taking the curl of this equation we obtain ∆curl u1 = 0. Impor-
tantly, at infinity we must have curlu1 = 0. These two equations mean
that (1) the function curlu1 is harmonic and (2) it vanishes at infinity.
But a function harmonic in all space and zero at infinity must be zero
identically. Therefore, we conclude

curl u1 = 0 ⇒ u1 = grad𝜑 (8.9)

Plugging this form into the equation (8.8), we obtain

grad [2(1− 𝜈)∆𝜑+ divu0] = 0. (8.10)

This equation implies that the function in the brackets is constant, and
vanishes at infinity. Therefore,

∆𝜑 = − 1

2(1− 𝜈)
divu0 = − 1 + 𝜈

4𝜋𝐸(1− 𝜈)
F · grad(1/𝑟) (8.11)
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where we used the solution for u0 we found in Eq. (8.7). The resulting
equation can be then solved to yield an expression for u1 as

u1 = grad𝜑 =
1 + 𝜈

8𝜋𝐸(1− 𝜈)

(F · n)n− F

𝑟
, n =

r

|𝑟|
. (8.12)

Combining, we obtain the final form of the elastic deformation in the
form

u =
1 + 𝜈

8𝜋𝐸(1− 𝜈)

(3− 4𝜈)F+ n(nF)

𝑟
(8.13)

8.2 Discussions of Coulomb scattering

In this section we analyze the electron scattering by screened Coulomb
(Yukawa) potential, which is expressed as

𝑣(𝑟) =
𝑍𝑒2

4𝜋𝜖0𝜖𝑟
exp (−𝑟/𝑟𝑇𝐹 ) (8.14)

(8.15)

Here the Thomas-Fermi screening length is given by the following ex-
pression

𝑟2𝑇𝐹 =
𝜋𝑎*𝐵
4𝑘𝐹

, 𝑎*𝐵 =
4𝜋𝜖0𝜖ℏ2

𝑚*𝑍𝑒2
(8.16)

We then need to evaluate the collistion integral describing this scat-
tering process. Similarly to the discussion in the main text, the latter
is expressed as

𝐼imp =
2𝜋

ℏ
∑︁
imp

∫︁
|𝑣p′p|2 [𝑓 (p′)− 𝑓(p)] 𝛿 (𝜀(p)− 𝜀 (p′))

𝑑3p′

(2𝜋ℏ)3
(8.17)

Let us carry out a Fourier transform of the Yukawa potential to find
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the elements 𝑣k:

𝑣𝑘 = 2𝜋

∫︁ ∞

0

𝑟2𝑑𝑟

∫︁ 𝜋

0

𝑍𝑒2

4𝜋𝜖0𝜖𝑟
exp (−𝑟/𝑟𝑇𝐹 ) 𝑒𝑖𝑘𝑟 cos 𝜃 sin 𝜃𝑑𝜃

=
𝑍𝑒2

𝜖

1

𝑘2 + 𝑟−2
𝑇𝐹

(8.18)

To proceed, We can again present the electron distribution function as
Fermi distribution with a slight deviation.

𝑓(p) = 𝑛𝑝 + 𝑓1(p) (8.19)

Here we used 𝑓1 as a deviation function to delineate it from the one
used in the main text.

We now employ this form to rewrite the collision integral as follows,

𝐼imp =
2𝜋

ℏ
∑︁
imp

∫︁
|𝑣p′p|2 [𝑓1 (p′)− 𝑓1(p)] 𝛿 (𝜀(p)− 𝜀 (p′))

𝑑3p′

(2𝜋ℏ)3
=

=
2𝜋

ℏ
∑︁
imp

∫︁
|𝑣p′p|2 [𝑓1 (p′)− 𝑓1(p)] 𝛿 (𝜀(p)− 𝜀 (p′))

𝑝′2 sin 𝜃𝑑𝑝′𝑑𝜃𝑑𝜑

(2𝜋ℏ)3

(8.20)

We will adopt the approach from our main text and focus our dis-
cussion on the isotropic problem with a concentration dependent ef-

fective mass, i.e. 𝜀(𝑝) = 𝑝2

2𝑚(𝑛) . The isotropy allows a simplification

(𝑓1(p) = pE𝜕𝑓
𝜕𝜀𝜂(𝜀)).

Additionally, we can orient the 𝑧 axis along the momentum p, and
take the momentum after scattering p′ deflected by an angle 𝜃 relative
to the 𝑧 axis. The elasticity of the scattering process conserves the
energy, and the isotropic Fermi surface then conserves the magnitude
of momentum, p = p′. This allows to write,

𝑣p′p =
𝑍𝑒2

𝜖0𝜖

1

|𝑝− 𝑝′|2/ℏ2 + 𝑟−2
𝑇𝐹

=
𝑒2

𝜖

1

2 (𝑝/ℏ)2 (1− cos 𝜃) + 𝑟−2
𝑇𝐹

(8.21)
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Then the collision integral:

𝐼imp =
2𝜋

ℏ
∑︁
imp

∫︁ (︂
𝑍𝑒2

𝜖0𝜖

)︂2
1(︁

2 (𝑝/ℏ)2 (1− cos 𝜃) + 𝑟−2
𝑇𝐹

)︁2 ·[︂(︀
𝐸‖𝑝

′ cos 𝜃 + 𝐸𝑥𝑝
′ sin 𝜃 cos𝜑+ 𝐸𝑦𝑝

′ sin 𝜃 sin𝜑
)︀ 𝜕𝑓
𝜕𝜀′

𝜂(𝜀′)− 𝑝𝐸‖
𝜕𝑓

𝜕𝜀
𝜂(𝜀)

]︂
·

· 𝛿
(︂
𝑝2

2𝑚
− 𝑝′2

2𝑚

)︂𝑚𝑝′ sin 𝜃 𝑑(︁ 𝑝′2

2𝑚

)︁
𝑑𝜃 𝑑𝜑

(2𝜋ℏ)3

= −(2𝜋)2

ℏ
𝜕𝑓

𝜕𝜀
𝜂(𝜀)𝑚

∑︁
imp

∫︁ (︂
𝑍𝑒2

𝜖𝜖0

)︂2 𝐸‖𝑝
2 (1− cos 𝜃)(︁

2 (𝑝/ℏ)2 (1− cos 𝜃) + 𝑟−2
𝑇𝐹

)︁2 ·
𝛿

(︂
𝑝2

2𝑚
− 𝑝′2

2𝑚

)︂ sin 𝜃 𝑑
(︁

𝑝′2

2𝑚

)︁
𝑑𝜃

(2𝜋ℏ)3

= −(2𝜋)2

ℏ
𝑚𝑝

(︂
𝑍𝑒2

𝜖0𝜖

)︂2 [︂
𝑝𝐸‖

𝜕𝑓

𝜕𝜀
𝜂(𝜀)

]︂
∑︁
imp

∫︁
(1− cos 𝜃)(︁

2 (𝑝/ℏ)2 (1− cos 𝜃) + 𝑟−2
𝑇𝐹

)︁2 sin 𝜃 𝑑𝜃(2𝜋ℏ)3
=

= −
(︂
𝑍𝑒2

𝜖0𝜖

)︂2
𝑚𝑛

2𝜋 (2𝑝)3

(︃
− (2𝑝𝑟𝑇𝐹/ℏ)2

(2𝑝𝑟𝑇𝐹/ℏ)2 + 1
+ log

(︁
(2𝑝𝑟𝑇𝐹/ℏ)2 + 1

)︁)︃
𝑓1 (𝑝)

Within the relaxation time approximation, the collision integral is pre-
sented as 𝐼 = 𝑓1(p)/𝜏 . therefore, the zero-temperature relaxation time
is expressed as

𝜏 = 2𝜋
(︁ 𝜖0𝜖
𝑍𝑒2

)︁2 (2𝑝𝐹 )3
𝑚𝑛

(︃
− (2𝑝𝑟𝑇𝐹/ℏ)2

(2𝑝𝑟𝑇𝐹/ℏ)2 + 1
+ log

(︁
(2𝑝𝑟𝑇𝐹/ℏ)2 + 1

)︁)︃−1

(8.22)

To obtain the final for of the relaxation time, we use the explicit ex-
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pression for screening length, as 𝑟𝑇𝐹 =
√︁

𝜋𝑎*𝐵ℏ
4 𝑝

−1/2
𝐹 with 𝑎*𝐵 = 4𝜋𝜖𝜖0ℏ2

𝑍𝑚*𝑒2 ,

𝜏 = 2𝜋
(︁ 𝜖0𝜖
𝑍𝑒2

)︁2 (2𝑝𝐹 )3
𝑚𝑛

(︂
− 𝜋𝑎*𝐵𝑝𝐹/ℏ
𝜋𝑎*𝐵𝑝𝐹/ℏ+ 1

+ log (𝜋𝑎*𝐵𝑝𝐹/ℏ+ 1)

)︂−1

(8.23)

And finally, we employ the above result to derive the mobility in the
following form

𝜇 = 2𝜋𝑒
(︁ 𝜖0𝜖
𝑍𝑒2

)︁2 (2𝑝𝐹 )3
𝑚2𝑛

(︂
− 𝜋𝑎*𝐵𝑝𝐹/ℏ
𝜋𝑎*𝐵𝑝𝐹/ℏ+ 1

+ log (𝜋𝑎*𝐵𝑝𝐹/ℏ+ 1)

)︂−1

,

(8.24)

where 𝑎*𝐵 = 4𝜋𝜖𝜖0ℏ2
𝑍𝑚*𝑒2 .

Important to note that, if we neglect the concentration dependence
of the dielectric constant, the above expression scales at low concentra-
tions as 𝑚 (𝑛)−2 ln (𝑛) which agrees with the scaling of experimental
data surprisingly well. However, let us estimate the values for mo-
bility predicted by the above expression. For concreteness we choose
𝑛 ≈ 5 · 1017cm−3, and use the following values 𝜖 = 2 · 104, 𝑚 ≈ 1.8𝑚𝑒.
For this concentrations the experimental mobility of SrTiO3−𝛿 is ap-
proximately 𝜇exp ≈ 2m2/(V.s). However, the theoretical prediction
overestimates the mobility value by 2 orders of magnitude, rendering
this scattering mechanism inapplicable for STO.

8.3 Non-linear effects close to the Coulomb
centers

In the preceding section, we observed that the scattering caused by the
Coulomb potential significantly overestimated mobility, approximately
two orders of magnitude, largely attributable to the considerable factor
of 𝜖2 in the numerator. However, the correlation with concentration
in 𝑚(𝑛)−2 ln(𝑛) is impressively favorable. This raises the question:
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Figure 8.1: The dielectric response as a function of the bias electric
field. The points are the experimental results from [35] and the line
is an interpolation. In these experimental data, the value at vanishing
bias fields is 12000 instaed of the well-known value 20000. We suspect
that this may be due to some impurities in the sample used. However,
we are not aware of any other results, thus will use them.

could there exist an underlying mechanism that results in an effective
alteration of the dielectric constant?

The dielectric constant, essentially the coefficient of linear response,
bridges the gap between the electrical induction within the material
and the external electric field. This approximation holds true under
conditions of a relatively weak electric field. However, under more
general circumstances, the dielectric response is a function of the ex-
ternally applied electric field, defined as:

D = 𝜖 (𝐸)E (8.25)

In their paper, the authors [35] documented the relationship be-
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Figure 8.2: (a) Electric field as a function of the distance from the
Coulomb center without the screening effect. The non-linear numerical
solution interpolates between the linear response dielectric constant
value 𝜖 = 12000 at far distances to the strong field limiting value
𝜖 = 2300. (b) Electric potential vs distance from the center accounting
screening and non-linearities. The red horizontal line indicates the
Fermi energy at 𝑛 = 6.3 · 1017cm−3.

tween the dielectric function and the bias field. We highlight their
findings at zero temperature in Fig. 8.1.

To explore the potential significance of non-linear effects in the
scattering process, we proceed to assess the semiclassical turning points
and the associated magnitudes of the electric fields. For 𝑠- wave we
can use the following estimation:

𝐸𝐹 ≈ 𝑍𝑒2

4𝜋𝜖0𝜖𝑟0
exp (−𝑟0/𝑟𝑇𝐹 ) (8.26)

𝑟 ≪ 𝑟𝑇𝐹 ⇒ 𝑟0 ≈
𝑍𝑒2

4𝜋𝜖0𝜖𝐸𝐹
(8.27)

For 𝑛 = 4 · 1017cm−3, the ensuing turning point is estimated at 𝑟0 ≈
1.3Å. Given its incredibly small scale, the electric fields at this point
are exceptionally high, reaching approximately 𝐸 ∼ 105V/mm for the
same concentration near the turning point. As indicated in Fig. 8.1,
the material’s dielectric properties already begin to demonstrate non-
linear effects at fields of 102V/mm. Consequently, the non-linearities
have the potential to considerably alternate the results linear results.
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Figure 8.3: Fourier transform of the screened Coulomb potential 𝑣p,p′

in the linear and non-linear cases as a function of the deflection angle
𝜃 between initial and final momenta p,p′.

To compute the electric field within a non-linear framework, we
apply Gauss’s law, yielding

𝐷 =
𝑍𝑒

4𝜋𝜖0𝑟2
⇒ 𝜖(𝐸)𝐸 =

𝑍𝑒

4𝜋𝜖0𝑟2
. (8.28)

By numerically resolving this nonlinear equation, we obtain the
electric field 𝐸(𝑟), with the results presented in Fig. 8.2a). We then
utilize this electric field to determine the potential 𝑉 (𝑟), where we
disregard the screening of the electric field within this methodology.
However, we can easily reincorporate the screening aspect upon ob-
serving that non-linear effects emerge for 𝑟 ≲ 10−9m. Comparing this
value to the conventional Thomas Fermi screening length established
in a linear dielectric medium reveals that 𝑟𝑇𝐹 > 10−8m, implying that
for screening effects, non-linear properties can be neglected, and we
can assume that 𝑉 = 𝑉0(𝑟) exp (−𝑟/𝑟𝑇𝐹 ). The corresponding results
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are illustrated in Fig. 8.2b).
Subsequently, we utilize the numerically evaluated screened non-

linear Coulomb potential and execute an inverse Fourier transforma-
tion, which integrates into the collision integral. The juxtaposition of
linear and non-linear outcomes is depicted in Fig. 8.3. We observe that
the discrepancy between these results is at most 20%. This indicates
that this methodology is not of substantial significance and fails to
sufficiently modify the Coulomb scattering to accurately portray the
low-concentration limit.

8.4 Collision Integral

Here we present the detailed evaluation of the collision integral, Eq.(3.2)
in the main text. First, we carry out a Fourier transformation for the
potential expressed through the Eq.(3.3)

𝑣k = 2𝜋𝐺

∫︁ ∞

0

𝑑𝑟

∫︁ 𝜋

0

𝐹‖ cos 𝜃𝑒
𝑖𝑘𝑟 cos 𝜃 sin 𝜃𝑑𝜃 =

= 2𝜋𝐹‖

∫︁ ∞

0

𝑑𝑟

∫︁ 1

−1

𝑡𝑒𝑖𝑘𝑟𝑡𝑑𝑡 = 4𝜋𝐺𝑖
(F,k)

𝑘2
(8.29)

Let us consider k = 1
ℏ (p− p′) with the 𝑧 axis oriented along p and

for sake of simplicity we recall that the investigated scattering process
conserves energy, thus |p| = |p′|.

𝑣p′p = 4𝜋𝐺𝑖ℏ
(F,p− p′)

|p− p′|2
=

= 4𝜋𝐺𝑖ℏ
𝐹‖ (1− cos 𝜃)− 𝐹𝑥 sin 𝜃 cos𝜑− 𝐹𝑦 sin 𝜃 sin𝜑

2𝑝 (1− cos 𝜃)
, (8.30)

here the angles 𝜃, 𝜑 denote the orientation of the vector p′. Since we
still have a freedom of orienting 𝑥, 𝑦 axes, we can 𝐹𝑦 = 0:

𝑣p′p =
2𝜋𝐺𝑖ℏ
𝑝

(︂
𝐹‖ −

𝐹𝑥 sin 𝜃 cos𝜑

(1− cos 𝜃)

)︂
(8.31)
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This expression is then plugged into the collision integral, yielding

𝐼imp = −2𝜋𝐺2

ℏ

(︂
𝜕𝑓

𝜕𝜖
𝜂(𝜖)

)︂∑︁
imp

∫︁ (︂
𝐹‖ −

𝐹𝑥 sin 𝜃 cos𝜑

(1− cos 𝜃)

)︂2

·

·
[︀
𝐸‖ (1− cos 𝜃)− 𝐸𝑥 sin 𝜃 cos𝜑− 𝐸𝑦 sin 𝜃 sin𝜑

]︀
· 𝑚 sin 𝜃 𝑑𝜃 𝑑𝜑

2𝜋ℏ
(8.32)

where we have already carried out the trivial integration of the 𝛿 func-
tion. The further integration over the angles leads to the equation
(3.5) from the Main text.

8.5 Effective Electron Mass in PbTe

As discussed in the main text, the effective electron mass in PbTe
depends on the electron density considerably [27]: upon increasing
concentration from 𝑛 = 2 · 1017 cm−3 to 𝑛 = 1020 cm−3 the electron
mass enhances from 0.07𝑚0 up to 0.5𝑚0. In Fig. 8.4 we present the
experimental data from Ref. [27] as well as the interpolating function
𝑚(𝑛) which we used to evaluate the mobility.
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Figure 8.4: The effective mass of electrons as a function of the con-
centration for PbTe. The orange squares showcase the experimental
data [27], the green line illustrates our interpolation employed in fur-
ther calculations and the dashed blue line approximates tha data with
a scaling 𝑚/𝑚0 ∼ 𝛼𝑛1/3 with 𝛼 ≈ 1.1 · 10−7.
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